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Abstract

This thesis, comprising four research papers, contributes to the field of systematic and
computer-aided analyses and design of first-order methods. The first two papers focus
on developing new methodologies, while the remaining two apply these techniques to
refine complexity and convergence results, as well as to design new methods. A central
theme of the work is the use of Lyapunov-type analyses, a structured proof technique
with historical roots in the study of dynamical systems, which is widely used to establish
complexity and convergence properties of first-order methods.
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1

Introduction

Mathematical optimization, or mathematical programming, is a branch of applied math-
ematics that provides a formal framework for, e.g., decision-making, prediction, and
modeling in various fields in science and engineering. Optimization has historical roots
intertwined with the development of calculus and physics—emerging naturally in con-
cepts such as least action and minimal energy configurations—and has since evolved to
tackle problems across diverse domains. Its applicability spans automatic control, where
optimization methods guide feedback mechanisms and optimal control policies, as well
as economics, underpinning rational resource allocation, market equilibrium modeling,
and strategic interactions studied through game theory. Inverse problems, frequently
applied in fields like system identification, signal processing, astronomy, and medical
imaging, leverage optimization to infer unknown parameters or structures from indirect
or noisy observations. Operations research and management science also extensively rely
on optimization to support improved decision-making, addressing challenges in resource
scheduling, logistics, facility location, and strategic planning across various sectors, includ-
ing business, healthcare, transportation, and government. Moreover, machine learning and
artificial intelligence fundamentally rely on optimization to train predictive models, such
as neural networks, that learn patterns from large-scale datasets; recent advances include
generative models, where optimization techniques facilitate the synthesis of realistic
data such as text, images, and video. Given the wide range and importance of these
applications, the theoretical and computational study of optimization methods has long
been an important focus in mathematics.

One of the central elements behind the success of optimization methods in modern
applications, especially those involving large-scale problems, is first-order methods. Relying
solely on gradient or subgradient information, they have become widely adopted for their
computational efficiency, scalability, and adaptability to various problem structures. As
a type of iterative method, they start from an initial value and generate a sequence
of progressively better approximate solutions. Significant theoretical and algorithmic
advancements have led to the adoption of these techniques; these include accelerated
methods and proximal splitting techniques as well as stochastic, adaptive, and non-
Euclidean variants.

A critical component in understanding the effectiveness of first-order methods is their
complexity and convergence properties. The work [57] formalized complexity theory in the
context of optimization, establishing a framework to understand the inherent difficulty
of optimization tasks by defining bounds on the number of computations required to
solve optimization problems within a specified accuracy. A more recent reference for
these types of complexity analyses is given in [58]. These analyses are typically done
in a black-box setting where the functional components that define the optimization
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problem are constrained to lie in some predefined function classes, and these functional
components can only be queried at each iteration via some oracle model that provides
quantitative local information such as function values and (sub)gradients. This allows us
to characterize upper and lower complexity bounds and optimal optimization methods
with respect to these bounds. Related to these complexity analyses, but not always the
same, is whether the sequence of iterates produced by an optimization algorithm converges
to a solution.

Starting with the seminal work [30], new computer-aided approaches have emerged in
the literature for performing these analyses. These tools automate the most challenging
aspects of the analysis process, specifically creating mathematical proofs, a task previously
performed manually by experts. By formulating complexity and convergence analyses as
structured problems that a computer can solve, the tools can produce results significantly
faster than a human could. Moreover, they can identify proofs that, in practice, are beyond
the capabilities of an expert, as they systematically explore all possible proofs within
a certain structure. This means an enormous number of alternatives can be examined,
something that would be practically impossible to do manually. Moreover, these approaches
have not only validated and extended existing complexity and convergence results but
also inspired the design of entirely new classes of methods that advance the state of
the art. This research direction highlights a rapidly evolving interface between classical
theory, computational experimentation, and algorithmic innovation. This thesis aims to
contribute precisely to this promising research direction by advancing both the theoretical
foundations and practical methodologies.

1.1 Organization

The thesis is organized as follows. Section 1.2 introduces the notation and mathematical
background used throughout the introductory chapters, largely following the book [8].
Chapter 2 provides high-level context that situates the papers included in this thesis.
Chapter 3 summarizes the main contributions of each included paper and describes the
author’s specific role in each. Chapter 4 discusses limitations and outlines directions for
future research. The remainder of the thesis comprises four self-contained papers, each of
which can be read independently.

1.2 Notation and preliminaries

Let Ny denote the set of nonnegative integers, R the set of real numbers, R4 the set of
nonnegative real numbers, R4 the set of positive real numbers, R™ the set of all n-tuples
of elements of R, R™*™ the set of real-valued matrices of size m x n, and if M € R"™*"
then [M];,; denotes the i, j-th element of M.

Let H denote a real Hilbert space!, i.e., a complete real inner product space. If not
explicitly stated otherwise, norms |-|| are canonical norms, i.e., ||-||* = (-,-), where the
inner product (-, -) will be clear from the context. The sum of subsets of # is interpreted in
the Minkowski sense, i.e., if X, Y C H,then X +Y = {z +y |z € X,y € Y}. The power
set of H is denoted by 27, i.e., 2% = {X | X C H}. A sequence (z"*),cy, € H" is said to

converge weakly to x € H, denoted zF — g, if limy_, o (z¥,y) = (z,y) for each y € H, and

! For readers unfamiliar with Hilbert spaces, it suffices to consider H = R™ equipped with the standard
dot product.
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1.2 Notation and preliminaries

to converge strongly to x, denoted k= x, if limkﬁooHac’c —z| =0. If dimH < +o0, then
weak and strong convergence are equivalent, and we simply say that (z*) ken, converges
to z. We denote the identity mapping = +— = on H by Id.

Let G be another real Hilbert space, and let L : H — G be a linear operator. We define
the operator norm of L as ||L|| = sup {||Lz|| | # € H such that ||z|| < 1}. We say that L
is bounded if ||L|| < 400, which holds if and only if L is continuous. If L is bounded, there
exists a unique bounded linear operator L* : G — H, called the adjoint of L, such that
(Lz,y) = (x, L*y) for each x € H and y € G.

If M € R™*", we define the tensor product M ® Id to be the mapping (M ® Id) :
H™ — H™ such that

(M ®1d)z = (Z[M]l,jzg-7 s Z[M]m,jzg)

j=1

for each z = (21,...,2n) € H", i.e., for each row in M, we take a linear combination of
the elements of z with the coefficients given by the corresponding row.

Functions

Below, we define several properties of functions that are commonly assumed when
analyzing and designing first-order methods. Although weaker assumptions may suffice,
the listed conditions often simplify the analysis and make the methods less complicated;
therefore, we adopt them to make the presentation more accessible. The first two conditions
exclude trivial or pathological cases, and the last three ensure that the function is well-
behaved.

Definition 1.2.1
Let f: H — RU{+o0} and 8,0 € Ry. The function f is said to be

(i) proper if dom f # 0, where the set dom f = {x € H | f(z) < +o0} is called the
effective domain of f,

(i) lower semicontinuous if liminfy . f(y) > f(x) for each x € H,
(@) convex if f((1 =Nz + Ay) < (1= XN)f(z)+ Af(y) for each x,y € H and 0 < A <1,
(iv) o-strongly convex if f — (¢/2)|-]|* is convez, and

(v) B-smooth if f is Fréchet differentiable and the gradient Vf : H — H is B-Lipschitz
continuous, i.e., |V f(z) — Vf(y)l < Bllz —y| for each x,y € H.

Next, we define the concept of a subdifferential, which can be seen as a generalization
of the gradient for convex functions that may not be differentiable.

Definition 1.2.2
The subdifferential of a function f : H — RU{+o0} is the set-valued operator Of : H — oM
defined as the mapping

e {ueH|[VyeH, f(y) = f(z)+ (u,y —x)}.
The following fact justifies the comment above. If the function f: H — R is convex

and Fréchet differentiable, then 0f(z) = {V f(x)} for each x € H [8, Proposition 17.31].
We call elements u € df(x) subgradients of f at x.

11
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|| al - (=) prox,.|(z)

. /.
/

(a) Graph of | - | (b) Graph of 9] - | (c) Graph of Prox|.|

Figure 1.1 (a) The absolute-value function, (b) its subdifferential mapping, and (c) its
proximal operator.

Example 1.2.3

The subdifferential of the absolute-value function |-|: R — R is given by
{1}, x>0,
{-1}, z<O.

The graphs of the absolute-value function and its subdifferential mapping are shown in
Figures 1.1a and 1.1b, respectively.

Fermat’s rule states that Argmin, 4, f(z) = {z € H |0 € df(x)} [8, Theorem 16.3],
and gives an optimality condition for minimization. For example, we see from Figure 1.1b
that = 0 is a minimizer of the absolute-value function, since 0 € 9| - |(0).

The prozimal operator, defined below, is particularly useful for minimizing nonsmooth
functions, as we will see in Chapter 2.

Definition 1.2.4
Let f : H — RU{+o00} be proper, convez, and lower semicontinuous, and v € Ry. Then,
the proximal operator of f with step size vy, denoted prox., : H — H, is defined as the

single-valued operator (see, e.g., [8, Proposition 12.15]) given by

. 1 2
prox., () = argmin ( f(z) + —||lz — 2
(@) = argm (() oo ||)

for each x € H.

There are fast and exact methods available for computing the proximal operator of
many commonly used functions®. Below, we give one such example.

Example 1.2.5
The proxzimal operator of the absolute-value function |-|: R — R with step size v € Ry
is given by

prox,. (z) = sign(z) max{|z| — v, 0}
for each x € R. The graph of the proximal operator of the absolute-value function with
step size 1 is shown in Figure 1.1c.

2E.g., see https://proximity-operator.net and https://juliafirstorder.github.io/ProximalOperators.jl.
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1.2 Notation and preliminaries

An interesting observation is that the proximal operator implicitly samples a subgradi-
ent. In particular, under the same assumptions as in Definition 1.2.4, if x,p € H, then
(e.g., see [8, Proposition 16.44, Proposition 16.6])

p=prox (z) <« v '(z-—p)€if(p).

Transformations enable us to study problems from alternative perspectives and can
often simplify their analysis. In particular, primal and dual formulations of optimization
problems offer complementary insights, with the convex conjugate playing a central role
in defining dual problems. Moreover, a combined primal-dual viewpoint can inform the
design of efficient methods tailored to the problem’s structure.

Definition 1.2.6

Let f : H — RU {400} be proper, convex, and lower semicontinuous. Then, the con-
vex conjugate of f, denoted f* : H — R U {400}, is the proper, convex, and lower
semicontinuous function given by

[ (u) = sup ((u, z) — f(2))

zEH
for each uw € H [8, Corollary 13.38].

For example, under the assumption of Definition 1.2.6, if z,u € H, then (e.g., see [8,
Theorem 16.29])
uedf(x) & z€df(u).

Operators

Recall that the subdifferential of a function is a set-valued operator and that Fermat’s
rule states that minimizing the function is the same as solving an inclusion problem with
respect to its subdifferential. This abstract point of view has motivated the analysis and
design of first-order methods that solve inclusion problems of set-valued operators, as we
will see in Chapter 2. First, we give two basic definitions.

Definition 1.2.7
Let G : H — 2™ be a set-valued operator. Then,

(i) the set of zeros of G is denoted by zerG = {x € H |0 € G(z)}, and
(i) the graph of G is denoted by graG = {(z,y) e H x H |y € G(x)}.

For example, if f : H — R U {400}, then Fermat’s rule can be written as
Argming,, f(x) = zer 0f.

As with functions, we need to impose some suitable assumptions on the operators to
develop methods whose convergence can be rigorously guaranteed.

Definition 1.2.8
Let G : H — 2% and u € Ry. The operator G is said to be

(i) monotone if (u — v,z —y) > 0 for each (z,u), (y,v) € graG,

(7) maximally monotone if G is monotone and there does not exist a monotone operator
H : M — 2" such that graG C gra H, and

(iii) p-strongly monotone if (u — v,z — y) > pllz — y||* for each (z,u), (y,v) € graG.

13



Chapter 1. Introduction

The definitions above are motivated by the following facts: Suppose that f : H —
R U {+o00}. Then the following hold:

(i) if f is proper, then 9f is monotone [8, Example 20.3],

(i) if f is proper, convex, and lower semicontinuous, then df is maximally monotone

[8, Theorem 20.25], and

(iii) if f is proper and p-strongly convex, then df is u-strongly monotone [8, Example
22.4].

Next, we introduce the concept of a resolvent, which can be viewed as a generalization
of the proximal operator for maximally monotone operators. To this end, we define the
inverse of G : H — 2M, denoted by G~ : H — 2%, which is defined through its graph

graG~ " = {(y,z) €EH x H | (z,y) € graG}.

Definition 1.2.9
Suppose that G : H — 2™ is mazimally monotone and let v € Ry 1. Then, the resolvent
of G with step size v, denoted Jyg : H — H, is defined by

(1d+9G) ! (z) = {Jra(2)}
for each x € H, since (Id+yG) ™" is singleton-valued in this case [8, Proposition 23.10].

The following fact justifies the comment above. If f : H — RU{+4o0} is proper, convex,
and lower semicontinuous, then df is maximally monotone (as previously noted), and

Jyoy = Prox, ¢

for any v € Ry [8, Example 23.3].
We will also consider single-valued operators, which are analogous to gradients in the
functional setting.

Definition 1.2.10
Let G : H — H be a single-valued operator.

(i) Let 8 € Ry. The operator G is said to be B-Lipschitz continuous if

1G(@) = G| < Bllz —yll
for each x,y € H.
(i) Let B € Ryy. The operator G is said to be (1/3)-cocoercive if

(G(x) — Gly),z —y) > (1/B)|G(z) — G(y)|?
for each x,y € H.

The Cauchy—Schwarz inequality implies that any (1/8)-cocoercive operator is [-
Lipschitz continuous. The converse does not hold in general, but it does hold for gradients
of convex functions, as illustrated by the following proposition.

Proposition 1.2.11
If B € Ryt and f : H — RU{+o0} is convex and Fréchet differentiable, then Vf is
B-Lipschitz continuous if and only if V f is (1/3)-cocoercive.

14



1.2 Notation and preliminaries

Proof. See [8, Corollary 18.17]. ]

In Chapter 2, we will briefly discuss fixed-point algorithms, for which we need the
following concept. The set of fized points of G : H — H is

fixG={reH|z=G(x)}.

We conclude this chapter by introducing a convention that enables us to treat single-
valued and singleton-valued operators interchangeably.

(i) For notational convenience (at the expense of a slight abuse of notation), we
will sometimes identify the operator G : H — H with the set-valued mapping
H >z~ {G(z)} CH, which will be clear from context. For example, if 2,y € H,
the inclusion y € G(z) should be interpreted as the equality y = G(x).

(ii) Similarly, if G : H — 2% and T : H — H satisty G(z) = {T(z)} for each x € H, i.e.,

G is a singleton-valued operator, we will sometimes identify G with the corresponding
single-valued operator T'.

15



2

Background

In this thesis, we consider optimization problems that can be written as

minimize f(x), (2.1)
z€EH

where H is a real Hilbert space and f: H — RU {+oo} is a function that satisfies certain
properties, depending on the application. In the context of decision making, we can think
of the optimization problem as a choice problem, where we want to choose an element x
from a set of alternatives H that minimizes the cost f(z).

As discussed in Chapter 1, many problems in science and engineering can be formulated
as optimization problems. However, only a few of these problems can be solved in practice.
Moreover, we typically cannot expect to solve such problems exactly via a finite sequence
of operations; instead, we must resort to iterative schemes that generate sequences of
increasingly accurate approximate solutions.

In this context, convex optimization problems, i.e., problems where the function f is
convex, are particularly well-studied [8, 14, 33, 45, 53, 59, 61, 62, 75]. Many problems of
this type can be solved reliably and efficiently, and they have been applied across a wide
range of fields [12, 13, 16, 19, 43, 44, 58].

Due to increased computational power, the availability of large datasets, and the
high dimensionality of many modern problems, the focus has shifted from small- and
medium-scale problems to large-scale problems. In this setting, first-order methods, which
rely only on gradient or subgradient information, have proven particularly useful due to
their favorable scalability and modest per-iteration computational cost [10, 21, 31, 37, 60,
70].

In the context of first-order methods and nonsmooth convex optimization, proximal
algorithms, also called splitting methods, have gained significant attention [9, 15, 24,
25, 32, 38, 47, 51]. These methods decompose complex objective functions into additive
components that are easier to manage. E.g., suppose that the objective function f can be
written as f = 2211 fi, where each function f;: H — RU {400} is proper, convex, lower
semicontinuous, and possibly smooth. Then, splitting methods are designed to solve the
inclusion problem?

find 2 € # such that 0€ Y dfi(w) (2.2)

=1

1 Solutions to the inclusion problem (2.2) are always solutions to the optimization problem (2.1) with
f= Z:’:l fi. The converse holds under mild assumptions. See, e.g., [8, Corollary 16.50].

16



Chapter 2. Background

by designing iterative schemes that utilize the proximal operator prox;, for nonsmooth
components and the gradient V f; for smooth components.

For example, if m = 2, f; is S-smooth for some 8 € R4y, and f> is nonsmooth, then
the proximal gradient method is given by

2R = prox. ;. (xk —AVA (a:k)) (2.3)

for some step size v € (0,2/3), and the sequence (xk)keNO generated by (2.3) converges
weakly to a solution of the inclusion problem (2.2) (if a solution exists) [8, Theorem
26.14]. Suppose instead that both fi and f2 are nonsmooth. Then, the Douglas—Rachford
method [27, 32, 51] is applicable and is given by

k k
y" = prox,, (a%),
M = prox. (ka — xk), (2.4)
.’L'k+1 — xk + A(Zk o yk)
for some step size v € Ryt and relaxation parameter A € (0,2). In particular, the

sequences (y*),en, and (2¥),en, generated by (2.4) converge weakly to a solution of the
inclusion problem (2.2) (if a solution exists) [8, Theorem 26.11].

Convergence rates and complexity

Knowing that an algorithm will eventually reach a solution is only half the story. Conver-
gence rates quantify how many iterations are required to attain a desired accuracy, can
guide the choice of algorithm parameters, and help compare different methods.

For example, for the proximal gradient method (2.3), [10, Theorem 10.16] implies that

la™ = | < o™ — [P~ 2(AE™) + @) - A - RE) (25)

B
for any solution® z* to the inclusion problem (2.2), if ¥ = 1/8. Summing inequality (2.5)
over n =0, ...,k, rearranging terms, and using [|z*** — z*||? > 0, we get that
- Bl — o
D (AE) + RE") — fi) - ) < T (2.6)
n=0
Using the observation that (e.g., see [10, Remark 10.20])
fi@") + fala™) < fila") + fa(a"), (2.7)
we can conclude from (2.6) that
0 _ %2
ARG+ R — i) - o < A2 (28)

2(k+1)

and we say that the function-value suboptimality (f1(z*) + f2(z*) — fi(z*) — f2(2*))ren,
converges to zero at a sublinear rate of O(1/k). Moreover, (2.8) implies that the proximal

2 Equivalently, any z* € Argmin, 4 (f1(z) + f2(x))

17
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gradient method (2.3) requires k+1 > (B||z° — 2*||*)/(2¢) iterations to reach an accuracy
of f1(z®) + fa(2*) — fi(z*) — f2(z*) < ¢, and we say that the proximal gradient method
has an iteration complexity of O(1/e).

The key inequalities in the analysis above are (2.5) and (2.7). These inequalities are
commonly referred to as Lyapunov inequalities, since they ensure descent in critical
quantities, such as distance to a solution or function-value suboptimality. When used to
establish convergence rates, such as in (2.8), this approach is called a Lyapunov analysis.
Such Lyapunov analyses form a fundamental component in the study of many first-order
methods.

Computer-aided analyses

An important question is whether the convergence rate in (2.8) for the proximal gradient
method can be improved, and more generally, whether convergence-rate analyses for other
methods can be strengthened. The performance estimation problem (PEP) methodology,
first introduced in [30] and formalized in [68, 69], provides a systematic way to obtain
unimprovable (also known as tight) convergence rates and complexity analyses for a
large class of first-order methods. The PEP methodology poses the search of a worst-case
example from a predefined class of problems for the algorithm and performance measure
under consideration as an optimization problem (called the performance estimation
problem). This is then reformulated in a sequence of steps to arrive at a semidefinite
program, whose exact solution can be recovered up to numerical precision using existing
software. This can then sometimes be used to obtain closed-form convergence rates
extracted from the numerical solution of the semidefinite program, or using computer
algebra software.

The standard PEP methodology is based on a fixed iteration count (or horizon) k € N,
meaning the performance estimation problem must be solved for k = 1,2,3,.... This
approach faces two main limitations. First, the number of variables and constraints in
the semidefinite program grows quadratically with the number of iterations k, making
numerical solutions prohibitive even for moderate values of k. Consequently, deriving
closed-form convergence rates also becomes increasingly challenging as k grows. Second,
results obtained for a fixed iteration count k may provide limited insight, as they do not
directly generalize or guarantee algorithmic behavior beyond this fixed horizon.

These limitations have motivated the development of Lyapunov-based approaches to
analyzing the performance of first-order methods, which partially or fully overcome these
limitations [54, 66, 67]. The key idea is to restrict convergence-rate proof patterns to
the search for key Lyapunov inequalities, which can then equivalently be reformulated
as more tractable semidefinite programs, where the number of variables and constraints
is either independent of the horizon k or grows only linearly with k. Compared to
the standard PEP approach, this provides a more tractable framework for deriving
closed-form convergence rates and producing proofs that are generally more concise
and accessible. Although these types of Lyapunov analyses introduce some a priori
conservatism, extracting closed-form results from the standard PEP approach can often
be practically infeasible. Lyapunov-based proof patterns thus represent a pragmatic
compromise with higher chances of obtaining closed-form convergence rates, while still
being sufficient to yield tight convergence rates for many methods and settings.

Another closely related Lyapunov-based approach involves integral quadratic con-
straints (IQCs), a technique from robust control theory [52]. IQCs were first adapted
for analyzing first-order methods in [50] and subsequently extended in various works
[36, 49, 65, 73]. These approaches share a common feature; they represent first-order
methods as linear systems interconnected through feedback with nonlinear mappings.
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Chapter 2. Background

Such representations, widely used in nonlinear systems analysis, offer compact algorithm
descriptions.

The methodological developments presented in this thesis build upon both methodolo-
gies: the worst-case analysis and tightness guarantees provided by PEP, and the compact
algorithm representations offered by IQCs. A first step towards combining these method-
ologies was taken in [67], which served as a foundation for further formalization, broader
applicability, and accessibility through a software package.

Generalization to operator inclusions

Under the assumptions in (2.2), each subdifferential df; is maximally monotone. Thus,
the inclusion problem

find z € H such that 0 € Z Gi(z), (2.9)

i=1

where each operator G;: H — 27 is maximally monotone is a generalization of (2.2),
i.e., (2.9) provides a formalism that covers convex optimization problems [8, 64], but also
certain equilibrium problems [17, 18, 22] and so-called variational inequalities [34, 35, 48].

Similar to above, it is possible to design iterative splitting schemes where resolvents
Ja, are utilized for set-valued operators and direct evaluations for single-valued operators
(e.g., operators that are Lipschitz continuous or cocoercive) [6, 7, 8, 23]. For example,
both the proximal gradient method (2.3) (called the forward-backward method in the
operator setting) and the Douglas—Rachford method (2.4) have counterparts in this more
general setting, see, e.g., [8, Section 26.5 and 26.3].

Moreover, the traditional PEP methodology has been extended to this setting [63].

Fixed-point theory

The design and analysis of many splitting methods, including both the function and
operator cases, can be understood through the lens of fixed-point theory in nonlinear
analysis, where the goal is to find fixed points of an algorithmic operator [6, 7, 8, 23], i.e.,
some operator 7 : H — H and point x € fix 7, and then potentially perform some simple
transformation of z to obtain a solution. For example, the proximal gradient method
(2.3) can be interpreted as a fixed-point iteration of the operator

TFG = prox,;, o (Id =7V f1)
where z € fix TP is a solution to the inclusion problem (2.2) in this case. Similarly,
the Douglas—Rachford method (2.4) can be interpreted as a fixed-point iteration of the
operator

TPR = 1d + A(prox, s, o (2prox,;, —Id) — prox_ ; ).

where the point prox_; () for any = € fix TPR is a solution to the inclusion problem
(2.2) in this case.
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3

Contributions

This chapter presents the thesis’s main contributions, comprising four research papers,
and describes the author’s specific role in every paper.

3.1 Scientific contributions

Paper 1

M. Upadhyaya, S. Banert, A. B. Taylor, and P. Giselsson. “Auto-
mated tight Lyapunov analysis for first-order methods”. Mathematical
Programming 209 (2025), pp. 133-170

Status: Accepted

This paper considers inclusion problems of the form

find y € H such that 0 € Zafi(y), (3.1)

i=1

where each function f; : H — RU {+oo} is proper, (possibly strongly) convex, lower
semicontinuous, and possibly smooth, and corresponding algorithms that can be written
1
as
" = (A@1d)z" + (B @ 1d)u”,

Yy = (C@ld)z* + (D@ ld)u”,
u* e df(y") £ [ osiwh),
=1

Fk = f(yk) £ (fl(yf)v B '7fm(yfn))7

where &F = (:ck, ut,y*, Fk) € H" x H™ x H™ x R™ contains the algorithm variables,
and

A c ]Rnxn7 B c ]Rnxrn7 C c Rmxn) D c R"LXWL (33)

1 In this context, the symbol IT is used for Cartesian products.
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8.1 Scientific contributions

A|B
C|D
u” yk
kil

Figure 3.1 Block diagram of the state-space representation (3.2), which can be interpreted
as a discrete-time linear system in feedback interconnection with the potentially nonlinear
and set-valued subdifferentials that define the inclusion problem (3.1).

are fixed matrices containing the parameters of the method at hand. Figure 3.1 illustrates
the state-space representation (3.2) in a block diagram.
We call points €* = (z*,u*,y*, F*) € H™ x H™ x H™ x R™ such that
¥ = (AxId)z" + (B ®Id)u",
vy = (C®Id)z" + (D ®Id)u”,
u" €df(y"),
F* = f(y"),

(3.4)

fixed points.
The paper’s first two contributions are as follows:

(i) We give a necessary and sufficient condition on the matrices (3.3) such that solving
the inclusion problem (3.1) is equivalent to finding a fixed point (3.4).

(ii) We give a sufficient condition for the update equation in (3.2) to be well-posed in the
sense that there exist variables (.’L'k“, u®, yk) for any . In doing so, we show that
the state-space representation (3.2) encompasses all first-order methods that use
fixed linear combinations of a sliding window of previously computed quantities and
sample each subdifferential at most once per iteration, either through an explicit
gradient evaluation or an implicit proximal evaluation.

Next, we consider Lyapunov inequalities, which can be used to establish both linear
and sublinear convergence rates, of the form

V(M €%) < pv(eh, €) — R(€5,€7), (3.5)

where ¥V and R are nonnegative functions called the Lyapunov function and residual
function, respectively, and p € [0, 1]. For example, if p € [0, 1), then an inductive argument
shows that

V(" ) < V(e ¢Y),

from which we can conclude that the Lyapunov function converges to zero linearly (or
geometrically). Instead, if p = 1, then a telescoping summation argument shows that

R(&*,¢*) is summable (and therefore converges to zero) and, e.g.,

. i V(0,8
i:%l‘}gkR(ﬁ ,§7) < T
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Chapter 3. Contributions

i.e., the best-so-far residual function converges to zero at a sublinear rate. Additionally, if

R(E™,€%) < R(E",€7), then

Koy o V(EEY)

Thus, the goal is to identify Lyapunov inequalities (3.5) where V and R are directly or
indirectly related to optimality measures of the inclusion problem (3.1).
The paper’s last two contributions are as follows:

(iii) We consider Lyapunov functions and residual functions, under quadratic ansatzes,

that relate to optimality measures of the inclusion problem (3.1) and show that
the existence of a Lyapunov inequality (3.5) is equivalent® to the feasibility of a
semidefinite program, which can be solved efficiently using existing software.

(iv) We numerically verify (and sometimes extend) numerous established convergence

results.

Paper 11

M. Upadhyaya, A. B. Taylor, S. Banert, and P. Giselsson. “AutoLyap:
A Python package for computer-assisted Lyapunov analyses for first-
order methods”. (2025)

Status: Preprint

This paper generalizes Paper I in the following ways:

(i)

(if)

(iii)

The inclusion problem (3.1) is extended to the more general form

findy € H suchthat 0€ Y  9fily)+ »_ Gi(y), (3.6)

1€Zfunc 1€ZLop

where Zgyne and Zop are finite index sets, and each function f; : H — RU {4o0}
and operator G; : H — 2™ is chosen from some user-specified function class and
operator class, respectively.

The state-space representation (3.2) is extended to (1) include the operators G;, (2)
allow for multiple evaluations of the same subdifferential df; (and operator G;) at
each iteration, and (3) allow for the possibility for the matrices A, B, C, and D to
be iteration dependent.

The class of Lyapunov inequalities (3.5) is extended to a more general form, and a
class of iteration-dependent Lyapunov inequalities is introduced. Moreover, similar
to Paper I, we show that the existence of these Lyapunov inequalities is equivalent®
to the feasibility of specific semidefinite programs.

Besides the theoretical contributions, the paper introduces a software package called
AutoLyap, which collects the theoretical results and provides a user-friendly interface for
performing these Lyapunov analyses in Python.

2 Under some mild assumptions.

3 Under some mild assumptions.
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8.1 Scientific contributions

° [20, Theorem 1]
° [74, Corollary 3.1]
6| Our bound: 4/(1 + 26)

: : : — B
0.5 1 4/3 2

Figure 3.2 Convergence region of the Chambolle-Pock method (3.9), where convergence
is guaranteed if 7'0||L||2 < B. For a fixed 0, increasing the upper bound B enlarges the
convergence region.

Paper 111

S. Banert, M. Upadhyaya, and P. Giselsson. “The Chambolle-Pock
method converges weakly with 6 > 1/2 and 7o||L||*> < 4/(1 + 26)”
(2023)

Status: In submission

This paper considers the Chambolle-Pock method [20], also known as the primal-dual
hybrid gradient method, which solves convex-concave saddle-point problems of the form*
minimize maximize f(z)+ (Lz,y) — g"(y), (3.7)
zEH yeG
where f: H — RU {400} and g: G -+ RU {+oo} are proper, convex, and lower semi-
continuous functions, ¢g* is the convex conjugate of g, L: H — G is a bounded linear

operator, and H and G are real Hilbert spaces, under the assumption that there exists a
solution (z*,y*) € H x G that satisfies the Karush-Kuhn-Tucker (KKT) condition

_L*y* € 8f(m*),

3.8
Lm* e ag*(y*)' ( )

The Chambolle-Pock method is given by
T = prox,; (" — 7L7y"Y), (3.9)

Yo = Prox, (yk +oL(z" 4oz — :rk))),

4The saddle-point problem (3.7) is a primal-dual formulation of the primal optimization problem

minimize f(z)+ g(Lx).
zEH
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Chapter 3. Contributions

where 7,0 € Ry are primal and dual step sizes, respectively, and 6 € R is a relaxation
parameter.

The main contribution of this paper is a Lyapunov analysis establishing that the
iterates ((z*,4"))ren, produced by the Chambolle-Pock method (3.9) converge weakly
to a KKT point (3.8), i.e., a solution to the saddle-point problem (3.7), if ¢ > 1/2 and
To||L||* < 4/(1 + 26), and that the latter bound is unimprovable. Figure 3.2 compares
this bound to other bounds in the literature.

Paper IV

M. Upadhyaya, P. Latafat, and P. Giselsson. “A Lyapunov analysis of
Korpelevich’s extragradient method with fast and flexible extensions”
(2025)

Status: In submission

This paper considers Korpelevich’s extragradient method [72], i.e., the method

= prox., (zk - ’yF(zk)) ,

(3.10)
2T = prox,, (zk — WF(Ek)) ,
for some step size v € (0,1/LF), which solves inclusion problems
find z € H such that 0 € F(z) + 9g(z), (3.11)

where F' : H — H is monotone and Lpg-Lipschitz continuous for some Lr € Ry,
g:H — RU{+4o00} is a proper, convex, and lower semicontinuous function, and # is a
real Hilbert space.

The paper’s main contributions are as follows:

(i) We propose the Lyapunov function

V(F, 2,21 = 2y LR - L RGR) = B 4 - P
+ ’Y_QHZk _ Zk+1||2

for the extragradient method (3.10), which is a nonnegative optimality measure

that fulfills the descent inequality

Vip1 < Ve — (1= 2 LE)y 22 = 2512, (3.12)

where Vi, = V(2" 2", 2FT!), and converges to zero with a rate o(1/k). Using Vy
enables us to recover and, in some cases, extend recent last-iterate convergence-rate
results for the extragradient method.

(ii) Building on the analysis above, we propose flexible extensions that combine extra-
gradient steps (3.10) with user-specified directions (e.g., based on quasi-second-order
information), guided by a line-search procedure derived from (3.12). We show that
the extensions retain global convergence under practical assumptions and can achieve
superlinear rates when directions are chosen appropriately.
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3.2 Author’s contributions

3.2 Author’s contributions

Paper |

The author contributed to the conceptualization, theoretical developments, proofs, writing
and revising the paper, and numerical experiments.

Paper I

The author contributed to the conceptualization, theoretical developments, proofs, software
architectural choices, writing the paper, and numerical experiments.

Paper lll

The author contributed to the conceptualization, theoretical developments, proofs, and
writing the paper.

Paper IV

The author contributed to the conceptualization, theoretical developments, proofs, writing
the paper, and numerical experiments.
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4

Concluding remarks

This chapter provides concluding remarks and discusses possible future work.

(i)

(i)

(iii)

26

This thesis’s main focus has been the development of computer-aided tools for
constructive Lyapunov analyses for first-order methods. However, as is often the
case with Lyapunov analyses, the reason why a systematic search for a Lyapunov
analysis fails is unclear. It is possible that the class of considered Lyapunov analyses
is not rich enough, or that the method actually does not converge. Recent works
[39, 40] have built tools that search for cyclic trajectories; once such a trajectory is
found, there is no need to further look for a Lyapunov analysis, as the method is
guaranteed not to converge on a specific problem of the problem class.

Ideally, one would like to move beyond relying on numerical results as an intermediate
step and instead pursue closed-form Lyapunov analyses directly. In our context,
this amounts to finding closed-form solutions to parametric semidefinite programs,
which is an active area of research [4, 55]. It remains an open question how far these
techniques can be pushed in the context of Lyapunov analyses.

An interesting recent development is the use of so-called long-horizon Lyapunov
analyses, which, e.g., have been used to analyze and design gradient methods with
cyclical step-size schedules that provide acceleration without the use of momentum
or any other techniques [1, 2, 41, 42]. It would be interesting to further develop
these ideas for other methods and settings.

The standard PEP methodology has been used to design complexity (or worst-case)
optimal first-order methods under various settings. A very nice observation is that
many of these methods have simple and tight Lyapunov analyses. The most notable
example is probably the optimized gradient method (OGM), first considered in [30]
and formally obtained in [46], for minimizing smooth and convex functions. The
work [29] showed that OGM is worst-case optimal, and the work [26] showed that
there exists a tight Lyapunov analysis for OGM.

Methods such as mirror descent [11, 57], mirror-prox [56], and the Bregman proximal
gradient method [5] have been introduced to exploit the geometry of problems and
extend applicability. A first attempt to extend the PEP methodology to include
these types of methods was made in [28]. It seems worthwhile to explore this idea
further, both within the Lyapunov framework and more broadly.
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Automated tight Lyapunov analysis for first-order methods

Manu Upadhyaya  Sebastian Banert Adrien B. Taylor Pontus Giselsson

Abstract

‘We present a methodology for establishing the existence of quadratic Lyapunov
inequalities for a wide range of first-order methods used to solve convex optimization
problems. In particular, we consider (i) classes of optimization problems of finite-sum
form with (possibly strongly) convex and possibly smooth functional components,
(ii) first-order methods that can be written as a linear system on state-space form in
feedback interconnection with the subdifferentials of the functional components of
the objective function, and (iii) quadratic Lyapunov inequalities that can be used
to draw convergence conclusions. We present a necessary and sufficient condition
for the existence of a quadratic Lyapunov inequality within a predefined class of
Lyapunov inequalities, which amounts to solving a small-sized semidefinite program.
We showcase our methodology on several first-order methods that fit the framework.
Most notably, our methodology allows us to significantly extend the region of
parameter choices that allow for duality gap convergence in the Chambolle-Pock
method when the linear operator is the identity mapping.

Keywords. Performance estimation, convex optimization, first-order methods, quadratic
constraints, Lyapunov functions, semidefinite programming

Originally published in M. Upadhyaya et al. “Automated tight Lyapunov analysis for
first-order methods”. Mathematical Programming 209 (2025), pp. 133-170. DOI: 10.1007/
s10107-024-02061-8. Reprinted with permission.

33


https://doi.org/10.1007/s10107-024-02061-8
https://doi.org/10.1007/s10107-024-02061-8

Paper I

1. Introduction

First-order methods are used to solve optimization problems and can be analyzed via Lya-
punov inequalities. Such inequalities consist of a Lyapunov function that is nonincreasing
from one iteration to the next and a residual function that quantifies a lower bound on
the potential decrease. The traditional approach of establishing a Lyapunov inequality,
which is typically done on a case-by-case basis, amounts to combining and rearranging
algorithm update equations and inequalities that describe properties of the objective
function. In this paper, we develop an automated methodology for finding Lyapunov
inequalities that can be applied to a large class of first-order methods.

The methodology uses an algorithm representation that covers most first-order methods
with fixed parameters. The structure of the algorithm representation is a linear system in
state-space form in feedback interconnection with a nonlinearity, in our case the subdif-
ferentials of the functional components of the objective function. Such representations
are common in the automatic control literature [45] and have previously been used for
algorithm analysis, e.g., in [24]. The algorithm representation is also closely connected to
the operator splitting framework introduced in [28]. Different algorithms are obtained
by instantiating the matrices that define the linear system. Some matrix choices lead to
algorithms that cannot solve the optimization problem in general. A contribution of this
paper is that we provide conditions on the matrices that are necessary and sufficient for
the equivalence between solving an instance of the optimization problem and finding a
fixed point of the algorithm.

Our methodology is based on a necessary and sufficient condition for the existence of a
quadratic Lyapunov inequality within a predefined class of Lyapunov inequalities. At the
core of the methodology is a necessary and sufficient condition, in terms of a semidefinite
program, for the optimal value of a quadratic objective function to be nonpositive when
optimized over all possible algorithm iterates, fixed points, subgradients, and function
values and over the full function class under consideration. This result is applied to the
three conditions that we use to define a quadratic Lyapunov inequality. The resulting
semidefinite program is feasible if and only if such a quadratic Lyapunov inequality exists,
and it provides associated Lyapunov functions and residual functions when feasible.

Other methodologies that analyze optimization algorithms using semidefinite programs
are the performance estimation problem (PEP) methodology [15, 39] and the integral
quadratic constraints (IQC) methodology [24]. The PEP methodology poses the problem
of finding a worst-case function from a predefined class of functions for the algorithm
under consideration as an optimization problem. This is then reformulated in a sequence
of steps to arrive at a semidefinite program. The PEP methodology, first presented in [15],
has been extended in a sequence of works that guarantee tightness in each step of the
reformulation [38, 39], has been adapted as a tool for Lyapunov analysis [29, 36, 37],
and extended to monotone inclusion problems [34]. The IQC methodology is based on
integral quadratic constraints from the control literature [26], which has been adopted
for automated convergence analysis of first-order methods under various settings [23, 24,
43]. The IQC methodology uses a simple algorithm representation but lacks tightness
guarantees. We are inspired by the strengths of both methodologies; the worst-case
analysis and tightness guarantees of PEP and the simple algorithm representation of
IQC. Another work that is inspired by the PEP and IQC frameworks for tight Lyapunov
function analysis is [37]. Our framework is more general as it can be applied to a wider
range of algorithms, allowing, e.g., for proximal operators, and can be used to derive a
broader range of convergence results.

The proposed methodology is applied in two ways. First, to find the smallest possible
linear convergence rate via quadratic Lyapunov inequalities for the algorithm at hand.
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This is done via a bisection search over the convergence rate p € [0,1[. Second, to
find the range of algorithm parameters for which the Lyapunov analysis can guarantee
function value convergence or duality gap convergence. The algorithms we consider are
the Douglas—Rachford method [13, 25], the (proximal) gradient method with heavy-ball
momentum [17, 32], the three-operator splitting method by Davis and Yin [12], and the
Chambolle-Pock method [7].

For the Douglas—Rachford method, we recover some of the known tight linear conver-
gence rate results in [18, 19, 34]. For the gradient method with heavy-ball momentum,
we improve, compared to [17], the linear convergence rate, and also extend the range of
parameters that guarantee convergence in function-value suboptimality. We also show
convergence of the duality gap for two proximal gradient methods with heavy-ball mo-
mentum. For the three-operator splitting method by Davis and Yin we provide linear
convergence rate results that improve the ones found in [11, 31]. More strikingly, our
methodology allows us to significantly enlarge the range of parameters that give duality
gap convergence for the Chambolle—Pock method when the linear operator is assumed to
be the identity operator. Traditional proofs such as in [7], allow for proximal operator
step-size parameters 71,72 > 0 to satisfy 72 < 1 and the coefficient 6 for the linear
combination of previous iterates to satisfy § = 1. Our analysis allows for a significantly
wider range of parameter values, e.g., for 8 = 1 we allow for 71 = 72 €]0,1.15], for 6 = 0.35
we allow for 71 = 72 €]0,1.5], and for 71 = 72 = 0.5, we allow for 6 € [0.03,7.5]. We also
show with the methodology that the extended range of parameters can lead to improved
linear convergence rates over the traditional parameter choices.

The paper is organized as follows: in Section 2, we introduce the problem class and the
algorithm representation. Section 3 discusses interpolation results and frames them in our
setting. We define the notion of a quadratic Lyapunov inequality in Section 4. Section 5
contains the main result on the existence of a quadratic Lyapunov inequality. Section 6
contains numerical examples and Section 7 contains a proof of our core result. Section 8
contains the main conclusions of this work and discusses future work.

An implementation of the methodology and additional numerical examples can be
found at:

https://github.com/ManuUpadhyaya/TightLyapunovAnalysis

1.1 Preliminaries

Let No denote the set of nonnegative integers, Z the set of integers, [n,m] =
{l€Z|n<1l<m} the set of integers inclusively between the integers n and m, R
the set of real numbers, Ry the set of nonnegative real numbers, Ry the set of positive
real numbers, R™ the set of all n-tuples of elements of R, R™*" the set of real-valued
matrices of size m x n, if M € R™*™ then [M]; ; the i, j-th element of M, S™ the set of
symmetric real-valued matrices of size n x n, and S C S™ the set of positive semidefinite
real-valued matrices of size n x n. 1 denotes the column vector of all ones, where the size
will be clear from the context.

Throughout this paper, (#, (-,-)) will denote a real Hilbert space. All norms ||-|| are
canonical norms where the inner product will be clear from the context. We denote the
identity mapping z — x on H by Id. Given a function f : H — R U {+o0}, the effective
domain of f is the set dom f = {z € H | f(z) < +oo0}. The function f is said to be
proper if dom f # 0. The subdifferential of a proper function f is the set-valued operator
Af : " — 2™ defined as the mapping = — {u € H |Vy € H, f(y) > f(z) + (u,y —z)}.

Let f: H — RU {400} and o, 8 € R4. The function f is

(i) convez if f((1 —Nax + Ay) < (1 —X)f(x) + Af(y) for each z,y € Hand 0 < A < 1,
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(ii) o-strongly convez if f is proper and f — (o/2)||-||* is convex, and
(iii) B-smooth if f is differentiable and ||V f(z) — Vf(y)|| < B||x — y|| for each z,y € H.

Let 0 < 0 < 8 < 400. We let F, 5 denote the class of all functions f : H — RU {+oo}
that are

(i) B-smooth and o-strongly convex if § < 400, and
(ii) lower semicontinuous and o-strongly convex if 8 = 4o0.

Let f:H — RU{+o0} be proper, lower semicontinuous and convex, and let v > 0.
Then the prozimal operator prox. ; : H — H is defined as the single-valued operator given
by

. 1 2
prox, ((x) = argmin | f(z) + —||lz — 2
5 () e ( (2) 2ﬁyl\ [ )

for each x € H. If z,p € H, then p = prox_;(z) < v~ Y (x — p) € Of(p). Moreover, the
conjugate of f, denoted f* :H — RU {400}, is the proper, lower semicontinuous and
convex function given by f*(u) = sup,cqy ((u,x) — f(x)) for each u € H. If z,u € H,
then u € Of(z) & x € 0f*(u) [4, Theorem 16.29].

Given any positive integer n, we let the inner product (-, -) on H" be given by (z1, z2) =
Z?:1<z§j>,z§j)> for each z; = (zgl),...,zgn)) € H" and ¢ € [1,2]. If M € R™*", we
define the tensor product M ® Id to be the mapping (M ® Id) : H™ — H™ such that

n

(M ®1d)z = <Z[M]1,jz(j), o zn:[M]m,jN)

Jj=1

for each z = (2, ..., 2(™) € H". The adjoint satisfies (M ®Id)* = M ' ®Id. If N € R"*!,
the composition rule (M ® Id) o (N ® Id) = (M N) ® Id holds. Moreover, if M € R™"*" is
invertible, then (M ® 1d)™! = M~' ® Id holds.

If we let M7 € R™*™ and Ms € R™*™2, the relations above imply that (M7 ®
Id)z1, (M2 ®1d)zs) = (21, (M{ M) ® Id)z2) for each z; € H™ and zz € H™2. We define
the mapping' Q : S" xH" — Rby Q(M, z) = (z, (M ®Id)z) for each M € S™ and z € H".
Note that, if M € S", N € R"*™ and z € H™, then Q(M, (N ®Id)z) = Q(N" M N, z).

2. Problem class and algorithm representation

In this section, we introduce the problem class and the algorithm representation. We
provide conditions for when solving a problem is equivalent to finding a fixed point of
an algorithm. We also provide conditions for when an algorithm can be implemented
using scalar multiplications, vector additions, proximal operator evaluations, and gradient
evaluations only. We conclude the section by listing a few examples of first-order methods
that fit into the algorithm representation.

' We use the same symbol Q for the mapping independent of the dimension n, which will be clear
from context.
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2.1 Problem class
Let 0 < 0y < ; < 400 for each i € [1,m]. Consider the convex optimization problem

minimize ; fi(y) (2.1)

where f; € Fg, g, for each i € [1, m]. Most first-order methods are limited to solving the
related inclusion problem

find y € H such that 0 € Zafi(y). (2.2)
=1

A solution to (2.2) is always a solution to (2.1) and the converse holds under some
appropriate constraint qualification, e.g., see [6]. Moreover, it is reasonable to only
consider problems such that the inclusion problem (2.2) is solvable, i.e., there exists at
least one point y € H such that 0 € > 9fi(y). Thus, the problem class we consider is
all solvable problems of the form (2.2) where f; € Fo, g, for each ¢ € [1, m]. For examples
of problems that can be modeled according to (2.1) or (2.2), we refer to the textbooks [5,
30].
For later convenience, we introduce the notation

zer (Zaf,) = {y eEH|0e Z@fl(y)}

i=1
That is, zer (Zzl dfi) is the set of zeros of the set-valued operator 27;1 Afi: H — 2%
y— > " Ofi(y), which is the same as the set of solutions to (2.2).

2.2 Algorithm representation

We consider algorithms that solve (2.2) that can be represented as a discrete-time linear
system in state-space form in feedback interconnection with the potentially nonlinear
and set-valued subdifferentials that define the problem. In particular, let f: H™ — (RU

{+00})™ and 8f : H™ — 2" be mappings containing all functions and subdifferentials
associated with (2.1) and (2.2) that satisfy

F@) =AM, fay™)), (2.3)
af(w) = [[ o) (2.4)

for each y = (y™,...,y™)) € H™, respectively?. We consider algorithms that can be
written as: pick an initial o € H" and let

for k=0,1,...
i1 = (A®Id)zk + (B @ Id)us,
yr = (C @ Id)x, + (D @ Id)us, (2.5)
uk € Of (yk),
Fr. = f(yr),

2In this context, the symbol H is used for Cartesian products.
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where xx € H", ur € H™, yr € H™, and F, € R™ are the algorithm variables and
AGR"LXTL7 BeRnXm7 CGRan7 DeRmx’nl

are fixed matrices containing the parameters of the method at hand. For clarification,
individual subgradients and function values are calculated as ug) €0 fi(y,(;)) and Fk(’> =
fi(y,(;)), respectively, so that u; = (u,(cl), .. .,u,(J")) and Fj, = (fl(y,(cl)), e fm(y,?"))).
Moreover, representation (2.5) is a tool for analysis and does not necessarily indicate an
efficient implementation, e.g., the function values are not used in the algorithm but are
needed for the Lyapunov analysis. The structure in (2.5) of a linear system in feedback
interconnection with a nonlinearity is common in the automatic control literature and has
previously been proposed in [24, 44] as a model for algorithm analysis. It can represent a
wide range of first-order methods as seen in Section 2.5.

Algorithm (2.5) searches for a fized point (., s, Yu, Fi) € H™ X H™ x H™ x R™
satisfying the fixed-point equations

z, = (AR Id)z, + (B ® Id)u,,
Yo = (C @ 1d)x. + (D ® Id)u.,
U, € Of(ys),

F, = f(y.),

from which we want to recover a solution to (2.2). In particular, we want the problem of
finding a fixed point of (2.5) to be equivalent to solving (2.2).

(2.6)

2.3 Solutions and fixed points

There are choices of the matrices A, B, C, and D such that it is not possible to extract a
solution of (2.2) from fixed points of (2.5) in any practical way. To exclude such algorithms,
we add the requirement that fixed points should satisfy

Yo = (Ynr -5 Ys)s 0="> ul’ (2.7)
=1

for some y, € H, where u, = (uil), e 7u(*m)) € H™. This implies that y, solves (2.2)
since the fixed-point equations (2.6) give that

0= zm:u(*i) € zm:afi(y*)-
=1 i=1

We say that such fixed points are fized-point encodings in line with the terminology in
[33]. By defining the set of fixed points as

Qﬁxed points(fly B fm)
= {(Te, Us, Yu, Fx) € H" X H™ x H™ x R™ | (2.6) holds}

and the set fixed-point encodings as
Qﬁxed—point encodings(fh ey fm)

= {(@u, Us, Ys, Fu) € H" x H™ x H™ x R™ | (2.6) and (2.7) hold},
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the requirement that all fixed points are fixed-point encodings can be written as
Qfixed points (f1y -« -y fm) = Qfixed-point encodings (f1, - - - » fm). Another requirement is that to
each solution of (2.2), there exists a corresponding fixed point. These two requirements
imply that solving (2.2) is equivalent to finding a fixed point of the algorithm. We say
that such algorithms have the fized-point encoding property.

Definition 2.1
We say that Algorithm (2.5) has the fixed-point encoding property if

« € 0 i
y zer (; f) 2.8)
= s, us, Fi) € H" X H™ x R™ such that (2.6) and (2.7) hold

and
Qﬁxed points(fly ey fm) - Qﬁxed—point encodings(fh ey fm) (29)

for each (fi,..., fm) € [[]") Foi.5:-

By appropriately restricting A, B, C, and D, we can exactly capture the class of
algorithms with this property. For m > 2, let

I _ —
N = {f] eR™ ™D and  a, = (. u{mY). (2.10)

The fixed-point encoding condition in (2.7) is then equivalent to 0 = (N ' ® Id)y, and
U, = (N ® Id)@,. In the case m = 1, the fixed-point encoding condition is simply u, = 0.
The matrix N enters in the restriction of A, B, C, and D to exactly capture the class of
algorithms with the fixed-point encoding property.

Assumption 2.2
Suppose that

BN 0 I—A
ran [DN 1:| C ran[ _C ] (2.11)

with the interpretation that the block column containing N is removed when m =1, and
that

(2.12)

T T
null [ — A —B]gnull{N ¢ N D],

0 1"
with the interpretation that the block row containing N is removed when m = 1.

Proposition 2.3
The following are equivalent:

(i) Assumption 2.2 holds.

(i) Algorithm (2.5) has the fized-point encoding property.
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Proof. (i) = (ii): Suppose that Assumption 2.2 holds. Let (f1,..., fm) € [[", Fo,.8,-
First, we prove that (2.8) holds. Suppose that y. € zer (Z:’;l Ofi). This implies that

there exists a u, = (ul”, ..., u{™) € H™ such that
u, €0f(1@Id)y,) and » ul’ =0. (2.13)
i=1

Note that the second part of (2.13) implies that

" — (N@Id)d, ifm>1,
710 ifm=1,

for @, = (uﬁl), .. .,uimfl)) € H™ !, where N is defined in (2.10). We will show that
there exists an x, € H" such that

z. = (A Id)z. + (B ®Id)u.,

(1@ Id)y. = (C @ Id)z, + (D @ Id)u., (2.14)

(T, U, (LR Id)ys, F((1 @ Id)y,)) (2.15)

is a fixed-point encoding. This will prove the desired implication. Note that (2.14) is

equivalent to
BN 0 N I-A
([DN _1} ®Id)(u*,y*) = ({ _C } ®Id)w*,

with the interpretation that @, and the block column containing N is removed when
m = 1. Moreover, (2.11) in Assumption 2.2 implies that there exists a matrix U € R™*™

such that
BN 0| _ |I-A U
DN —-1| | -C ’

i.e., each column of the matrix to the left in (2.11) can be written as linear combinations
of the columns of the matrix to the right in (2.11). If we let x. = (U ® Id) (@, y«), then

we get
<[g§\vf _OJ ®Id> (e, y2) = (([[_CA] U) ®Id> (e, 172
- ({I:CA} ®Id)(U®Id)(ﬁ*,y*)
- ({I_CA} ®Id) z.,
as desired.
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2 Problem class and algorithm representation

Second, we prove that (2.9) holds. Note that the inclusion D holds trivially.
Therefore, we only need to prove the C inclusion. Suppose that (z.,us,y«, Fi) €
Qfixed points(f1, - - -, fm). This implies that

(I-A -B]®Id)(z.,u.) =0.
However, (2.12) in Assumption 2.2 implies that

T T
(5 5oupe=

with the interpretation that the block row containing N ' is removed when m = 1. In
particular, note that this implies that

m
yM = =y™ =y, and Zuy) =0,
i=1
— (D (m) _ (D) (m)
where u, = (uy ', ..., ux ') and yx = (Yx ,-.-,Yx ), for some common value y, € H,
since y, = (C ® Id)a@, + (D ® Id)u, (and (NT @ Id)y, = (gt — y{™, ... ym Y — 4™
if m > 1). In particular, (., U, Yx, Fx) € Qfixed-point encodings (f1, - - -, fm). This proves

the C inclusion for (2.9).
(i) = (i): We prove the contrapositive.
First, suppose that (2.11) does not hold, i.e., there exists (yx, ) € H x H™™! such

that
({I_‘CA} ®Id) x, = ({g% _01} ®Id> (s, ) (2.16)

does not hold for any x, € H". Define u, = (ugl), . ,uim)) € H™ such that

. = J (V@I ifm>1,
710 ifm=1,

and note that > " u{”) = 0 holds by construction. Note that (2.16) then implies that

T, = (A®Id)x. + (B & Id)u.,
1®Id)y, = (CRId)z, + (D @ Id)u.

does not hold for any @, € H". Thus, if we can show that there exists (fi,..., fm) €
" Fo..p; such that Of((1®Id)y.) = {u.} holds, then we are done since this

i=1
shows that there exists y. € zer () " 8fi) such that the implication in (2.8) fails.
Let (61,...,0m) € H;’;l[ai,ﬂi] and f; : H — R such that

5 .
Filw) = Sy —wll” + (W y)

for each y € H and i € [1,m]. Then (fi,...,fm) € H;’;lf"'iyﬂi is clear, and
9f((1 ®1Id)y.) = {u.} holds since

afi(ys) = {ul}
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for each i € [1,m].
Second, suppose that (2.12) does not hold, i.e., there exists (z,,us) € H™ x H™ such
that

(I-A —B]®@Id)(z.,u.) =0,
but

({N;—C NlTTD] ® Id) (s, us) # 0.

If we let u, = (ulV,...,u{™) and y. = ¥V,...,y{™) = (C®I1d)z, + (D ® Id)u,,
then either or both of yﬁl) =...= yﬁm) and Z:il ul? = 0 fail. Thus, if we can show
that there exists (fi,...,fm) € [, Fo,.5, such that (2.6) holds, then we are done
since this shows that there exists («, U, Yx, Fx) € Qfixed points(f1,-- -, fm) such that

(m*,u*, Yx, F*) ¢ Qﬁxcd-point cncodings(fl, ey fm) Let (617 ey 6m) S H:r;l[alvﬁl] and
fi : H — R such that

5; : :
1) = Sy =y + ()

for each y € H and i € [1,m]. Then (f1,..., fm) € [[|~, Fo,.5;, and (2.6) holds since

i) = {ul}
for each i € [1,m]. ]

Remark 2.4

There exist many different choices of A, B, C, and D in (2.5) that can represent a
given first-order method. The dimension m iny € H™ is fixred due to the number of
functional components in problem (2.1), but the dimension n in x € H"™ can vary among
representations. In fact, there exists a minimal n such that a given first-order method
can be represented as (2.5), leading to a minimal representation. A necessary condition is
that

rank [I —A fB] =n and rank [I__CA} =n, (2.17)
where both matrices appear in Assumption 2.2. If these do mot hold, the system is not
controllable (also often called reachable) [9, Definitions 6.D1] or observable [9, Def-
initions 6.D2], respectively. This implies that the representation is not minimal [10,
Theorem 25.2] and that it is possible, for instance via a Kalman decomposition [10, Sec-
tion 25.2], to go from this non-minimal representation to a minimal representation that
satisfies (2.17) and represents the same algorithm.

Remark 2.5

Previously, [27, 35] derived necessary and sufficient conditions for the existence of a fized
point from which a solution can be extracted, using algorithm representations different
from (2.5). Note that the existence of a fized point from which a solution can be extracted
differs from the concept of the fized-point encoding property considered here.
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2 Problem class and algorithm representation

2.4 Well-posedness

When analyzing existing algorithms, well-posedness is usually clear from the outset.
However, when taking the more abstract point of view, as given by Algorithm (2.5),
further discussion is warranted. We would like Algorithm (2.5) to be well-posed in the
sense that it can be initiated at an arbitrary xo € H" and produce an infinite sequence
{(zk, wk, Yr, Fr) } neo obeying the algorithm dynamics (2.5). This holds if for each @ € H",
there exist w € H" and y € H™ such that

y=(Co®Ildz+ (D ®Id)u

uedf(y). (2.18)

In addition, if u € H™ and y € H™ are unique, then the generated sequence is unique.

If D has a lower-triangular structure, (2.18) can be solved using back-substitution. If
[D)ii # 0, an implicit step is needed to find y* and wV. If [D];; < 0, this implicit step
is a proximal evaluation, which implies uniqueness. If [D];; = 0, u® is found via direct
evaluation of 6fi(y<i)) which is always unique if f; is differentiable.

Assumption 2.6
Let

Liifferentiable = {'L S [[17 mﬂ : ﬂl < +OO},
Ip = {’L S ﬂl,mﬂ : [D}lﬂ < 0}

and assume that Iiifterentiable U Ip = [1,m] and D is lower triangular with nonpositive
diagonal elements.

The requirements in Assumption 2.6 give rise to causal algorithms that generate unique
and infinite sequences that evaluate either a proximal operator or a gradient for each f;
and linearly combine results of previous evaluations to form inputs.

Proposition 2.7
Suppose that Assumption 2.6 holds. Then for any (f1,...,fm) € H:il Fo;,8; and xo =

(ac(()l)7 e xé")) € H™, Algorithm (2.5) produces a unique sequence {(Tk, Uk, Yk, Fr)}reo

obeying the algorithm dynamics (2.5) and can be implemented as the following causal
procedure:

fork=0,1,...
fori=1,....m
n i—1
vl =Y [Ce + ) [D)isu,
Jj=1 j=1
G\ g
i prox_ip, . s, (v ifi € Ip,
v ={ @ 1ot ()7 (2.19)
Vg Zfl % ID7

L { (=[Dli) " (0? —u?) ifi€ I,

g V iy ifig Ip,

_Flgz) _ fi(y;(;))a

| Th+1 = (m,(:ll, - 7305:21) = (A®Id)zy + (B ® Id)us,
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where uy = (ug), . ,u,(cm)), Yr = (y,(cl)7 o y,(cm>), F, = (F,gl)7 o Fém)) and the empty
sum is set equal to zero by convention.

Proof. Let (f1,...,fm) € H:’;l Fo;.8;- Consider an arbitrary k& € Ng and pick any
Ty = (xgcl), e xim) € H". For ¢ € [1,m] in ascending order:

. v,(:) in the inner loop in (2.19) is a linear combination of previously calculated /known
quantities.

o If i € Ip, then (2.5) and the structure of D in Assumption 2.6 give that

v e + Dlidfi(y”) & (=DL) ' () =) € 0fiy)

< yl(cl) = PrOX_ip); i f; (vl(;))’

which is unique since the proximal operator is single-valued with full domain under our
assumptions (recall that each f; is assumed to be proper, lower semicontinuous, and
convex).

o Ifi ¢ Ip, then f; is differentiable due to Assumption 2.6, and (2.5) gives that yfj) = v,(:)
and ugj) = Vfi(y,?)).
An inductive argument concludes the proof. a

The requirement that D is lower-triangular is for convenience. If there exists a permuta-
tion 7 : [1,m] — [1, m] with associated permutation matrix Py such that P, DP, is lower-
triangular, the resulting algorithm is equivalent to (2.19). Let yx = Pryx, ur = Pruy, and
f = fo(P] ®Id) (that just reorders the inputs). Then 8f = (Pr ®1d) 0 8f o (P, ®1d)
and the algorithm is equivalent to

Zpi1 = (AR Id)xk + (BP, ®1d)ay,
U = (PxC @ Id)xy + (P-DP, ® Id)us,
uy € 0F (yr),

which can be implemented as in (2.19).

If no permutation matrix exists such that P, DP, is lower-triangular, then there exist
i < j with 4,5 € [1,m] such that [D];,; # 0 and [D];,; # 0. This couples the df; and 9f;
evaluations such that back-substitution fails and these updates cannot in general be done
using only proximal operator or gradient evaluations of f; and f; individually.

Since the linear combinations decided by A, B, C, and D are arbitrary, all first-order
methods that use fixed linear combinations of previously computed quantities and evaluate
each individual subdifferentials only once per iteration and either via a proximal operator
or gradient evaluation can be implemented as in (2.19), potentially after a permutation
of variables. We provide a list of examples in Section 2.5 that all satisfy Assumption 2.6.
They also satisfy Assumption 2.2, implying that solving (2.2) is equivalent to finding a
fixed point of the algorithm, and the rank conditions in (2.17).

2.5 Examples

In this section, we provide examples of a few well-known algorithms that can be written
as (2.5).
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2 Problem class and algorithm representation

2.5.1 Douglas—-Rachford method

Let v € Ri4, A € R\ {0} and fi1, f2 € Fo,00. The Douglas—Rachford method [13, 16, 25]
is given by

yt" = prox,;, (xx),

y,i)—prox (2 2y — ),
Trar =z + AL —yD),

which can equivalently be written as

v Nk — ) € af1(y)),
@YY — 2x) — y?) € 0f2(y),
wrpr = 2k + A7 —y).

. 1 2 1 2
By letting 1 = 21, yx = (yi",yt”) and ux = (v (zr — yi), v 2y — 2 — yiP)),

we get
zip =ze + ([N =N @ 1d) s,
e (o) (|3 8] e
ur € Of (yr),

where 8f(y) = 0f1 (y<1)) X Of2 (y(Q)) for each y = (y<1), y(Q)) € H?, which matches the
form (2.5).

2.5.2 Gradient method with heavy-ball momentum

Let 7,81 € R4y, § € Rand fi € Fo p,. The gradient method with heavy-ball momentum
is given by

Trt1 = Tk — YV f1(zk) + 0(xe — Th—1).

By letting xx = (zk, Th—1), Yx = Tk, and ur, = V fi(x), we get

Tht1 = ({1’1“5 _ﬂ ®Id) xy, + ([_ﬂ ®Id> uy,

yk:([l 0]®Id)£l:k,
ur € 0f(yr),

where 8f(y) = {Vfi(y)} for each y € H, which matches the form (2.5).

2.5.3 Proximal gradient method with heavy-ball momentum terms

Let 7,81 € Ry4, 61,62 € R, f1 € Fo,p, and fa € Fo,00. A proximal gradient method with
heavy-ball momentum terms is given by

Tk+1 = PrOX, ¢, (xr =YV fi(zk) + 01(xk — Tr—1)) + d2(Tk — TR—1).
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By letting @k = (zr, Zk-1), Y& = (T, Thp1 — S2(Tk — T-1)), ur = (Vfi(zk), v (zn —
YV fi(zk) + (61 + 02)(zk — Th—1) — Thy1)), we get

Tr+1 = <|:1 + 6i + 02 _610_ 62:| ®Id> T + (|:_0,y _O’Y:| ® Id) ug

1 0 0 0
yk_<|:1+51 51}®Id>mk+<[7 ,Y:|®Id>uk7
ui € Of(yx),

where 8f(y) = {Vfi(y™)} x dfa(y?) for each y = (y,y?) € H?, which matches
the form (2.5).

2.5.4 Davis-Yin three-operator splitting method

Let y,A € Ry4, 0< 0y < f; < 400 and f; € Fo, 5, for each i € [1,3], and B2 < co. The
three-operator splitting method by Davis and Yin in [12] is given by

Tr =p1roch1(zk)7
Zepy = 20k — 2k — YV fa(zk),

Zhal = 2k + )\(proch3 (Z,H%) — ).

By lletting Ty = Zk, Yk = (zw, Th, T + ){l(zkﬂ — 2zr)) and up = (771(2% -
k)Y 2k — 2k — 2010, (2py 1 — T — AT (2641 — 21))), e get

Tr+1 = Tk + ([_7)\ —YA _'Y)‘] ® Id) Uk,

1 —y 0 0
Yk = 1l ®Id | x + —y 0 0| ®Id | ug,
1 -2y -y —v

Uk € af(yk)7

where 8f(y) = 0f1(y'") x {Vf2(y®)} x 0fs(y') for each y = (y,y®,yV) € #°,
which matches the form (2.5).

2.5.5 Chambolle-Pock method

Let 1,72 € Ryy, 0 € R, 0 < 0y < B < +o0 and f; € Fo, g, for each i € [1,2]. The
method by Chambolle and Pock in [7, Algorithm 1] is given by

Tht1 = ProxX,, s (T — T1Yk),

Yrt1 = Prox,, o« (Yx + 72 (Tp1 + 0(zr 41 — 21)))-

By letting @ = (21, yk), Y = (Trt1, 5 (Uk — Ye+1) + (1 + 0)zps1 — Oxy), and uy =
(7 @k = Zrr1) = Yo, Yrt1), we get

Thi1 = <[ Oﬁ} ®Id) xr + <[0“ ﬂ ®Id) ne

ur € 0F (yx),

O =
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where f(y) = df1(y"V) x df2(y?) for each y = (y,y®) € H?, which matches the
form (2.5).

3. Interpolation

Tightness of our methodology hinges critically on so-called interpolation conditions for
function classes that have been developed in the PEP literature [38, 39]. The following
theorem is proved in [39, Theorem 4].

Theorem 3.1
Let 0 < 0 < B < 400 and {(ys, Fi,us) }iez be a finite family of triplets in H X R X H
indexed by Z. Then the following are equivalent:

(i) There exists f € Fo 3 such that

fly:) = F and u; € Of (i)
for each i € T.
(@) It holds that

g
Fi > Fj + (uj,yi —yy) + 5”% - y|?

1

2
+ m”“i —uj —o(yi —yj)ll

for each i,j € I, where is interpreted as 0 in the case f = +o00.

1
2(B—o)

Next, we adapt these interpolation conditions to our framework. In the following, we
let Fo g denote the class of all mappings f : H™ — (RU {+00})™ defined by (2.3) for
every possible choice of f; € F,, 3, and i € [1,m]. Moreover, with each f € F, g, we
associate the mapping 8f : H™ — 27" defined by (2.4).

Corollary 3.2
Let
1 Bior —or B
—— | -0 1 —1| ® diag (e 7, < 00,
206 — 1) ﬁlz . : g(er) if B
M, = 3.1
I e 0 (3.1)
3 0 0 0| ®diag(er) if B1 = +o0,
1 0 0
al = —el (32)

for each I € [1,m], where ® denotes the Kronecker product and {e;};-, denotes the
standard basis vectors of R™. Then for each finite family of triplets in H™ x R™ x H™
indexed by I, {(yi, F;,u:)yicz, the following are equivalent:

(i) There exist f € Fo g such that

F(yi) = Fi and u; € 9f(y:)
for each i € T.
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(%) It holds that
a/ (F; — Fy) + Q(M, (yi — yj, i, u;)) <0
for each i,5 €T andl € [1,m].
Moreover,
O(M, (0,u,u)) =0

for each w € H™ and 1 € [1,m].

4. Lyapunov inequalities

Convergence properties of many first-order methods can be analyzed via so-called Lya-
punov inequalities. We consider Lyapunov inequalities of the form

V(£k+la E*) S PV(€k7 S*) - R(Ek? S*)? (41)

where p € [0,1], & = (@, Uk, Yk, Fi) € S contains all algorithm variables in iteration k,
Erk+1 = (Tr41, Uk+1, Yr+1, Frr1) € S contains all algorithm variables in iteration k + 1,
& = (Tu, Uk, Ys, Fi) € S is a fixed point, V : S x § — R is called a Lyapunov function,
R:S8 xS — Ris called a residual function, and S = H"™ x H™ x H™ x R™. Once such
an inequality has been established, various convergence properties may be concluded
depending on the properties of the functions V' and R.

We consider quadratic ansatzes of the functions V and R given by

V(€ E) =9, (x — xw,u,u,)) +q (F—F,), (4.2)
R(£,&) = Q(S, (& — @y, u,u)) + s (F—F,) (4.3)

for each £,&, € S, respectively, where Q,S € S™™™ and ¢,s € R™ parameterize the
functions. These are general ansatzes that allow for arbitrary linear combinations of scalar

products between linear combinations of z(¥ — fo), u®, and u@ and linear combinations

of function value differences f;(y¥) — fi(yﬁi)).
To draw useful convergence conclusions from (4.1), we enforce nonnegative quadratic
lower bounds on V and R given by

V(§,€) 2 QP (& — z. u,u) +p (F — F.) 20, (4.4)
R(£,6.) > QT (x — w.,u,u)) + ' (F — F.) >0, (4.5)
where P,T € S"™2™ and p,t € R™. We do not enforce these inequalities on all of S x S

but only when the first argument is a so-called algorithm-consistent point and the second
argument satisfies the fixed-point equations (2.6).

Definition 4.1
Consider Algorithm (2.5). The point € = (x,u,y,F) € S is called algorithm-consistent
for f € Fo 5 if

y=(C®ld)z+ (D ®Id)u,

u € df(y),

F = f(y).
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To restrict (4.4) and (4.5) on this subset of S X S gives a larger class of Lyapunov functions
and residual functions compared to requiring them to hold on all of § x S.

In the proposed methodology, the user specifies (P, p,T,t,p) and the methodology
provides (Q,q,S,s) complying with (4.1), (4.4), and (4.5), if it exists. When such a
(Q,q, S, s) exists, the choice of (P,p,T,t,p) decides which convergence properties the
analysis implies.

(i) Suppose that p € [0, 1]. Then
0< Q(P, (T — T, Uk, Ux)) +pT(Fk —F.)
< V(& &)
<"V (€, &) =0

as k — oco. In particular,

{Q(P, (wk—w*,uk,u*))+p (Fy F*)}keNo

(4.6)
converges p-linearly to zero.
(ii) Suppose that p = 1. Then
D (AT (@ — @y wi,wa)) + T (Fi — F)) Z (€, )
k=0 k=0
V(&0,8x), (4.7)
using a telescoping summation argument. In particular,
{Q(T» (wk_w*vuk7u*))+tT(Fk_F*)}keNU (4 8)

is summable and converges to zero.

Therefore, (P,p,T,t,p) needs to be chosen to extract interesting convergence results
from the lower bounds. If P =T =0 and p =t = 0, then V and R equal to the zero
function gives a valid Lyapunov inequality (4.1) that complies with the lower bounds (4.4)
and (4.5), but is of no interest. Useful choices of (P, p, T, t, p) that imply different specific
convergence results are provided in Section 4.1.

The above requirements on the Lyapunov inequality, the Lyapunov function, and the
residual function are formalized in Definition 4.3 after we define the notion of a successor.
Definition 4.2
Consider Algorithm (2.5). Given an algorithm-consistent point & for some f € Fy g, we
define a successor of & to be any point &4 = (x4, uy,y+, F1) € S such that

zy = (A®Id)z + (B®Id)u
yi = (C @ 1d)zy + (D& d)uy,
uy € 9f(y+),
Fy = f(y+)
Definition 4.3
LetV:SxS = Rasin (4.2), R: SxS =R asin (4.3), P,T € S""?™, p,t € R™ and

p € 10,1]. We say that V and R satisfy the (P,p,T,t, p)-quadratic Lyapunov inequality
for Algorithm (2.5) over the class Fo g if:
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Cl V(&4,&) < pV(&,&) — R(&,E) for each € € S that is algorithm-consistent for f,
each successor €+ € S of &, each &, € S that satisfies (2.6), and each f € Fq a.

C2 V(€,€) > Q(P,(x — s, u,us)) +p' (F—F.) >0 for each £ € S that is algorithm-
consistent for f, each &, € S that satisfies (2.6), and each f € Fo g.

C3 R(£,£&:) > Q(T, (x — s, u,us)) +t' (F —F,) >0 for each & € S that is algorithm-
consistent for f, each &, € S that satisfies (2.6), and each f € Fo g.

The main result in Section 5 is a necessary and sufficient condition for the existence of a
(P,p,T,t, p)-quadratic Lyapunov inequality expressed as a semidefinite feasibility problem
over the Lyapunov function and residual function parameters (Q, ¢, S, s). This is done by
providing a necessary and sufficient condition for each of C1, C2, and C3. Conditions C1,
C2, and C3 can all be stated as the verification of a quadratic function ® : § x § — R to
be nonpositive over the subset of S x S that includes algorithm-consistent points in the
first argument and fixed points in the second. Restricting to this subset adds significant
technical complication compared to verifying nonpositivity over the entirety of S x S,
but provides the added benefit of a more general Lyapunov analysis.

4.1 Lower bounds and convergence implications

In this section, we provide a few choices of (P,p,T,t, p) from which we can draw specific
convergence results, under the assumption that there exists a Lyapunov function V' and a
residual function R that satisfy the (P, p, T, t, p)-quadratic Lyapunov inequality. Moreover,
we assume that Assumptions 2.2 and 2.6 hold.

4.1.1 Linear convergence of the distance to the solution
Suppose that p € [0, 1] and

(Pp,T,t)=([C D -D] el [C D —D],0,0,0) (4.9)
for some i € [1,m], where {e;}", denotes the standard basis vectors of R™. Then (4.6)
implies that the squared distance to the solution {||y,(;> — y*\|2}k€N0 converges p-linearly
to zero, where y, is the solution to (2.2), since

Q(P, (zk — uyur,us)) +p' (Fi — Fo) = |y — .l > 0.

Note that we exclude the case p = 1 since we can only guarantee that the squared distance
to the solution remains bounded but not necessarily linearly convergent.

4.1.2 O(1/k) ergodic convergence
Suppose that p = 1.

Function-value suboptimality (m = 1). Suppose that m = 1 and

(P,p,T,t)=(0,0,0,1). (4.10)

Then (4.8) implies that the function-value suboptimality { f1 (y,(CD) = J1(¥x)} gy, converges
to zero, since

Q(T7 (wk - $*auk7u*)) +tT(Fk - F*) = fl(y](cl)) - fl(y*) > 0.
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4 Lyapunov inequalities

Moreover, (4.7) and Jensen’s inequality imply that the ergodic function-value suboptimality

{fl<k+lz (1)> fi y*)}

converges to zero with rate O(1/k) since

(1 (6076*)
<k+1zyf)> )= =

Duality gap. Suppose that

.
C D -D o -irl|{c D -D
(P,p,T,t)—<0,0,{0 0 1} [_11 5“0 0 I},l). (4.11)
Then
O(T, (xh — s, up,uy)) +t' (Fx — F,)

m

= ST RO - £6) - @,y — )

=D (i) = filys) — @,y > 0, (4.12)
i=1
since 2211 uii) =0and yﬁl) =...= yim) = y, (all fixed points are fixed-point encodings).

The quantity in (4.12) is known as the duality gap. Note that if m = 1, the duality gap
reduces to function-value suboptimality. The duality gap is in fact a natural generalization
to the function-value suboptimality, which we motivate next (see also, e.g., [1, Section
3.1], [2, Theorem 3.9], and [8]). Problem (2.1) can equivalently be written as

A (@)
minimize fily
(D), y(m)yeym Zz:; ( )

subject to y = y™ for each i € [1,m].

It has the Lagrangian function £ :H™ x H™ — R given by

Llyw) =D fily?)+ Y @,y —y), (4.13)
i=1 i=1
where y = (y<1)7 e ,y<m)) € H™, and u = (u(l), e 7u<m)) € H™ are the dual variables.

The Lagrangian function satisfies
‘C(y*7u) S ‘C(y*vu*) S E(y7u*)
———

—Z fi(y«)
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for each y,w € H™. In particular, £L(yk, ux) — L(y«, ur) is equal to (4.12) and (4.8) implies
that the duality gap {L(yk, ux) — L(Yx, Uk)} .y, converges to zero. Moreover, (4.7) and
Jensen’s inequality imply that the ergodic duality gap

k k
1 1
{£<k+1 Zyﬁ“*) —‘<y*’ MZ“J)}
J=0 J=0 k€N

converges to zero with rate O(1/k).

5. Main result

This section provides a necessary and sufficient condition, in terms of the feasibility of a
semidefinite program, for the existence of a quadratic Lyapunov inequality in the sense
of Definition 4.3. First, we introduce some necessary notation. Recall N € R™*(m~1
defined in (2.10) when m > 1. For all the matrices defined below, the interpretation is
that the block column containing N is removed when m = 1. Let

[C(I-A) D-CB -D CBN
Boys=| 0 I o o0 |,
|0 0 I 0
[C D 0 —-DN
E,o=|0 I 0 0 |,
0 0 0 N
[C(A—I1) CB—D D —CBN
Eiy= 0 0 I 0 |,
L0 I 0
[-C -D 0 D
Evw=|0 0 0 N|, (5.1)
Lo I 0 o
[CA CB D —DN-CBN
E.,=1]0 0 I 0 ;
Lo 0 o N
[-CA —-CB —-D DN+ CBN
E.i=| 0 0 0 N ,
0 0 I 0
where E; ; € R¥*(+3m=1) {41 each distinct i,j € {9, +,*}, and
HJZB,-F = [I 71} ’ H“'»@ = [71 I] ’ HQ)’* = [I 0] ’ (5 2)
Hog=[-1 0], Hy.=1[0 I], H.=[0 -I], '
where H; ; € R™*?™ for each distinct i,j € {@, +, «}. Define
Mg, =E ,ME;; €S"™" " and ag,; = Hja € R7" (5.3)
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5 Main result

for each distinct i,57 € {g,+,*} and | € [1,m], where the M;’s and a;’s are defined
in (3.1) and (3.2), respectively. Moreover, let

I 00 0 A B 0 —BN
Yo=|0 I 0 0], S,={0 0 I 0
0 0

0 0 0 N 0 N

; (5.4)

where 3; € RO X (+3m=1) for each i € {g,+}.

Theorem 5.1 (Main result)
Assume that Assumption 2.2 and Assumption 2.6 hold, let p € [0,1], and suppose that

P, T € S"?™ and p,t € R™ are such that

Q(P, (x — v, u,u.)) +p' (F—F,) >0,
Q(Ta (CU - $*3u7u*)) + tT(F - F*) 20

for each & € S that is algorithm-consistent for f, each &« € S that satisfies (2.6), and each
f € Fop. Then a sufficient condition for there to exist a Lyapunov function V : SxS — R
as in (4.2) and a residual function R: S x 8 — R as in (4.3) such that they satisfy the
(P,p,T,t, p)-quadratic Lyapunov inequality for algorithm (2.5) over the class Fo g is that
the following system of constraints

Ag,lm) >0 for each l € [1,m] and distinct i,j € {g,+,*},

55 (pQ — 8)Ty — TLQT4 + Z Z Aty M g) = 0,

o =1 z‘,je;_{i,;,*} (5.53.)

+ Z Z Xt aig =0,

=1 1i,j€{o,+,*}
i#]

pq—s
—q

Ag?i,j) >0 for each l € [1,m] and distinct i,j € {g,*},

SQ-P)Ze+d Y AihyMuiy =0,

©2 TR (5.5b)
q—p Cc2 _
{ o | T Z Ati)@,ig) =0,
=1 14,j€{o,x}
i

)\8?},” >0 for each l € [1,m] and distinct i,j € {g,*},

m
So(S=T)Se+ Y Y AT Maig =0,

=1 i,je{o,x}

C3 i£j (5.5¢)
s—1 S c3
{ 0 ] + > Anewin =0,
=1 4,j€{o,x}
i#]
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QS esmtm, (5.5d)
q,s € R™, 5.5e
(5.5e)

is feasible for the scalars )‘ﬁ}i,jy )‘S,Qi,j)’)‘g?i,j)’ matrices @ and S, and vectors q and s.
Moreover, if dim(H) > n+3m —1 and there exists G € Sffm*l and x € R*™ such that

aﬁ,i,j)x + trace(M(;,;,;5G) <0

5.6
for each l € [1,m] and distinct i,j € {og,+,*}, (5.6)

then the feasibility of (5.5) is also a necessary condition.

The proof of Theorem 5.1 is based on, for C1, C2 and C3 in Definition 4.3, finding
the relevant conditions, respectively, and then combining these conditions together to
give (5.5); (5.5a) correspond to C1, (5.5b) correspond to C2 and (5.5¢) correspond to C3.

Finding the conditions for C1, C2 and C3 is done in the spirit of PEP by finding the
worst-case behavior over algorithm-consistent points, their successors, fixed points (2.6),
and mappings in the class F, g. In particular, given some objective ® : S* — R, the
performance estimation problem we consider is

maximize D(£,6+,864)

subject to zy = (A Id)z + (B®I1d)u,

y=(C®Ild)z+ (D ®Id)u,
u € 9f(y),
F = f(y),
y+ = (C@Ild)z+ + (D ®Id)u,
uy € 9f(y+),
Fy = flys), (PEP)
z, = (A®Id)z, + (B ® Id)u.,
Y = (C®1d)z, + (D ® Id)us,
ux € 0f(yx),
F = f(y.),
§=(z,u,y,F),
&+ = (T4, up, Y+, Fy),
& = (T, Us, Y, F),
.f € :Fa,ﬁv

where we maximize over all variables except A, B,C, D, F5 g and ®. Let S; be the

optimal value of (PEP).
We consider objective functions ® in (PEP) of the form

®(£,£+7€*) = Q(Q¢: (iB - w*vuvu*)) + %T(F - F*)
+Q(Q+, (B4 — s, uy, u)) + 4L (Fy — F),

parameterized by Qu, @+ € S"™*™ and ¢4,¢q+ € R™. For each cond € {C1,C2,C3}
separately, the parameters Qg, Q+, g5 and g4+ are chosen such that S} < 0 is a necessary
and sufficient condition for cond to hold.

(5.7)
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5 Main result

Before we proceed, we reformulate (PEP), and in order to do so we introduce some
helpful notation. We let

Q=3, QS +21Q+X4 €S"" N g =(gs,q4) € R, (5.8)

where Qg, Q@+, gs, and g4+ are the parameters in the objective function ® given in (5.7),
and ¥, and X4 are given in (5.4).

Lemma 5.2

Let T = {o,%} or T = {o,+,x}, Sp the optimal value of (PEP), and assume that
Assumption 2.2 and Assumption 2.6 hold. Suppose that ® is of the form (5.7) and that
the right-hand side of (5.7) only depends on variables with indices in the set Z (a variable
without a subscript is interpreted to have index g). A sufficient condition for S§ < 0 is
that the following system

X,i,j) > 0 for each | € [1,m] and distinct i,j € I,

-Q+ Z Z AwinMa,ig = 0,

1=1 i,jE€T

oy (5.9)

-q+ Z Z AWi,g) i) =0,

1=1i,j€T
i#]

is feasible for the scalars X ; jy. Furthermore, if dim(H) > n + 3m — 1, and there exists
G e ST ! and x € R®™ such that

G(Tz,i,j)X + trace(M(;; yG) <0

5.10
for each l € [1,m] and distinct i,j € Z, (5-10)

then (5.9) is a necessary condition.

Proof sketch. The full proof is provided in Section 7. The proof first reformulates (PEP)
as a semidefinite program, forms the dual problem, which is equal to the feasibility
problem (5.9), and shows strong duality when dim(#) > n + 3m — 1 and (5.10) holds.O

Proof of Theorem 5.1. First, suppose that the parameters (Q, q,T,t) are fixed in some
Lyapunov function V : § X § — R as in (4.2) and some residual function R: S x S — R
as in (4.3). We consider when V and R satisfy the (P,p,T,t, p)-quadratic Lyapunov
inequality.

C1 holds if S} < 0 for the choice Q, = S — pQ, ¢» = s — pq, Q+ = Q, and g+ = q,
which in turn holds if (5.5a) is feasible, according to Lemma 5.2.

C2 holds if S3 < 0 for the choice Qs = P — Q, gs = p — q, Q+ = 0 and g4+ = 0, which
in turn holds if (5.5b) is feasible, according to Lemma 5.2.

C3 holds if S§ < 0 for the choice Q;, =T — S, qs =t — s, @+ = 0 and ¢4 = 0, which
in turn holds if (5.5c) is feasible, according to Lemma 5.2.

If in addition dim(#) > n+3m—1 and (5.6) hold, then Lemma 5.2 gives that feasibility
of (5.5a)-(5.5¢c) is a necessary condition for C1, C2 and C3 to hold simultaneously.

Second, note that the proof is complete if we let the parameters (Q,q,T,t) free, as
in (5.5d)-(5.5€). O
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Theorem 5.1
—— [19, Theorem 2] ||
0 | | | | | | \ \ \

o
o
T

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

Figure 1. B1 applied to the Douglas—Rachford method (see Section 2.5.1) when f1 € Fi 2,
f2 € Fo,00 and XA = 1, and the tight convergence rate given in [19, Theorem 2].

6. Numerical examples

The necessary and sufficient condition (5.5) in Theorem 5.1 for the existence of a Lyapunov
inequality is a semidefinite program of size n + 2m (which is below ten for all examples
in Section 2.5) and is readily solved by standard solvers. We apply Theorem 5.1 to each
example in Section 2.5 in two different ways:

B1 We find the smallest possible p € [0, 1], via bisection search, such that a (P, p, T, t, p)-
Lyapunov inequality exists, where (P, p, T\ t) is chosen as in (4.9), which implies that
the squared distance to the solution convergence p-linearly to zero. The tolerance
for the bisection search is set to 0.001 and ¢ is set to 1 in (4.9) for all examples.

B2 We fix p = 1 and find a range of algorithm parameters for which there exists a
(P,p,T,t, p)-Lyapunov inequality, where (P, p,T,t) is chosen as in (4.10) if m =1
and (4.11) if m > 1, implying (O(1/k) ergodic) convergence of the function-value
suboptimality and duality gap, respectively. The parameter range is evaluated on a
square grid of size 0.01 x 0.01.

6.1 Douglas—Rachford method

Consider the Douglas—Rachford method in Section 2.5.1 in the case when fi1 € Fi 2,
f2 € Fo,00 and A = 1. Figure 1 shows the p we obtain via Bl. In particular, note that we
recover the already known tight rates given in [19, Theorem 2].

6.2 Proximal gradient method with heavy-ball momentum

Consider the gradient method with heavy-ball momentum in Section 2.5.2 and the
proximal operator extension in Section 2.5.3. Note that the method in Section 2.5.3
reduces to the one in Section 2.5.2 if the proximal operator is removed and either §; = 0
or 4o = 0.

Figure 2a contains the parameter region we obtain via B2 for the gradient method
with heavy-ball momentum when fi1 € Fp,1. Note that we improve on the parameter
region given in [17] that guarantees O(1/k) ergodic convergence of the function-value
suboptimality.

Figure 2b contains the parameter region we obtain via B2 for the (proximal) gradient
method with heavy-ball momentum when f1 € Fo1 (and f2 € Fo,00). In particular, note
how the feasible parameter region is affected by adding a proximal term—having the
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momentum term inside the proximal evaluation (d2 = 0) gives a slightly smaller region,
and having it outside (41 = 0) makes it even smaller.

Figure 2c shows the p we obtain via Bl for the gradient method with heavy-ball
momentum when f; € Fi,10. Note that we improve on the rates given in [17] and range
of allowable momentum parameters § that guarantee linear convergence.

6.3 Davis-Yin three-operator splitting method

Consider the three-operator splitting method by Davis—Yin in Section 2.5.4 in the case
when f1 € Fo,8,, fo € Fi,2, f2 € Fo,00, v = 1/2 and A = 1. Figure 3 shows the p we
obtain via B1. In particular, note that we improve on the rates given in [11, Theorem D.6]
and [31, Theorem 3].

6.4 Chambolle-Pock method

Consider the special case of the Chambolle-Pock method when the linear operator
is restricted to be the identity operator Id, as presented in Section 2.5.5. Standard
convergence proofs, e.g., the ones in [7], allow in this setting for § = 1 and 71,72 > 0
satisfying mm2 < 1.

Figure 4a shows the range of parameters 6, 71, and 72 when 7 = 72 > 0.5 that
we obtain via B2 when fi1, fo € Fo,00. This is a significantly larger region than what
traditional analyses allow for. In particular, we see that € # 1 is a valid choice and that
7172 > 1 is also valid for many choices of 6. Moreover, for comparison, Figure 4a also
contains the region if we add the additional restriction in (5.5) that

Q- [Qo 0} : (6.1)
where Q.. € S™ and modify P in B2 so that

P= {é 8} , (6.2)

where [ is the identity matrix of size n x n. With these additional restrictions, we recover
exactly the traditional convergence region.

Figure 4b shows the p that we obtain via B1 when fi, fo € Fo.05,50 in the region when
71 = 72 > 0.5. In particular, we note that the smallest p is obtained for the parameters
71 = T2 = 1.6 and 6 = 0.22, giving a value of p = 0.8812. If we restrict to the feasible
parameter region in Figure 4a, the optimal parameters are 1 = 72 = 1.5 and 0 = 0.35
with p = 0.8891. Both these rates are significantly better than what can be achieved
with traditional parameter choices, where the optimal choice is 71 = 72 = 0.99 and 6 =1
giving p = 0.9266.

7. Proof of Lemma 5.2

We prove Lemma 5.2 only in the case Z = {g,+,x}, as the case Z = {g, *} is analogous.
Recall that we assume that Assumption 2.2 and Assumption 2.6 hold.

Proof of Lemma 5.2. We prove Lemma 5.2 in a sequence of steps:
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4 : :
3.5 || === Theorem 5.1 =

3 || === [17, Theorem 1] 7]
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é

(a) B2 applied to the gradient method with heavy-ball momentum when fi; € Fo,1, and
compared to the range given in [17, Theorem 1] that gives O(1/k) ergodic convergence
of the function-value suboptimality.
4 ‘ :
3.5 (| === Alg. §2.5.2 =
3| == Alg. §2.5.3, d2 = 0 N
25 1| e Alg. §2.5.3, 61 = 0
~ 2 g § 5 01
1.5
1
0.5
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5, (51, or 62

(b) B2 applied to the (proximal) gradient method with heavy-ball momentum when
f1 € Fo,1 (and f2 € Fo,00)-

1 ]
0.8 =
p 0.6 - =
04 ® Theorem 5.1
0.2 = [17, Theorem 2] [
0 | | | | | \ \
—0.6 —-0.4 —-0.2 0 0.2 0.4 0.6 0.8 1
1
(c) B1 applied to the gradient method with heavy-ball momentum when f1 € Fi 10 and
~ = 1/10.

Figure 2. Convergence analysis of the (proximal) gradient method with heavy-ball mo-
mentum (see Sections 2.5.2 and 2.5.3).

Formulating the primal semidefinite program. Recall that S} is the optimal value of (PEP).
By Corollary 3.2, the constraints of (PEP) can equivalently be written as

zr = (A®1d)xz + (B ®1d)u,
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T T T T T T

T
1 -
0.8 %/ |
p 0.6 |- .
0.4 Theorem 5.1 u
= [11, Theorem D.6]
021 —— [31, Theorem 3] ||
0 | | | | I I I
0 5 10 15 20 25 30 35 40

B1

Figure 3. B1 applied to the three-operator splitting method by Davis and Yin (see
Section 2.5.4) when fi1 € Fopg,, fo € Fi,2, f3 € Fo,00, ¥ = 1/2 and A = 1, the linear
convergence rate given in [11, Theorem D.6], and the linear convergence rate given in [31,
Theorem 3].

y=(C®Ildz+ (D ®Id)u,
y+ = (C@Id)zs + (D @ Id)uy,
T, = (A®Id)z, + (B ® Id)u.,
= (C®ld)zs + (D ® Id)ux,
for each [ € [1,m]
al (F - Fy)+ Q(Mi, (y — y+,u,uy)) <
Fy —F)+ Q(My, (Y4 — y,ut,u)
[(F = Fu) + Q(Mi, (y — y«,u,us)) <0, (7.1)

!
( <0
a/ (F. — F) + Q(M;, (y« — y,us,u)) <0,
( )
( )

a

S

alT Fi — F) + Q(Mi, (y+ — Ys, u4,u4)) <0,
al (F, — Fy) + Q(M, (Y. — y4, us, uy)) <0,
O(M;y, (0,u,u)) <0,
(M, (0,u4,uy)) <0,
Q(M;, (0, ux,uy)) <0.

end

By Corollary 3.2, the last three constraints can be dropped since they encode 0 < 0.
By inserting the y, y+, and y, equalities and using the notation X1q = (X ® Id), the
constraints in (7.1) can be written as

Ty = Az + Brau,
Ty — A1d$* + BIdum

for each [ € [1,m]
a/ (F—Fy) + Q(M,, (Cra(x — 2+) + Drau — Diguy,u,uy)) <0,
a/ (Fy — F) + (M, (Cra(@4 — @) — Diaqu + Diaus, u,u)) <0,
a] (F — F.) + Q(M;, (Cra(x — ) + Drat — Diauy, u, u,)) < 0, (7.2)
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(a) B2 applied to the Chambolle-Pock method in the region 71 = 72 > 0.5 when
f1, f2 € F0,00, and also with the additional restrictions in (6.1) and (6.2).

8

1.2 1.4 1.6

2
I
e

!
0.92 0.94 0.96 0.98 1

(b) B1 applied to the Chambolle-Pock method in the region where 71 = 72 > 0.5 when
f1, f2 € Fo.05,50-

Figure 4. Convergence analysis of the Chambolle-Pock method (see Section 2.5.5).

a/ (F, — F) + Q(My, (—Cia(z — &) — Diatt + Dratts, us, u)) < 0,
al (Fy — F.) + Q(My, (Cra(z+ — ) + Draus — Draus, uy,u.)) < 0,
a/ (F, — Fy) + Q(M;, (—Cra(z+ — ) — Diauy + Diaths, s, ut)) < 0.

end

Using the equality € — x4+ = (z — z.) — (Aa(z — ©+) + Bia(u — uy)) in the first two
inequalities and inserting the x4 and x, equalities in the last two inequalities, (7.2) can
equivalently be written as

Ty = Az + Brau,
T, = Arlax« + Braus,
for each [ € [1,m]
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a (F — Fy) + Q(Mi, (C(I — A))ua(x — @)
+ (D = CB)iau — Diauy + (CB)ats, u,uy)) <0,
ol (F. — F) + Q(My, ((C(A — I)a( — 2.)
+ (CB — D)1au + Diqut+ — (CB)raus, u+,u)) <0,
a) (F — F.) + Q(M, (Cua(x — ) + Diqu — Diaus, u,u,)) <0, (7.3)
a/ (F. — F) + Q(M;, (~Cia(® — @) — Diau + Diats, us, ) <0,
al (Fy — F.) + Q(M;, (CA)a(z — z.) + (CB)1au
+ Diauy — (D + CB)aty, ut,uy)) <0,
a/ (F, — Fy) + Q(M;, (—(CA)ua(x — x.)
— (CB)au — Diguy + (D + CB)1auys, ux,u4)) <0,
end

and using the same equality 4+ — @+ = A4(x — ©.) + Ba(u — uy), the objective function
D(E,&4,&.) of (PEP), given in (5.7), can be written as

(€, €+,60)
= 9Q(Qq, (T — T4, u,uy)) +q, (F—F,) (7.4)
+Q(Q4, (Ara(x — @) + Brau — Buaty, uy, u)) + i (Fy — Fy).

Therefore, the first equality in (7.3) can be dropped since nothing else in (7.3) and (7.4)
depend on x 4. Moreover, by replacing  — x, with Az, we get that (7.3) can equivalently
be written as

T, = Az« + Braus,
for each [ € [1,m]
a/ (F— Fy) + Q(M;, (C(I — A)wAz + (D — CB)au
— Duaut+ + (CB)1aus, u,uqt)) <0,
a/ (Fy — F) + Q(M;, ((C(A — I))laAz + (CB — D)1au
+ Diguy — (CB)aths, u4,u)) <0,
a] (F — F.) 4+ Q(M,, (CiaAx + Diqu — Diqu,, u, u,)) < 0, (7.5)
alT(F* — F) + Q(M;, (—CraAx — Digu + Diquy, us,u)) <0,
a/ (Fy — F,) + Q(M;, (CA)1qAz + (CB)1au + Diqu
— (D 4 CB)raus, u+,uy)) <0,
a/ (F, — Fy) + Q(M;, (—(CA)aAz — (CB)1au — Drau
+ (D 4 CB)1aUs, ts,uy)) <0,
end

and that (7.4) can equivalently be written as
(&, €+,&4)
= Q(Qs, (Am,u,u.)) + g4 (F — F.) (7:6)
+ Q(Q+, (AluAz + Bau — Braus, ur,u.)) + ¢f (Fy — F.).

61



Paper I

The first line in (7.5) and (2.12) in Assumption 2.2 imply that

. — 0 ifm=1,
T Nty if m > 1.

for some @, € H™™!, where N is defined in (2.10). This implies that the first line in (7.5)
can be written as &, = A, if m =1 and &, = Az, + (BN),u. if m > 1. Moreover,
note that nothing else in (7.5) and (7.6) depend on .. Therefore, . = 0 is a valid choice
in the m = 1 case and in the m > 1 case (2.11) in Assumption 2.2 gives that the first
line in (7.5) can be dropped since for each 4, € H™ ! there exists an x, € H™ such that
s = Ay + (BN); @ is satisfied. Therefore, (7.5) can equivalently be written as

for each [ € [1,m]
T(F — F+) + Q(Ml, ((C(I — A))IdAaz + (D — C’B)Idu — Diquy
+ (CBN)1gt«, u,ut)) <0,

(FJr —F) + Q(Ml, (C(A I))IdAw+(CB D)Idu+D1du+,
( N)Idu*7u+7 ))<O

(F F,) 4+ Q(M;, (CraAzx + Diau — (DN )1atx, w, Niat.)) < 0, (7.7)
a/ (F, — F) + Q(M;, (—CraAz — Drau + (DN )i, Niatts, u)) < 0,
a/ (Fy — F,) + Q(M;, (CA)1aAz + (CB)1au + Diqu
— (D4 CB)N)1ats, ut, Niatr)) <0,
a/ (F, — Fy) + Q(M;, (—(CA)uAzx — (CB)1au — Drau+
+ ((D 4+ CB)N)1afty, Niatis, uy)) <0,

end
and (7.6) can equivalently be written as

¢(£7£+a€*)
+ Q(Q4, (AuAZ + Bau — (BN)@ts, uy, Niaths)) + g4 (Fy — F).

If we let

C=(Az,u,uy, i) € H x H™ X H™ x H™ 1,
x=(F—F, F. —F,)cR"™ xR™,

and use X, and X4 defined in (5.4), (7.8) can equivalently be written as

@(é, £+a é*) = Q(bea (EQ))IdC) + Q(Q+a (E+)IdC) + qTX
= Q%) Q¥ +21Q1+ 51, ¢) +q' x
2@, +a'x, (7.9)

62



7 Proof of Lemma 5.2

where Q and q are defined in (5.8). Using F;; and H;; defined in (5.1) and (5.2),
respectively, (7.7) can equivalently be written as

for each [ € [1,m] and distinct ¢,j € Z
(H;I:jal)TX + Q(M;, (Ei ;);14¢) <0,

end

which with M, ; jy = E/;MiE; ; and a,; ;) = H, ;ja; (also defined in (5.3)) is equivalent
to
for each | € [1,m] and distinct ,j € Z
a(Tl,i,j)X +Q(M,; 5,¢) <0. (7.10)
end

The equivalent reformulations (7.9) and (7.10) give that (PEP) can be written as
maximize Q(Q,¢) + q'x
subject to for each ! € [1,m] and distinct 4,5 € T
a(Tz,i,j)X +Q(M,; 5,¢) <0, (7.11)
end
CeH TP x e R
We define the Gramian function g : H* — S such that [g(2)]:; = (2\?,2\9) for each

i,j € [1,k] and z = (zM,...,2®™)) € H*. If M € S* and z € H*, then Q(M,z) =
trace(Mg(z)). Using this identity, (7.11) can be written as

maximize trace(Qg(¢)) +¢q' x
subject to for each ! € [1,m] and distinct ¢,5 € T
a(Tz,i,j)X + trace(M,; jy9(¢)) <0, (7.12)
end
Cen I x e R,
with optimal value equal to Si. The problem
maximize trace(QG) + ¢ ' x

subject to for each [ € [1,m] and distinct ¢,5 € T
azz’i,j)x + trace(M; G) < 0, (7.13)
end

G c Si+3m71’ X € R2m’

is a relaxation of (7.12), and therefore, has optimal value greater or equal to S§.

We will make use of the following fact: If dim H > k, then G € S]i if and only if
there exists z € H® such that G = g(2). [34, Lemma 3.1] shows the result for the case
k =4 and is based on the Cholesky decomposition of positive semidefinite matrices. The
general case is a straightforward extension. This fact implies that if dim(H) > n+3m —1,
then (7.13) has optimal value equal to S3. Note that (7.13) is a semidefinite program.
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Dual problem and strong duality. First, we derive the dual problem of (7.13). If we introduce
dual variables A¢; ;) > 0 for each [ € [1,m] and distinct 4,5 € Z for the inequality
constraints, the objective function of the dual problem becomes

sup trace(QG) + q'x
Gesf”j?”"— L xer2m

— Z Z )\(l,i,j)(aaw)x + trace(M(l,i7j>G))

=1 ijez
i#£]
m
= sup  trace| | Q=YD AuiyMauiy |G
GEST;JF&"HI =1 ijeT
i)
-
m
+ sup | qg— Z Z A naa,ig | X
XER?™ =1 i€z
i#]

Since the dual problem is a minimization problem over the dual variables A ; ;), we
conclude that it can be written as

minimize 0

subject to  Aq,;;) > 0 for each I € [1,m] and distinct 4,5 € Z,

-Q+ Z Z Awi Mg = 0, (7.14)

=1 i,j€T
i#]

—a+ Y Y Awinawig =0
=1 i,j€T
i#j
which is a feasibility problem.
Next, suppose that the primal problem (7.13) has a Slater point, i.e., there exists

G € STH*™ ! and x € R*™ such that

ali)X + trace(M,; ;)G) < 0

(7.15)
for each I € [1,m] and distinct i,5 € Z.

Then there is no duality gap, i.e., strong duality holds, between the primal problem (7.13)
and the dual problem (7.14).

Alternatives. The last step of the proof compares the optimal values of (PEP) and the
dual problem (7.14). We have established that Sg is less than or equal to the optimal
value of (7.14). Thus, a sufficient condition for S¢ < 0 is that the dual problem (7.14) is
feasible. In addition, if dim(#) > n+3m — 1 and there exists G € 77" ! and x € R*™
such that (7.15) holds, the above condition also becomes a necessary condition.

This concludes the proof. a
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8 Conclusions

8. Conclusions

We developed a flexible methodology for automated convergence analysis of a large class
of first-order methods for solving convex optimization problems. The main result is a
necessary and sufficient condition for the existence of a quadratic Lyapunov inequality
within a predefined class of Lyapunov inequalities, which amounts to solving a small-sized
semidefinite program. The applicability and efficacy of the methodology are demonstrated
by providing several new convergence results in Section 6.

We mention a few possible modifications that can be made to extend or modify the
applicability and possibly improve the convergence results of the methodology. These
were not pursued in the current work in order to maintain accessibility and not introduce
unnecessary burdensome notation, but do constitute proper avenues for future works.
First, each functional component f; in (2.2) can be modified to be from any function class
that has quadratic interpolation constraints, e.g., the class of smooth functions [38], the
class of convex and quadratically upper bounded functions [20], the class of convex and
Lipschitz continuous functions [38], etc. Second, the algorithm representation (2.5) can be
extended to allow for more types of oracles (including, e.g., Frank—Wolfe-type oracles [38],
Bregman-type oracles [14], or approximate proximal point oracles [3]) but also multiple
evaluations of the same subdifferential 0 f; during the same iteration, enabling the analysis
of, e.g., the forward—backward—forward splitting method of Tseng [40]. Third, similar
to [24, 37], it is possible to extend the quadratic Lyapunov function and the quadratic
residual function ansatzes to not only contain the current iterate &, but some history
Ek,€k—1,...,&k+1—n for some integer h > 1. This would allow exploring a greater class of
Lyapunov inequalities that may lead to improved convergence results.

Finally, the methodology can be used in the process of finding analytical Lyapunov
inequalities, convergence results, and optimal algorithm parameters. Indeed, finding a
Lyapunov inequality is equivalent to solving a parametric semidefinite program. Obtaining
a Lyapunov inequality involves discovering a closed-form solution for this semidefinite
program, which can then be utilized to derive convergence results and select algorithm
parameters. Works that aim to enable the obtaining of closed-form solutions include [21,
22], while a previous work focused on selecting algorithm parameters can be found in
[42].
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AutolLyap: A Python package for computer-assisted Lyapunov
analyses for first-order methods

Manu Upadhyaya  Adrien B. Taylor Sebastian Banert Pontus Giselsson

Abstract

We introduce AutoLyap, a Python package designed to automate Lyapunov analyses
for a wide class of first-order methods for solving structured optimization and
inclusion problems. Lyapunov analyses are structured proof patterns, with historical
roots in the study of dynamical systems, commonly used to establish convergence
results for first-order methods. Building on previous works, the core idea behind
AutoLyap is to recast the verification of the existence of a Lyapunov analysis as a
semidefinite program (SDP), which can then be solved numerically using standard
SDP solvers. Users of the package specify (i) the class of optimization or inclusion
problems, (ii) the first-order method in question, and (iii) the type of Lyapunov
analysis they wish to test. Once these inputs are provided, AutoLyap handles the
SDP modeling and proceeds with the numerical solution of the SDP. We leverage
the package to numerically verify and extend several convergence results.

Keywords. First-order methods, operator splitting methods, performance estimation,
Lyapunov analysis, semidefinite programming

69



Paper I1

1. Introduction

Lyapunov analyses have become fundamental in establishing structured convergence
guarantees for first-order optimization and operator splitting methods. Despite their theo-
retical strength, traditional Lyapunov analyses often demand intricate, manual derivations,
limiting their accessibility. To address these challenges, this paper introduces AutoLyap, a
Python package designed to automate Lyapunov analyses through semidefinite program-
ming. AutoLyap streamlines the process of verifying and deriving convergence properties
by numerically solving the associated SDP formulations. In particular, AutoLyap enables
researchers and practitioners to quickly and reliably obtain convergence results for a wide
range of structured optimization and inclusion problems.

The documentation of AutoLyap can be found at https://autolyap.github.io. The pack-
age currently relies exclusively on MOSEK [2], which provides free academic licenses,
to solve semidefinite programs. Support for additional solvers may be added in future
releases.

1.1 Related works

The performance estimation problem (PEP) methodology, first introduced in [14] and
formalized in [39, 40], provides a systematic way to obtain unimprovable (also known
as tight) performance guarantees for a large class of first-order methods. The PEP
methodology involves finding a worst-case example from a predefined class of problems for
the algorithm and performance measure under consideration as an optimization problem
(called the performance estimation problem). This is then reformulated in a sequence of
steps to arrive at a semidefinite program, whose exact solution can be recovered up to
numerical precision using existing software. This can then sometimes be used to obtain
closed-form convergence rates extracted from the numerical solution of the semidefinite
program, or using computer algebra software.

The original PEP methodology was developed for fixed iteration counts (or horizon)
k € N. That is, the performance estimation problem must be solved for k = 1,2,3,....
This approach faces two main limitations. First, the number of variables and constraints
in the semidefinite program grows quadratically with the number of iterations k, making
numerical solutions prohibitive even for moderate values of k. Second, results obtained for
a fixed iteration count k£ may provide limited insight, as they do not directly generalize
or guarantee algorithmic behavior beyond this fixed horizon.

These limitations have motivated the development of Lyapunov-based approaches
to analyzing the performance of first-order methods, which partially or fully overcome
these limitations [30, 37, 38, 42]. The key idea is to restrict convergence-rate proof
patterns to the search for key Lyapunov inequalities, which can then equivalently be
reformulated as more tractable semidefinite programs, where the number of variables
and constraints is either independent of the horizon k or grows only linearly with k.
Compared to the standard PEP approach, this provides a more tractable framework for
deriving closed-form convergence rates and producing proofs that are generally more
concise and accessible. Although these types of Lyapunov analyses introduce some a
priori conservatism, extracting closed-form results from the standard PEP approach can
often be practically infeasible. Lyapunov-based proof patterns thus represent a pragmatic
compromise with higher chances of obtaining closed-form convergence rates, while still
being sufficient to yield tight convergence rates for many methods and settings. One
such example is the optimized gradient method (OGM), first considered in [14], formally
obtained in [21], and shown to be a worst-case optimal method for minimizing smooth
and convex functions in [13]. In particular, a tight Lyapunov-based analysis is provided
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2 A first example

in [10, Section 4.3.1] for OGM.

Another closely related Lyapunov-based approach involves integral quadratic con-
straints (IQCs), a technique from robust control theory [28]. IQCs were first adapted
for analyzing first-order methods in [25] and subsequently extended in various works
[18, 24, 36, 45]. These approaches share a common feature; they represent first-order
methods as linear systems interconnected through feedback with nonlinear mappings.
Such representations, widely used in nonlinear systems analysis, offer compact algorithm
descriptions.

The methodological developments presented in this work build on both methodologies:
the worst-case analysis and tightness guarantees provided by PEP and the compact algo-
rithm representations offered by IQCs. A first step towards combining these methodologies
was taken in [38] and was further developed in [42], which serves as a foundation for
further formalization, broader applicability, and accessibility through a software package.

For example, the problem class and algorithm representation considered in this paper
generalize those introduced in [42, Section 2.1] and [42, Section 2.2], respectively. While
the framework presented in [42] addresses convex optimization with iteration-independent
algorithm parameters, the approach considered here integrates several generalizations
previously studied in separate works. Specifically, we incorporate (i) optimization beyond
convex settings, (ii) inclusion problems beyond optimization, (iii) iteration-dependent
algorithm parameters, and (iv) non-frugal algorithms, in which basic oracle calls (such
as gradient/operator or proximal/resolvent evaluations) may occur multiple times per
iteration.

Moreover, the original PEP methodology is already available through the software
packages PESTO [41] (Matlab) and PEPit [20] (Python). While PESTO and PEPit
conveniently allow verification of Lyapunov-based analyses, AutoLyap is specifically
adapted to explicitly search for such analyses.

1.2 Organization

The paper is organized as follows. Section 2 provides an introductory example demonstrat-
ing how AutoLyap can be used to derive convergence results for the Douglas—Rachford
method under various scenarios, offering users a first glimpse of its functionality. Section 3
details our modeling approach for structured optimization and inclusion problems, as well
as the algorithms we use to solve them. In Section 4, we outline the types of Lyapunov
analyses considered. Additional numerical examples and results are presented in Section 5.
The complete mathematical development underlying the tools implemented in the package
is given in Section 6. Finally, Section 7 offers concluding remarks and discusses avenues
for future research.

2. A first example

We start by showing how AutoLyap can be used to find linear convergence rates for the
Douglas-Rachford method using a few lines of code. In particular, consider the inclusion
problem

find y € H such that 0 € Gi(y) + G2(y),

where G1 : H = H is a maximally monotone operator and G : H — H is a u-strongly
monotone and L-Lipschitz continuous operator. The Douglas-Rachford method [11, 15,
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20] is given by

k k
Y1 = J’YGI (‘T )7
(Vk € No) yI; = J4Ga (2?/{C - xk)a (2.1)
2 ="+ Mys - ),
where J, g, is the resolvent for G; with step-size v € R4, A € R is a relaxation parameter,
and z° € H is an initial point.

The code below, using the values (u, L, v, A) = (1,2, 1, 2), performs a bisection search
to find the smallest possible p € [0, 1] such that

lyy —y"II* € O(p") as k= oo (2.2)

provable via the Lyapunov analysis in Section 4.1 under default settings, where y* €
zer (G1 + G2).

1 import autolyap.problemclass as pc

2 import autolyap.algorithms as algs

3 from autolyap import IterationIndependent

4

5 components_list = [

6 pc.MaximallyMonotone (), # (4

7 [pc.StronglyMonotone(mu=1), pc.LlLipschitzOperator(L=2)] # (o

8 ]

9 problem = pc.InclusionProblem(components_list)

10 algorithm = algs.DouglasRachford(gamma=1, lambda_value=2, operator_version=True)

11 (P, T) = IterationIndependent.LinearConvergence.get_parameters_distance_to_solution(
algorithm)

12 rho = IterationIndependent.LlLinearConvergence.bisection_search_rho(problem, algorithm,
P, T)

Repeating this for multiple values of v € (0,5) gives Figure la. Updating Line 7 to

7 [pc.StronglyMonotone(mu=1), pc.Cocoercive(beta=0.5)] # G»

i.e., replacing L-Lipschitz continuity of G2 with 8-cocoercivity, gives Figure 1b. Instead,
updating Lines 6 and 7 to

6 pc.Cocoercive(beta=1), # G4
7 pc.StronglyMonotone (mu=1) # Go

i.e., letting G1 be p-cocoercive and G2 be p-strongly and maximally monotone gives
Figure 1lc, where we instead sweep over A € (0,2) and set v = 1. Finally, further updating
Lines 6 and 7 to

6 [pc.MaximallyMonotone(), pc.LipschitzOperator(L=1)], # G
7 pc.StronglyMonotone(mu=1) # G>

i.e., letting G1 be monotone and L-Lipschitz continuous and G2 be p-strongly and
maximally monotone gives Figure 1d.
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(a) G1 : H = H maximally monotone and G2 : (b) G1 : H = H maximally monotone and Gs :
H — H p-strongly monotone and L-Lipschitz H — H p-strongly monotone and S-cocoercive
continuous with (p, L) = (1,2) and X = 2. with (u, 8) = (1,0.5) and A = 2.
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strongly and maximally monotone with (i, 3) = tinuous and Gg : H = H p-strongly and maxi-
(1,1) and v = 1. mally monotone with (u, L) = (1,1) and v = 1.

Figure 1. The linear convergence rate p in (2.2) for the Douglas—Rachford method (2.1),
with step size v and relaxation parameter )\, as computed by AutoLyap and compared
against known tight theoretical rates.

3. Problem class and algorithm representation

In this section, we introduce the class of optimization and inclusion problems that we
consider throughout the paper and the representations for algorithms that solve these
problems.

3.1 Problem class

To cover both structured optimization and inclusion problems, we introduce two disjoint
index sets Zeunc, Zop C [1,m], where m € N, such that Zsunc U Zop = [1,m], and consider
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Table 1. Some function classes included in the autolyap.problemclass module of AutoLyap.
See Definitions 6.1 and 6.2 for formal definitions. Further details are found in the
documentation.

Class Description

Convex The class Fo,00(H).

StronglyConvex (i) The class Fj 00 (H) for some p € Ry

WeaklyConvex( ) The class F_j,00(H) for some i € Ry,

Smooth(L) The class F_r,.(H) for some L € Ry .

SmoothConvex(L) The class Fo,r(H) for some L € Ry 4.

SmoothStronglyConvex(u, L)  The class F, r(H) for some p, L € R4 4 such
that p < L.

SmoothWeaklyConvex(ji, L) The class F_z,.(H) for some i, L € Ryy.

GradientDominated(ftgq) The class of function with domain H that are

tea-gradient dominated for some pga € Ry
Requires that m =1 and Z,p, = 0 in (3.1).

inclusion problems of the form

find y € H such that 0 € Z ofi(y) + Z Gi(y), (3.1)

1€TLfunc i€Zop

where the functions f; : H — RU {£oo} and operators G; : H = H are chosen from
some user-specified function class F; and operator class G;, respectively, i.e.,

(Vi € Ztune) fi € Fi C{f:H = RU {£oo}},
(VieZyp) Gi€Gi C{G:H=H}.

For example, if Z,, = 0, then (3.1) is a first-order optimality condition for minimizing
Zi Trune fi. Moreover, (3.1) provides a formalism that covers monotone inclusion problems
[5, 35], certain equilibrium problems [6, 7, 9], so-called (mixed) variational inequalities
[16, 17, 23], and beyond.

The InclusionProblem class from the autolyap.problemclass module of AutoLyap provides
the interface for formulating inclusion problems (3.1). A few function and operator classes,
also found in the autolyap.problemclass module, are presented in Tables 1 and 2, respectively.
It is possible to take intersections of operator (or function) classes, as demonstrated in
Section 2.

3.2 Algorithm representation

We consider first-order methods that solve (3.1) that can be represented as a discrete-time
linear time-varying system in state-space form in feedback interconnection with the
potentially nonlinear and set-valued operators (0f;)iezy,,, and (Gi)iez,, that define the
problem.

Before presenting the algorithm representation, we introduce some notation:

(i) Mfunc = |Zrunc| denotes the number of functional components in (3.1);
(ii) mop = |Zop| denotes the number of operator components in (3.1);

(iii) m; € N denotes the number of evaluations of df; per iteration, for i € Zrunc;
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Table 2. Some operator classes included in the autolyap.problemclass module of AutoLyap.
See Definitions 6.4 and 6.6 for formal definitions. Further details are found in the
documentation.

Class Description
MaximallyMonotone Class of operators G : ‘H =% H that are maximally
monotone.

StronglyMonotone( ) Class of operators G : H =% H that are p-strongly and
maximally monotone for some p € Ry .

LipschitzOperator(L) Class of operators G : H — H that are L-Lipschitz
continuous for some L € R, ..

Cocoercive(f3) Class of operators G : H — H that are [S-cocoercive
for some € Ryy.

(iv) m; € N denotes the number of evaluations of G; per iteration, for ¢ € Zop;

(V) Mpune = ), 7y, i denotes the total number of subdifferential evaluations per
iteration;

(vi) Mop = Zielop m; denotes the total number of operator evaluations per iteration;

and
(vii) M = Mfunc + Mop denotes the combined total number of evaluations per iteration.

Since we consider methods that allow for multiple evaluation of (0f;)iezy,,, and
(Gi)iet,, per iteration, we define f; : ™ — (R U {£oo})™ such that

Vi € Ttunc N g o
<Vyl = (yi,ly . ,yi,mi) c Hmz> fl(yl) - (fl(ylyl), B fl(y17m11))7
8f; - H™ = H™i such that’
VZ eIfunC . ) — - . ..
(Vyi = (Yi1,- - Yi,im;) € Hmi) Oty = Hafl(yld)’
j=
and G; : H™ = H™ such that

Vi € Zop ) — . s
(Vyi = (Yi1,---Yim;) € Hmi) Gily)) = .l_IlGZ(ym).
=

We are now ready to give the algorithm representation: Pick an initial o € H", an

1 In this context, the symbol IT is used for Cartesian products.
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iteration horizon K € Ng U {oo}, and let
e = (A @ Id)z" + (B, @ 1d)u”,
y* = (Cr @ 1d)x" + (Dy ® Id)u”,

Wiz, € [ o),
(Vk € [0, K]) i€Trunc (3.2)

(uf)z‘ezop € H Gi(yzk):

i€Top

LF* = (£:(y5))ezy

where z* € H", u* = (uf,... uy,) € [[", H™, y* = (yF,...,yn) € [[[-, H™, and
F* ¢ R™une are the algorithm variables and

k

Ay € R™*™, By e R™™, Cp € R™*", Dy, e R™*™ (3.3)

are matrices containing the parameters of the method at hand.

The interface for (3.2) in AutoLyap is provided via the abstract base class Algorithm,
located in the autolyap.algorithms submodule. Specifically, each algorithm in AutoLyap
must be implemented as a concrete subclass of Algorithm, and must define the abstract
method get_ABCD, as shown below.

1 from abc import ABC, abstractmethod

2 import numpy as np

3 from typing import List, Tuple

4

5 class Algorithm(ABC):

6 def __init__(self, n: int, m: int, m_bar_is: List[int], I_func: List[int], I_op:
List[int]):

7 # n: dimension n of x® in (3.2)

8 # m: number of components m in (3.1)

9 # m_bar_is: list of (m;)/~; in (3.2)

10 # I_func: index set Zgne in (3.1)

11 # I_op: index set Z, in (3.1)

12 o (omitted for brevity)

13

14 @abstractmethod

15 def get_ABCD(self, k: int) -> Tuplelnp.ndarray, np.ndarray, np.ndarray, np.
ndarray]:

16 # Return the system matrices (Ay, Bp,Ck, Dy) for

17 # iteration k in (3.2).

18 pass

For a concrete example, see Section 5.1, which demonstrates the gradient method imple-
mented as a concrete subclass.

We conclude this section by introducing a well-posedness assumption, which holds for
all practical algorithms, and ensures that the subsequent theoretical results are properly
formulated.

Assumption 3.1 (Well-posedness)
We assume that ((Ak,Bk,Ck,Dk))kK:O is chosen such that there exists a sequence

((:ck, u® y*, Fk)),iio satisfying (3.2) for each xo € H", for each (fi)ielfunc € Hiezf Fi,
and for each (Gi)ielop € Hielop Gi.
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4. The analysis tools

In this section, we introduce two classes of Lyapunov analyses. The first class comprises
stationary, or iteration-independent, analyses, while the second involves nonstationary,
or iteration-dependent, analyses. These analyses utilize quadratic ansatzes, facilitating
verification through semidefinite programs, as detailed in Sections 6.3 and 6.4, respectively.

4.1 Iteration-independent Lyapunov analyses

In this case, we consider algorithms that continue to iterate indefinitely and have iteration-
independent parameters. Le., in (3.2), we assume that K = oo and that there exist fixed
matrices

(A,B,C, D) c Rnxn x Rnxﬁz X R?’T’LXTL x Rrhxﬁz
such that
(Vk S No) (Ak, By, Ck7Dk) = (A,B,C, D) (41)

We are interested in Lyapunov analyses that may depend on a solution to the inclusion
problem (3.1). In particular, without loss of generality and for computational efficiency
(which will be clear later), we will consider the variables

Wier,,. € ] 0H),
1€ Zfunc

(ui)ielop € H Gi(y),

o . R i€Zop
(y 7u 7F )e (y,uzF) m ’ (42)
et | S u =0,
= (U1, .o ,umfl),
F= (fi(y))iezfum

where @* is void when m = 1. For example, it is clear that y* in (4.2) is a solution to the
inclusion problem (3.1).

Definition 4.1

Suppose that Assumption 3.1 and (4.1) hold, &y € H™ is an initial point, ((x*,u*, y*,
F*))ken, is a sequence of iterates satisfying (3.2), (v*, 4", F*) is a point satisfying (4.2),
p € 10,1] is a contraction factor, h € Ng is a history parameter, and o € Ng is an overlap
parameter. Define

(Vk € No) V(W,w, k) = QW, (z", u”, ... o 4%, y"))

i (4.3)
+w' (F*, ... FF FY),

for each (W,w) € {(Q,q),(P,p)}, where Q,P € grttrtmtm  and qp €
R(}l+1)mfﬂnc+7nf|mc} and define

(Vk €No) R(W,w,k) = QW, (2", u", ..., u" " 4% "))

+w  (F*, ... FFrhtetl pr) (4.4)
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for each W,w) € {(S,s),(T,t)}, where S,T € grttatdmim  ong st €
RFeFDMtunc tmiune - We say that (Q,q,S,s) satisfies a (P,p,T,t,p,h,a)-quadratic
Lyapunov inequality for algorithm (3.2) over the problem class defined by (F;)iczp,,. and

(Gi)iezo, if

(Vk € No) V(Q,q,k+a+1) <pV(Q,q,k) — R(S,s, k), (C1)
(Vk € No) V(Q,q,k) > V(P,p,k) >0 (C2)
(Vk € No) R(S, s, k) > R(T, 1, k) > 0, (C3)
(Vk € No) R(S, s,k +1) < R(S, s, k), (C4)

hold for each initial point o, for each sequence of iterates ((x*, u”, y*, F¥))nen,, for each
point (y*, 4", F*), for each (fi);cz, € HzeIf Fi, and for cach (Gy)

where (C4) is an optional requirement that may ‘be removed.

i€Zop € i€Zop gi,

In the proposed methodology, the user specifies (P, p, T, t, p, h, @) and the methodology
searches for (Q,q,S,s) complying with (C1)-(C3) (and optionally (C4)), if it exists.
When such a (Q, g, S, s) exists, the choice of (P,p,T,t,p, h,a) decides which convergence
properties Definition 4.1 implies.

o If p€[0,1], then

0 <V(P,p, k) <V(Q,q,k) < p™ ™ max V(Q,q,i) —— 0,
i€[0,a] k— o0

ie., (V(P,p,k))ren, converges o+l/p-linearly to zero.
o If p=1, then

using a telescoping summation argument. In particular, (R(7,t, k))ren, is summable,
converges to zero, and e.g., max;cjo,x) R(T,t,41) € O(1/k) as k — oo. If the op-
tional requirement (C4) holds, we conclude the stronger last-iterate convergence result
R(T,t, k) € o(1/k) as k — oo.

The SDP formulation of Definition 4.1 is provided in Section 6.3. An interface for these
types of analysis is provided in the class IterationIndependent in AutoLyap, shown below.

1 from typing import Type, Optional

2

3 class IterationIndependent:

4

5 # Class attributes explained below

6 LinearConvergence = LinearConvergence

7 SublinearConvergence = SublinearConvergence
8

9 @staticmethod

10 def verify_iteration_independent_Lyapunov(
11 prob: Typel[InclusionProblem],

12 algo: Typel[Algorithm],

13 P: np.ndarray,

14 T: np.ndarray,
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15 p: Optionallnp.ndarray] = None,

16 t: Optionallnp.ndarray]l = None,

17 rho: float = 1.0,

18 h: int = 0,

19 alpha: int = o,

20 Q_equals_P: bool = False,

21 S_equals_T: bool = False,

22 gq_equals_p: bool = False,

23 s_equals_t: bool = False,

24 remove_C2: bool = False,

25 remove_C3: bool = False,

26 remove_C4: bool = True

27 ) -> bool:

28 # prob: An InclusionProblem instance.

29 # algo: An Algorithm instance.

30 # P: The user-specified matrix F in Definition 4.1.
31 # T: The user-specified matrix 7' in Definition 4.1.
32 # p: The user-specified vector p in Definition 4.1.
33 # Required when Zpne # 0.

34 # t: The user-specified vector t in Definition 4.1.
35 # Required when Zfne # 0.

36 # rho: Contraction factor p in Definition 4.1.

37 # h: History parameter h in Definition 4.1.

38 # alpha: Overlap parameter « in Definition 4.1.

39 # Q_equals_P: If True, sets @ equal to P in

40 # Definition 4.1.

41 # S_equals_T: If True, sets S equal to T in

42 # Definition 4.1.

43 # gq_equals_p: If True, sets g equal to p in

44 # Definition 4.1.

45 # s_equals_t: If True, sets s equal to t in

46 # Definition 4.1.

a7 # remove_C2: Flag to remove (C2) in Definition 4.1.
48 # remove_C3: Flag to remove (C3) in Definition 4.1.
49 # remove_C4: Flag to remove (C4) in Definition 4.1.
50

51 # Returns True if the SDP is solved successfully
52 # (which implies that a Lyapunov inequality in
53 # the sense of Definition 4.1 exists), False otherwise.
54 # (omitted for brevity)

The class attributes LinearConvergence and SublinearConvergence are static classes that con-
tain helper functions for constructing appropriate parameters (P, p, T, t), with additional
details given in Sections 6.3.1 and 6.3.2, respectively. Moreover, the class LinearConvergence
has a helper function bisection_search_rho that performs a bisection search to find the small-
est p € [0, 1] in Definition 4.1 via IterationIndependent.verify_iteration_independent_Lyapunov
with tolerance tol, as shown below.

1 class LinearConvergence:

2 @staticmethod

3 def bisection_search_rho(

4 prob: Type[InclusionProblem],
5 algo: Typel[Algorithm],

6 P: np.ndarray,

7 T: np.ndarray,

8 p: Optionall[np.ndarray]l = None,
9 t: Optionall[np.ndarray] = None,

10 h: int = 0,

11 alpha: int = o,

12 Q_equals_P: bool = False,
13 S_equals_T: bool = False,
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14 g_equals_p: bool = False,
15 s_equals_t: bool = False,
16 remove_C2: bool = False,

17 remove_C3: bool = False,

18 remove_C4: bool = True,

19 lower_bound: float = 0.0,
20 upper_bound: float = 1.0,

21 tol: float = le-12

22 ) -> Optional[float]:

23 ... (omitted for brevity) ...

4.2 Iteration-dependent Lyapunov analyses

In this section, we focus on finite-horizon analyses, which apply to algorithms that run
indefinitely as well as algorithms with finite iteration budgets matching or exceeding
the horizon. For notational simplicity, we assume that K € N in (3.2), representing the
horizon. Following [37], we adopt an ansatz consisting of a sequence of iteration-dependent
and quadratic Lyapunov functions, also often referred to as potential functions [3].

Definition 4.2

Suppose that Assumption 3.1 holds, &g € H™ is an initial point, ((*, u*, y*, FF)E , is
a sequence of iterates satisfying (3.2), (y*,@*, F*) is a point satisfying (4.2), and ¢ € R4.
Define

V(k) = Q(Qr, (2", u*, 4", y")) + qi (F*, F*),
(VE € [0,K]) |Qres™mm, (4.5)
qr c Rmfunc“rmfunc.

We say that ((Qk,qr))i_y and ¢ satisfy a length K sequence of chained Lyapunov in-
equalities for algorithm (3.2) over the problem class defined by (Fi)ieZpyn. and (Gi)iezo,
if

V(K) < V(K —1) < ... < V(1) < V(0) (4.6)

holds for each initial point zo, for each sequence of iterates ((x,u”, y*, F*)X_ ., for each
. * Ak *
point (y*, 4", F*), for each (fi);cq, € Hielﬁmc Fi, and for each (Gi),ez, € Hiezop Gi.

In the proposed methodology, the user specifies (Qo, g0, @k, ¢x) and the methodology
searches for ((Qx, qk))]f;ll and a minimal ¢ complying with (4.6), if they exist. In particular,
the user specifies the initial Lyapunov function V(0), final Lyapunov function V(K), and
if (4.6) holds, we can conclude that

V(K) < cV(0).

The SDP formulation of Definition 4.2 is provided in Section 6.4. However, we would
like to highlight a computational aspect in this case. Each inequality in (4.6) is verified
via a so-called one-step analysis, leading to a system of positive semidefinite constraints
of constant dimension. In particular, the number of variables and constraints grows
linearly with K. Moreover, similar to Definition 4.1, it is possible to introduce history
and overlap parameters in Definition 4.2. However, we opt not to include this extension
in this presentation in favor of readability.

An interface for the analysis in Definition 4.2 is provided in the class IterationDependent
in AutoLyap, which is shown below.
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1 class IterationDependent:

2 @staticmethod

3 def verify_iteration_dependent_Lyapunov(

4 prob: Typel[InclusionProblem],

5 algo: Typel[Algorithm],

6 K: int,

7 Q_0: np.ndarray,

8 Q_K: np.ndarray,

9 q_0: Optionallnp.ndarray] = None,

10 q_K: Optionallnp.ndarray] = None

11 ) -> Tuplel[bool, Optional[float]]:

12 # prob: An InclusionProblem instance.

13 # algo: An Algorithm instance.

14 # K: The user-specified horizon K in Definition 4.2.
15 # Q_0: The user-specified matrix (Qp in Definition 4.2.
16 # Q_K: The user-specified matrix Qx in Definition 4.2.
17 # q_0: The user-specified matrix g in Definition 4.2.
18 # Required when Zgne # 0.

19 # q_K: The user-specified matrix qx in Definition 4.2.
20 # Required when Zpne # 0.

21

22 # Returns a tuple (True, c), where c is c¢ in

23 # Definition 4.2, if the SDP is solved successfully, or
24 # (False, None) otherwise.

25 # ... (omitted for brevity)

The class IterationDependent also contains helper functions for selecting appropriate pa-
rameters (Qo, g0, QK , g ), with details given in Section 6.4.1.

5. Additional examples and numerical results

This section presents examples demonstrating the use of AutoLyap for convergence
analysis across various methods and settings. The first example explicitly illustrates how
to translate a first-order method written in standard form into the algorithm representation
given by equation (3.2), as well as how this translation is implemented in AutoLyap. For
brevity, this explicit translation is omitted in most subsequent examples, as it can easily
be done analogously (see [42, Section 2.5] for numerous examples detailing the transition
from standard form to the algorithm representation (3.2)).

5.1 Gradient method on a nonconvex problem

Consider the optimization problem

mi?rlliergize fly) (5.1)

where f : H — R is pgqa-gradient dominated and L-smooth for some pgq, L € Ry
such that pga < L (see Definition 6.1). In particular, (5.1) is not necessarily a convex
optimization problem. Note that 0 = V f(y), or equivalently, 0 € 9f(y) = {Vf(y)}, is an
optimality condition for (5.1), and fits (3.1).

For the gradient method, i.e.,

(Vk e No) 2Tt =2F — 4V f(z") (5.2)

for an initial point 2° € H and step size v € (0,2/L), it is known that (f(z*) — FW ) ken,
converges to zero linearly for each y* € Argmin, 4 f(y). Let us find the rate using
AutoLyap.
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The first step is to write (5.2) in the algorithm representation (3.2). Direct inspection
gives
o1 = (1] ©1d)a + (1] @ 1),
(VkeNo) |y* = ([1] ®1d)z" + ([0] @ 1d)u", (5.3)
u® € df(y"),

where * = 2* y* = 2* u* = Vf(2), and df(y) = {Vf(y)} for each y € H. The imple-
mentation of the gradient method (5.3) in AutoLyap, also found in the autolyap.algorithms
submodule, is shown below.

1 from autolyap.algorithms import Algorithm

2

3 class GradientMethod(Algorithm):

4 def __init__(self, gamma):

5 super ().__init__(n=1, m=1, m_bar_is=[1], I_func=[1], I_op=[])
6 # n: dimension n of x® in (3.2)

7 # m: number of components m in (3.1)
8 # m_bar_is: list of (m;);~, in (3.2)
9 # I_func: index set Zgne in (3.1)

10 # I_op: index set Z, in (3.1)

11 self.gamma = gamma

12

13 def get_ABCD(self, k: int):

14 A = np.array([[1]11)

15 B = np.array([[-self.gammall)

16 C = np.array([[111)

17 D = np.array([[e]l])

18 return (A, B, C, D)

The code below, using the values (pga, L,y) = (0.5,1,1), performs a bisection search
to find the smallest possible p € [0, 1] such that

f@) = fy") € O(p") as k— oo (5.4)

provable via the Lyapunov analysis in Section 4.1 under default settings, where y* €
Argmin, o, f ).

1 components_list = [

2 [pc.GradientDominated(mu_gd=0.5), pc.Smooth(L=1)], # f in (5.1)

3 ]

4 problem = pc.InclusionProblem(components_list)

5 algorithm = algs.GradientMethod(gamma=1)

6 (P, p, T, t) = IterationIndependent.LlLinearConvergence.
get_parameters_function_value_suboptimality(algorithm)

7 rho = IterationIndependent.LlLinearConvergence.bisection_search_rho(problem, algorithm,
P, T, p=p, t=t)

Repeating this for multiple values of v € (0, 2) gives Figure 2. Numerical evidence suggests
that AutoLyap improves the rate in [1, Theorem 3] for + in the interval (1.74,2). Indeed,
a careful inspection shows that the proof of [1, Theorem 3] does not use interpolation
conditions with respect to solutions y* € Argmin, 4, f(y) when going from (7) to (10) in
[1], which is one source of a priori conservatism.
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1F T T T T T T T T T n
e AutoLyap
[1, Theorem 3]
0.8 |- .
p
0.6 - N
0.4 N
| | | | | | | | | | |

Figure 2. The linear convergence rate p in (5.4) for the gradient method (5.2), with step
size v and applied to optimization problem (5.1) with a 0.5-gradient dominated and
1-smooth objective function, as computed by AutoLyap and compared against known
theoretical rates.

5.2 Heavy-ball method
Let f € Fo,.(H) for some L € R; 4 and consider the heavy-ball method, i.e.,

(Vk € No) 2" =2F —AVf(a®) + 6" — ) (5.5)

for some initial point z° € H, step size v € Ry, and momentum parameter § € R. The
code below, using the values (L,v,d) = (1,1,0.5), checks whether

f@& = f*) €eo(1/k) as k— oo

where y* € Argmin, ,, f(y), via the Lyapunov analysis in Section 4.1 by utilizing (C4).

1 components_list = [

2 pc.SmoothConvex(L=1) # f

3 ]

4 problem = pc.InclusionProblem(components_list)

5 algorithm = algs.HeavyBallMethod(gamma=1, delta=0.5)

6 (P, p, T, t) = IterationIndependent.SublinearConvergence.
get_parameters_function_value_suboptimality(algorithm)

7 successful = IterationIndependent.verify_iteration_independent_Lyapunov(problem,
algorithm, P, T, p=p, t=t, rho=1, remove_C4=False)

In this case, the verification is successful, i.e., successful is True. Repeating this for values
in v € (0,3) and § € (—1,1) gives Figure 3a.

Suppose instead that the heavy-ball method (5.5) is applied to a function f: H — R
that is pga-gradient dominated and L-smooth for some pga, L € R4y such that pga < L.
The code below, using the values (uga, L,7,d) = (0.5,1,1,0.5), performs a bisection search
to find the smallest possible p € [0, 1] such that

fa") = fly") €0(") as k— oo (5.6)

provable via the Lyapunov analysis in Section 4.1 under default settings, where y* €
Argmin, oy, ).

T
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0.5

-0.5

e s Mg 1(3) e < N
k — oo where y* € Argmin,cq, f(y) when f € P
Fo,1(H). 0.6 0.8 1

(b) The linear convergence rate p in (5.6) when
f is 0.5-gradient dominated and 1-smooth.

Figure 3. Convergence regions and rates for the heavy-ball method (5.5) with step size 7y
and momentum parameter § using AutoLyap.

1 components_list = [

2 [pc.GradientDominated(mu_gd=0.5), pc.Smooth(L=1)1, # [

3]

4 problem = pc.InclusionProblem(components_list)

5 algorithm = algs.HeavyBallMethod(gamma=1, delta=0.5)

6 (P, p, T, t) = IterationIndependent.LlLinearConvergence.
get_parameters_function_value_suboptimality(algorithm)

7 rho = IterationIndependent.LlLinearConvergence.bisection_search_rho(problem, algorithm,
P, T, p=p, t=t)

Repeating this for multiple values of v € (0,3) and 6 € (—1,1) gives Figure 3b.

5.3 Gradient method with constant Nesterov momentum

Let f € Fo,L(H) for some L € R, and consider the gradient method with constant
Nesterov momentum, i.e.,

yk — CL’k _'_5(1]9 _ ZL‘k_l),

(Vk‘ c No)
" =yt~ f(yY)

(5.7)

for some initial points =%, 2% € H, step size v € R4+, and momentum parameter § € R.

The code below, using the values (L,v,d) = (1,1,0.5), checks whether
f@®) = f(y*) €o(1/k) as k— oo
where y* € Argmin, ,, f(y), via the Lyapunov analysis in Section 4.1 by utilizing (C4).
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1 components_list = [

2 pc.SmoothConvex(L=1) # f

3 ]

4 problem = pc.InclusionProblem(components_list)

5 algorithm = algs.GradientNesterovMomentum(gamma=1, delta=0.5)

6 (P, p, T, t) = IterationIndependent.SublinearConvergence.
get_parameters_function_value_suboptimality(algorithm)

7 successful = IterationIndependent.verify_iteration_independent_Lyapunov(problem,

algorithm, P, T, p=p, t=t, rho=1, remove_C4=False)

In this case, the verification is successful, i.e., successful is True. Repeating this for values
iny € (0,4) and § € (—1,1) gives Figure 4a.

Suppose instead that the gradient method with Nesterov momentum (5.7) is applied to a
function f : H — R that is pgq-gradient dominated and L-smooth for some pigq, L € Ryt
such that pga < L. The code below, using the values (pga,L,7,d) = (0.5,1,1,0.5),
performs a bisection search to find the smallest possible p € [0, 1] such that

@) = fy) € 0(p") as k— oo (5.8)

provable via the Lyapunov analysis in Section 4.1 under default settings, where y* €
Argmin, o4, f ).

1 components_list = [

2 [pc.GradientDominated(mu_gd=0.5), pc.Smooth(L=1)], # f

3 ]

4 problem = pc.InclusionProblem(components_list)

5 algorithm = algs.GradientNesterovMomentum(gamma=1, delta=0.5)
6 (P, p, T, t) = IterationIndependent.LinearConvergence.

get_parameters_function_value_suboptimality(algorithm)
7 rho = IterationIndependent.LlLinearConvergence.bisection_search_rho(problem, algorithm,
P, T, p=p, t=t)

Repeating this for multiple values of v € (0,4) and ¢ € (—1,1) gives Figure 4b.

5.4 Chambolle—Pock

Suppose that fi, f2 € Fo,00(#H). The Chambolle-Pock method [8] (in the special case
when the linear operator is the identity mapping) solves the minimization problem

mi;lier;ilize fiy) + f2(y)

by solving the inclusion problem

find y € H such that 0 € 0fi(y) + 0f2(y), (5.9)
and is given by
"t = prox, g (" — 7y"),

(VE € No)
Yy = prox, g (v + o (" 4 0" — ")),

(5.10)

where 7,0 € R4 are primal and dual step sizes, respectively, § € R is a relaxation
parameter, and f3 is the conjugate of f2. The update (5.10) can be written in the
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e s Mg 1(3) e < N 2
k — oo where y* € Argmin,cq, f(y) when f € P
Fo,1(H). 0.4 0.6 0.8

(b) The linear convergence rate p in (5.8) when
f is 0.5-gradient dominated and 1-smooth.

Figure4. Convergence regions and rates for the gradient method with Nesterov momentum
(5.7) with step size v and momentum parameter ¢ using AutoLyap.

algorithm representation (3.2) (see [42, Section 2.5.5]) as

(Vk € No)

o= (5 ] em)et s ([7 o)
k 1 —r . s, 0 )
Yy = ({1 é—r(1+e)] ®Id>a: —|—<[_T( +0) _é} ®Id>u,

u* € af(y"),

(5.11)

where, in particular, * = (¥, 3").

For this example, we use the squared fixed-point residual ||« as a performance
measure. Note that if ||z"T! — x*||? is zero, then z* is a solution to (5.9). The code
below checks whether (||z**! — x*|?) ren, 1S summable via the Lyapunov analysis in

Section 4.1 by utilizing the history parameter h and overlap parameter «, using the values
(T7 UJ 0’ h? a) = (15 ]‘, 17 17 1)'

k+1 —iL'k||2

components_list = [
pc.Convex (), # f1
pc.Convex () # f2

problem = pc.InclusionProblem(components_list)

algorithm = algs.ChambollePock(tau=1, sigma=1, theta=1)

(P, p, T, t) = IterationIndependent.SublinearConvergence.
get_parameters_fixed_point_residual (algorithm, h=1, alpha=1)

1
2
3
4]
5
6
7
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15 : :
(h, @) = (2,0)
4 .(haa) = (17 1)
i (h,a) = (1,0)
1 802 o (h,a) = (0,0) ||
¢ i
0.5 : 3 1$8. B
# e .
ki Sttt mmmiiwﬂiﬂ' i
0 1.1 1.3 1.4 15 1.6 17
T=0

Figure 5. Verification of summability of the squared fixed-point residual
(|l - a:k||2)kGNO for the Chambolle-Pock method (5.11) with primal step size
7 and dual step size o, using AutoLyap and the Lyapunov analysis in Section 4.1 with
history parameter h and overlap parameter a.

8 successful = IterationIndependent.verify_iteration_independent_Lyapunov(problem,
algorithm, P, T, p=p, t=t, rho=1.0, h=1, alpha=1)

In this case, the verification is successful, i.e., successful is True. Repeating this for multiple
values of 7 = o € (1,2), 6 € (0,3/2), and a few different values of (h, ) gives Figure 5. We
observe that the region increases in size as h and « increase. However, in our numerical
experiments, we did not observe any further increase beyond (h,a) = (2,0), except
for minor artefacts that may be attributed to the SDP solver. Furthermore, the case
(h, @) = (0,0) corresponds to the smallest region, which matches the result in [42, Figure
4a], even though a different performance measure is used there.

5.5 Nesterov’s fast gradient method
Suppose that f € Fo,r(H) forsome L € Ry, v ERyy, Ao =1, 27", 2° € H, and let

k k k k—1
=z" 4+ op(z" —x ,
(keny |V S0 T (5.12)
=y —VI(y),
where
5 = A)]\g — 17
(Vk € No) et
1+ 4/1+4X
Akl = ————

2 i
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which is a particular instance of Nesterov’s fast gradient method [31]. If v = 1/L, the
Lyapunov analysis in [31] gives the bounds

vk €N k L|j2® — y*||?
(Vy* € Argmin, ¢y, f(y)) f@™) = f(y") < — o (5.13)
< 2t =y
(k+2)*

In this example, we use AutoLyap to find the smallest possible constant ¢ € Ry such
that

Fa®) = fy") < ella” —y*|? (5.14)

where k € N is fixed and y* € Argmin, 4, f(y), provable via the Lyapunov analysis in

Section 4.2. Note that the update in (5.12) only evaluates f (or more precisely V f) at y*,
and not z®, which is required for (5.14). Thus, to cover this type of Lyapunov analysis, we
need to consider an extended version of the update (5.12) in the algorithm representation

(3.2), which explicitly evaluates f at z*. This can be done via®

P eu) ([0 o)
({ afeupe(fo i o)

caf

(Vk S N()
(5.15)
where 2t = (2", 2" 1), u = (VfQ(y’“),Vf(xk)% y" = (", 2"), and 8f(y) = {V/(1)} x

{Vf(z)} for each y = (y,x) € H>.
The code below finds ¢ in (5.14), using the values (L, 7, k) = (1,1, 10).

from autolyap import IterationDependent

components_list = [
pc.SmoothConvex(L=1), # f
]
problem = pc.InclusionProblem(components_list)
algorithm = NesterovFastGradientMethod(gamma=1)
(Q_0, q_0) = IterationDependent.get_parameters_distance_to_solution(algorithm, k=0, i
=1, j=2)
(Q_k, g_k) = IterationDependent.get_parameters_function_value_suboptimality(algorithm
, k=10, j=2)
10 (successful, c) = IterationDependent.verify_iteration_dependent_Lyapunov(problem,
algorithm, 10, Q_0, Q_k, q_0, q_k)

o B I N R N

©

In this case, we get (successful, c) = (True, 0.0110). Repeating this for k£ € [1,100] gives
Figure 6.

2The class NesterovFastGradientMethod in the autolyap.algorithms submodule implements this version.
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FTT 17 T T ] T T T T T ]

- = —— AutoLyap
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Figure 6. Constants ¢ in (5.14) for Nesterov’s fast gradient method (5.12) with step size
~ = 1 applied to a function f € Fo,1(H), obtained with AutoLyap and compared with
the classical rates in [31].

5.6 Optimized gradient method
Let f € Fo,.(H) for some L € Ry . The optimized gradient method, first considered in
[14] and formally obtained in [21], is given by

(Vk € [0, K — 1])

Y =T — ZVf(xk), (5.16)

RHL_ el O —1 @ — o) Ok (6" — 2F),

Ort1
where x°,y° € H are initial points, K € N is the iteration budget, and
1 if k=0,

144 /14462
Op =< —Y— 21 ifke[l,K—1],

2

DV k- K

2
The bound
0 * (12
(0" € Argmin f(y) £(=") — fly*) < AE VD (5.17)
yeH K
is proven in [21, Theorem 2], and [21, Section 8], using [40, Section 4.2], established
tightness in the sense that there exists a function f that achieves equality in (5.17). Later,
[13] proved that the bound (5.17) is the tightest possible among all first-order methods
for smooth and convex minimization. A Lyapunov analysis matching (5.17) is provided
in [10, Section 4.3.1].
The code below uses AutoLyap to find the smallest possible constant ¢ € R4 provable
via the Lyapunov analysis in Section 4.2 such that

F@™) = fy") < ell2” =y (5.18)
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Figure 7. Constants c in (5.18) for the optimized gradient method (5.16) applied to a
function f € Fo,1(#), obtained with AutoLyap and compared with the rate in (5.17).

where y* € Argmin, c,, f(y), using the values (L, K) = (1, 10).

1 components_list = [

2 pc.SmoothConvex(L=1), # f

3 ]

4 problem = pc.InclusionProblem(components_list)

5 algorithm = algs.OptimizedGradientMethod(L=1, K=10)

6 (Q_.0, q_0) = IterationDependent.get_parameters_distance_to_solution(algorithm, k=0)

7 (Q_K, q_K) = IterationDependent.get_parameters_function_value_suboptimality(algorithm
, k=10)

8 (successful, c) = IterationDependent.verify_iteration_dependent_Lyapunov(problem,

algorithm, 10, Q_0, Q_K, q_0, q_K)

In this case, we get (successful, c) = (True, 0.0063). Repeating this for k£ € [1, 100] gives
Figure 7.

6. Mathematical background

Section 6.1 introduces the notation and mathematical preliminaries used in this paper.
Section 6.2 introduces the main theoretical tool, which enables recasting the verification of
the existence of a Lyapunov analysis as solving an SDP. This is then used in Section 6.3 for
the iteration-independent Lyapunov analyses presented in Section 4.1, and in Section 6.4
for the iteration-dependent Lyapunov analyses presented in Section 4.2.

6.1 Notation and preliminaries

Let Ny denote the set of nonnegative integers, N the set of positive integers, Z the set of
integers, [n,m] = {{ € Z | n <1 < m} the set of integers between n,m € ZU {£oo}, R
the set of real numbers, R4 the set of nonnegative real numbers, R4 the set of positive
real numbers, R™ the set of all n-tuples of elements of R, R™*" the set of real-valued
matrices of size m x n, if M € R™*™ then [M]; ; the i, j-th element of M, S™ the set of
symmetric real-valued matrices of size n x n, S’y C S" the set of positive semidefinite

90



6 Mathematical background

real-valued matrices of size n X 1, Onxm € R™™™ the matrix of all zeros of size n x m,
I, € R™*™ the identity matrix of size n x n, e} € R™ the ith standard basis vector in
R™, and 1, € R" the vector of all ones in R™. All vectors in R" are column vectors by
convention.

Throughout this paper, (H, (-,-)) will denote a real Hilbert space. All norms ||-|| are
canonical norms where the inner product will be clear from the context. We denote the
identity mapping x — x on H by Id.

Definition 6.1
Let f: H — RU{+oo}, L € Ry and p, i, pga € Ryy. The function f is said to be

(i) proper if —oo ¢ f(H) and dom f # (0, where the set dom f = {z € H | f(z) < +oo}
is called the effective domain of f,

(%) lower semicontinuous if liminfy—, f(y) > f(x) for each x € H,
(%) convex if f((1 =Nz + Ay) < (1= XN)f(z)+ Af(y) for each x,y € H and 0 < A <1,
(iv) p-strongly convex if f is proper and f — (u/2)||-||* is convexz,

(v) p-weakly convex if f + (u/2)||||* is convez,

(vi) L-smooth if f is Fréchet differentiable and the gradient V f : H — H is L-Lipschitz
continuous, i.e., |V f(zx) — Vf(y)|| < L||lz —y|| for each z,y € H, and

(vii) pga-gradient dominated if f is Fréchet differentiable and

1
2pga

f(z) = inf f(y) < IV £ ()] (6.1)

for each x € H. Inequality (6.1) is sometimes called the Polyak—Y.ojasiewicz inequal-
ity or simply the Lojasiewicz inequality.

Definition 6.2
Let —oco < pp < L < +o00 such that L > 0. We let F, 1 (H) denote the class of all proper
and lower semicontinuous functions f : H — R U {£oo} such that

(i) (L/2)||||*> — f is convex and f is Fréchet differentiable if L < +o0, and
(it) f— (u/2)||-]|* is convez.

For example, F_r, 1 (H) is equal to the class of L-smooth functions with domain H.
The Fréchet subdifferential of a function f: H — R U {Zoo} is the set-valued operator

Of : H = H given by
. {ueH RS (R >0} it [£(z)] < +oo,

1] otherwise

for each = € H.

(i) If f is Fréchet differentiable at a point x € H, then df(z) = {V f(x)} [29, Proposi-
tion 1.87].

(ii) If f is proper and convex, the Fréchet subdifferential becomes the convez subdiffer-
ential, i.e., 0f(x) = {u e H |Yy € H, f(y) > f(z) + (u,y — x)} for each x € H.
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(iii) If f is proper and pu-weakly convex for some g € Riy, then df(x) =
Af + (/2)|I-|I*)(x) — px for each z € H [29, Proposition 1.107 (i)], where
A(f + (12/2)]-]|?) reduces to the convex subdifferential.

Definition 6.3

Suppose that f € Fo,00(H) and v € Ryy. Then the proximal operator of f with step size
7, denoted prox. ; : H — H, is defined as the single-valued operator given by

. 1
prox_ ¢(x) = argmin (f(z) + 2—“1’ - z||2>
z€H Y

for each x € H.

Suppose that f € Fo,o(H) and v € Riy. If 2,p € H, then p = prox ,(z) <
v~ (x — p) € 8f(p). Moreover, the conjugate of f, denoted f* : H — RU {400}, is the
proper, lower semicontinuous and convex function given by f*(u) = sup ey ((v,2) — f(x))
for each u € H. If z,u € H, then u € 9f(z) & x € f"(u).

Let G : H = H be a set-valued operator. The set of zeros of G is de-
noted by zerG = {zx € H|0€ G(x)} and the graph of G is denoted by graG =
{(@,y) e xH |y e Gz)}.

Definition 6.4
Let G:H = H and p € Ryy. The operator G is said to be

(i) monotone if (u — v,z —y) > 0 for each (z,u), (y,v) € graG,

(%) maximally monotone if G is monotone and there does not exist a monotone operator
H :H = H such that graG C gra H, and

(iii) p-strongly monotone if (u — v,z — y) > pllz — y||* for each (z,u), (y,v) € graG.

The inverse of a set-valued operator G : H = H, denoted by G~! : H = H, is defined
through its graph graG™' = {(y,z) € H x H | (x,y) € graG}.

Definition 6.5
Suppose that G : H = H is mazimally monotone and v € Ry 4. The resolvent of G with
step size v, denoted Jyq : H — H, is defined by

(Id+9G) "' (z) = {Jrc(2)}

for each x € H, since (Id +7@)*1 is singleton-valued in this case.

Definition 6.6
Let G:H —H, LeRy, and B € Ryy. The operator G is said to be

(i) L-Lipschitz continuous if ||G(z) — G(y)|| < L||lx — y|| for each z,y € H, and
(ii) B-cocoercive if (G(z) — G(y),x —y) > B||G(x) — G(y)||* for each z,y € H.

We introduce the following conventions that enable us to treat single-valued and
singleton-valued operators interchangeably.

(i) For notational convenience (at the expense of a slight abuse of notation), we
will sometimes identify the operator G : H — H with the set-valued mapping
H >z~ {G(z)} CH, which will be clear from context. For example, if z,y € H,
the inclusion y € G(z) should be interpreted as the equality y = G(x).
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(ii) Similarly, if G: H = H and T : H — H satisfy G(z) = {T'(z)} for each z € H, i.e.,
G is a singleton-valued operator, we will sometimes identify G with the corresponding
single-valued operator T'.

Given any positive integer n, we let the inner product (-,-) on H" be given by

n

(z',2%) =) (2, 45)

j=1

for each z* = (21,...,2%) € H™ and i € [1,2]. If M € R™*", we define the tensor product
M ® 1Id to be the mapping (M ® Id) : H" — H™ such that

(M ®ld)z = (Z[M]szjv e Z[M]m,j2j>

j=1

for each z = (21,...,2n) € H". The adjoint satisfies (M ® Id)* = MT®Id. If N € R*¥,
the composition rule (M ® Id) o (N ® Id) = (M N) ® Id holds.

If we let M7 € R™*™ and Ms € R™*™2, the relations above imply that (M7 ®
Id)z', (M2 ®1d)2?) = (2!, (M{ M:) ® Id)z?) for each z' € H™ and 2z* € H"2. We define
the mapping Q : S" x H" — R by Q(M, z) = (2, (M ®1d)z) for each M € S" and z € H".
Note that, if M € S", N € R™*™ and z € H™, then Q(M, (N ® Id)z) = Q(NTMN, z).
We define the Gramian function G : H" — ST such that [G(z)]:,; = (zi,2;) for each
z=(21,...,2n) €EH". If M € S™ and z € H", it holds that Q(M, z) = trace(MG(z)).

6.2 Main tool

This section presents a generalization of [42, Lemma 1] for the algorithm representation
n (3.2). First, we introduce some necessary matrices. If m > 2, let

N::[Lﬁl} € RmM*(m=1), (6.2)
_1m71

For each k, k € [0, K] such that k < k, we define the matrices X,’f’]; € RX (n+(k—k+1)m+m)
as

[In 0n><((l€4;+1)ﬁm+m)] if k= l;ﬁ
[Ar By O (ipymimy] fk=k+1,
- 4T
(Agor--Ag) "
(A1 Agr1Bg)"
Xk | (A + A2 Bit1) " (6.3)
: ifkelk+2k+1]
(Ak_ 1Ak 2By 3) " and k+1 <k,
(Ag—1Bj_2)"
By,
07 . ;
nX ((k+1—k)m+m) h
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the matrices Ylf’k € RPX(nt(k=k+D)mtm) ;o

[CE Dy 077L><((I::71_c)771+m)j| if k =k,

(Crman)” 17
(Cr1Br) " ifk=k+1
D}_CT+1 and £+ 1 Sk’,

or ..
mx ((k—k—1)m+m)

kR (CrAk-1---A)"
Ylg’ = (CkAk—l"'AE_FlB]j)T

(CkAk—l M A1§+QB}§+1)T

: if k € [k +2,k]

(CxAp—1Bi_2)" and k + 2 < k,

(CkBi-1)"
Dy

T
L OMX((E—k)m+m) i
the matrix
k.k
Y; = [07”><(n+(1_€71_€+l)7’n+m—1) 17n},

L ]
eRmx(n«l»(l::fE«{»l)ﬁL#»m)

the matrices US‘E € R X (nt(k=k+1)m+m)

S kR
(Vk € [E.E]) U™ = [Omxmitmrm) Im Omx(mymsm))] -
the matrix

Uf’k:[omxwﬂfc—lgﬂ)m) N Omxl]

L 1
erm X (nt(k—k+1)m+m)

(6.4)

(6.6)

(6.7)

with the interpretation that the block column containing N is removed from UE* when

m = 1, the matrices

Vi € [[l,mﬂ . o m; T N
(Vj € [17miﬂ) P = .[OIXZL L (ej ) OIXZT:Hl ﬁ”].y

r=1
eRlxﬁw,
(VZ S [[l,m]) P(i,*) = (e';n)'l' c RIme
and the matrices F(I’Zf k) F(EZE o € R (k=E+D)Mgunc+mtunc)
o7 A T

Vi € [1,m] DX (k=B unct Y o), 1)

Vi € [1,mi] FEF = g

= (4,5,k) e;
Vk € [k, K] o
Mfunc

DX (B =k) Punc+maunet ) 00w, 1)

; k.k Mfunc) |
Vie[Lml) FY o= [0 obrnmame  (Ents™) ],
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where K : Ztune — [1, Msunc] is a bijective and increasing function (and therefore uniquely
specified).

Next, we present the main object of interest. Let k,k € [0, K] such that & < k,
W e §nttk=—ktlmtm o, ¢ RlF—E+DMaunc+meune and consider the optimization problem

maximize oW, (xf, b, ... u* 4% ")) +w' (F*,..., FE, F*)
subject to for each k € [k, k]

" = (4, @ Id)z" + (B @ Id)u”,

y" = (Cr @ 1d)x" + (Di ® Id)u”

W)z, € [ 8F:wh),

1€ZLfunc
k k
(ui)iezop € H Gi(ysi),
i€Zop

= (Fi¥))iezp,. €R™™™,

k

ub = (uf,. . u eH?—[m‘

yk:(y'f,m,yfn)EHHmi,

end (PEP)
uw = (ul,...,uy) € H™,
y* EH,
( ZEIf\mc H 0fi(y"),

1€ Zfunc
Wier,, € [] G
i€Zop

m

S

i=1
11* - (UI, ceey u:n71)7

"= (fily"))iez,,,. € R™M™,
(fi)iezpme € H Fi,

where everything except W, w, k, k, ((Ax, B, Ck, Dk))k g Mo (}-")ieIﬁmc’ and (gi)iezop
are optimization variables. Note that the last two constraints in (PEP) are infinite-
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dimensional. We use the following assumption to reduce these infinite-dimensional con-
straints to a finite set of quadratic constraints.

Assumption 6.7
Consider (3.2) and for notational convenience let

Vi € Ztunc UIop k __ k k m;
( Vk € [0, K] ) w; = (U1, Uim,) €H™,

Vi € Ztunc U Zop k& k -
( vk € [0, K] ) Yi = WYins-- s Yim;) EH™,
Vi S Ifunc . ky _ k ke ;
(sze [[OyKﬂ) fityi) = (Fix, . Fim,) €R
and

m
w' = (ul,. . up) = (Ul ey Umy) EH™ such that Zuf =0,
i=1

y* :yf,* = :y:n,* GH,
F* = (F),ep, € BT,
(a) For each i € Zpunc, suppose that there exist finite and disjoint sets Og““c’i“eq and
Ogunc'eq, vectors and matrices
(Vo € Ofnimea)  (qginsinea pfmened) ¢ xR™oo x §2e,
(Vo € Of"e°9)  (a{insed, M{157e9) € xR™ie x §%"ive,

and, depending on k,k € [0, K] such that k < k, index sets
(Vo € Qfneinea |y pfunc-eay
TEFC (] x [, R U {65,017,
such that (i) implies (i) below:
(i) There exists a function f; € F; such that
(4G € (L] x [ ED U e}y | 200 = P
ui; € 0fi(yi;)-

(i3) It holds that

(Vo € OM10) (V((j1, k1), .y (g o Kini)) € T2

k1
4,71
( funcfineq)T
(7,0) :
k"i,o
Ling o
func-ineq k1 .0 k1 .0
+ QM o) ™ Wi o Yigoy o Wigao -+ Uiy ) S0,
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and

(Yo € O (Y((j1, k), -, Gg.o Fni o)) € TEF)

k1
4,91
( func-cq)T .
(i,0) ’
kn; o
iy
Q Mfuncfeq k1 k'"'i,o k1 k"i,o =0
+ ( (i,0) 7(yi,j1""’yiyjnio’uiajl’”"uivjni o)) -

Moreover, if the converse holds, i.e., (ii) implies (i), then we say that the function class
Fi has a tight interpolation condition.

(b) Similarly, for each i € Loy, suppose that there exists a finite set O, matrices

(Vo€ OF)  M{F, €8,

(3,0

and, depending on k, k € [0, K] such that k < k, index sets

(Vo€ OF) 5" C (I mi] x [k KT U {(r ) 1)

such that (i) implies (ii) below:

(i) There exists an operator G; € G; such that
(V5. k) € ([L,mi] x [k, B U {(x,%)}) uiy € Gilyi,).

(i) It holds that

(%0 € OPY((1, K1)y - -, Gnao s bins ) € TEF)

op k1 i, 0 k1 i, 0
QMo Wigys -5 Uiy igas > Ui, ) < 0-

T hIng

Moreover, if the converse holds, i.e., (ii) implies (i), then we say that the operator class
G; has a tight interpolation condition.

Examples of interpolation conditions for some function and operator classes are
provided in Appendix A.
We are now ready to state the main theoretical result.

Theorem 6.8

Suppose that Assumption 6.7 holds, let (PEP)* be the optimal value of (PEP), and
consider the matrices defined in (6.4) to (6.9). A sufficient condition for (PEP)* <0 is
that the following system

VZ € Ifunc
Yo e Oﬁunc-ineq )\func—ineq > 0,

. ) k.k (i7j1)k1a‘“7j’n1107kn7")010) -
v((]h kl)a sy (]”7‘,,07 kni,o)) € ‘771:0
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Vi € Zrunc
Yo € Of"need pluneea €R,
) . P (6:315K1550n; o okn; 550)
V((]h k1)7 R (.7"7;,07 k”ho)) € *71'_,0
Vi € Zrunc
Yo € O AP . >0
3 . k,l_c (17]171‘31anw]ni,o’kni)oao) =
V((]l, kl)a R (]”1‘,,07 kni,o)) € ‘771_,0
func-ineq k, k, func-ineq
W+ Z A(ivjlvklv-“vjni,ovkniyo70)W(iaj1»k17-~»jni’oskni)oyo)
1€ Zfunc

oeoiunc—ineq

((Jlak1>a---a(]niyovkni’o))EJ;O

=+ Z Vfunc—eq WI;, k, func-eq (D-PEP)

(825150150 00ny o kny 550) 7 (1,01,k150 000y 5 kny ,50)
1€Lfunc
Oeogunc-eq

. . kR
(G15Fk1)ses(ng ook G )ET,

op k,k,op .
+ Z )\(i:jlvklv---»jniwovkniﬁo70>W<i7j11k1v»-<ajniyo7kni,090> =0,

i€Top
0c0?P

. . kR
(G15Fk1)ses(ng ook G )ET,

—w+ 2 )\func—ineq Fb, k, func-ineq

(4:315K15000n o okng 5:0)" (431,k1,00n; ook ,>0)
1€ Zfunc

ocofunc-ineq

i

. . k.k
(G15F1)5e5(Gny o oFng o NET,

func-e k, k, func-e
+ E 73 Fopomees =0,
(%Jl: 1:-~~a]niyov "i,o’o) (7«7]11 lv“'y]ﬂ.,iyoa "i.o‘a)

i€Zgunc
ocofunc-ca

i
(G15F1)ses(ng ook G)ET,

is feasible for the scalars
func-ineq
(0:51,K1,20n; oo kny ,00)
func-eq
(4,91,k1 :~~~:jn1vyyo ’k"i,o ,0)’

op
(4,51,k1 ""’j”i,o 1kni1070)’

where
k, k, func-ineq _ ( k,k )TMfunc—ineq k.k
(631515 dng o okng 5,0) T VT (6d15k 1 dng o okny )

(i,0) (13161 e o Kimg o)
L ]

€S71+(I;71§+1)m+7n

(6.10)
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_ _ T -
k, k, func-eq _ k,k func-eq -k, k
(i»jlxklx---:jni,oakni’Ov0> - ( (ivjlxklv---:jniyoakni‘o)) M(ivo) (iajlvklv--:jni,o:kni’o)’ (611)
L ]
esnt(k—k+1)m+m
_ _ T _
k, k,op k.k op k.k
A ) = o . M. o ) 12
(6315150 00n; o okny ,50) ( (Z’quklv-w]n,iyo7’671,7;,0)) (4,0) 7 (6,41,k1505dny o okny )’ (6 )
L ]
Esnﬁ»(l;flgﬁ»l)ﬁl«#nz
i ; i T p T .
k, k, func-ineq k,k k,k func-ineq
P : = P . P a, 1
e oo = [(FE ) (S ) el (e13)
L ]
eR(F—k+1)mpyunc+miunc
Z - T - T
k, k, func-eq _ k,k k,k func-eq 14
(i,jlxklw-aniﬁ,kni&»0> - |:( (ivjlakl)) (F(i7j’7Li’oik7’1ri7o)) :| (i,0) 2 (6 )
L ]
eR(F—E+D)mpune+mtunc
i k,k
P(i,jl)Ykl
kk
Kk B P(z‘,jni,o) En; o (6.15)
(6:515K1500ny ookng ) P UE,k '
’ (4,91) Y Iy
kk
Plisjn; Uk,
i M |
eRQniyo><(n+(§75+1)7h+m,)
Furthermore, if the interpolation conditions for (Fi),. and (Gi);cz.  are tight,
func - op
. 7 _ . k—k+1)m
dm#H > n+ (k—k+1)m + m, and there exists G € Sii( B ond X €
RE—E+DMpunc+miunc gy that
A4 = Ifunc T -k, k, func-ineq
Yo € Ofun&ineq (431K, 50ny o kng 550)
k2 —
. ) k.k k, k, func-ineq <
V(1 k1), -y (Gng oy bny ) € T3y, Ftrace(We 5 kg, by o0 C) S0
VZ c Ifunc TFE.’ If,func—eq
Yo € Ofunc_eq (431K, 50ny o kng 550)
i _
i . 7&7’:«' k, k, func-eq _
V(1 k1)s -y (Gng oy bng ) € T5 ) Ftrace(We 5 kg, by o0 =05
Vz € Ifunc _
Vo € O°P k, By op
‘ o] VG gy o, @) S0

V((jla kl)v R (jni‘()’ k”zo)) € Zlf;k
then the feasibility of (D-PEP) is a necessary condition for (PEP)* < 0.

Proof. We prove Theorem 6.8 in a sequence of steps:

Formulating a primal semidefinite program. Note that

w — 0 ifm=1,
Tl (N@Idar ifm > 2,
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for N given in (6.2). Moreover, back substitution gives

2" = (4, @ Id)2* + (B, @ Id)u?,
Vkelk+2k+1]) 2= Ar 1 - A @1d)z”

k-2
+ Z (Ag—1 - A1 B @ Id)u’
ik

+ (Br-1 @ Id)u*!
Thus, the constraints of (PEP) can equivalently be written as
zF e 1",
¥ = (Cr @ 1d)z" + (Dy @ Id)u*,
Y = (Crnt Ak ® 1d)2* + (Car By ® Id)u” + (Dyr © Td)ut ™,
for each k € [k + 2, k]

= (CrAp_1 - Ay @ 1d)x +Z (CrAp—1 -+ Aiy1B; @ Id)u’

+ (CkBy—1 @ Id)u* " + (Dy, @ Id)u”
end

for each k € [k, k]

k

ub = (uf,. .. ub, GHH"“

y' = (yls - ym) GH’H"“

( zeIfunc H afi( yz >

i€ Zunc

Wiz, € [ Giw),

i€Top

k T func
= (fiyi icxy,,, € RT™™,

end
ut = (ul,. . uly) = ’ iy
T BT (N @ Td)ar if m > 2, where @t € H™Y,
vy €H,
( ’LGIfunc H afl 7
1€ T¢unc
Wier,, € [ G0
1€Zop
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= (£iy"))iezy,. € R,
fz ZeIfunc H ]:’“

1€ Zunc

zEZop H g“

i€Zop
or equivalently
for each 7 € Zrune
for each j € [[1,m;]
for each k € [[k Eﬂ
(PapUpt @1d)¢ € Bfl((P(z YR
FEY X = Fi((Pa YT @ 14)¢),

end

end
(PunUPF @ 14)¢ € 0f((PuYEF ©14)0),
F(lz:]j,*)x = fi((P(@*)Y*E’k ® Id)C)7
fi € Fi,
end
for each i € Zp (6.16)
for each j € [1,m;]
for each k € [k, k]
(P Uy ©1d)6 € Gi(Pup Yy @ 1d)¢),

end
end
(P UE* ®1d)¢ € Gi((Pu Y ®1d)C),
Gi S gi7
end
¢ = (b ub, . uF At yt) e HY x HH’” H™ ! X H,

X = (FE, e Fk, F*) c R(k_k+l)mfunc+mfunc7

where we have used (6.4), (6.5), (6.6), (6.7), (6.8), and (6.9). Using Assumption 6.7, we
get the following relaxation (equivalent representation if the interpolation conditions for
(Fidiez,,,, and (gi)iezgp are tight) of (6.16):

for each 7 € Zrune

func-ineq

for each 0 € O;
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for each ((ji, k1), -, (ng. o ko)) € T

( k, k, func-ineq )T
(i)jlik:l?“'ij’ﬂ?",o’k“niﬁﬂ7o) X

+ QM (B )@ 14)¢) <0,

(4,0) (631K 000ny o ikny
end

end

func-eq
i

for each o € O
for each ((j1, k1), -, (jni o kni ) € T

( k, k, func-eq )T
(131K emrng o kg 000)) X

+ Q(M(f;r;():-eq’ (EISJ; ) ® Id)c) = 0’ (617)

(115K 15 eding o skng o
end
end
end
for each i € 7,

for each o € O}
for each ((ji, k1), .., (n, s kn,,)) € TES
QM (B 5 ®1d)C) <0,

(4,31,k1 - 2in;
end
end
end

¢e Hn+(1271§+1)ﬁ7,+m

(k= k+1)Munctmy,
X e ]R unc unc’

where we have used (6.13), (6.14), and (6.15). If we use (6.10), (6.11), and (6.12), the
constraints in (6.17) can equivalently be written as

for each i € Zrune

funei
for each o € O;""™1

for each ((ju, k1), -, (ns.oskin,)) € TEF

( k, k, func-ineq )T
(ia]'lvklv-“’jni’o1kn,i7o70) X

+ trace(W’S‘ F, func-ineq G(¢)) <0,

(4,51,k1 "“’j”i,o ’k"i,o ,0)
end

end

func-eq
7

for each o € O
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for each ((j1, k1), -+, (jns.os kny o)) € T2

( k, k, func-eq )T
(131K seding kg 50)) X

+ trace(W B func-ea a(¢)) =0, (6.18)

(i,jl,kl,m,jni’o,kniyo,o)
end
end
end
for each i € 7,
for each o € O;°

for each ((j1, k1), -, (jny.os kny0)) € TS

trace(W]‘C‘l_c’op G(¢)) <0,

(115K s esdng g sKng o 50)
end
end
end

¢e Hn+(fcf/§+l)'ﬁ7,+m

’

X € R(E7E+1)mfunc+mflxxlc

Next, we consider the objective function of (PEP). It can be written as

Q(W7 (m1§7uk7 et ,ulg7ﬂ*,y*)) + wT(F]j:7 i '7FE7F*)
= trace(WG(¢)) + w ' x.

If we combine this observation about the objective function of (PEP) with the (possibly
relaxed) constraints in (6.18), we conclude that a (possibly relaxed) version of (PEP) can

be written as

maximize

subject to

trace(WG(¢)) +w ' x

for each ¢ € Zrunc

func-ineq
[

for each ((j1,k1),. .-, (Jn; o> kn;,)) € j.’fj“

for each 0 € O

1,0
( k, k, func-ineq )T
(831K eerng g kg 010)) X
+ trace(W k- func-inea G(¢) <0
(851,15 00n; ook ,00) =
end
end

for each 0 € Of""*4
for each ((ji, k1), .-, (jni.oskniy)) € T
T

X

( k, k, func-eq )
(4,51,K1,00n; ook ,00)
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+ trace(W B func-ed G(¢)) =0, (6.19)

(i»jlxklw-wjni&’kni)oro)
end
end
end
for each i € Z,,

for each o € O7°
for each ((j1. k1) (- b, ,)) € T
trace(I/I/'k’E‘op G(¢)) <0,

(12315K1 5 sing o Kny o50)
end
end
end

¢e Hn+(l::7]5+1)’rﬁ+m

X c R(E7E+1)mfullc+mfunc.
The problem

maximize trace(WG) +w ' x

subject to for each i € Zrync

funei
for each o € O0;""™1

for each ((ji, k1), (Gns orkin,)) € Ti5"
k, k, func-ineq T
( <i,j1,k1,m,jni,0,kni,o,oﬂ X

+ trauce(W]S’’;’f'mc_irleq G) <0, (6.20a)

(i1j17k17“‘7j’7’bi107kni70)o) -
end

end

func-eq
1

for each ((j1, k1), -, (jns.os ko)) € T2

( k, k, func-eq )T
(iajlvklvnw.jn,;m7’%17",0ao) X

for each o € O

+ trace(W B fune-ea G) =0, (6.20b)

(i,jl,kl,m,jn,im,kniyo,o)
end
end
end
for each i € 7,
for each o € O7°

for each ((j1, k1), -, (jny.os kny 0)) € TS
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trace(WE’E’Op G) <0, (6.20c)

(i»jlxklw-wjni&’kni)oro) -
end
end
end

Ge Si+(l}7@+1)m+m

X c ]R(E7E+1)mfunc+mfuuc.

is a relaxation of (6.19), and therefore, has optimal value greater or equal to (PEP)*.

We will make use of the following fact: If dim#H > k, then G € S'fr if and only if there
exists z € H¥ such that G = G(z). [34, Lemma 3.1] shows the result for the case k = 4 and
is based on the Cholesky decomposition of positive semidefinite matrices. The general case
is a straightforward extension. This fact implies that if dimH > n + (k — k4 1)m + m,
then (6.20) has optimal value equal to (6.19). Note that (6.20) is a convex semidefinite
program.

Dual problem.  For (6.20a), (6.20b), and (6.20c), we introduce corresponding dual variables

func-ineq >0
(Gd15k15esding o okng 5,0) = 77
func-in

Vit R veeesing o kg o -0) € Ko

op
Aliog K eensing, g i, o 0) = 00
respectively. With this, the objective function of the Lagrange dual problem of (6.20)
becomes

sup trace w

n+4(k—k+1)m-+m
G€S+

func-ine k, k, func-ineq
- E : )‘"kq j k Wﬁ""k j k
(6551515 00dny o okng 5,0) " (6,51,k1,05dn; o 5kn; ,50)
1€ Teunc

oeoiunc—lneq

(G1:k1) 3 Uny o okn; o ))ET,

func-e ”716 k, func-e
- Viij kq j k (ij1 k ; k
Z (:515k15050n o okng 5:0) " (4:51:k15 0, ok, ,:0)

1€T¢unc
oeoillnc—eq

. . k.k
(G15F1)5esng oo kng; o NET,

k, k,op
— AP ) A .
Z (%lekl7~-7‘7ni,07kniyoaO)W(ZaJhkl7~-7Jni’o7knivoao) G
i€Zop
OEO?p

((Jl:k1>x-~~:(3n7¢yoaknivo))ej[’o
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+ sup w
xERF =+ Mpyne+miunc

_ Afunc—ineq FI_C, k, func-ineq
Z (65515K1550n; o okny 50)7 (8315K1500dn; o okng ,50)

1€ Zrunc
o€ Ogunc—meq

(G15k1)5e s (ng ookn; o NET;

- E plune-ea FE k, func-eq X-
(4,51,k1 seeadng o ’k"i,o’o) (4,51,k1 seeadng o :kn“O ,0)
1€Lfunc

oeoﬁunc—eq

. . k.k
(G15k1)5es(ng o okng o NET,

Since the dual problem is a minimization problem over the dual variables, we conclude
that it can be written as

minimize 0
subject to for each i € Zeync

anci
for each o € O0;""1

for each ((j1, k1), - -, (ns.o» kiny.,)) € T

func-ineq >0
(8,51,k15000n; oFny ,50) = 77

end

end

£ -
for each o € O;""1

for each ((ju, k1), ., (Gnso bin,)) € Ti2"
func-eq
(1 k1 e, oy g00) € R
end
end

end
for each i € 7
for each o € O}

for each ((jh k1)7 RN (jni,w k"i,o)) € \Zik
AP >0,

(4,91,k1 1“'1j’n7",n ’kni,o ,0) =
end

end
end (6.21)
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-W + E )\flfn‘c»ineq ) )ler, E, func—in.eq

(43158150 00n; kg 5,0) " (6,31,k15000n, 4

1€Zfunc
ogofunc-inea

(G1k1)se s Ung o okn, ,))ET,

func-eq k, k, func-eq
vV,. . . [/[/ oo .
+ Z (1:51,k15050n o okng 550) 7 (,51,k150 000, o kny ,50)

1€Zunc
Oeoﬁunc—eq

. . k.k
((G15k1)505(Gng ook ,))ET;

k, k,op
AP ) W .
+ Z (631,k1500ny ookn; 550) " (631,615 50n; 40 kny ,0)
i€Zop

06(’)(.)p

((G1:k1) sy g okng NET;

—w+ § )\fl.xn.c—ineq ) FLC, E, func—ir{eq

kn, ,-0)

=0

Y

(G315k 15 sdng o okng 5,0)7 (B1:k1sdng o 5kn; ,50)

1€Lfunc
Oeotun(‘ ineq

(G181) sy g obin ) ETL Y

func-eq k, k, func-eq
v ) F7 : =0.
+ Z (631K 5dng o 5kng 5,0)7 (G51,k1500, Jni’ovkn,iyoxo[-)—_l 0

1€Zfunc
oc Ofunc eq

. k. k
(G15k1)ses(ng oo kn; G )ET,

which is a feasibility problem. Since (6.21) is the dual of (6.20), we conclude that if (6.21)
is feasible, then (PEP)* < 0.

Next, suppose that the primal problem (6.20) has a Slater point, i.e., there exists G €
S e+t and x € RE—F+DMunctmine guch that (6.20a), (6.20b), and (6.20c) hold.
Then there is no duality gap, i.e., strong duality holds, between the primal problem (6.20)
and the dual problem (6.21).

This concludes the proof.

6.3 Automated iteration-independent analysis

This section provides a necessary and sufficient condition, in terms of the feasibility of a
semidefinite program, for the existence of a quadratic Lyapunov inequality in the sense of
Definition 4.1.

Theorem 6.9

Suppose that Assumption 3.1, Assumption 6.7, and (4.1) hold, p € [0,1] is a contraction
factor, h € Ng is a history parameter, and a € No is an overlap parameter. Let P €
grttbmEm gnd p € RUHDMtunctmiune sych that

(VE € No) V(P,p, k) >0,

where V is defined in (4.3), and T € STHhTet2mim g4 ¢ ¢ RUFoFDMiunctmiune gych
that

(Vk € No)  R(T,t,k) >0
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where R is defined in (4.4). Then a sufficient condition for there to exists (Q,q,S,s) that
satisfies a (P, p,T,t, p, h,a)-quadratic Lyapunov inequality for algorithm (3.2) over the
problem class defined by (Fi),cq, ~ and (gi)iezop (see Definition 4.1 and recall that (C4)

is optional and may be omitted) is that the following system of constraints

for each cond € {C1,C2,C3,C4}

\V/Z S Ifunc
Yo € Ofunc-lncq

V(s k1), - s g o King ) € TFeona

Vi S Ifunc
Yo € Gfuneen

V(s k1), s g s Kingy)) € TCFeond

VZ € Ifunc
Yo € O

v((jla kl), ey (jni,o7 k"i,o)) c t77:(’)(’71“001111

cond
—weerd 4 )
iEfIfunp
unc-ineq
0€0;

func-ineq, cond > 29
- . L2
('Lv]laklvna]nipakniyo70) - O’ (6 )
func-eq, cond R
(L]‘lvkla-nvjnivowknivoao) < ’
(6.22b)
op, cond >
(131K emsdng g kg 010) = 0, (6.22¢)

0, kcond , func-ineq
(431,515 30n; o okny 450)

func-ineq, cond
(4,51 7k17“‘7jni10 ’k"i,o ,0)

. . 0,k
((F1.51) 050Gy oy o)) ET,Te0d

+ 2
1€Lfunc
o€ Ofunc—eq

i

. . 0,k
(G1:k1)5e2(Gny o okny ,))ET;

+ > YO

i€Zop
0e0P

cond

. . 0,k
(1R eesGing g okong o )ET, o eond

>

1€ Thune
ocofunc-ineq

i

_ wcond +

0, kcond , func-eq
(ilexkll'“Jjnjyo ’k"i‘o ,0)

func-eq, cond
(4,51,k1 ""’j"i,o ’kni,o’o)

op, cond

0, EcondaC‘p 0
(8:515K1550n; ok ,10) ’

i : >
(4,51 7k17~~7Jni10 ’k"i,n ,0) —

(6.22d)

func-ineq, cond 0, kcond , func-ineq

(:515k15050n o okng 5:0)7 (6315K1,dn, o kn; ,0)

. . 0,k
(1K), g kg )T eond

+ 2

1€Lfunc

o Oﬁuncfcq

i ; 0,k
(1R Gng o okny ) )ET, cond

end

Q c Sn+(h+1)ﬁ1+m
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q€ R+ Msunc +msune (6.22¢g)
S g §rthtet2ymim (6.22h)
s € R(h+a+2>mfunc+mfunc (6221)

is feasible for the scalars

func-ineq, cond
(4,51,k1 ""’j"i,o ,kn,i,oyo)’

func-eq, cond
(4,151 5dn; o kn; ,0)’

i,0"" 0
)\op,cond
(0:51,K1,20n; 5o kny ,00)

the matrices Q and S, and the vectors q and s, where

we = (efh) sef - (o5 sef, 6.29
w = (05" — 9(()34)1—57
h+a+1 ifcond € {C1,C3},
kcond = h Zf cond € {02}7
h+a+2 ifcond e {C4},

W = (ef") Qef! - pe5") Qes! + s, (6.23)
w = (05" — pB5) g+ s, (6.24)
W =pP—Q, (6.25)
w? =p—gq, (6.26)
W =1-35, (6.27)
w? =t—s, (6.28)

(6.29)

(6.30)

6.30

and

oS! = Lot (h1ym Ont(htvym)x(at+)ym  O(nt(ht1ym) xm , (6.31)
Omx(n+(h+1)r71,) Omx(a+1)ﬁz m
[ 1

eR(n+(h+1)m4m) X (n+(h+a+2)m+m)

9001 — I(h+1)mfuxlc 0(h+1)mfuncx<a+l>mfunc O(h+1)mfuncxmfunc , (632)
_Omfunc X (h+1)Mtunc O gune x (0t 1) Migunc Mfunc
L 1

eR((A+D)Mpync+mpune) X ((A+a+2)Mpgne+meunc)

[ x0:htatl

e = a'tl (6.33)
| O((ht 1ym+m)x (nt(atiym) | Lht1)ymtm
L

eR(n+(}L+1)7ﬁ+'ln)X(n+(h+oc+2)m+m)
C1

07" = [0((ht 1) +mpwne) < (@t Ditune L4 1) Mpme+mtune | (6.34)

L ]
eR((h+1)Mpynetmeunc) X ((h+a+2)meync+meunc)

0%t = | Inttratzm  Omitrtratzmyxm Ot (htatimxm (6.35)

0m><(n+(h+a+2)m) Omxﬁl m ’

L 1
eR(n+(ht+a+2)m+m)x (n+(h+a+3)m+m)
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Meunc X (A+a+2)Meunc Munc X Mfunc Mfunc
L ]
eR((}l+a+2)mfunc +mfunc) X (h+a+3)Megne+meunc)

0814: |:0 I(htat2)mpme O(h+a+2)mune xMaune  O(h+a+2)Msune X Miunc , (6.36)

0,h+a+2
X,

of! (6.37)
O((h+at2)ymtm)x(nm) | L(htat2)ymtm
L ]
CR(n+ (htat2)mtm)x (nt(htats)mtm)

C
07" = [0((htat2)mpumetmiume) X mrane  L(hta+2)msumetmpme | (6.38)
L 1

eR((htat2)megpnctmeunc) X (h+a+3)Miunc+mMiunc)

Furthermore, if the interpolation conditions for (F;) and (gi)z‘ezop are tight,

1€ZLfunc

for each cond € {C1,C2,C3,C4}

dimH > n + (keonda + 1)m + m,
end

and there exists

for each cond € {C1,C2,C3,C4}

n+(k +1)m+m
Gcond e S++( cond ) ,

k +1)Mpync+m
Xcond = R( cond ) Mfunc fuuc’

end
such that

for each cond € {C1, C2,C3,C4}

Vi € Trunc o O Feona, func-inea
func-ineq n (11]17k1a~»~7ﬂni O’kni_nﬁo)
Yo € O, ’ ’

V(G K1)y Gimios kg o)) € TOFeona | trace(WG fesed "0 Geona) <0,

(6315150 50ny o okn; ,50)

Vi € Zrunc X; dFO-’ kcond, func-eq
func-eq n (11]17k1a~»~7ﬂni O’kni_oﬁo)
Yo € O, ’ ’

. . k. 0, kcond, func- _
V(1,15 (g ki o)) € Tigteend ) 4 trace(Wg et T, o) Gleond) = 0,

Vi S Ifunc )
[o)
Yo € in - trace(ngflc?lélld,ff}n; A Gchd) <0,
V((jl»lﬁ),...,(jni,(”k;ni,o)) €T cond i

end
then (6.22) is also a necessary condition.

Proof. By induction, we only need to consider the case k = 0 in (C1) to (C4). Additionally,
note that

(w()?uo? A 7uh’ﬁ*7y*) = (6001 ® Id)(a:07u07 tt '7uh+a+l7ﬁ*7y*)’

(F°,...,F" F*)=0"(F°,... F'"tot F*),
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(T ut htatl go* YY) = (601®Id)(w u® h-m-"l,'&,*,y*)7
(Fo+1, Fh+a+1 F*) = ¢ ( Fh+a+1’F ),

@°,u0, ..., ultetl g% %) = (8 ®Id)( wl, ..t ),
(F,... F'"o+ By — g04(F°, . Fh+a+2 F*),

(', ut,. . uTerE At *):(904®Id)(a: ul, . uTTE Ay,
(F*, Fh+“+2 F*)=0S(F°,... F'tot2 F*),

where we have used (6.31), (6.32), (6.33), (6.34), (6.35), (6.36), (6.37), and (6.38), respec-

tively.

First, suppose that the parameters (Q, g, S, s) are fixed. Note that

V(Q,q,a+ 1) = pV(Q,q,0) + R(S,s,0)
— Q(Q7 (woﬁ»l’uod»l’ o ,u/h+04+17 A*7 y*))
+q (P> FMTet B
- pQ(Q, (2", 4", ... u" 4", y"))
—pq" (F°,...,F" F*)
+ (S, (%, u’, ..., a4 y*))
+s (F°,... ,F"totl FY)
= Q((e‘“f@e“ —p(66") QOF" + 5, (=",
+(q (6" — poS") +sT)(F°,... FhTett
_ Q(W ,(:BO uO , h+a+17ﬁ*7y*))
+ () (F° .,Fh+"+1,F*)

0 h 1 %
TR TR R

Y"))

F7)

(6.39)

where (6.23) and (6.24) are used in the last equality. Therefore, using (6.39) as the
objective function in (PEP), Theorem 6.8 gives that (6.22), with cond = C1, is a sufficient

condition for (C1). Note that

V(P,p,0) = V(Q,q,0)
=9(P-Q, (a:o,uo, .. .,uh,ﬁ*,y*))
+(p_q)T(FO7 7Fh7F*)
= QW (@%u’,... u" ", y"))
+ (™) (F°,...,F" F") (6.40)

where (6.25) and (6.26) is used in the last equality. Therefore, using the (6.40) as the
objective function in (PEP), Theorem 6.8 gives that (6.22), with cond = C2, is a sufficient
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condition for (C2). Note that
R(T,t,0) — R(S,s,0)

=Q(T - S, (2", u’,... . u""F @ y"))
+(t—s) (F°,... Fhtott F*)
_ Q(WCS,(ZBO,’U/O,.. h+o<+17 A*7y*))
+ (@) (B, Fhrett B (6.41)

where (6.27) and (6.28) is used in the last equality. Therefore, using the (6.41) as the
objective function in (PEP), Theorem 6.8 gives that (6.22), with cond = C3, is a sufficient
condition for (C3). Note that

R(S7S7 1) - R(S,S,O)

= Q(S7 (ml,u17 R 7uh+a+27ﬁ*7y*))

+s (F',... F'ot2 F)

- Q(S7 (m07u07' .. ’uh+0t+1’,a*’y*))

— s (F°, ... FMetl pr

T T « Ak *

=Q((e7") sef* —(e5") sog’, (z u’,. .. u"TT a4k yY)

+ (s (07 — 65" (FO, ... F"ot? )
— Q(WC4, (mo uo,...,uh+a+2,ﬁ*,y*))

+ (@) (FO,... FMret ) (6.42)

where (6.29) and (6.30) is used in the last equality. Therefore, using the (6.42) as the
objective function in (PEP), Theorem 6.8 gives that (6.22), with cond = C4, is a sufficient
condition for (C4).

Second, note that the proof is complete if we let the parameters (Q, g, S, s) free, as
n (6.22f) to (6.22i). O

6.3.1 Linear convergence

The class LinearConvergence, accessible through IterationIndependent as a class attribute,
contains helper functions for creating parameters (P, p, T,t) in Definition 4.1 in Section 4.1.
In particular, in the case of linear convergence, recall that the lower bound (V(P, p, k))kENo
is the relevant quality, and we can simply set the other lower bound (R(7,t, k))kENO to
zero by choosing 7' = 0 and ¢t = 0. Setting this second lower bound to zero provides the
greatest flexibility when analyzing linear convergence.

We provide examples of these helper functions below, and use the notation given in
(6.2) to (6.9).

Distance to solution. The method below returns
T
P = (P, )Y = Pa g Y2") (PayYe " = Pu Y™,
p=0,
T=0,
t=0,

(6.43)
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where 7 € [0,h], j € [1,ms], and @ € Zeunc U Zop. This gives

V(P7p7 k) = ||yk+7' - y*”27

¥

which measures the squared distance to the solution.

1 class LinearConvergence:

2 @staticmethod

3 def get_parameters_distance_to_solution(

4 algo: Type[Algorithm],

5 h: int = 0,

6 alpha: int = o,

7 i: int =1,

8 j: oint =1,

9 tau: int = @

10 ) -> Union[

11 Tuplelnp.ndarray, np.ndarrayl],

12 Tuplelnp.ndarray, np.ndarray, np.ndarray, np.ndarray]
13 ]:

14 # Returns (P,T) in (6.43) when Zgne = 0, otherwise (P,p,T,t).
15 # ... (omitted for brevity)

Function-value suboptimality. The method below requires m = msunc = 1 and returns

P=o,
0,h 0,h T

p=F i~ Fig) o

T =0,

t =0,

where 7 € [0,h] and j € [1,m1]. This gives

V(P,p, k)= fL(iFT) — Ay,

which is a measure of function-value suboptimality.

1 class LinearConvergence:

2 @staticmethod

3 def get_parameters_function_value_suboptimality(
4 algo: Typel[Algorithm],

5 h: int = 0o,

6 alpha: int = o,

7 j: int =1,

8 tau: int = @

9 ) -> Tuplelnp.ndarray, np.ndarray, np.ndarray, np.ndarray]:
10 # Returns (P,p,T,t) in (6.44).

11 # ... (omitted for brevity)

6.3.2 Sublinear convergence

The class SublinearConvergence, accessible through IterationIndependent as a class attribute,
contains helper functions for creating parameters (P,p,T,t) in Definition 4.1 in Sec-
tion 4.1. In particular, in the case of sublinear convergence, recall that the lower bound
(R(T,t, k), en, is the relevant quality, and we can simply set the other lower bound
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(V(P,p, k)).cn, to zero by choosing P =0 and p = 0. Setting this second lower bound to
zero provides the greatest flexibility when analyzing sublinear convergence.

We provide examples of these helper functions below, and use the notation given in
(6.2) to (6.9).

An optimality measure. The method below returns
[P =0,
p=0,
(PayULhtetty T p ) uohtett ifm=1,

_ m at 1\ T —=m o
T= (Zi:l P(iyl)UE’hJr +1) Zi:l P(iyl)U;OYth i
+ 200, (Payy = Pan) Y2 o) (P = Pa) Y2 et ifm > 1,

[t =0,
(6.45)
where 7 € [0, h + a + 1]. This gives
R(T, t, k) = { lur 472 if m=1,
s Uy - m k+712 m k+T k+112 .
||Z¢:1ui,1 ” +Z¢:2Hy1,1 ~Yia ” ifm>1,

which is an optimality measure for the inclusion problem (3.1).

1 class SublinearConvergence:

2 @staticmethod

3 def get_parameters_optimality_measure(

4 algo: Type[Algorithm],

5 h: int = 0,

6 alpha: int = o,

7 tau: int = @

8 ) -> Union[

9 Tuplelnp.ndarray, np.ndarrayl],

10 Tuplelnp.ndarray, np.ndarray, np.ndarray, np.ndarray]

11 ]1:

12 # Returns (P,T) in (6.45) when Zgne = 0, otherwise (P,p,T,t).

13 # ... (omitted for brevity) ...

Fixed-point residual. The method below returns
P=0,
p=0, (6.46)

6.46
o 0,h+a+1 0,h+a+1y T / y-0,h+a+1 0,h+a+1

T= (X7-+1 - X7 ) (Xr+1 - X7 )7
t=0,

where 7 € [0, h + a + 1]. This gives
R(T,t k) = [ — 277,

i.e., the squared norm of the fixed-point residual of (3.2).
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1 class SublinearConvergence:

2 @staticmethod

3 def get_parameters_fixed_point_residual(

4 algo: Type[Algorithm],

5 h: int = 0,

6 alpha: int = o,

7 tau: int = @

8 ) -> Union[

9 Tuplelnp.ndarray, np.ndarrayl],

10 Tuplelnp.ndarray, np.ndarray, np.ndarray, np.ndarray]
11 1:

12 # Returns (P,T) in (6.46) when Zgn = 0, otherwise (P,p,T,t).
13 # ... (omitted for brevity)

Function-value suboptimality. The method below requires m = mgunc = 1 and returns

P =0,

p=0,

T =0, (6.47)
0,h+a+1 0,h+a+1y T

t=Fy;n ~Faaw )

where 7 € [0,h + o+ 1] and j € [1,m1]. This gives

R(T7t7 k) = fl(yllch) - fl(y*)a

which is a measure of function-value suboptimality.

1 class SublinearConvergence:

2 @staticmethod

3 def get_parameters_function_value_suboptimality(
4 algo: Type[Algorithm],

5 h: int = 0,

6 alpha: int = o,

7 j: int =1,

8 tau: int = @

9 ) -> Tuplelnp.ndarray, np.ndarray, np.ndarray, np.ndarray]:
10 # Returns (P,p,T,t) in (6.47).

11 # ... (omitted for brevity)

6.4 Automated iteration-dependent analysis

This section provides a necessary and sufficient condition, in terms of the feasibility of a
semidefinite program, for the existence of chained quadratic Lyapunov inequalities in the
sense of Definition 4.2 in Section 4.2.

Theorem 6.10 ~

Suppose that Assumptions 3.1 and 6.7 hold with K € N, Qo,Qx € S""™t™ and
qo, @, € R™unct™iune - Then q sufficient condition for there to exists ((Qr,qr))j—, and
c such that ((Qk,qx)) iy and c satisfies a length K sequence of chained Lyapunov in-
equalies for algorithm (3.2) over the problem class defined by (Fi);cs,  and (gi)iezop

(see Definition 4.2) is that the following system of constraints
for each k € [0, K — 1]

115



Paper I1

Vi € Ifunc
func-i func-i
Vo € Qftneinea funcinea.k >0, (6.48a)
A . kk+1 JLR L dng oofng o
V((.]hkl)v 7(.]ni,oﬂk"i,o)) € ‘71',0
Vi € Zrunc
func-e f -eq, k
Vo € Qfune-ea funeak cR, (6.48D)
; . k,k+1 WL B L o0t o0
V((]hkl)v 7(Jni,oﬂk"i,o)) € ‘71',0
Vi € Zrunc
op Tk
Yo € O; Ko o) 20 (6.48¢)
. . k,k+1 IR sdng o kng o
v((.]lvkl)v 7(J"i,o7kni,o)) € ‘—71',0
_ func-ineq, k k, k+1, func-ineq
Wi + Z (50315 K1seesdng o sBmy 50) Y (8531,K1seesing o skny o 50)
i€y,
s
(k1) seesling g o ) ETS ST
+ func-eq, k k, k+1, func-eq
:: (6315K 15 50ny ook 5,0) 7 (671,100, o0 kn; ,50)
€Ty,
o 0
. k,k
(k1) sees(ing ook G)ETS T
op, k k,k+1,0p
+ > (1Kt ooy g g 1) V(001 g iy 0) = O
7,0 1,0 1,0 1,0
i€Zop
OGO?p
. . k,k
((G1:F1)5es(Gny ookong G NET, +1
(6.48d)
func-ineq, k k, k+1, func-ineq
kKt Z (45515815500, o kn; 550)7 (151515500, o0 kng ,50)
i€y,
oeofun“::n\cneq
. k,k+1
(G115 Gng g okng o VETT T
+ func-eq, k k, k+1, func-eq -0
Z (631K, 5dny o ikng 5,0)7 (6,51:K150 000, ookn, ,:0) ’
i€Ttunc
oot
. k,k+1
(G15k1)5es(Gny ookn, )ET, +

end

(Vk e [1,K —1])
(Vk e 1, K —1])
ce Ry,

Qk c Sn+fn+m7

Rmfunc +Meunc
b

gk €
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is feasible for the scalars

func-ineq, k
(4,51,k1 ""’j"i,o ,kn,i,oyo)’

func-eq, k
(8:51,k150 000 o okny ,40)
op, k

(251,515 000 o okny ,10)

the matrices and vectors ((Qk, qk))f:_ll, and the scalar ¢, where we have introduced

-
Wo = (0) @10 — ¢y QuO, (6.49)
wo = 01 g1 — cfg qo, (6.50)
T
(Vke[1,K—1]) Wi = (0%) Q10" — 67 Qr60, (6.51)
(Vk € [1,K —1]) we =01 qer1 — 0 i, (6.52)
and
[ Liw Otnarmyxm  O(rr
Oy = n+m (n+m)xm (n4m)xm 6.53
0 _Omx(n+ﬁ1) Omxﬁl Im ’ ( )
' eR(n+mtm)x (n+2m+m) !
[ In 0 e X Miume Ome X e
6 — func func func func func 654
0 _OmfuncXﬁlfunc Omfunc XMfunc Mfunc ] ( )
cR(MfunctmMfunc) X (2Mfunc+mfunc)
i k,k+1
ke [0,K —1]) ©F — RIS (6.55)
| O(mtm)x(ntm) | Im+m
L 1
eR(n+7h+m,)X(n+2ﬁL+m)
b1 = l:O(mfunc+mfunc)><mfullc Iﬁlfunc+7munc] . (6.56)
eR(MfuncT™func) X (2Mfunc +™func)
Furthermore, if the interpolation conditions for (.7-})14erunC and (gi)ielup are tight,

dimH > n+ 2m + m, and there exists

G c Sn+2m+m’
Wkelo,K—1]) | i
xkx € R Meunc+Mfunc

)

such that
for each k € [0, K — 1]

Vi € Zrunc Xsz, k+1, func-ineq

Vo € @func-inea (431,515 30n; o okny 450)
g k, k+1, func-ineq
. . k,k+1 T DT g <
v((.]lv k1)7 ] (.7"1',07 kni,o)) € '-71',0 Tt ace(W(’thvkly--w]ni)O;k7L131070>Gk) <0,
Vi € Ifunc X;Fk’ k+kl' fun(,t—eq k
Vo € @func-ea (431,615 30n; o okny 450)
i k, k+1, func-eq
; . k,k+1 T oot - =
v((]17k1)7"'7(Jni,o7k;n'i,o)) € ‘7i,o Tt ace(W(’b:Jlvkly--»y]ni)o;k7L131070>Gk) 0,
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Vi € Zrunc

op k, k+1,0p

. VO, € OZ ke k+1 trace(W(i,]'l,klym,jni’o,kni,oyo)Gk) =0,
V((lekl) '7(Jni,o7kni,o)) € \71',0

end
then (6.48) is also a necessary condition.

Proof. Note that

*

_ (90 ®Id)(mk,uk,uk+1, A*7y*)
Bo(F*, F**1, F),

@(k) @ 1d) (", u®, w4, y"),
0,(F", F*1, F"),

(", u”

y’)

(F", F")

({I)k+l k+1 A* *)
)=

(

, U

(FkJrl F

where we have used (6.53), (6.54), (6.55), and (6.56), respectively.
K

First, suppose that the parameters ((Q, qx)) f:_ll and c are fixed and consider (V(k)),_,
n (4.5). Note that

V(1) — cV(0)
= 0((0") 2,0\ — Ol QuO0, («°, u’, u’, 4", y"))
+ (g1 61 — cqq 60)(F°, F', F*)
= Q(Wo, (2°,u’,u', a*,y*)) + wg (F°, F', F*) (6.57)

where (6.49) and (6.50) is used in the last equality. Therefore, using the (6.57) as the
objective function in (PEP), Theorem 6.8 gives that (6.48), with k = 0, is a sufficient
condition for the inequality V(1) < ¢V(0).
For k € [1, K — 1], note that
V(k+1)—-V(k)
= Q(Qk+17 (mk+1a uk+1a ’&*7 y*)) + ql—cr+1(Fk+17 F*)
- Q(Qk7 (‘T’ky uk7ﬂ*7 y*)) - ql::r(Fk7F*)
T * *
= Q((ng)) Qk‘?’l@gk) - engeﬂa (mk7uk7 uk+17 U » Y ))
+ (qh 161 — qi 00)(F*, F*™ F*)
= QWi (2", ", u" 4%, y")) + wy (FY, F* FY) (658)
where (6.51) and (6.52) is used in the last equality. Therefore, using the (6.58) as the

objective function in (PEP), Theorem 6.8 gives that (6.48), constrained to this particular
k, is a sufficient condition for the inequality V(k + 1) < V(k).

Second, note that the proof is complete if we let the parameters ((Qx, q;c))kK:_l1 and ¢
free, as in (6.48f), (6.48g), and (6.48h). O

6.4.1 Selecting initial and final Lyapunov functions
The class IterationDependent contains helper functions for creating matrices ((Qx, qk))kK:O

that parameterize (V(k))kKZO in Definition 4.2 in Section 4.2. We provide examples of
these helper functions below, and use the notation given in (6.2) to (6.9).
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6 Mathematical background

Function-value suboptimality. The method below requires m = mgnc = 1 and returns

Qk = 07
o (P gkt )T (6.59)

(1,5,k) (1,%,%)
where k € [0, K] and j € [1,m;]. This gives
V(k) = fi(yt;) = iy,

which is a measure of function-value suboptimality.

1 class IterationDependent:

2 @staticmethod

3 def get_parameters_function_value_suboptimality(
4 algo: Typel[Algorithm],

5 k: int,

6 j:oint =1

7 ) -> Tuplelnp.ndarray, np.ndarray]:

8 # Returns (Qg,qr) in (6.59).

9 # ... (omitted for brevity)

Distance to solution. The method below returns

k,k kky T k,k k.k
Qr=PunY," —PanYe") (PapnYy" — PaxnYe ™),

(6.60)
qk = 07
where k € [0, K], 7 € [1,m:], and i € Ztunc U Zop. This gives
k * (12
V(k) = llyi; —y"II%
which measures the squared distance to the solution.
1 class IterationDependent:
2 @staticmethod
3 def get_parameters_distance_to_solution(
4 algo: Typel[Algorithm],
5 k: int,
6 i: int =1,
7 j:oint =1
8 ) -> Union[np.ndarray, Tuplelnp.ndarray, np.ndarrayl]l:
9 # Returns Qg in (6.60) when Zgne = 0, otherwise (Qw,qr)-
10 o (omitted for brevity)
Fixed-point residual. The method below returns
_ k,k kky |/ yk,k K.k
Qk - (Xk+1 - ch ) (Xk+1 - Xk ): (6 61)

gk = 07
where k € [0, K]. This gives
V(k) = ||lz"* — 2",

i.e., the squared norm of the fixed-point residual of (3.2).
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1 class IterationDependent:

2 @staticmethod

3 def get_parameters_fixed_point_residual(

4 algo: Type[Algorithm],

5 k: int

6 ) -> Union[np.ndarray, Tuple[lnp.ndarray, np.ndarrayl]]:
7 # Returns Qg in (6.61) when Zgne = 0, otherwise (Qw,qr)-
8 o (omitted for brevity)

An optimality measure. The method below returns
(P(1,1>U:’k)TP(1,1>U,f’k ifm =1,

— m T m
Qr = (Zi:l P(ivl)U:’k) Z'L:l P(M)Ug’k (6.62)
—+ 222 ((P(l,l) — P(iyl))ykk’k) ((P(l,l) — P(iﬁl))Ykk’k) ifm > 1,
ar =0,

where k € [0, K]. This gives

V(k) = ‘|U]1€,1|‘2 ifm=1,
= m k m k k .
Hzizl ui,l |2 + Zizzuyl,l - yi,1||2 if m > 17

which is an optimality measure for the inclusion problem (3.1).

1 class IterationDependent:

2 @staticmethod

3 def get_parameters_optimality_measure(

4 algo: Typel[Algorithm],

5 k: int

6 ) -> Union[np.ndarray, Tuplelnp.ndarray, np.ndarray]]:
7 # Returns Qp in (6.62) when Zp, = 0, otherwise (Qg,qr).
8 # ... (omitted for brevity)

7. Conclusion

This paper introduced AutoLyap, a Python package designed to automate Lyapunov
analyses for first-order methods via semidefinite programming. It simplifies the derivation
and verification of convergence guarantees for structured optimization and inclusion
problems.

AutoLyap is structured to facilitate community involvement, allowing researchers
to extend the framework and collaboratively improve its capabilities. We mention two
relevant directions for future development.

(i) The allowable classes of interpolation conditions in Assumption 6.7 are quite general
and allow for integrating new and improved interpolation conditions developed over
time (see, e.g., [27, 33] for recent efforts in this direction).

(ii) The algorithm representation (3.2) can be extended to allow for more types of
oracles (including, e.g., Frank—Wolfe-type oracles [39], Bregman-type oracles [12],
or approximate oracles with explicit error bounds [4]).
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A Interpolation conditions

Appendix A: Interpolation conditions

This section contains some examples of interpolation conditions in the sense of Assump-
tion 6.7 in Section 6.2 that are used in AutoLyap. Below, we give the generic versions
of the interpolation conditions, and the precise translation to fit Assumption 6.7 is
done in the InclusionProblem class and the function and operator classes found in the
autolyap.problemclass module of AutoLyap, as discussed in Section 3.1.

A.1 Smooth and (strongly/weakly) convex functions

Proposition A.1 ([40, Theorem 4], [32, Theorem 3.1])

Let —co < < L < 400, L > 0, and {(yi, Fi, ui) }icg be a finite family of triplets in
H X R X H indexed by J. Then the following are equivalent:

(i) There exists f € Fu,r(H) such that

fly:) = Fi

(Vi eJ) u; € Of (ys).

(@) It holds that

(Vij €9) Fi2 Fy+ (ug i = uy) + G li = il

1

+2(L—u)”u’ w; — p(y —yi)ll°,

where ﬁ is interpreted as 0 in the case L = +o0.
Note that condition (ii) in Proposition A.1 can be written as

(Vi,jeT) a' {FJ + Q(M, (ys,y5, ui,uj)) <0,

where ' = [—1 1] and

wL  —plL —p L
! —nboul K if L < oo,
2L—p) | =1 n -
M= L —-L -1 1
poo—p 0 1
1 {—p p 0 -1 .
2 fL= )
210 0o 0 o0 ! oo
1 -1 0 0

In particular, the function class F, () has a tight interpolation condition that fits
Assumption 6.7.
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A.2 Gradient-dominated functions (Lojasiewicz)

Let pga € Ry and {(ys, Fi, us) }ics be a finite family of triplets in H x R x H indexed
by J such that x € J and u, = 0.
Suppose that there exists a pgqa-gradient dominated f : H — R such that

‘ fly:)) = F;
VieJ
( ) u; € 8f(yi).
Then it is clear that
Vied) 0<F—Fn < —|jul? (A1)
2iga

Note that (A.1) can be written as

vVieJ T | F;
(vO € {1,2}> (o) {FJ + QM) (¥i, Y, uiy ux)) < 0,

where
0 0 0 O
-1 0 0 0 O
a(l) = |: 1 :| and M(l) = 0 0 0 ol
0 0 0 O
and
00 0 O
1 1 00 0 O
a2y = [1] and M) = S |0 0 -1 0
0 0 O

In particular, this function class has an interpolation condition that fits Assumption 6.7.
This is the version presently implemented in GradientDominated; it may be extended or
revised in future updates.

A.3 Maximally monotone operators

Proposition A.2 ([5, Theorem 20.21])

Let {(yi,ui)};cs be a family of couples in H x H indexed by J. Then the following are
equivalent:

(i) There exists a mazimally monotone operator G : H = H such that
VieJ) ui€Gy).
(i) It holds that
(Vi,j € J) (ui —uj,y: —y;) 2 0.
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Note that condition (ii) in Proposition A.2 can be written as

(VZ7]E~7) Q(Mv(yivijuifuj))go

where
0 0 -1 1
1 0 0 1 -1
M=3121 1 0o o
1 —1 0 0

In particular, this operator class has a tight interpolation condition that fits Assump-
tion 6.7.

A.4 Strongly monotone operators

Proposition A.3 ([34, Proposition 1])

Let p € Ryy and {(yi7ui)}iej be a family of couples in H X H indexed by J. Then the
following are equivalent:

(i) There exists a p-strongly and mazimally monotone operator G : H = H such that
Vied) wi€Gy).
(%) It holds that
(Vi,j € T) (wi—uj,u—y;) > pllyi —ysll>.
Note that condition (ii) in Proposition A.3 can be written as

(vl,jej) Q(M7 (y’bvy]7ul7u]))§07

where
20 —2p -1 1
=2 2 1 -1
M=3s1.1 1 0o o
1 -1 0 0

In particular, this operator class has a tight interpolation condition that fits Assump-
tion 6.7.

A.5 Lipschitz continuous operators

Proposition A.4 (Kirszbraun-Valentine Theorem [22, 43, 44])

Let L € Ryt and {(yi,ui)} ;e be a family of couples in H x H indexed by J. Then the
following are equivalent:

(i) There exists a L-Lipschitz continuous operator G : H — H such that
Vie J) u; € Gy).
(%) It holds that

(Vi,j € J) llwi —u;ll < Lllyi — ysll-
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Note that condition (ii) in Proposition A.4 can be written as

(VZM] € \7) Q(Mv (yizyj7ui7uj)) < 07

where
—-I* IL* 0 o0
2 - o0 o
M=1" 0 1 -1

0 0 -1 1

In particular, this operator class has a tight interpolation condition that fits Assump-
tion 6.7.

A.6 Cocoercive operators

Proposition A.5 ([34, Proposition 2])

Let B € Ryt and {(yi,ui)},;c, be a family of couples in H x H indexed by J. Then the
following are equivalent:

(i) There exists a [-cocoercive operator G : H — H such that
VieJ) wui€Gy)
(@) It holds that
(Vi,j € T) {wi —ujyi —yi) > Bllui — g
Note that condition (ii) in Proposition A.5 can be written as

(Vl,]GJ) Q(M7 (yivyj’ui7uj))§0’

where
0 0 -1 1
~1]lo o 1 -1
M=51.1 1 25 —23
1 -1 —28 28

In particular, this operator class has a tight interpolation condition that fits Assump-
tion 6.7.
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The Chambolle—Pock method converges weakly with 6 > 1/2
and 70 || L||* < 4/(1 + 20)

Sebastian Banert Manu Upadhyaya Pontus Giselsson

Abstract

The Chambolle-Pock method is a versatile three-parameter algorithm designed to
solve a broad class of composite convex optimization problems, which encompass
two proper, lower semicontinuous, and convex functions, along with a linear operator
L. The functions are accessed via their proximal operators, while the linear operator
is evaluated in a forward manner. Among the three algorithm parameters 7, o, and
0; 7,0 > 0 serve as step sizes for the proximal operators, and 6 is an extrapolation
step parameter. Previous convergence results have been based on the assumption
that § = 1. We demonstrate that weak convergence is achievable whenever 6 > 1/2
and 70|/ L||? < 4/(1 +26). Moreover, we establish tightness of the step size bound by
providing an example that is nonconvergent whenever the second bound is violated.

Keywords. Chambolle—Pock, convex optimization, first-order methods
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1. The Chambolle-Pock method

The Chambolle-Pock method [2], also known as the primal-dual hybrid gradient method,
solves convex-concave saddle-point problems of the form

minimize maximize f(x)+ (Lz,y) — g"(y), (1.1)
TCEH yeG

where f: H — RU {400} and g: G — RU {+o0} are proper, convex, and lower semi-

continuous functions, g* is the convex conjugate of g, L: H — G is a nonzero bounded

linear operator, and H and G are real Hilbert spaces. This is a primal-dual formulation of

the primal composite optimization problem

migiE%ize f(z) + g(Lz). (1.2)

We assume that (1.1) has at least one solution (z.,y.) € H X G that satisfies the
Karush-Kuhn—Tucker (KKT) condition

~L'y. € 9f(w.), (1.32)
Lz. € 09" (ys). (1.3b)
The Chambolle-Pock method searches for such KKT points by iterating
T = prox, ;(zr — 7L yk), (1.4a)
Yk+1 = ProX, g« (Yo + 0 L(Trr1 + O(Tr1 — 71))), (1.4b)

where each function’s proximal operators, the linear operator L and its adjoint L* are
evaluated once each in every iteration.

This algorithm is guaranteed to converge to a solution whenever § = 1 and the
positive step size parameters T and o satisfy 7'(7HL||2 < 1 as shown in the original work
[2, Theorem 1], where ||L|| is the operator norm. It was soon thereafter realized in [6]
that for 6 = 1, the algorithm is an instance of the preconditioned proximal point method,
applied to a specific maximally monotone inclusion problem, with a strongly positive
and symmetric preconditioner. Strong positivity of the preconditioner is lost for § = 1
whenever 7¢||L||? > 1, disabling analysis via the standard preconditioned proximal point
method. In [3], sequence convergence with 7o||L||?> < 1 is established using a modified
proximal point analysis and in [8, 11], convergence to a solution is established for the wider
range 7o ||L||*> < 4/3. All these results are in finite-dimensional settings and assume 6 = 1.
A modification of the Chambolle-Pock method, which relies on symmetric preconditioning
and permits larger values of 7o ||L||?, was presented in [5].

The symmetry of the proximal point preconditioner is lost whenever 6 # 1. Non-
symmetric proximal point iterates are often augmented with different types of correction
steps such as projection or momentum correction as in [4, 6, 7, 9] to form convergent
algorithms. To the best of our knowledge, no convergence results exist for the pure
Chambolle-Pock method, without additional correction, when 6 # 1.

The contribution of this paper lies in establishing, in infinite dimensional Hilbert
spaces, ergodic O(1/n) primal-dual gap convergence whenever 6 > 1/2,

4
TO'HLH2 <

STy (15)

and one of these inequalities holds strictly, as well as weak convergence to a solution
whenever both these inequalities are strict. The analysis is based on a Lyapunov inequality
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that has been derived with the aid of the methodology in [10]. The type of Lyapunov
function that we are using is, to the best of our knowledge, novel and unrelated to the
status of the algorithm as a preconditioned proximal point algorithm. We also establish
tightness of the step size bound by providing an example of which sequence convergence
is lost whenever

4
1420

To||L|]? > (1.6)

2. Preliminaries

Throughout this paper, H and G denote real Hilbert spaces. All norms ||-|| are canonical
norms where the inner product will be clear from the context. Suppose that f: H —
R U {+o0} is a proper, convex, and lower semicontinuous function. The subdifferential of
f at a point « € H is defined as

Of(x) ={y e H|VzeH, f(z) =2 f(x) + (y, 2 — 2)}. (2.1)

The prozimal point of f at x € H with step size 7 > 0 is given by

. 1
prox, ;(a) = argmin (£(y) + 5-lly — all°).
yeH T

which is uniquely defined. If z, p € H, we have from [1, Section 24.1] that
1
p = prox,,(x) if and only if ;(m —p) € 0f(p) (2.2)
and

f(prox, ;(z)) < oo. (2.3)

Moreover, the convex conjugate of f, denoted f* : H — RU {+o0}, is the proper, convex,
and lower semicontinuous function given by f*(u) = sup,c+ ((u,z) — f(z)) for each

u € H.

3. Main results

Our convergence results are derived under the following assumption.

Assumption 3.1
Assume that

i) f: H—RU{+oo} and g: G — RU {+o0} are proper, convez, and lower semicon-
tinuous,

i) L: H — G is a nonzero bounded linear operator, and

iii) there exists at least one point (z«,y.) € H X G such that both inclusions in (1.3)
hold.
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One of our results concerns a primal-dual gap, which we introduce next. The function
given by

L(x,y) = f(x)+ (y, Lz) — 9" (y)

is the Lagrangian function associated with (1.1). Given a saddle point (z4,y«) € H X g
satisfying the KKT condition (1.3), we define the primal-dual gap function D, 4, :
HxG—RU{+oo} as

Doy (@,y) = L(z,y4) — L+, Y) (3.1)

for each z,y € H x G. It is straightforward to verify that Dg, 4, (z,y) > 0 for each
x,y € H X G and it will serve as a replacement for function-value suboptimality. Our first
main result shows O(1/K) ergodic convergence for this primal-dual gap.

Theorem 3.2 (Ergodic convergence rate)

Suppose that Assumption 3.1 holds. Let (z«,y«) € H X G be an arbitrary point satisfying
(1.3), let (xx)rey and (yr)peo e generated by (1.4) with @ > 1/2 and 7,0 > 0 satisfying
To||L||*> < 4/(1 + 20) and arbitrary (zo,y0) € H x G. Further, suppose that at least one
of 0 > 1/2 and To||L||* < 4/(1 + 20) holds with strict inequality. Let Zx = (Zszl z) /K
and yx = (Zle yr)/K. Then for each positive integer K, the ergodic duality gap
De, v, (Tx,Yx) converges as O(1/K).

Our second main result shows weak sequence convergence.

Theorem 3.3 (Weak convergence)

Suppose that Assumption 3.1 holds. Let (xx)pey and (Yr)r—, be generated by (1.4) with
0 > 1/2 and 1,0 > 0 satisfying To||L||* < 4/(1+20) and arbitrary (zo,y0) € H x G.
Then (zk,yx) — (T«, yx) for some KKT point (z+,y«) € H x G satisfying (1.3).

Note that Theorem 3.2 allows for equality in 7o||L||*> < 4/(1 + 26), while Theorem 3.3
requires strict inequality.

The remainder of the paper is devoted to proving these results and giving a tightness
guarantee for Theorem 3.3. In Section 4, we introduce two lemmas, which subsequently
find their application in Section 5, where our Lyapunov analysis is presented. Section 6
proves Theorems 3.2 and 3.3 while Section 7 provides an example for which the sequence
fails to converge whenever 70| L||?> > 4/(1 4 26), implying that Theorem 3.3 is tight in
this sense. Finally, Section 8 shows that ||zx+2 —zk|| — 0 on the boundary of the step-size
condition, i.e., whenever 7o ||L||* = 4/(1 + 26).

4. Two lemmas

Our Lyapunov analysis entails evaluating the primal-dual gap function D, ,, at points
generated by the algorithm. To this end, we introduce the following definition.

Definition 4.1
Suppose that Assumption 3.1 holds. Let the sequences (xk)p., and (yk) neo be generated
by (1.4) for some initial point (xo,y0) € H X G, and let (x*,y*) x G satisfy (1.3).

Then we define the sequences (Fi)pey and (Gr)pey by

Fr = f(@rs1) — f(@e) + (L Ys, Trg1 — T
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4 Two lemmas

and
Gr = 9" (Yk+1) — 7 (Yx) — (Lou, Y1 — Yu),
respectively.

Next, we present two lemmas concerning Fj, and Gy.

Lemma 4.2
Suppose that (Fr)re, and (Gi)req are given as in Definition 4.1. Then

i) Fy,Gr >0,
i) Fr + G < 00, and
i) Fr + Gr = Da, .y, (Tkt1, Yr+1)-
Proof. i) By (2.1) and (1.3a), we get that
f(@rs1) > f2e) = (L yus Thg1 — @),
which implies that Fj is nonnegative. By (2.1) and (1.3b), we get that
9" (Wkt1) > g7 (yx) + (Ls, Yor1 — Ys),

which implies that G\ is nonnegative.

it) By (2.3) and (1.3), we conclude that all terms defining Fj and Gy, are finite. Hence
Fp + G < o0.

iii) We have

Fi + Gy,
= f(@rt1) + (Yo, Lari1) — 9" (yx) — (F(@0) + (Y1, Lae) — 9" (yr+1))
= L(Tht1,Yx) — L(To, Yt1)- |

We call Fy, + Gk a primal-dual gap at iteration k. Note that the primal-dual gap depends
on the particular choice of KKT point (z4,y«) and our analysis is valid for each such
choice.

Before introducing the next lemma related to Fj and Gj, we conclude, using (2.2),
that the iterative procedure in (1.4) is equivalent to the following set of inclusions:

1 *
;(ﬁﬂk — Tpt1) — Ly € Of (Th41), (4.1)

1 *
~ e = yr1) + L(@rar + 0(@ra1 — k) € 997 (yrs1)- (4.2)
Lemma 4.3
Suppose that (Fr)re, and (Gi)req are given as in Definition 4.1. Then
1
Gr < E(yk = Ykt 1, Ykt1 — Yx) + (L1 — Los, Y1 — yx)
+ 9<ka+1 — ka,ka — y*>,

1
Fri1 < ;<$k+1 — Tht2, Tht2 — L) + (Yx — Yrt+1, LTht2 — L),

1
Fop1 = Fi < = —|[@rs2 — e |? + (s — Ynr1, Lorso — Lanya),

1
Fy — Fiy1 < ;(xk — Tt 1, Thtl — Tha2) + (Ys — Yk, LTpy1 — LTpyo).
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Proof. By (2.1) and (4.2),
Gr =g (k1) = 9" (Y+) = (LT, Yrt1 — Ys)

1
< <;(yk — Yht1) + L(@pg1 + 0(@pt+1 — Tk))s Ynt1 — y*>

A

— (L, Yrt1 — Yx)

%(yk = Ykt Y1 = Yo) (L1 = L, Y1 = Y)
+O0(Lapr — Lok, yrt1 — Yu)-
By (2.1) and (4.1),

Fry1 = f(zrt2) = f(@0) + (L Y, Tryz — o)

1 * *
= <;(fck+1 — Tpt2) = L Ykt1, gz — m*> + (L yu, Thyo — o)

1
= ;<$k+1 — Tpt2, Tht2 — Tx) + (Yx — Ykt+1, LTkt — L)

and
Fri1 — Fy
= f(zrs2) — f(@rs1) + (L Yu, Thp2 — Tht1)
< <%($k+1 — Tpt2) = L Ykt1, Trto — xk+1> + (LY, Thyo — Thp1)
= - %”$k+2 — 2 |l® + (s — Yht1, Lxpgo — Lagys)
and

Fi — Fipr = f(zrr1) = f(@rr2) + (L7 Yns Tht1 — Tit2)

1
< ;(-Tk — Tt1, Tht1 — Tht2) + (Ys — Yy LThp1 — LTpy2). O

5. Lyapunov analysis

In this section, we provide a Lyapunov analysis of the Chambolle-Pock method, which
serves as the basis for our convergence results. Before presenting this, we establish the
nonnegativity of a certain coefficient that emerges in the Lyapunov analysis.

Lemma 5.1

Suppose that 0 > 1/2 and 7,0 > 0, and that they jointly satisfy 0 < To||L||*> < 4/(1 + 20).
Further suppose that at least one of @ > 1/2 and 7o||L||* < 4/(1 + 20) holds with strict
inequality. Then 80 — 7o ||L||>(46% + 1) is positive.

Proof. We have

4(40% +1) 80 —4 8

— 7o||L||?(46% + 1) > 80 — = =4-——>

80 = TollLIFA6™+ 1) 2 80 = =75~ = 1o 1520~

where the first inequality is strict if 7o ||L||> < 4/(1 4 26) and the last inequality is strict
if 0> 1/2. O
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5 Lyapunov analysis

Lemma 5.2 (Lyapunov inequality)

Suppose that Assumption 3.1 holds. Let (z.,y.) € H x G be an arbitrary point salisfying
(1.3), let (zx)eo and (yr)re, be generated by (1.4) with 6 > 1/2 and 7,0 > 0 satisfying
ro||L||? < 4/(1+ 20), and arbitrary (zo,yo) € H x G. Further, suppose that at least one
of 0 > 1/2 and 7o|L||*> < 4/(1+26) holds with strict inequality. Moreover, for each
nonnegative integer k, let

1 1
Vi = 0Fk + o |lwkts — Tel* + 5= llyn — y» + 00(Lapr1 — Lay)||?
T 20

o (402 + 1)
16
and Fy and Gy, be as in Definition 4.1. Then, for each nonnegative integer k, Vi, > 0 and

Vi1 — Vi + Fr. + G

(%)
+ ok — ail® — | Lzks1 — La|?
2T

2

1 1
< - 5 ||V~ Yk U<§(L$k+1 — Lxpq2) — 0(Lay — LIk+1))
80— 7o||L|?(46% + 1) 4(1 — 10| L)?) 2

Tht2 — Thiyl — (Thy1 — Tr)

167 80 — 7o||L||?(462 + 1)

(46 —1)(4 — 70| L|]*(20 + 1)) (4 — 70| L]|*(20 — 1)) s — 26|
167(80 — 7o||L||2(462 + 1)) + ’

where the latter inequality is called a Lyapunov inequality.

Proof. We start by proving nonnegativity of Vi. Since 6§ > 1/2, Fj, > 0 by Lemma 4.2,
and 7,0 > 0, we conclude that Vj, > 0 since

o (402 +1)
16
o L6 + 1)
16

>||$k+1 —zi|® >0,

[/
o llowss =@l | Lair — L

0
> §H$k+1 — m]® - [T

1 <89 — 70||L||?(46% 4 1)

T 16

where the last inequality follows from Lemma 5.1.
We next prove the Lyapunov inequality. By Lemma 4.3, we have

0Fy+1 — 0F, + Fi, + Gy,

1 1
= (9 - 5)(Fk+1 — Fi) + Frp1 + E(Fk — Fiy1) + Gi

1 1
< ( — 5) (—;||mk+2 — CCk+1||2 + (y* — Ykt1, Lxpyo — ka+1>>
+ = (Tht1 = Thto, Ttz — Ta) + (Yo — Y1, LTpt2 — Lay)

==

1
+ 3 (;(l'k = Thot 1, Tht1 — Tht2) + (Yo — Yhy LThot1 — Lmk+2>)

1
+ ;(yk — Ykt 1 Ykt1 — Yu) + (LThp1 — LTw, Y1 — Yu)
+ 0(Lzk+1 — Lok, Yrr1 — Yu)
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0
= — ;ka+2 — a1 ||® + 0{ys — yur1, Lag o — 2Lapy 1 + Lag)

1 , 1
+ —lTht2 — Trt1ll” + == (Tk — Tht1, Tht1 — Tht2)

2T 27
1
+ ;(xk+1 — Tri2,Tht2 — Tx) + (Yo — Yot1, LTpy2 — LTpq1)
1
+ §<2y* — Yk — Y1, L1 — Lopga)
1
Yk = Y Y1 — )
Moreover,
= [— 2
— ||z —x — —||lz —x
o k+2 * o k+1 *
1 , 1
= ?||xk+2 — Zpqa|” + = (@Trt2 — Tha1, Thyr — Tu)
T T
and

1 1
55 1Wk+1 =y + 00(Lki2 — Lag)|? - 55 1 =y + 00(Larrr — Lay)||?
= sl = el + 2 — v v — )
= 5 Yk+1 — Yk p Yk+1 = Yk, Yk — Yx
06> 06>
+ - [lL@krz — Lapia|? - 5 1@kt = Lay|®

+ 0{Yr+1 — Yu, L2 — Lxiy1) — 0(yr — Ys, LTry1 — Lag).
Hence,

Vie1r — Ve + Fr + G
1

i — o

1
=0Fy11 — 0Fx + Fi, + G + ;||zk+2 — x| -

1
+ %Hylﬂ—l — Y + 00(Laksz — Lags)||

1
- %Hyk — Yo + 00(Laks1 — Lay)|?

0 o(40% +1
+ ?ka-ﬂ — iy - %HL&:HQ — Laypgq?
o(46® +1)

Ly — Lo

0
- §H$k+1 —a? +
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(%
< - ;mez — zpp1||® + 0(ye — Yrs1, Lopgr — 2Laks1 + Lay)
+i|\x -z H2+i<x —x Thtl — Tht2)
2 k+2 k+1 2 k k+1yLk+1 k+2

1
4+ = (Tht1 — Tht2, Tht2 — Tx) + (Y — Yot1, LTpy2 — LTpt1)

pu
1

+ 5(2% — Yk — Yk+1, Lort1 — LTiyo)
1

(Y = Y1, Yrer — Ys)
1 , 1

+ o—llzrre — e ll” + =(Trr2 — Thr1, Thy1r — Ty)
2T T

1 , 1
+ 27|‘yk+1 = yrll” + = (yrt1 — Yr, Yk — Yx)
g g

c6? 6?
+ 5 IlLakt2 — Laga|” - 5 ILakts = Lay||?

+ 0(Yr+1 — Yo, LTpt2 — LTit1) — 0y — Y, L1 — Lwk)

0 o(46% +1
+ §|‘xk+2 — e |® - %HL%H — Layqq?
4607 +1
- %Hxlﬁrl - xk||2 + O—(liff)HLkarl — L:CkH2

1 1
= - %HykJrl —yill” + <yk+l — Yk, §(L$k+1 = Laptz) — 0(Lay — ka+1)>

[ 9 1 0 9
— o=l Thte — T |7+ o= (ke — Thtr, T — Tea2) — o= | Tht1 — 2|
2T 2T

2T
(467 — 1) | (46 —1)

L — Lz |
16 16 | Lkt k||

|Lzpto — L | —

Completing the square yields

Vi1 — Vi + Fi + G
2

< _ L

- 20

1
Yk+1 — Y — U(§(L$k+1 — Lzpy2) — O(Lay — ka+1)>

o1 ’
T3 H§(L$k+l — Lwpyo) — 0(Lag — Lakya)

2 1 0 2
- §||$k+2 =z |l” + o (Th — Tht1, Th1 — Thy2) — Eka-&-l — x|

o (40 — 1) o(46% — 1)

L — Lag|?
16 16 |Lapt1 — Lak||

+ |Laksz — Lok | —
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2

1 1
=~ 5 ‘ Ykl — Yk — a(i(Lmk+1 — Lzpi2) — 0(Lay — ka+1))
ol
— 7<L$k+1 — Lxyqo, L) — ka+1>

— o llonsa = @+ oo = T, T 2kiz) = o llewe ol
2 k+2 k+1 2 k k+1, Lk41 k+2 o k+1 k

o402 +1 o(40? +1
+ 2D s — Lol + 2 D — L
16 16
1 1 2
= = o ||~k — U(g(Ll‘kH — Lapta) — O(Lay — ka+l)>
o(46* +1) 40 2
T F ) o — L Y (Lan—L

+ 16 H Thto — LTpyr + 402+1( T — Laki1)

— L aps = @t P+ (o — @i, Tt — Tnsa) — oz — 2
o k42 k41 o k k41, Thk+1 k+2 o k41 k
o(46% — 1)° )

T8 )\ Lawir — Lax

Using the Lipschitz continuity of L and that 6 > 1/2 give

Vk+1 —Vk+Fk+Gk
2

< - % Yktl — Yk — U(%(kaJrl — Lagyo) — 0(Lzy — L$k+1))
2 2 2
%ﬁem ‘ Tht2 — Th1 + %(m — Thy1)

_ i” _ 2 i _ _ _ i _ 2
57 1%h+2 Trp1]” + 27 (Tk — Tht1, Tht1 — Tht2) 27 lzr+1 — x|
o||L||* (46> — 1)° >

16(46% + 1) [we+1 — @l

2

1
Yk+1 — Yk — U(§(L$k+1 — Lagy2) — O(Lay, — L-’Ek+1)>

20
80 —7o|lL|*(46* + 1)

[

167
1—7o6||L|]?
+ 5 (Tht2 — Tht1, Tht1 — Tk)
27
80 —7o|lL|*(46* + 1) T
167 k1 Tk
1 1 5
=~ 5 ’ Ye+1 — Yk — U(E(kau — Lxgy2) — O(Lay, — kaﬂ))
_ 809 — To||L||*(46% + 1) 4(1 — 7o0||L|1?)

Tk4+2 — Tk4+1 — ($k+1 - wk)

167 80 — 7o||L||?(40% + 1)

_ (40° —1)(4 — 70| L]|*(26 + 1))(4 — To||L||*(20 — 1)) s — 26
167(80 — ro||L||2(46% + 1)) * ’
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where the last completion of squares equality holds since
(80 — 7o ||L||*(46° + 1)) > 0
by Lemma 5.1. |

6. Theorem proofs

In this section, we use Lemma 5.2 to prove Theorems 3.2 and 3.3, i.e., we prove ergodic
convergence of the primal-dual gap and weak convergence of the bequences (k) pe, and
(Yr)pep to a KKT point. Given the Lyapunov inequality, the arguments are standard.
However, before we prove these results, we state the following lemma on nonnegativity of
a coefficient in the Lyapunov inequality.

Lemma 6.1

Suppose that 0 > 1/2 and 7,0 > 0 and that they jointly satisfy 0 < To||L||* < 4/(1 + 26).
Further suppose that at least one of 0 > 1/2 and To||L||* < 4/(1 + 20) holds with strict
inequality. Then

(46° — D)( = 70| L|*(20 + 1)) (4 = rol|LIP@0 - 1) _
167(86 — 7o||L|[2(462 + 1)) =

with strict inequality if To||L||> < 4/(1420) and 0 > 1/2 and equality if 7o||L||* =
4/(14260) or 6 =1/2.

Proof. We know from Lemma 5.1 that the denominator is positive. The numerator consists
of three factors. The first factor is positive if > 1/2 and 0 if § = 1/2. The third factor
is larger than the second. The second factor is positive if 7o L||? < 4/(1 + 26) and 0 1f
To||L||> = 4/(1 4+ 260). Combining these gives the result.

6.1 Proof of Theorem 3.2

Proof. Due to Lemmas 4.2, 5.1, 5.2 and 6.1, we conclude, using a telescoping summation,
that Fy + G is summable and satisfies

K-1
0< Z(Fk+Gk)§V0<OO
k=0

for each positive integer K. From Jensen’s inequality, we conclude that

K—-1

Vo
Doy, (Tr, YK) < 2= ZD Tht 1, Yht1) = 7= Z (Fi +Gr) < 42,
k=0 =
where D, y, is defined in (3.1) and the equality follows from Lemma 4.2. O

6.2 Proof of Theorem 3.3

Proof. Due to Lemmas 4.2, 5.1, 5.2 and 6.1, we conclude that (Vi) , converges. This
in turn implies that (zx);e, and (yx)pe, remain bounded. Next, the same lemmas also
imply, using a telescoping summation, that Fy — 0,

(46° — 1)(4 — 70| L||*(20 + 1)) (4 — To||L||* (26 — 1))

2
- 1
167(80 — 7o ||L|[2(402 + 1)) llzker —axl> =0,  (6.1)
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and
2

-0 (6.2)

1 1

% ‘ Yht1 — Yk — U(i(ka+1 — Laki2) — 0(Lak — L«’Ek+1)>
as k — oo. Since the coefficients are nonzero due to the parameter assumptions and
Lemma 6.1, we conclude from (6.1) that

lzk+1 — 2l =0 (6.3)
as k — oco. Combining (6.2) and (6.3) gives that
lye+1 = yell =0 (6.4)

as k — oo, since L is a bounded linear operator. Moreover, (6.3) combined with the fact
(Vi) e, converges and Fj — 0 as k — oo give that

1 1 o0

(g2 llzwsn =2l + 5o llve = e +08(Lansn — La)]*)

converges. Next, since (yx)pe is bounded, (6.3) and (6.4) imply that

lyerr — vl =k — yu + 00(Laggr — Lag)|?

= llyre1 — well® = 2(uk — ys, 00(Lans1 — Lak) — (Yrt1 — Yk))
— ||o0(Lag i1 — Lay)||* = 0

as k — oo, from which we conclude that

1 1 o
(gllanes =2l + 5ol —wel?)
converges.

Construct the sequence (zx),—, such that zr = (Zr+41,yr+1) for each nonnegative
integer k and let Z = {(z.,y+) € H x G : (1.3) holds} be the KKT solution set. Since
(2k)p—, is bounded, it has weakly convergent subsequences. Let (zx,)o., be such a
subsequence, with weak limit point Z = (Z,y) € H X G say. Then the inclusion formulation
of the algorithm in (4.1) and (4.2) satisfies

. 1
Of (k,+1) + L yx,, 3 ;(wkn = T +1) — 0,

* 1
09" (Yr,+1) — Lok, 41 2 ;(ykn = Ykn+1) + O0L(Th,+1 — 2k, ) — 0,

as n — oo, since Tk, +1 — Tk, — 0 and yx,,+1 — Yx,, — 0 as n — oco. Let us introduce the
operator A : H x G = H x G defined as

A(z,y) = 0f(x) x 0g™(y) + (L"y, — L)

for each (x,y) € H x G. This is a maximally monotone operator since it is the sum of
two maximally monotone operators, the first one due to [1, Theorem 20.25, Proposi-
tion 20.23] and the second one due to [1, Example 20.35], one of which has full domain [1,
Corollary 25.5]. Therefore,

ATk 115 Yhn+1)
—

1 « 1
> (;(«’Ekn = Tr,41) = L (Y, — Yrn+1)s ;(ykn = Ykp+1) + OL(Th, 41 — «’Ekn)) —0
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7 Counterexample
and we conclude, using weak-strong closedness of maximally monotone operators [1,
Proposition 20.38], that 0 € A(Z,y), implying
0e€df(z)+ Ly,

i.e., the weak limit point is a KKT point. Since

1 2, 1 2)°°
(5ollowss = ull® 4 5 lgers = v

converges and all weak limit points belong to the KKT solution set Z, we invoke [1,
Lemma 2.47] to conclude weak convergence to a KKT point. a

7. Counterexample

This section proves that the result in Theorem 3.3 is tight, i.e., there is an example where
(weak) convergence fails for each @ > 1/2 whenever 7o ||L||> > 4/(1 4 26). Let H = R and
G = R, and consider problem (1.1) for the case f = ¢* =0, and L =1, i.e,,

minimize maximize xy. (7.1)
z€R yeR

The update rule, (1.4), for the Chambolle-Pock method then becomes

Tk+1 = Tk — TYk,
Ykt1 = Yk + 0(Tp41 + 0(Tr41 — k),

or equivalently

Thk4+1| _ 1 —T Tk
yk1| |0 1—70(14+0)| |yx|’
where we assume that 7,0 > 0. Therefore, (zk, yr)po, converges for an arbitrary initial

point (zo,y0) € R? to the solution (z,y«) = (0,0) € R? if and only if both eigenvalues of
the matrix above have magnitude less than 1. The two eigenvalues of the matrix are

A= % (2 —70(1+0) +\/7o(ro(1+6)* — 4))

and

Ao = % (2 —1o(1+6) — \/m(m(l +6)° - 4)>-

Suppose that the step-size condition of Theorem 3.3 is violated, i.e., that 7o > 4/(1 + 20).
In this case, the eigenvalues are distinct real numbers satisfying

A< -1 and <A < ;(2 —70(140)+ /72021 +9)2> =1.
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In particular, the method fails to converge, which proves that the result in Theorem 3.3
is tight.

Note that the boundary condition 7o = 4/(1 + 20) implies that Ao = —1. Although
the sequence (Z,Yr)pe, does not necessarily converge in this setting, we have that
(Tht2, Yrt2) — (Tr,yx) — 0 as k — oo, i.e., the difference between every second iterate
converges to 0. It turns out that this is not a coincidence as it always holds for the
Chambolle—Pock algorithm on the boundary, as shown next.

8. Boundary

In this section, we show that whenever § > 1/2 and 7o||L||* = 4/(1 + 20), the sequence
(||zr+2 — zk]|*)pey is summable, implying that the difference between every second iterate
converges to 0.

Due to Lemma 6.1, we conclude that the coefficient in front of ||zx41 — xx||? in the
Lyapunov inequality in Lemma 5.2 is 0. Moreover,

80 — To||L||*(40% +1)  86(1 +260) — 4(46% 4 1) 20— 1

167 167(1 + 20) ~ 47(1+20)

and

41— rof|L|?) A(1 — 26)
80 — 7o ||L|[2(402 + 1) _ (86 — 7o || L]|2(462 + 1))(1 + 20)
41— 20)(1 + 20)
= (80— 4)(1+ 20)

= —17

implying that the Lyapunov inequality in Lemma 5.2 reads

Vit1 — Vi + Fi + G

1 1 2
< - 5o ||Yr+t — Yk = U(§(L$k+1 — Lxgi2) — 0(Lay — L$k+1)>
S S
Ar(1+20) "2 TR

where Vi, Fy, and G are nonnegative for all nonnegative integers k. Since 6 > 1/2,
we conclude using a telescoping summation argument that (||zr+2 — x||*);—, indeed is
summable.
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Paper IV

A Lyapunov analysis of Korpelevich’s extragradient method with
fast and flexible extensions

Manu Upadhyaya Puya Latafat Pontus Giselsson

Abstract

We present a Lyapunov analysis of Korpelevich’s extragradient method and establish
a o(1/k) last-iterate convergence rate of the associated Lyapunov function. Building
on this, we propose flexible extensions that combine extragradient steps with user-
specified directions, guided by a line-search procedure derived from the same Lyapunov
analysis. These methods retain global convergence under practical assumptions and
can achieve superlinear rates when directions are chosen appropriately. Numerical
experiments highlight the simplicity and efficiency of this approach.

Keywords. Monotone inclusions, extragradient method, Lyapunov analysis, superlinear
convergence
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1. Introduction
In this work, we consider the inclusion problem
find z € H such that 0 € F(z) + 9g(z), (1.1)

where F' : H — H is monotone and Lpg-Lipschitz continuous for some Lr € R4,
g:H — RU{+o0} is a proper, convex, and lower semicontinuous function, and (#, (-, -))
is a real Hilbert space. Inclusion problems of the form (1.1) are known as hemivaria-
tional inequalities [26] or (mized) variational inequalities [24, 30], and frequently arise in
fundamental mathematical programming problems—either directly or through reformu-
lation—including minimization, saddle-point, complementarity, Nash equilibrium, and
fixed-point problems [6, 16]. The most common methods for solving (1.1) belong to the
large class of extragradient-type methods [22, 34, 44]. For a recent review, see [42, 43].
Among these methods, the first and most widely recognized is Korpelevich’s extragradient
method [22]. Although originally proposed for the constrained case in which g is the
indicator function of a nonempty, closed, and convex set, the method also applies to the
more general setting in (1.1). Specifically, given an initial point z° € H and a step-size
parameter v € (0,1/LF), its iterations are given by

zF = prox., (zk — ’yF(zk)) , (1.2a)

2T = prox., (zk — 'yF(Zk)) (1.2b)

for each k € Ny. A popular alternative is Tseng’s forward-backward-forward method [44],
given by

zZ" = prox., (zlC — 'yF(zk)) , (1.3a)
= ZF L y(F(ZF) - F(ZY)) (1.3b)

for each k € N, that requires one less evaluation of the proximal operator prox.,
per iteration. Classically, the convergence analyses of these methods rely on Fejér-type
arguments [22, 44].

In this work, we propose an analysis centered around the Lyapunov function

V(M 28 M) = 29T - A (R = F(ER) 4y TR - 2 T

For the extragradient method, Vj serves as a nonnegative optimality measure for the
inclusion problem (1.1) as shown in Proposition 2.2. Likewise, Vi is a nonnegative
optimality measure for Tseng’s method, since the Lyapunov function reduces to Vi, =
77 2||z" — 2"||? in this case. In the particular case when g = 0, both methods are identical,
and the Lyapunov function reduces to Vi = ||F(z")|*.

Besides being an optimality measure, we show in Theorem 2.3 that Vy, satisfies a descent
inequality for the extragradient method. Moreover, for the extragradient method, we
show a Fejér-type inequality in which Vi appears as the residual term (see Theorem 2.5).
By combining this result with the descent property, we establish a o(1/k) last-iterate
convergence rate for Vj for the extragradient method, as shown in Corollary 2.6. In
Appendix C, we show that Vi upper bounds some common optimality measures used to
judge the quality of approximate solutions for (1.1); hence, together with Corollary 2.6,
the same last-iterate convergence result automatically holds for each of those measures as
well. Taken together, the results we obtain for V) enable us to recover and, in some cases,
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extend recent last-iterate convergence-rate results for the extragradient method (cf. [20,
Theorem 3.3], [11, Theorem 3], and [43, Corollary 4.1]).

Interestingly, Theorem 2.3 is particular to Korpelevich’s extragradient method. We
demonstrate through a simple counterexample in Example B.1 that the descent inequality
in terms of Vj, fails for Tseng’s method. Moreover, even for the extragradient method, it
is crucial to leverage the specific structure of (1.1). Indeed, the claimed descent inequality
fails, and even the convergence of the method does not hold if we replace dg with a
maximally monotone operator T : H — 2" and correspondingly the proximal operators
prox_, in (1.2) with the resolvent (Id ++T)~"'. This broader setting is ruled out by a
counterexample presented in Example B.2. However, if T' is also 3-cyclically monotone
(see [6, Definition 22.13]), then Theorems 2.3 and 2.5 (and therefore also Corollary 2.6)
remain valid; see Remark 2.7 for details.

The second objective of this work is to develop flexible extragradient-type schemes that
accommodate fast local directions while maintaining global convergence. In this regard,
the seminal work [38] proposes a hybrid method for solving monotone equations, i.e., when
g = 01in (1.1). Their scheme achieves global convergence by blending an inexact regularized
Newton step with the hyperplane projection framework from [39]. At each iteration, a
search direction is computed based on an inexact regularized Newton step. A line search
is then performed along this direction, not to decrease a merit function, but to identify
a hyperplane separating the current iterate from the solution set. The algorithm then
proceeds by projecting the iterate onto this hyperplane. While this approach incorporates
a line search, the convergence analysis still fundamentally relies on Fejér-type monotonicity
arguments. In practice, however, the projection step can undermine the effectiveness of
the Newtonian directions, resulting in slower convergence.

Another related work to ours is [41], which addresses the problem of finding fixed
points of averaged operators. They propose a hybrid scheme accelerating many numerical
algorithms under the Krasnosel’skii-Mann framework. Similar to [38], their scheme
incorporates a hyperplane projection step and achieves superlinear convergence under
suitable assumptions. In addition, it allows for a general class of local directions, including
quasi-Newton-type directions, providing greater flexibility in practice.

In contrast to the approaches mentioned earlier that use a line search to identify a
separating hyperplane onto which the iterates are projected (see [38, 41]), our proposed
schemes incorporate line search procedures grounded in our new Lyapunov analysis,
directly aiming to reduce V. We introduce three flexible algorithms tailored to specific
instances of problem (1.1). FLEX (Algorithm 1) is introduced for finding zeros of F', I-FLEX
(Algorithm 2) is applicable when F is injective, and Prox-FLEX (Algorithm 3) addresses
problem (1.1) in its full generality. All three algorithms share the same guiding principle:
at each iteration, one performs a convex combination of a standard extragradient step (1.2)
and a step based on a user-specified direction. The specific weighting for this convex
combination is determined by the line-search procedure, ensuring sufficient descent of
the optimality measure V. Similar to [41], our schemes accommodate a wide range of
user-chosen directions, including quasi-Newton-type directions. A key feature enabling
this approach is that Vi depends solely on values computed at each iteration and does
not involve a solution to (1.1). This design ensures high flexibility while guaranteeing
global (see Section 3) and superlinear convergence (see Section 5) when choosing suitable
directions.

Our preliminary numerical experiments indicate that using quasi-Newton directions
in our proposed algorithms yields favorable performance. In particular, limited-memory
type-I and type-II Anderson acceleration exhibit promising results (see Section 6). In
related work, [48] studies Anderson acceleration for finding fixed points of averaged
operators, proposing a globalization strategy based on a stabilization and safeguarding
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mechanism—rather than a line search—that reverts to a nominal Krasnosel’skii-Mann
step whenever the Anderson acceleration step fails to sufficiently reduce the forward
residual. More recently, [35] introduced an extragradient-based scheme with memory-one
Anderson acceleration, which reduces overhead and allows for simple, explicit updates
of the directions. Furthermore, [4] presents a quasi-Newton method tailored to minimax
problems. Our theory offers a direct globalization strategy for such directions, applicable
in the uniformly monotone and injective settings (see Theorem 3.4), or whenever the
resulting directions are summable (see Theorem 3.2.(i)).

1.1 Organization

In Section 2, we formally introduce the new Lyapunov analysis for Korpelevich’s extra-
gradient method. Building on this framework, we present the three new algorithms in
Section 3 and establish their global convergence under suitable assumptions. In Section 4,
we provide detailed proofs of the results from the preceding section. Next, Section 5
focuses on superlinear convergence, including corresponding proofs for the proposed
algorithms. Numerical experiments appear in Section 6, and we conclude in Section 7
with a summary of key findings and directions for future research. Finally, Appendix A
offers background material on Korpelevich’s extragradient method, Appendix B presents
the counterexamples mentioned earlier, and Appendix C contains a comparison to recent
last-iterate convergence results for the extragradient method.

1.2 Notation and preliminaries

Let No denote the set of nonnegative integers, N the set of positive integers, Z the set
of integers, [n,m] = {l €Z|n <1 <m} the set of integers inclusively between the
integers n and m, R the set of real numbers, R} the set of nonnegative real numbers,
R 1 the set of positive real numbers, R™ the set of all n-tuples of elements of R, R""*"
the set of real-valued matrices of size m x n, if M € R™*" then [M];; denotes the
i, j-th element of M, S" the set of symmetric real-valued matrices of size n x n, and
S C S™ the set of positive semidefinite real-valued matrices of size n x n. Suppose that
1 <p< +oo, K C Ny, and U C W, where W is a normed space. Then we define the
space £ (K; U) = {(u*)kerx € U™ | 32, i llub|P < +o0}.

Throughout this paper, (H, (-,-)) will denote a real Hilbert space and ||-|| the canonical
norm, which will be clear from the context. Let F': H — H be an operator. Suppose that
Lp > 0. The operator F is said to be Lg-Lipschitz continuous if ||F(z) — F(y)|| < Lr|z—
y|| for each x,y € H. The operator F is said to be monotone if 0 < (F(z) — F(y),z — y)
for each z,y € H. Suppose that pr > 0. The operator F' is said to be pur-strongly
monotone if ur|lz — y||> < (F(z) — F(y),» — y) for each x,y € H. Moreover, F is said
to be uniformly monotone with modulus ¢ : Ry — R4 if ¢ is increasing, vanishes only
at 0, and ¢(||lz — y||) < (F(z) — F(y),z — y) for each =,y € H. For a general set-valued
operator T : H — 2™, the set of zeros is denoted by zer (T) = {x € H |0 € T(z)}. The
Cauchy—Schwarz inequality states that [(z,y)| < ||z||||ly|| for each z,y € H and Young’s
inequality that 2(z,y) < a||z||* + a7 |jy||* for each z,y € H and a > 0.

Given a function g : H — RU {+o0}, the effective domain of g is the set dom g = {z €
H | g(z) < +o0}. The function g is said to be proper if dom g # . The subdifferential
of a proper function g is the set-valued operator dg : H — 2 defined as the mapping
z—{ueH|VyeH, gly) > g(x)+ (u,y — x)}. The function g is said to be convez if
g((T =Nz + Ay) < (1= N)g(z) + Ag(y) for each z,y € H and 0 < A < 1. The function g
is said to be lower semicontinuous if liminf, ., g(y) > g(z) for each x € H. If C C H,
the indicator function of C, denoted dc : H — R U {+o0}, is defined as dc(x) = 0 if
x € C and §¢(z) = +oo if z € H\ C.
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Let g : H — RU {400} be proper, convex and lower semicontinuous, and let vy > 0.
Then the prozimal operator prox. , : H — H is defined as the single-valued operator given
by

prox. (z) = arir?{in (g(z) + %Hx - z|\2)

for each x € H [6, Proposition 12.15]. If x,p € H, then p = prox_, (z) < vz —p) €

dg(p) & 0 < g(y) — g(p) — (Y *(z —p),y — p) for each y € H [6, Proposition 16.44,
Proposition 16.6].

2. A new Lyapunov analysis

Classical convergence analyses of Korpelevich’s extragradient method (1.2) typically rely
on Fejér-type arguments, as discussed in Appendix A. In this section, we introduce a
complementary Lyapunov inequality that not only leads to a last-iterate result but also
forms the basis of the new algorithms presented in Section 3. Throughout this work, we
investigate (1.1) under the following assumption.

Assumption 2.1
The following hold in problem (1.1).

(i) F :H — H is monotone and Lp-Lipschitz continuous for some Ly € Ry .

(i) g: H — RU {400} is proper, conver and lower semicontinuous.
Our analysis is centered around the Lyapunov function V : 43 — R given by
V(z22") =27z =25 F(2) = FE) + 7 °llz" 2P +7 7%= = 2717 (2.1)

for each (z,z,27) € H3. Proposition 2.2 establishes that V is generally a valid optimality
measure for the inclusion problem in (1.1). For notational convenience, we define the
algorithmic operators 77,77 : H — H by

Ty = prox,, o (Id —yF) and T3 = prox,, o (Id—yFoTYy), (2.2)
where 7 € Ry is the step-size parameter. With this notation7 the iterates of (1.2) can
be written compactly as 2¥ = T7 (2*) and 2** = T (2%).

Proposition 2.2

Suppose that Assumption 2.1 holds. Let v € (0,1/LF), z € H, z =Ty (2) and z+ = T/ (2)
where TY and T are the algorithmic operators defined in (2.2), and V the Lyapunov
function defined in (2.1). Then the following hold.

(i) V(z,2,2%) > (1= yLr)y*(llz* = 2lI* + |27 - 2[*) > 0.
(ii) V(2,2,27) =0 if and only if z = Z = 2+ € zer (F + 9g).
Proof.

2.2.(i): The inner product in the definition of V can be written as
(z=2",F(z) = F(2)) = (z = 2", F(2) = F(z")) + {z = 2", F(z") - F(2))
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> (z 2", F(z") — F(2))

> —llz =2 IIF (") = F(2)l

> — Lz = 2" |lll=" ~ 2l

> = (e =27+ 1l 2017,

where monotonicity of F' is used in the first inequality, the Cauchy—Schwarz inequality is
used in the second inequality, Lipschitz continuity of F' is used in the third inequality,
and Young’s inequality for products is used in the fourth inequality. The lower bound of
V follows from using this inequality in (2.1) and the assumption vLr € (0,1).

2.2.(i1): Suppose that V(z, z,27) = 0. Then Proposition 2.2.(i) and Proposition A.2.(ii)
imply that z = z = 2% € zer (F + dg). Conversely, suppose that z = z = 27 €
zer (F + 0g). Then it is clear from (2.1) that V(z,%,2%) = 0. O

The following result shows that V is, in fact, a suitable Lyapunov function for the
extragradient method (1.2), i.e., it fulfills a descent inequality. Moreover, the descent
inequality neither contains a solution of (1.1) nor assumes the existence of a solution.

Theorem 2.3
Suppose that Assumption 2.1 holds and the sequence ((z*, Ek))ngO is generated by (1.2)

with ingtial point 2° € H and step-size parameter v € Ry y. Then
Vit < Ve — (1= LE)y 725 = 2712 (2:3)

for each k € No, where Vi, = V(2F, 2%, 2**) for the Lyapunov function V defined in (2.1).

Proof. Note that the first and second proximal steps in (1.2) can equivalently be written
via their subgradient characterization as

U= — F(2M) € 0g(ZF)  and  4TN(EF = 2T — F(EF) € 9g(2F Y, (2.4)

respectively. Using the subgradient inequality at the points z¥*!, 2¥*2 and zF*!, with
the particular subgradients given in (2.4), it follows that

02 g(z"") = g(a) + (77 (5 = 24 = FE), 2 = 2, (2.50)
02 g(z""%) = g(a) + (7 (M = 2 S P, 2 -2, (25h)
02 g(z" ) —ga) + (7 - B S P 22 25

holds for any z € H, respectively. Picking z = 2°T! in (2.5a), z = 2" in (2.5b), z = 22

in (2.5¢), summing the resulting inequalities, and multiplying by 2y~* gives

0 > 2'Y_2<Zk _ Zk+172k+1 _ Zk‘+1> _ 2’}/_1<F(2k)72k+1 _ Zk+l>
+ 2fy72||2k+1 _ 2k+2‘|2 _ 2,.}/71<}7v(2/<:+1)7 Zk:+1 _ Zk:+2>

+ 2772<2k+1 o 2k+17 Zk+2 o 5k+1> o 2’}/71<F(Zk+1)7 Zk+2 o 2k+1>. (26)
The first two inner products in (2.6) can be simplified as

Ak _ 2’772<Zk o Zk+17 §k+1 o Zk+1> o 2’771<F(2k), 2k+1 o Zk+1>
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Zk+1||2 + 7_2||2k+1 _ Zk+1||2 _

— % - TN = B - 2 T R, B - A,

where the identity 2(z,y) = ||z|* +||y||* — ||z — y||* for each x,y € H is used in the second
equality, while the remaining four terms in (2.6) can be simplified as
Bk; — 27—2”2]6-0—1 _ Zk+2||2 _ 2’}/_1<F(2k+1)7 Zk+1 _ Zk:+2>
+ 2772<Zk:+1 _ 2k+17 Zk+2 _ 2k+1> _ 2’771<F(zk+1)’ Zk+2 _ 2k+1>
— 2,y71<2k+1 7 Zk+27 F(Zk+1) o F(2k+l)> + 772||Zk+2 7 2k+1H2 + ,y72HZk+1 o Zk+2H2
+ 7—2|‘Zk:+1 _ 2k+1||2 _ 2’)/_1<F(Zk+l), Zk+l _ 2k+1>
= Vern + 2R By T PR, A g,
where the identity 2(z,y) = ||z|* +||y||* — ||z — y||* for each x,y € H is used in the second
equality, and the explicit expression for Vi1 = V(251 28+, 25%2) is used in the third
equality. Therefore, the inequality Ax + Br < 0 in (2.6) can be rearranged as

Vk+1 < ’Y_ Zk _ 2k+1”2 _ ’Y_2||Zk _ Zk+lH2 _ 2,7—2”2/6-!»1 _ Zk+lH2 (27)

+ 2y (F(ZF) — F(ZTY), 28— 2,

Il

—C
We can upper bound the term Cj, as g

(z") = F(z"), 257 = 25) 4 (F(Z%) = F (M), 2" = 2F)
+ <F(—k) o F(zk+1)7§k+1 + Zk o 2Zk+1>
S(F(Z") = F(M), M =25

|F(Z*) = PP+ g5 128 — 225 4 2412

+3]
_k Ky _k k L2 -k k
< () = P(5), 4 = 24 4 2k 2 i
k k412 ket 1 k412 ko k412
+ o (202" = 2P 4 22 = 1 =) (2.8)

where monotonicity of F' and Young’s inequality is used in the first inequality, and
Lipschitz continuity of F' along with the identity ||z + y||> + ||z — y||* = 2||z||* + 2]|y||?
for each z,y € H is used in the last inequality.
Combining (2.7) and (2.8), and using Vi, = 2y~ (2" — 2" F(2%)—F(2F)) 4472|251 -
ZF)% 4 77220 — 2F |2 gives
Virr = Vi < 2971 - 2K B(E5) - F(N) + LB)E5 - 22
S A R

= - (1=~7"LE)y 22" = )%
as claimed. O

Next, we present Corollary 2.4, which follows immediately from Theorem 2.3 by letting
g = 0. Observe that Corollary 2.4 recovers known results, e.g., see [20, Lemma 3.2 and
Theorem 3.3], [11, Theorem 1], and [10, Remark 2.1].
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Corollary 2.4
Suppose that Assumption 2.1.(i) holds and the sequence ((2*, Ek))keNo is generated by

75 =28 —yF(2F),
Zk+1 _ Zk _ ')/F(Ek)
for each k € Ny, with initial point 2° € H and step-size parameter v € Ry . Then,
IFGEHI? < IEEI* = Q=7 LI)IF(") - F())? (2.10)
for each k € No. Moreover, if v € (0,1/Lr) and zer (F) # 0, then
|F(z"))? € o(1/k) as k — oo, (2.11)
and for any k € Ng and z* € zer (F') it holds that
2 [12° — 2" )
(= LE)(k+ 1)

Proof. Letting g = 0 in Theorem 2.3 gives (2.10). Using g = 0, (A.4) in Proposition A.3
gives

IF ")l (2.12)

1270 = 24|17 < Jl2* = 2 )* =1 = LR IF ()] (2.13)
for each ¢ € Ng. Inductively summing (2.13) from ¢ = 0 to ¢ = k, rearranging, and dividing
by v*(1 — v2L%) gives that

k k i * i *
Z||F(ZZ)H2 < Zi:O (”Z -z H2 - HZ i z ”2)
— - V(1 —~2L%)
120 — 2|
= R
for each k € Ny. Now (2.11) and (2.12) follow from the monotonicity of (||F(zi)||)l.ENO7
ie., (2.10). O

The following result shows that Vi, when scaled by a nonnegative constant, equals the
residual of a Fejér-type inequality. As a direct consequence, this gives a o(1/k) last-iterate
convergence result in terms of Vi as presented in Corollary 2.6.

Theorem 2.5
Suppose that Assumption 2.1 holds, the sequence ((z", Ek))kENO is generated by (1.2) with

initial point 2° € H and step-size parameter v € (0,1/Lr], and the sequence (Vk)keNo

is given by Vi, = V(2*, 2", 2*T1) for each k € Ny and the Lyapunov function V defined
n (2.1). Then, for any k € No and z* € zer (F' + 9g) it holds that

1258 = 2|1 < 2" = 211" = aly, L)V, (2.14)

where

a(y, Lr) = (/5 —49°L% — 1) > 0. (2.15)
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Proof. Note that (2.4) and —F(z*) € dg(z*) can equivalently be characterized by

0< g(z) — g(2") — (771" = ) = F(zH), 2 — 2, (2.16a)
< g(2) — () = (7L = ) = F(E), 2 — 24, (2.16b)
0< g(z) — g(=") = (~F ("), 2 - 2*) (2.16¢)

for each z € H. Picking z = 2*1 in (2.16a), 2 = 2* in (2.16b), z = ¥ in (2.16c), summing
the resulting inequalities, and multiplying by 2+ gives
0< —2(2" — 2 2 — 28y p oy (R (2F), AT — 2F)
L 2(2F — L Yy L 9 (B(FR), 2 — 2
—2(F(2") = F(2"),2" = 2") + 29(F(z"), 2" — 2")
e L B R A oy

o A e EA e i R 10 A G Bl

T 2y(F ("), 5 - 27)
ol C R P e Pt Bl Pl (2.17)

2y (F () — P(Y), 2 — 4,
where the identity —2(z,y) = ||z — y||* — ||z[|* — [|y||* for each z,y € H and monotonicity
of F is used in the second inequality. Picking z = z**! in (2.16a), z = z* in (2.16b), and
summing the resulting inequalities gives

0. g+ — g(2) — (171 (F = #4) — P, -2

+9(z") = g(Z"h) = (" - M) - F(ER), 2 -2
= —(F(z") = F(z%),2° = 250 — 7128 =22 (2.18)

For notational simplicity, we let & = (v, Lr) for a(y,Lr) as in (2.15), where simple

algebra shows that o > 0 if and only if YLy < 1. Multiplying (2.18) with 2ay~!, and
adding the result to (2.17) gives

0 < [l2" — 2% |2 = 127 = 21 = [|2" — 2%)12 = (1 + 2077 2)[|2"F — 2%
— 291+ ay ) (F(Z*) = F(Z*), 2 - )
= 12" = 2" |12 = [|12"F = 2" )1? — aVe + Ax,

where
Ar= = 12 = 2 = (U 20y = 2 = 291+ e ARG — F(H), 2 - 2

+ oV

= e = R = (1 ey D = B o —
+ 29y (2" = ) = (L a7 (F = ), (") - F(ZY)), (2.19)

=B
where we substituted V. *
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To complete the proof, it is enough to show that A, < 0. The last inner product
in (2.19) can be upper bounded using Young’s inequality as
B < 3IIF(Z") = FE°)IIP + g5 llary (" = 2571 = (1 4+ a7 (2" = 2412
L2k k2
< E[l - 2|

+ 5 (L+ay )2 = 2"+ a2 (L + ay )12 = 2517 —ay 722" = 22,
(2.20)

where Lipschitz continuity of F' and the identity |8z — (14 B)y||* = (1 + B)|ly|I* + B(1 +
Bz — y|I* — Bl|z||* for each x,y € H and each § € R [6, Corollary 2.15] are used in the
second inequality. Substituting (2.20) in (2.19) gives

Ac € = (1=7"Lh —ay (L4 ay )5 — 2] =0, (2:21)
where the last equality follows from simple algebra after substituting oo = a(y, Lr) as
in (2.15). O
Corollary 2.6

Suppose that Assumption 2.1 and zer (F 4 dg) # 0 hold, and the sequence ((z*, Zk)),CGNO

is generated by (1.2) with initial point 2° € H and step-size parameter v € (0,1/Lr).
Then,

Vi € o(1/k) as k — oo, (2.22)
and for any k € No and z* € zer (F + 0g) it holds that
2% — 2|
Vi< ——————|
F = a(y, Le)(k+ 1)

where a(y,Lr) > 0 is defined in (2.15) and Vi = V(zF, 2", 2**") for the Lyapunov
function V defined in (2.1).

(2.23)

Proof. The last iterate-convergence results in (2.22) and (2.23) follows by inductively
summing (2.14), rearranging, dividing by a(v, Lr), and using monotonicity of (Vi) cy,
as shown in (2.3). O

Remark 2.7

A close review of the proofs of Theorems 2.8 and 2.5 (and therefore also Corollary 2.6)
shows that the arguments remain valid when 0g in (1.1) is replaced with a mazimally
monotone and S-cyclically monotone operator T : H — H (see [6, Definition 22.13]) and
the prozimal operators prox_, in (1.2) with the resolvent (Id +~T)~*; the only change
is to use cyclic-monotonicity inequalities in place of the subgradient inequalities. We
nonetheless choose to present the slightly more restrictive subdifferential-based formulation,
as it avoids the added abstraction of cyclic monotonicity and is likely more immediately
accessible to a broader audience.

3. Algorithms for monotone inclusions
In light of the descent property established in Theorem 2.3, we propose line-search

extensions of the extragradient method that combine the nominal steps of (1.2) with user-
specified directions. This section focuses on identifying appropriate conditions to guarantee

154



8 Algorithms for monotone inclusions

global convergence, with detailed proofs deferred to Section 4. We deliberately leave the
choice of directions open at this stage and postpone the superlinear convergence analysis
to Section 5. This abstraction offers flexibility in choosing methods—such as (inexact)
(quasi-)Newton approaches, Anderson acceleration, or other suitable algorithms—for
computing the directions.

In the first subsection, we consider the classical extragradient setting where g = 0 and
introduce a line search based on ||F(z*)||? and its descent inequality in (2.10). We then
extend our approach in Section 3.2 to the more general setting of (1.1). Separating the
analysis in this way reflects the stronger convergence results available when g = 0, as well
as the fact that, in this case, the line search is more computationally efficient.

3.1 Fast line-search extragradient

In this subsection, we focus on the case g = 0 in (1.1), where the Lyapunov inequality (2.3)
simplifies to (2.10). The first algorithm introduced here is FLEX (Algorithm 1), which
can be viewed as a hybrid scheme in the same spirit as [21, Algorithm 5.16]. At each
iteration, it computes a suitable direction d* (see Section 5) and performs the updates
28T = 2F + d* whenever the contraction condition in Step 4 holds. Otherwise, it conducts
a line search based on the descent inequality (2.10), serving as a performance safequard.

Before we present the convergence results for FLEX, we offer some observations on the
line-search procedure.

Remark 3.1

The line-search interpolation strategy in FLEX is designed to ensure global convergence
while infusing local update directions in the algorithm. It differs from standard line-search
procedures in some respects.

(i) After a finite number of backtracks, the method defaults to T, = 0, at which point (3.1)
is satisfied due to (2.10) in Corollary 2.4. Taking the nominal step after a finite
number of trials is not just a practical consideration but is also theoretically grounded.
Without additional assumptions, it is possible that || F(z*) — F(2*)|| = 0 even when
no solution has been found, and (3.1) is not satisfied by any 1, > 0 for some
ill-chosen user-specified direction d®. Therefore, additional assumptions are required
for such edge cases if an infinite backtracking strategy with known finite termination
is to be employed. This is further explored in Section 3.1.1.

(ii) Enforcing a descent inequality as in (3.1) of Step 7 can be viewed as a performance
safequarding. As it is shown in Theorem 3.2.(i) below, the convergence of FLEX can
be guaranteed provided that (dk)keNo € (*(No; H). Therefore, the descent inequality
within the line-search procedure ensures that the directions contribute effectively to
the convergence, preventing arbitrarily poor performance.

The next theorem establishes global convergence of FLEX under the assumption that
the directions are summable, a setting that will be revisited in Section 5, see also
Theorem 5.6.(iii). Alternatively, if F' is uniformly monotone, the summability assumption
is dropped, as shown in Theorem 3.2.(ii). Moreover, when F is pp-strongly monotone, as
in Theorem 3.2.(iii), a linear convergence rate is achieved.

Theorem 3.2
Suppose that Assumption 2.1.(%7) holds, zer (F') # (0, and the sequence (zk)keNO is generated

by FLEX (Algorithm 1). Then, the following hold.

(i) If (d*)gen, € €' (No; H), then (2¥)yen, converges weakly to some point in zer (F).
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Algorithm 1: FLEX (Fast Line-search EXtragradient)

Initialize: 2° € #, v € (0,1/Lr), (p,0,8) € (0,1)*, M € Ny
1: for k=0,1,2,... do
2: 8 = 2F —yF(2Y); w® = 2F — yF(ZF)

3: Compute a direction d* € H at z*
& [P(z* + dY)]| < pl[F(=*)] then
5: 2P = 2k gk
6: else
7: Set ZF*1 = (1 - Te)w" + 73, (2% + d¥) where 74 is the largest

number in {8 |7 € [1, M]} U {0} such that

PGP < IFEHI? - o0 -2 LR)IF() - P2 (3.1)

8: end if
9: end for

(i) If F' is uniformly monotone, then (z*),.cy, converges weakly to some point in zer (F).
(i) If there exists 0 < up < Lp such that urllx —y|| < ||F(x)—F(y)| for each z,y € H,

then (zk)keNO converges strongly to some point in zer (F') and

IE DI < max (p°,1 — 07k (1= 7 LE))[1F (7)) (3-2)

for each k € Np. €(0,1)

3.1.1 Variant of FLEX under injectivity

As highlighted in Remark 3.1(i), since ||F(z") — F(2%)|| = 0 can occur without reaching a
solution, special considerations are necessary. In FLEX, this is addressed by employing an
explicit finite termination in the line-search procedure and assuming that the directions
d* are summable. However, when the operator F is injective, it is possible to exploit the
Lyapunov inequality in (2.10) directly to establish convergence results without additional
assumptions. To this end, we introduce I-FLEX, which incorporates a more traditional line-
search procedure similar to that used in [40, Algorithm PANOC]. However, the PANOC algorithm
is developed for minimization problems and utilizes a fundamentally different Lyapunov
function. Importantly, I-FLEX uses an infinite backtracking strategy with guaranteed finite
termination since injectivity ensures that |F(z") — F(z")|| = 0 only when a solution
has been found. Moreover, I-FLEX has two fewer parameters than FLEX, simplifying its
implementation.

Proposition 3.3

Suppose that Assumption 2.1.(i) holds and F is injective. Then, independent of the choice
of the direction d* in Step 3 of I-FLEX (Algorithm 2), either there exists an iteration k € N
such that 2* € zer (F) or the line search in Step 4 is well-defined for each iteration k € No.

Proof. Follows from o € (0,1), (2.10), continuity of F, and that ||F(z*) — F(z")|| # 0 if
and only if z* ¢ zer (F). O

Theorem 3.4
Suppose that Assumption 2.1.(i) holds, zer (F') # 0, and the sequence (zk)kENO is generated
by I-FLEX (Algorithm 2).

156



8 Algorithms for monotone inclusions

Algorithm 2: I-FLEX (Injective-FLEX)

Initialize: 2° € H, v € (0,1/L), (o,8) € (0,1)°
1: for k=0,1,2,... do

2: 28 = 2F — yF(2Y); w® = 2F —yF(ZF)
3: Compute a direction d* € H at z*
4: Set 2" = (1 — 7 )w® + 7 (2* + d*) where 74, is the largest number

in {#°|i € No} such that
IFE DI < IIFEI? = o1 =" LE)IF(E") - (1)) (3-3)

5: end for

(i) If F is injective and weakly continuous, then each weak sequential cluster point of
(z")ren, is in zer (F).

(i) If F is injective and weakly continuous, and (d*)yey, € €' (No; H), then (2")gen,
converges weakly to some point in zer (F).

(@ii) If F is uniformly monotone, then (zk)keNO converges weakly to some point in zer (F).

(iv) If there exists 0 < pur < Lp such that pr||lz—y|| < ||F(x)— F(y)|| for each z,y € H,
then (2*).cn, converges strongly to some point in zer (F) and

IE("DI < (1= oy’ (1= L)) |IF (M) (3.4)
€(0,1)

for each k € Np.

3.2 Proximal fast line-search extragradient

A direct generalization of FLEX (Algorithm 1) in Section 3.1 is provided in Prox-FLEX (Algo-
rithm 3) for the case when g in (1.1) is nonzero. Here, the Lyapunov inequality (2.3) from
Theorem 2.3 is used to modify the standard extragradient method in (1.2); otherwise,
the underlying approach remains the same. However, there is one important difference
between FLEX and Prox-FLEX in terms of computations required per line-search trial. The
condition (3.1) in FLEX requires only one additional F' evaluation per trial while condi-
tion (3.5) in Prox-FLEX requires two additional F' evaluations and two additional prox_,
evaluations per trial. Next, we present a convergence result of Prox-FLEX.

Theorem 3.5

Suppose that Assumption 2.1 holds, zer (F' + dg) # 0, the sequence (zk)kENo is generated
by Prox-FLEX (Algorithm 3), and (dk)keNo € (*(No; H). Then (zk)keNo converges weakly to
some point in zer (F + 9g).

Remark 3.6
(i) If F is pr-strongly monotone, then the Lyapunov inequality (2.3) in Theorem 2.3
can be strengthened to include the additional term —2y ™ up | 2" — 2%||? in the right-
hand side; this follows from using strong monotonicity of F' instead of monotonicity
of F in the first inequality in (2.8). This observation suggests that the line-search

157



Paper IV

Algorithm 3: Prox-FLEX (Proximal-FLEX)

Initialize: 2° € H, v € (0,1/Lr), (p,0

0,8) € (0,1)°, M € Ny

Require: Lyapunov function V as in (2.1) and algomthmlc operators T, Ty as in (2.2)
1: for k=0,1,2,... do

2: zk = T’Y( ) = ])1'());”/(:}' yF (2 ])
3: = T;( ) = prox,, (:‘ ~yF(zF ])
4: Compute a direction d® € H at z*
50 if VP AR T (28 + dR), TY (2F 4+ d¥)) < p*V(2*, 25, w") then
6: 2Pl =k gk
7 else
8: Set 2Ft = (1 - TE)w® + 71, (2 4 d*) where T, is the largest
number in {5° |7 € [1, M]} U {0} such that
V(LT (), T (M)
<V 0 —o(1 =2 L)y w* - 2| (3.5)
9: end if
10: end for

(i)
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condition (3.5) in Prox-FLEX can be replaced by
VL 0k ) < VEE 2 ) — o1 - L)yt - 2
- 27_ four|w® - 2% (3.6)
Note that using Young’s inequality, we get

V(" 25w < 27T T Le ) = 2P+ (v e 7R w0 - zk(ll? :
3.7

Combining (3.6), (3.7) and Step 5 in Prox-FLEX gives

V(T 2 WP < max | p? 1 — o min (1 =7 Li), 2yur) \UCAARTE
) ) —_ ) 2’}/ + ’YLF + 1 ) )
€(0,1)

for each k € N, i.e. (V(zk,ék,wk))keNo converges at least Q-linearly to zero.
Howewver, the resulting line-search condition is not always actionable since pr may
not be known in many practical problems. Therefore, we have chosen not to consider
the strongly monotone case further.

Similar to I-FLEX, Prox-FLEX can be modified to perform infinite backtracking on (3.5)
with guaranteed finite termination, even without the strengthened line-search condi-
tion described above in Remark 3.6(i). This modification requires |w* — 2¥|| to be
an oplimality measure, which holds when both F and prox. , are injective. However,
since prox.,, is rarely injective in practical applications, we omil this modification
from our analysis.



4 Global convergence

4. Global convergence

This section provides detailed proofs of the results presented in Section 3. We start by
providing two useful lemmas. The first lemma establishes that the iterates generated
by FLEX, I-FLEX, and Prox-FLEX are quasi-Fejér monotone with respect to the solution set,
which is an important tool in establishing global convergence. The second lemma contains
some auxiliary results.

Lemma 4.1
Suppose that Assumption 2.1 holds, z* € zer (F + 0g), (dk)keNO € 1*(No; H), T and
T, are the algorithmic operators defined in (2.2), and V is the Lyapunov function given

n (2.1). Let (zk)kGNO € 1Y such that 2" = (1 — 7p)w® + 7 (2" + d¥), where 71, € [0, 1]

and w* = T (2*) for each k € Ng. Then there exists a sequence (ek)ken, € €' (No; Ry)
such that

1258 = 2|1 < 12" = 21 + ex = (1= 7)aly, Lr)Ve, (4.1)
where a(y, Lr) is defined in (2.15), Vi, = V(2", 2%, w"), and 2" = T} (2*) for each k € Ny.
Proof. Note that Proposition 2.2.(i) gives that Vi > 0 for each k € Ny. Using the identity

7z + (1= )yl* = 7llz]* + (@ = 7)llyll* = (1 = 7)l|lz — yl*

for each z,y € H and 7 € R [6, Corollary 2.15], and z"*! — 2* = 73 (2F + d* — 2*) + (1 —
) (w® — 2*) for each k € No, we get that

o+ — )2

= Tl 4+ dF = 2P 4 (1= )t — 27| (1 - )|+ dF -

< el dE 2P (=Tl - 2N (L m)aly, Le)Ve

< (25 = 27+ 1) + (L= 7)1 — )2 = (1= m)aly, Lr) Ve

< Nl2% = 2* 20l — 2 1M+ P~ (1 - m)aly, Le)V (4.2)
< (25 = 24| + 1a*|1)” (4.3)

for each k € Ny, where (2.14) and 7, (1 —7%) > 0 is used in the first inequality, the triangle
inequality is used in the second inequality, 7, < 1 is used in the third inequality, and
(1 —mk)a(y,Lr) > 0 is used in the last inequality. Taking the square root of (4.3) and
inductively applying the resulting inequality gives that

125 =2l < 12° = 27l + 22 OHd1|<HZ -2+ 302 O\Id’\<00 (4.4)

=K

for each k € Np, where the empty sum is interpreted as zero and FE is finite since
(d*)pen, € ¢ (No; H). Therefore, (4.2) and (4.4) imply that

1258 = 2|1 < 12" = 2017 4 2B d"|| + (||| —(1 = )y, Lr) Vi

=¢eg

for each k € No, where summability of (ex)yen, follows from (d*)cn, € €'(No; H). O
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Lemma 4.2
Suppose that Assumption 2.1 holds, the sequences (zk)keNO, (gk)keNo and (wk)kENO are

generated by either FLEX (Algorithm 1), I-FLEX (Algorithm 2), or Prox-FLEX (Algorithm 3),
and V is the Lyapunov function given in (2.1). Then, the following hold.

(i) (V(2*, 2%, w"))gen, is convergent, which for FLEX and I-FLEX reduces to (F(2*))en,
being convergent.

(i) (||w*—2"|1*)ken, € €' (No; Ry), which for FLEX and I-FLEX can be written as (|| F(z")—
F(zk)”2)keN0 € 01 (No; Ry).

(#ii) If F is uniformly monotone, then (||F(zk)||)keN0 converges to zero for FLEX
and I-FLEX.

Proof. First, we establish for Prox-FLEX that
V(A ZET k)
< V(2" 2, wh) (4.5)
—min((1 - yLr)(1 = p*),0(1 = 5*LE)y~*|lw® — 2*||?
for each k € Ng. Note that Step 5 in Prox-FLEX implies that
V(zlﬂ'l7 2k+1,wk+l) < pQV(zk,Ek,wk)
= V(" 72", wh) — (1= V(" 2F ")
V(R w) = (1= yLe) (1 — g2y 2w — |

for each iteration k when the condition in Step 5 of Prox-FLEX is true, where Proposi-
tion 2.2.(i) is used in the last inequality. This combined with (3.5) in Prox-FLEX gives (4.5).
Second, since Prox-FLEX reduced to FLEX when g = 0, (4.5) implies that

IF )
<|IFEMI (4.6)
—min((1 = yLr)(1 = p*),0(1 = 7°LE)) | F (") — F())?
for each k € Ng, for FLEX.

4.2.(i): Follows from (4.6) for FLEX, (3.3) for I-FLEX, and (4.5) for Prox-FLEX, combined with
the monotone convergence theorem.

4.2.(ii): Note that (||w” —2*|*)ren, = (V|| F ( ¥Y— F(2")|1*) ke, for FLEX and I-FLEX. The
statement follows from (4.6) for FLEX, (3.3) for I-FLEX, and (4.5) for Prox-FLEX, combined
with a telescoping summation argument.

4.2.(iii): Suppose that F' is uniformly monotone, i.e., there exists an increasing function
¢ : Ry — Ry, that vanishes only at 0, such that

¢ ([l —yll) < (& —y, Fz) - F(y))
for each z,y € H. Note that

¢ (VIEE) = ¢ (1" = 2°1)
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< (2 —F F(M) - F(EY)
< ||l2* = 2P (") — F(EY)|
=AIFE)IIF(E") — FE*)| —0

where zF = 2 — vF(2") is used in the first equality, the Cauchy—Schwarz inequality is
used in the second inequality, z*¥ = 2* — ’yF(zk) is used in the last equality, and the
convergence to zero in the last line follows from Lemma 4.2.(i) and Lemma 4.2.(ii). This
proves the claim. O

4.1 Proofs regarding FLEX

Proof of Theorem 3.2.(i). This follows from Theorem 3.5, since Prox-FLEX (Algorithm 3)
reduces to FLEX (Algorithm 1) when g = 0. a

Proof of Theorem 3.2.(ii). See Lemma 4.2.(iii). |
Proof of Theorem 3.2.(iii). Note that (3.1) gives that
IFE DI <IFEN? = o1 =" LE)IFE) - F(E°))°
SIFEMIP = ouk (1= 7L 12" = 2|
=(1 = o7 ui(1 = ¥’ LE)) |1 F (") (4.7)

for each iteration k such that the condition in Step 4 in FLEX is false, where Step 2 in FLEX
is used in the last equality. Combining (4.7) and Step 4 in FLEX gives (3.2). Moreover,

(HF(zk)H)keNo converges to zero since max(p?,1 — ov?u%(1 — v*L%)) € (0,1). Since
k - k
25 = 2| < pp'IF (") = F(") = up 1FED)]
for each k € No, (2¥),cy, converges strongly to z* € zer(F). O

4.2 Proofs regarding I-FLEX
Pmof of Theorem 34(1) Suppose that (zk)kGK — 2°°. Weak continuity of F and z* =

2P — yF(2%) give that (2%),cc — 2°° = 2°° —yF(2°). On the other hand, it follows from
Lemma 4.2.(ii) and weak contlnulty of F that F(z ) = F(z*°), which in view of the
injectivity assumption of F, implies 2> = z*° — vF(2°°). Therefore, 2*° € zer (F),
as claimed. m|

Proof of Theorem 3.4.(ii). Note that Theorem 3.4.(i) gives that each weak sequential
cluster point of (zk)keNo is in zer (F'). Moreover, [6, Lemma 5.31] and (4.1) in Lemma 4.1

give that (||z* — 2*||) sy, converges. Thus, [6, Lemma 2.47] gives that (2*),cy, converges
weakly to some point in zer (F'), as claimed. |

Proof of Theorem 8.4.(iii). See Lemma 4.2.(iii). |
Proof of Theorem 8.4.(iv). Note that (3.3) gives that

IFE DI <IFEI = o1 =" LE)IFE) - FE))?
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<|FEHIP = oub (1= 7" LE) |2 — 24
=(1 - 07 1B (1 = PLR)IF )P

for each k € No, where Step 2 in I-FLEX is used in the last equality. Therefore, (|| F (")) xen,
converges to zero since 1 — oy?u%(1 —~v2L%) € (0, 1). Since

k — k * — k
12 = 2| < pp' |F (") = F(")| = np |1 FED)]
for each k € No, (zk)keNO converges strongly to z* € zer(F). |

4.3 Proofs regarding Prox-FLEX

Proof of Theorem 3.5. Set 7, = 1 for the iterations when the condition in Step 5
in Prox-FLEX is true and let z* € zer (F' + dg). Then (4.1) in Lemma 4.1 and [6, Lemma
5.31] imply that (||z* — 2*||)ren, converges. Thus, the proof is complete if we can show
that] weak sequential cluster points of (z*),cy, belong to zer (F + dg), due to [6, Lemma
2.47].

For this, it suffices to show that (2% — 2*||),cy, converges to zero. Indeed, suppose
that (2%),
(z%) wer — 277 Moreover, the proximal evaluation in Step 2 in Prox-FLEX can equivalently
be written as

— 2™ for some 2™ € H and (||z¥ — 2*||)cn, converges to zero. Then

Y = 2 = F() + F(2") € (F + g)(2"). (4.8)

The left-hand side of (4.8) converges strongly to zero since F is continuous and (||z* —
Z*|)ken, converges to zero. Moreover, the operator F 4 g is maximally monotone, since
F' is maximally monotone (by continuity and monotonicity [6, Corollary 20.28]), dg
is maximally monotone [6, Theorem 20.48], and F' has full domain [6, Corollary 25.5].
Thus, [6, Proposition 20.38] gives that 2> € zer (F' + dg), and by [6, Lemma 2.47] we
conclude that (zk)keNO converges weakly to a point in zer (F' + dg).

It remains to show that (2" — 2"[|)xen, converges to zero, which we do by showing that
(Vi) ke, converges to zero and applying Proposition 2.2.(i). Let K< = {k € No | 7% < 1}.
Suppose that |K<1| < co. Then Vi41 < p?Vg for each k € Ny such that k > max K1, and
(Vi) ken, converges to zero since p € (0,1). On the contrary, suppose that [K<1| = co. Let
I': K<1 — K<1 such that I'(k) = min {i € K<1 | k < i} for each k € K<1. Let k € K<,
and notice that 7, < 7 for any such index, where 7 = max {8° | i € [1, M]} U {0} < 1.
Inductively summing (4.1) in Lemma 4.1 from k to I'(k) — 1 gives

D(k)—1
1270 — 22 <l — 2| (= Paly LoV + Y e, (4.9)
i=k

where we used the fact that 7, = 1 for any ¢ € K. Inductively summing over all k£ € K3
in (4.9), rearranging, and dividing by (1 — 7)a(y, Lr) > 0 gives

22— 2R — 2 B )
(1 —ma(v,Lr)

Z Vi < Z’°6K<1 (sz —

keEK <1
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5 Superlinear convergence

||Zmin(K<1) _ Z*||2 + Z:O:() £k

= (- 7)a(nLr)

where summability of (ex)gey, is used in the last inequality. Note that

< o0, (4.10)

0o I(k)—1

Su-y v

k=0 keKoy i=k
(k)—1

Z Z POV

keK<) i=k

A
—
[ .
S
V)
~
e
A
8

where Step 5 in Prox-FLEX is used in the first inequality, the expression for the geometric
series is used in the second inequality, and (4.10) is used in the last inequality. This
completes the proof. a

5. Superlinear convergence

The convergence analyses presented so far have been blind to the choice of directions
(dk)keNO; nevertheless, attaining a fast convergence rate relies on their precise choice. This
section presents a minimal set of assumptions on the directions that ensure superlinear
convergence. Our main focus will be on quasi-Newton-type directions that are computed
as
k k
d” = —HpR,(2"), where R, = >(Id—prox,, o (Id —F)), (5.1)

v € Ry, H, : H — H is a linear operator encapsulating information of the geometry
of the residual mapping R, at 2* and F and g satisfy Assumption 2.1. The specific
way Hj, is computed determines the underlying quasi-Newton method (see Section 6 for
details). Notice that the zeros of R, coincide with the set of solutions of (1.1). Moreover,
when g = 0, R, reduces to F, and the directions are given by d* = —H,F(z*). The
following assumption on the directions (dk)keNO can be seen as a boundedness assumption
on the linear operators (Hx)yen,- However, note that the assumption applies to directions
beyond the ones given in (5.1).

Assumption 5.1

The sequence of directions (d")ycn, used in FLEX, I-FLEX, or Prox-FLEX satisfies ||d"|| <
D||R,(z")|| for each k € Ng such that k > K, for some constants D > 0 and K € N,
where R, denotes the residual operator as defined in (5.1) (the function g is set to zero
in the particular cases of FLEX and I-FLEX).

Assumption 5.1 is a natural assumption for directions defined in (5.1). For example,
under suitable regularity conditions for regularized Newton directions—specifically when
g = 0—we demonstrate this in Proposition 5.2. Note that in Proposition 5.2, we assume
that F' is continuously Fréchet differentiable; however, this assumption is made solely for
illustrative purposes and is not required elsewhere in the paper. Assumption 5.1 has also
been utilized in the context of minimization and in finding zeros of nonexpansive maps,
as seen in [1, Theorem 5.7.A3] and [41, Assumption 2|, respectively.
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Proposition 5.2
Let F : H — H be monotone and continuously Fréchet differentiable, and suppose that the
Fréchet derivative DF at z* € zer (F') is left invertible. Suppose that (zk)keNo, (dk)keNO €
HNO are such that

(ri Id+DF(2*))d* = —F(%) (5.2)

for some sequence (1x)yen, € Riﬂ_, and that (zk)keNO converges strongly to z*. Then,
Assumption 5.1 is satisfied with g = 0.

Proof. Let t > 0 and note that

o< Flertw) = FR)z4 =2 ippey, ) (5.3)
t2 L0

for any v € H and for any z € H, by monotonicity of F'. This implies that the bounded

linear operator 7y Id +DF (zk) is re-strongly monotone, and therefore invertible for each

k € No. This, in turn, ensures that the regularized Newton update (5.2) is well-defined,

i.e., d* is uniquely defined at each iteration.

Moreover, since DF'(z*) is left invertible, there exists ¢; > 0 such that ||DF(z*)v| >
c1||v|| for any v € H [5, Proposition 10.29]. This observation combined with z* — z* and
continuity of DF(-) implies that there exists c2 > 0 and K € Ng such that |[DF(z*)v|| >
cz||v|| for any v € H and for any k > K. Therefore,

IF(z5)1* = |lr 1d +DF(z")d"||?
= |lrxd"||* + 27k (DF(2")d", d") + | DF (z")d"||?
> |DF(2")d"|?
> c3|d"||*

for each k > K, where the first inequality follows from (5
g

3) and ri > 0. This establishes
that Assumption 5.1 is satisfied with D = 1/c¢2, when 0.

= O
Remark 5.3

In the case of FLEX, when the operator is strongly monotone, the sequence (HF(zk)H)keNO
converges Q-linearly to zero, as established in Theorem 3.2.(iii). This observation, com-
bined with Assumption 5.1 is sufficient to conclude that (dk)keN(J € ¢*(No; H), thereby
yielding global convergence as demonstrated in Theorem 3.2.(i). An analogous argument
extends to Prox-FLEX after incorporating the strengthening discussed in Remark 3.6(1).

We proceed to quantify the quality of the directions used in the algorithms that
guarantee fast convergence. The classical condition of [17, Chapter 7.5] for Newton-type
methods identifies a sequence of directions (d*)ycy, relative to a sequence (2*).cn,
converging to z* as superlinear if

N ey

k—oo  ||2F — 2*|

=0. (5.4)

This notion a priori assumes the convergence of the sequence (2") ken, - Here, we use a
slightly refined notion and define superlinear directions similar to [41, Definition VI.2].
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5 Superlinear convergence

Definition 5.4

Suppose that v € Rit, (2°)reny, (A%)ken, € HYO, Assumption 2.1 holds, T) and Ty are
the algorithmic operators defined in (2.2), and V is the Lyapunov function given in (2.1).
Then we say that the sequence of directions (d¥)xen, is superlinear relative to (2" )ren, if

V(" 4 d", 1) (28 + d¥), 17 (2F + d¥))

li =0. 5.5
e V(F, Ty (), Ty (%)) (5:5)
In the case of solving monotone equations where g = 0, addressed by FLEX
and I-FLEX, (5.5) reduces to
_EGER Y
lim ————— =0. (5.6)
koo ||F(2F)]

This condition is closely related to the classical Dennis-Moré assumption [13]. Specifically,
when F is strictly differentiable at its zeros, the Dennis-Moré assumption implies (5.6),
as shown in [41, Theorem VI.7]. In particular, the condition is satisfied by Broyden’s
method under mild regularity assumptions at the limit points [41, Theorem VI.8].

Remark 5.5
The superlinear convergence results presented in Theorem 5.6 also hold under (5.4) of [17]
since it implies the notion in Definition 5.4. Indeed, by Assumption 5.1

2
14" < D* (IIz" = T3 M)l + 175 (%) = T7 ("))

<2D? (||2° = T3 M)|1° + 175 () = 17 () |I?)

2’7’2D2 k vk vk

= mv(z’ IV (27), T5(27))

for each k € Ny such that k > K, where the triangle inequality is used in the first inequality

and Proposition 2.2.(i) is used in the last inequality. Hence
VE 4 dh T d) T v d) 9D | dE P
V(zF, T (2%), Ty (%)) ~ (I =vLr)a(y,Lr) [[d* || ’

(5.7)

for each k € Ng such that k > K, where V(2 + d*, T (2* + d®), Ty (2 + d*)) < ||2% +
d* — 2*||?/a(y, Lr) is used (see Theorem 2.5). Combining (5.7) with (5.4) and the fact
that limg 0|2 — 2*||/||d¥|| = 1 (see [17, Lemmma 7.5.7]) shows that the ratio on the
left-hand-side of (5.7) vanishes. Therefore, (5.5) is a weaker condition than (5.4) under
Assumption 5.1. We also refer the reader to [17] for further details.

As shown below in Theorem 5.6.(iii), Definition 5.4 in conjunction with Assump-
tion 5.1 is sufficient to conclude (d*)cy, € £'(No; H), establishing global weak sequential
convergence by Theorem 3.5. See also Theorems 3.2.(i) and 3.4.(ii) for FLEX and I-FLEX,
respectively.

Theorem 5.6

Suppose that Assumption 2.1 and Assumption 5.1 hold, zer (F + 8g) # 0, Ty and Ty
are the algorithmic operators defined in (2.2), V is the Lyapunov function given in (2.1),

and (dk)keNO is superlinear relative to the sequence (zk)keNO generated by either FLEX
(Algorithm 1), I-FLEX (Algorithm 2), or Prox-FLEX (Algorithm 8). Then, the following hold.
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(i) 2P = 2% 4 d* for all k € Ny sufficiently large.
(i) (V(2*,T7 (%), T3 (z")))ken, converges to zero at least Q-superlinearly.
(i1i) (d*)pen, € €' (No; H) with (d*),en, converging to zero at least R-superlinearly.

() If dimH < oo, then (2*),cy, converges to some point z* € zer (F + Og) at least
R-superlinearly.

Proof. The proof is presented for Prox-FLEX, with the necessary adjustments for FLEX
and I-FLEX outlined at the end of the proof.

5.6.(1) Follows from (5.5) since Step 5 in Prox-FLEX is true for all k € Ny sufficiently large.
5.6.(ii) Follows from 5.6.(i) and (5.5).
5.6.(iii) Note that Assumption 5.1 and Proposition 2.2.(i) give that

Hd’“l\égllz“Tﬂ(z’“)lK 2D VG T ()T ()

“ V1—79LF
for each k € Ny such that £ > K. The claim now follows from 5.6.(ii).

5.6.(iv) Theorem 3.5 and 5.6.(iii) imply that the sequence (2*),cy, converges to some
point z* € zer (F + dg). Since zFT! — 2F = d* for all k € Ny sufficiently large, 5.6.(iii)
implies that (2*"' — 2%), oy, converges to zero at least R-(super)linearly. In particular,
there exists x € Ry and (ck)gen, € ]RTL such that limg_ e cx = 0 and

k
|2 = 2F|| < ani (5.8)
=1

for each k € Ny. Let k,j € Ng such that j > k. The triangle inequality and (5.8) give
that

] J—1 j—1 ¢ [S%) VA
128 = 2l =125 = 2 < D I =2 <w Y [ [eo ——w D> [ e = me
]*}OO " ]*}OO "
=k =k i=1 L=k i=1

The sequence (p)gen, € R?ﬂ_ converges to zero at least @Q-superlinearly since

Me Dk Hf:1 G ( Hi‘:ll Ci) ( D Hf:k Ci) (ZZk Hf:k Ci)

= —0

Hi-1 Zl?.;k—l Hle Ci - (Hi:f Ci) (1 + ZZk Hfzk ci) (1 + sz Hf:k Ci)

and limg— co sz Hf:k ¢; = 0. Thus, (zk)keNO converges to z* at least R-superlinearly,
as claimed.

The assertions for FLEX follow directly, as setting g = 0 reduces Prox-FLEX and its underlying
assumptions to those of FLEX. For I-FLEX, the only distinction is that, for sufficiently large
k, 7 = 1 is always accepted in Step 4 of I-FLEX, due to (5.6). All other arguments remain
unchanged. m|
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6 Numerical experiments

6. Numerical experiments

In this section, we assess the performance of the proposed algorithms in Section 3 through
a series of simulations on standard problems using both synthetic and real-world datasets.
Code to replicate the experiments is made available online.! Table 1 contains a description
of the algorithms used.

Table 1. Algorithms used in the numerical simulations (when applicable).

Method Description

EG Extragradient method (1.2) with v =0.9/Lp.

EAG-C Extra anchored gradient with constant step size a =
1/(8LF) [47, Section 2.1].

GRAAL Golden ratio algorithm with ¢ = 2 and a = 0.999/Lr [2,
Algorithm 2], [24].

aGRAAL Adaptive golden ratio algorithm with ¢ = (2 +/5)/2, v =
1/¢ +1/¢? and ap = 0.1 [2, Algorithm 1], [24].

EG-AA An extragradient-type method with type-II Anderson accelera-

tion with memory m = 1 [35, Algorithm 1] using the parameter
values described in [35, Section 4].

FISTA Fast iterative shrinkage-thresholding algorithm with constant
step size [7, Section 4].

FLEX Algorithm 1 with v =0.9/Lp, 8 =0.3, 0 = 0.1, p = 0.99, and
M =2.

I-FLEX Algorithm 2 with 8 = 0.01 and o = 0.1.
Prox-FLEX  Algorithm 3 with v =0.9/Lr, 8 =10.3, 0 = 0.1, p = 0.99, and
M =2.

In the numerical experiments for FLEX, I-FLEX, and Prox-FLEX, we use directions (dk)keNO
based on quasi-Newton directions.

Anderson acceleration. The first set of quasi-Newton directions we use are the standard
limited-memory type-I and type-II Anderson acceleration methods [3, 18]. These directions
are computed via (5.1), i.e., d* = —H,R,(z"), where H), differs between the type-I
and type-II variants. Both methods employ a memory parameter m € N and define
mi = min{m, k}. They also maintain two buffer matrices:

Yk—[ykfmk ykfl] and Sk:[skfmk s’“*l},

where y* = R,(2"™) — R,(%%) and s' = 2'T! — 2*. For type-I Anderson acceleration
(denoted AA-I), we have

Hy =T+ (Sk = Yi) (S5 Ye) " SK,
whereas for type-II Anderson acceleration (denoted AA-II), we have
Hy =1+ (Sk—Yi) (Y V) 'Y, .

Additional discussion can be found in [48].

1 https://github.com/manuupadhyaya/flex

167


https://github.com/manuupadhyaya/flex

Paper IV

J-symmetric directions. We also incorporate directions derived from the J-symmetric quasi-
Newton approach proposed in [4], which is developed for unconstrained minimax problems.
This method exploits the so-called J-symmetric structure of the Hessian in such problems,
allowing a rank-2 update of the (inverse) Hessian estimate that naturally generalizes
the classic Powell’s symmetric Broyden method from standard minimization to minimax
optimization. The formula for updating Hy, in (5.1) can be found in [4, Proposition 2.2].
We refer to this method as J-sym.

6.1 Quadratic minimax problem

Consider the quadratic convex-concave minimax problem

o imize £ 6.1
minimize may)ngnlze (z,v) (6.1)

for the saddle function £ : R™ x R™ — R such that
Ly)=4@z—a) Az —a")+(x-2") Cly—y") - 3(w—v") Bly—y")

for each (z,y) € R™ x R", where z*, y* € R", A, B € S}, and C € R"*". A solution
to the minimax problem (6.1) can be obtained by solving an associated saddle point
problem, which in turn can equivalently be written as (1.1) by letting H = R®*™ with the
inner product set to the dot product, g = 0, and F : R*" — R?" as the monotone and
L p-Lipschitz continuous operator given by

_ | VeL(z,y) | _ | Ale—2")+Cly—y")
F(Z) - |:_vy£(x y):| - |:B(y _ y*) _ CT(x _ LB*):| (642)

for each z = (z,y) € R™ x R", where?

ey

We generate problem data as in [4, Section 5.1], which is outlined below. The results of
the numerical experiments are presented in Figure 1. We see that FLEX and I-FLEX do very
well for small problems, while larger ones are more challenging. Nevertheless, the use of
AA-II directions in our algorithms systematically performs at the top.

Input: w E ]R+ and n € N

Output: a: y eER", A, BeS} and C € R"*"

: Let 2*, y* € R" such that x5, yi ~N(0,1) for each i € [1,n]

. Let S € R"*" such that [S]i,; ~ N(0,1/+/n) for each 7,5 € [1,n]
c S+ (S+857)/2

S+ S+ (|Amin(S)| + DI

A+ wS

: Repeat steps 2-4 with a different random seed and let B <+ wS

: Repeat step 2 with a different random seed and let C < S

2The matrix norm is taken as the spectral norm.
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Figure 1. Convergence of algorithms on the quadratic minimax problem (6.1). Both AA-I
and AA-II use memory parameter m = 20. When w = 0, the operator F' in (6.2) is
monotone; for w > 0, it becomes strongly monotone.

6.2 Bilinear zero-sum game with simplex constraints

Consider the bilinear zero-sum game with simplex constraints given by

C . T
minimize maximize x Ay (6.3)
TEAT YyEA™

where A € R™*™ is the payoff matrix and A" = {w € R} |w'1 = 1} is the probability

simplex in R™, which is equivalent to finding a saddle point (z*,y*) € A™ x A™ (which is
guaranteed to exist), i.e.,

(JJ*)TAy < (l‘*)TAy* < l‘TAy*

for each (z,y) € A™ x A™. This, in turn, is equivalent to solving (1.1) by letting H = R*"
with the inner product set to the dot product, g = §anxan, and F : R — R?" as the
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T T T T
100 |- - 100 |- n

k
K

1075

Q‘ Vmm S -
4 -
10— 10 il | 1 10-8 il | 1 -
0 1 2 3 4 0 1 2 3 4
Number of operator evaluations -10° Number of operator evaluations -10°

’ w— EG GRAAL s GGRAAL ws ws ws EG-AA wm wm mw Prox-FLEX: AA-I ws == == Prox-FLEX: AA-II ‘

Figure 2. Convergence of algorithms on the bilinear zero-sum game with simplex con-
straints (6.3) where 7* = Ry o1, (") and R is the residual mapping in (5.1). Both AA-1
and AA-II use memory parameter m = 10 for Figure 2a and m = 20 for Figure 2b. The

number of operator evaluations equals the number of F' and prox., evaluations.

monotone and L p-Lipschitz continuous operator given by

o= 4]

for each z = (z,y) € R™ x R", where

0 A
=l ol

We generate A =S — S for a random matrix S € R™*™ such that [S]; ; ~ N(0,1) for
each i,j € [1,n], resulting in a skew-symmetric matrix A. The results of the numerical
experiments are presented in Figure 2. We see that using AA-II directions in Prox-FLEX
gives good performance.

6.3 Cournot-Nash equilibrium problem

Consider a noncooperative game with n € N players, in which each player ¢ € [1,n] has
to pick a strategy z; that lies in Z;, a subset of a real Hilbert space H;, and has an
associated loss function ¢; : H — R, where H = H;zl H;. In this case, a pure strategy

Nash equilibrium is a strategy profile z = (z1,...,2n) € H that solves the problem

find z € H such that z; € Argmin p;(x; 2;) for each i € [1,n], (6.4)
T€EZ;
where we have used the notation (z;z.;) = (21,...,2i—1, 2, Zit1,. .., 2n) for each x € H;

and ¢ € [1,n]. In particular, assume that, for each i € [1,n], the function @, (;2.;) : Hi —
R is convex for each z € H, the gradient V., ¢; : H — H,; exists and is Lipschitz continuous,
and the set Z; C H,; is nonempty, closed and convex. Then (6.4) can equivalently be written
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as (1.1) by letting F : H — H : z+— (V,0i(2))/_, and g = 0z, where Z =[] | Z;, and
it is straightforward to verify that Assumption 2.1 holds.

Input: n € N
Output: ((TI, Qs , bi, mg, dl))?:l
1: repeat
2: For each ¢ € [1,n], sample m; uniformly from [150, 250]
3: For each i € [1,n], sample b; uniformly from [30, 50]
4: For each ¢ € [1,n], sample T; uniformly from [3, 7]
5: For each i € [1,n], sample d; uniformly from [5,20]
6: Sort (d;);_, in increasing order
7 For each i € [1,n], sample u; uniformly from [—10, —5]
8: For each i € [1,n], compute a; = d;/u;
9: Sort (a:);—, in decreasing order
10: valid < True
11: for i € [1,n] do
12: if b; < —2a;T; or m; < b; or d; < —a; then
13: valid < False
14: break
15: end if
16: end for

17: until valid is True

Let us further specialize the model to the Cournot—Nash equilibrium problem for
oligopolistic markets with concave-quadratic cost functions and a differentiated commodity,
as presented in [8]. Such models are useful for policymakers and economists in analyzing
market outcomes, assessing welfare effects, and evaluating the impact of various market
interventions [9, 19, 46, 27, 31, 45]. In particular, in the model of [8], each producer
i € [1,n] chooses to produce and supply a quantity z; € [0,7;] of a differentiated
commodity at a cost ¢; : R — R such that

ci(zi) = aiz] + bizi,

for each z; € R, where T; > 0 denotes the maximum capacity of production, and a; < 0
and b; > 0 are numbers such that b; > —2T;a,, ensuring that ¢; is increasing on [0, T5].
Moreover, each producer i € [1,n] has a price per produced unit of the differentiated
commodity®, denoted by p; : R® — R, that also depends on the other producers’ supply,
and is modeled by

pi(z) =m; — d; sz
j=1

for each z = (z1,...,2n) € R", for some m; > b; and d; > —a;, where the last two
assumptions guarantee a positive profit in a monopolistic setting, i.e., when n = 1. Thus,
given that the goal of each producer is to maximize profit, or equivalently minimize losses,
an equilibrium state where no producer has any incentive to deviate unidirectionally from
its production plan can be modeled by (6.4), with Z; = [0, T3], H; = R, and

wi(2) = ci(2i) — zip(2)

3 Also known as the inverse demand function.
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Figure 3. Convergence of algorithms on the Cournot—Nash equilibrium problem where
¥ = Ry /a1, (2") and R is the residual mapping in (5.1). Both AA-I and AA-II use memory
parameter m = 3. The number of operator evaluations equals the number of I and prox.,
evaluations.

for each z = (z1,...,2n) € R™ and i € [1,n], which fulfill the assumptions in the first
paragraph of this section. We identify F' as

2(&1 +—d1) dy di s dy
ds 2(0,2 + d2) ds cee do
F(z) = ds ds 2(az +d3) - ds 5
dn dn dn s 2(an + dy)
L :A ]
b1 — m1
+ .
bn, — mp,
with Lipschitz constant Lr = ||A||. We also note that [36] provides the existence of a

solution in this case. We generate the data similar to the approach in [8, Section 4.1],
as outlined below. The results of the numerical experiments are presented in Figure 3.
Although n = 100 in Figure 3b is not representative of a real oligopolistic market,
we include this larger problem size to evaluate the performance and scalability of the
algorithms. We observe that Prox-FLEX has a superlinear drop-off in both cases and that
EG-AA and aGRAAL scale well for this particular problem.

6.4 Sparse logistic regression

Consider the sparse logistic regression problem

minimize Z log (1 + exp (71)10,?13)) + Allz||x (6.5)

zeR™
i=1
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Figure 4. Convergence of algorithms on the sparse logistic regression problem (6.5), using
the datasets a%a from [12] and spambase from [15]. Both AA-I and AA-II use memory parameter
m = 10 for Figures 4a to 4c and m = 6 for Figures 4d to 4f. The number of operator
evaluations equals the number of F' and prox. , evaluations.

where (a;,b;) € R™ x {£1} for each ¢ = 1,...,m. The minimization problem (6.5) can
equivalently be written as the inclusion problem (1.1) by letting H = R™ with the inner
product set to the dot product, F' : R® — R™ such that F(z) = K'o(Kz) for each
x € R" where

exp(u1)

_=xb\v1) T
U1 1+exp(u1) _blal
o:R"=R™: | . | —» : , K= : €R™*",
U exp(um) _ T
m 1+exp(um) bmam

and g = A||-|]|1. Moreover, note that Assumption 2.1 holds with Lr = (1/4)|/K]|?. The
results of the numerical experiments are presented in Figure 4. Although not designed
specifically for minimization problems, we observe that Prox-FLEX with AA-II directions
performs at the top in all but one problem.

7. Conclusions

This paper investigated algorithms for solving inclusion problems involving the sum
of a monotone and Lipschitz continuous operator and the subdifferential of a proper,
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convex, and lower semicontinuous function. We proposed a new Lyapunov function for
Korpelevich’s extragradient method and established a last-iterate convergence result.
Departing from the standard Fejér-type analysis, this Lyapunov-based optimality measure
did not rely on a known solution to the inclusion problem. It underpinned three novel
algorithms that extend the extragradient method. These algorithms balanced user-specified
directions and standard extragradient steps, guided by carefully designed line search
steps based on the new Lyapunov analysis. In addition to providing global convergence
results under various assumptions, we showed that when the directions are superlinear,
no backtracking is triggered, leading to superlinear convergence.

Future research directions include developing similar solution-independent Lyapunov
functions for, e.g., the forward-reflected-backward method by Malitsky and Tam [25].
Another promising direction is to broaden the scope of the analysis beyond the monotone
setting to include cohypomonotone operators [32], and the more general class of problems
characterized by the weak Minty condition [14, 23, 33]. Additionally, further exploration
is warranted to adapt the approach to the mirror prox framework [28].

Appendix A: Background on Korpelevich’s extragradient method

In the original paper [22], the extragradient method (1.2) was analyzed under the as-
sumption that g is the indicator function of a nonempty, closed, and convex set, making
the proximal operator reduce to the projection onto that set. However, as noted in [26],
the extragradient method extends to the more general setting (1.1). The remainder
of this section presents results in this more general context, with proofs included for
completeness.

Definition A.1
Suppose that Assumption 2.1 holds and let v € Ry4. A point z € H is said to be a fixed
point of the extragradient method (1.2) if

prox. (z — vF(2)), (A.1a)
prox. ,(z — vF(2)). (A.1b)

z

Proposition A.2
Suppose that Assumption 2.1 holds and let v € Ry4. Then, the following hold:

(i) If z € zer (F + 0g), then z is a fized point of the extragradient method, i.e., (A.1)
holds, and z = Z.

(i) If v € (0,1/LF), z is a fized point of the extragradient method, and Z is defined as
in (A.la), then z = Z € zer (F + Jg).

Proof. The proximal evaluations in (A.la) and (A.1b) can equivalently be written via
their subgradient characterization as

YN z—2)— F(z) € 9g9(2), (A.2a)
—F(z) € 9g(=z), (A.2Db)

respectively.
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A.2.(i): Note that z € zer (F' + dg) and (A.1a) is equivalent to —F(z) € 9g(z) and (A.2a),
respectively. Using monotonicity of g [6, Theorem 20.48], we get that
0< (v ' (z=2) = F(2) + F(2), 2 — )
=—"Ylz—z* <o,
since v € Ry+. We conclude that z = z and that (A.1) holds.

A.2.(ii): By using monotonicity of dg at the points z and z, and the corresponding
subgradients in (A.2), we get that

0< (v ' (2—2)—F(2)+ F(2),z—2)

—y 7Yz = 2 + (F(2) — F(2), % — 2)

<=y Yz =2 + IF(2) — F2)llIZ - 2]

< (Le =7 Hllz -z, (A.3)

where the Cauchy—Schwarz inequality is used in the second inequality, and Lipschitz
continuity of F' in the third inequality. Since Lr — v~ < 0, we conclude from (A.3) that
z = Zz. That z = z € zer (F' + dg) now follows from (A.2a) or (A.2b). O

Proposition A.3

Suppose that Assumption 2.1 holds, the sequence ((2*, 2%)) is generated by (1.2) with

keNg
initial point 2° € H and step-size parameter v € Ry, and z* € zer (F + dg). Then

[ g e R (/] e (A4)

for each k € No. Moreover, if v € (0,1/LF), then (zk)kENO converges weakly to a point in
zer (F + 9g).

Proof. Note that the first and second proximal evaluations in (1.2) are equivalent to
0<g(z)—g(Z)— (v '(zF = 2" = F(z"),z — 2") for each z € H, (A.5)
and
0<g(z) —gz"™) — (v 1" = 2" — F(EF), 2 — 2" for each z € H, (A.6)
respectively, and the assumption z* € zer (F' + dg) is equivalent to
0<g(z) —g(z*) = (—F(2"),2 — 2") for each z € H. (A7)

Picking z = 2" in (A.5), z = 2* in (A.6), 2 = 2" in (A.7), summing the resulting
inequalities, and multiplying by 2v gives

0 < 29g(z"*") — 29g(2") — 2(2" — 2" —yF(2*), 21 - 24)
+279(2%) — 27g(2" 1) — 2(2" — T —yF(2h), 2" - )

+279(2") — 2v9(z") — 2(—F(2"), 2" — 2*)
= Ak + Bk7
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where
Ap = —2(zF = 7F T — 2Ry o0k — AR M
e B R ey i Eam
e -
e L B i S
and
By, = 29(F(2"), 2" — %) 4 29(F(ZF), 2" — 25T — 29 (= F(2*), 2 — 2*)
= 2y (F(2"), 25 — 2% 4 2q(F(Z¥), 2 — 2"T1) 4 29(F (ZF), 2% — 2%)
() - F(), 2 - )
)

<ANIFER) = FEDIP + 1125 - 25|
P I Ca &
where monotonicity of F' is used in the first inequality, Young’s inequality is used in the
second inequality, and Lipschitz continuity of F' in the third inequality. We conclude that
0< A+ B < |28 = 2" = |27 = 2" = (1 = 7LE) 12" — 2",
which proves (A.4).

Next, note that (A.4) gives that (]|z" — 2" 1) ey, converges. Thus, (zk)kENO is bounded
and there exists a subsequence (2*), ,, — 2> for some 2> € H [6, Lemma 2.45]. More-
over, (A.4) and the requirement v € (0,1/Lr) give that (||z2" — zkHQ)kENO is summable,
and therefore, (2"), cx — 2%°. The first proximal evaluation in (1.2) can equivalently be
written as

YT = 2 = F() + F(2") € (F + 8g)(2h). (A.8)

The left-hand side of (A.8) converges strongly to zero since F' is continuous and (||z" —
zk |Nren, converges to zero. Moreover, the operator F + dg is maximally monotone, since
F is maximally monotone (by continuity and monotonicity [6, Corollary 20.28]), dg
is maximally monotone [6, Theorem 20.48|, and F has full domain [6, Corollary 25.5].
Thus, [6, Proposition 20.38] gives that z°° € zer (F 4 9g), and by [6, Lemma 2.47] we

conclude that (zk)kENO converges weakly to a point in zer (F' + dg), as claimed. O

Remark A.4
Similar to Remark 2.7, the results in this section remain valid when dg in (1.1) is replaced
with a maximally monotone and 3-cyclically monotone operator T : H — H and the

prozimal operators prox.,, in (1.2) with the resolvent (Id +’yT)71.

Appendix B: Counterexamples

Example B.1
Let Vi = V(2F, 2% 25T for the Lyapunov function V defined in (2.1) and iterates
(2", 2%))ren, generated by Tseng’s method (1.3). This ezample contains a particular
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instance of the inclusion problem (1.1), initial point 2° € H, and step size v € (0,1/LF)
for which Vy, increases between the first two consecutive iterations, thereby establishing
that Vi has no (one-step) descent inequality in this case. In particular, consider H = R*,
F:R* - R* and g : R* = RU {+oc0} such that

. R 5
F(z) = { Axy} and g(z) = {ioo Z;’fefw[isz 6] and y € [1,8]7,

for each z = (z,y) € R? x R?, respectively, where
|7 6
=y
It is straightforward to verify that Assumption 2.1 holds with?*
0 A
Lr = H [—AT 0} H =~ 9.25091.

By letting 2° = (=1, —7,—1,7) and v = 1/10, Tseng’s method gives that
oo (190
z - ( 27 107 17 5 b

1 ( 277 71 36 43)

- A—

507 107 25’10

1 1739 )
= (-7,——=1,1
? ( T %5001

and therefore

Vo =1662 and V1= %7246 = 1899.5936,

establishing the claim.’

Example B.2
Consider the inclusion problem

find z € H such that 0 € F(z)+T(z)

where F : H — H satisfies Assumption 2.1.(i) and T : H — 2™ is a mazimally monotone
operator. Let

ZF = (Id+4T) 7' (2" — vF(2")),
A = (Id4T) "L (2F — v F(E5)), (B.1)

and Vi, = V(2*, 2%, 2**1) for the Lyapunov function V defined in (2.1). This ezample
contains a particular problem instance for which (zk)keNO diverges and Vi increases

4The matrix norm is taken as the spectral norm.
5 Code to reproduce this example can be found at https://github.com/ManulUpadhyaya/flex/blob/main/
Counterexample_B1.ipynb.
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between the first two consecutive iterations. In particular, consider H = R?, 2% = (10, 10),
v =1/10, and F,T : R?* — R? such that

o= [1 4] e - 51

=A =B

for each z = (z,y) € R X R, where Lr = 9. Note that (B.1) reduces to

= (T+9B) 7 (T=1A (T +9B) 7 (1 -74))) 2,

=C

where C € R?*2 has full rank and spectral radius ~ 1.132596, which is greater than one.
Therefore, we can conclude that (z*),cy, diverges. Moreover, (B.1) gives that

o (2, 400)
297 29 )’
3245 26745)

-
Z:(@’W
-
-

447965 1899785 )

97556 * 97556
53118995 87834005)

5658248 ’ 5658248

and therefore

Vo = 25000 ~ 6985.731272201489),
12676046875
Vi = e & 8961.11084208398,

establishing the second claim.’

Appendix C: Comparison to standard optimality measures

This section presents some standard optimality measures for (1.1) and compares them
to Vi = V(z*, 2F,2FT!) for the Lyapunov function V defined in (2.1) and iterates
((2%,2"))ren, generated by the extragradient method (1.2). It also includes a comparison
to recent last-iterate convergence results for the extragradient method.

Definition C.1
Suppose that Assumption 2.1 holds.

(i) The natural residual is defined as
|z — prox, (z = F(2))||

for each z € H.

6 Code to reproduce this example can be found at https://github.com/ManulUpadhyaya/flex/blob/main/
Counterexample_B2.ipynb.
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(i) The tangent residual is defined as

inf ||[F(z)+
nt_ [P+

for each z € H.

(iii) Suppose that 2° € H, 2* € zer(F + 8g) and § = ||2° — 2*|| > 0. Then the restricted
gap function Gap : H — R U {400} is defined as

Gap(2) = sup (F(w), z = w) + g(2) — g(w)) (C.1)

wedom dgNB(z*;6)
for each z € H, where B(z*;0) ={z € H : ||z — z*|| < §}.

Remark C.2
In this remark, we establish that the measures in Definition C.1 are indeed optimality
measures for (1.1).

(i) The natural residual is nonnegative and zero if and only if z € zer (F + 9g), since
lz = prox,(z — F(2))| =0 <= =z =prox,(z — F(2)) <= —F(2)¢€ dg(2),

where the last equivalence follows from the subgradient characterization of the
proximal operator.

(#) The tangent residual is nonnegative and zero if and only if z € zer (F + dg), since
the tangent residual upper bounds the natural residual by Proposition C.3.(ii).

(%) It is well-known that (e.g., see [29, Lemma 1] and [2/, Lemma 3])
e Gap(z) > 0 for each z € H,
e if z € zer(F 4 0g) N B(2*;9), then Gap(z) =0, and
e if z € domdg N B(2*;0) for some & < &, then Gap(z) = 0 implies that z €
zer(F + 0g).

Note that the second proximal step in (1.2) can equivalently be written via its subgra-
dient characterization as

I’yfl(z’c — zk+1) — F(Ek)I € ag(zkH) (C.2)
:5k+1

for each k € Ng. This notation allows us to introduce another standard optimality measure,
namely (||F(z") 4 €~ 1) .cn- It is clear that this measure upper bounds the tangent residual,
ie.,

inf ||[F(z") + ¢l < ||F (") + &¥)| (C.3)
£€dg(zh)

for each k € N.

Next, we present a result that, when combined with (C.3), shows that Vi upper bounds
all the squared optimality measures considered above, except the squared restricted gap
function, which is upper bounded up to a positive constant.
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Proposition C.3

Suppose that Assumption 2.1 holds, the sequence ((2*, Zk))kENO is generated by (1.2) with
initial point z° € H and step-size parameter v € (0,1/LF), the sequence (Vk)keN0 is given
by Vi = V(2*, 2%, 2**1) for each k € Ny and the Lyapunov function V defined in (2.1),
and the sequence (.fk)kEN is given by (C.2). Then,

(i) |F() + 2 < Vi for each k € No,
(ii) ||z — prox,(z — F(2))|| < infecogeo)||F(2) + €| for each z € H,

(i) Gap(z) < (6 + ||z — 2%||) infecags) | F(2) + &|| for each z € H, and in particular,
Gap(z*) < 251nf5€89(zk)\|F(zk) +&|| for each k € N, where Gap is defined in (C.1).

Proof. The proofs of Propositions C.3.(ii) and C.3.(iii) are simple generalizations of
corresponding results found in [37], which we include for completeness.

C.3.(i) Note that
IF (M) + €5
=13 (=" = ") + FEMT - FEY?
= 1) = FEI+ Joll® = 25 4+ 2R - F(29), 25 =25

2
< LRI = 20 4 st — A+ HEE) - PR, -
< HIH = I+l -+ BEG) - ), -
=V

where Lipschitz continuity of F' was used in the first inequality, and yLr < 1 and
monotonicity of F' was used in the second inequality.

C.3.(ii) We claim that the natural residual is upper bounded by the tangent residual,
i.e.,

|z = prox,(z = Fi(2))[| < inf [F(z) +¢|| (C.9)
§€0g(2)

for each z € H. When z ¢ domdg, then (C.4) holds trivially. Thus, suppose that

z € dom dg and let £ € Og(2). The latter inclusion holds if and only if z = prox,(z 4 £).
Therefore, )

[z — prox, (z — F(2))[| = [[prox,(z + §) — prox,(z — F(2))|| < [|F'(2) + ||

where the inequality follows from the nonexpansivity of the proximal operator [6, Propo-
sition 12.28]. However, since £ € dg(z) is arbitrary, (C.4) follows.

C.3.(iii) We claim that the restricted gap function is upper bounded by the tangent
residual up to a positive quantity, i.e.,

Gap(2) < (6 + ]z —2") inf [F(z) +¢] (C.5)
£€09(2)

for each z € H, and therefore,

Gap(zF) <26 inf ||F(zF)+¢| (C.6)
£€dg(zk)
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for each k € N, by Proposition A.3. Let us prove (C.5). If z ¢ dom dg, then (C.5) holds
trivially. Thus, assume that z € dom dg, and let £ € dg(z) and w € dom dg N B(2*; ).
Then we have that

(F(w),z —w) + g(2) — g(w)
= (F(w) = F(2),z —w) +(F(2), 2 —w) + g(2) — g(w)

<0 <(&,z—w)
(F(2) +&2—2") +(F(2) +§,2" —w)

<
<|NF(2) +€llllz = 27| + |1F(2) + & || — w]l
<5
< (0 +[lz = 2" IDIF (=) + €I,
(F(w),z —w) + g(2) — g(w) < (8 + [l = 2" DI F(2) + ]| (C.7)

Maximizing over w € dom dg N B(z*;0) and minimizing over £ € 9g(z) in (C.7) gives
(C.5), as claimed. O

Corollary C.4
Suppose that Assumption 2.1 and zer (F + 0g) # 0 hold, the sequence ((zk,zk))keNo 18

generated by (1.2) with initial point 2° € H and step-size parameter v € (0,1/LF), and
the sequence ("), cy is given by (C.2). Then,

IF(z") + €]l € o(1/Vk) as k — oo,

inf ||F(z") + €| € o(1/Vk) as k — o,
£€ag(2)

|2~ — prox,(z — F(z*)| € o(1/Vk) as k — oo,
Gap(z") € o(1/Vk) as k — oo,
and for any k € N and z* € zer (F + 0g) it holds that

0 _ _x
2~ prox, (= - PO < _inf | [F() + €l < [P + €5 < =21
£€dg(z") a(y,Lr)k
0 _
a(’W LF)k
where a(v, Lr) > 0 is defined in (2.15) and Gap is defined in (C.1).
Proof. Follows immediately from (C.3), Proposition C.3, and Corollary 2.6. a

Remark C.5

Simple computation shows that Corollary C.J sharpens the recent last-iterate rates in [11,
Theorem 3] and [}3, Corollary 4.1].

Remark C.6

Similar to Remark 2.7, the results in this section remain valid (except the ones involving
the restricted gap function Gap) when dg in (1.1) is replaced with a maximally monotone
and 3-cyclically monotone operator T' : H — H and the proximal operators prox,, in (1.2)

with the resolvent (Id +T)™".

g
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Lyapunovanalyser av optimeringsmetoder
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Popularvetenskaplig sammanfattning av doktorsavhandlingen Lyapunov analyses
for first-order methods: Theory, automation, and algorithm design, september 2025.

Optimeringsmetoder spelar en central roll i modern teknik och vetenskap genom att
mojliggora systematisk forbittring av prestanda under givna begriansningar. Exem-
pelvis anvinds det for att konstruera styrlagar inom reglertekniska system; styrning
av viarme och ventilation i byggnader ir ett tillimpningsomrade som kan minska
energiforbrukning och koldioxidutsldpp. Vid stralbehandling av cancer anvinds op-
timering for att bestimma en dosfordelning som levererar tillrdckligt hog dos till
tumoromradet for att uppna effektiv behandling, samtidigt som det minimerar stral-
dosen som triffar frisk vdvnad. Inom medicinsk bildbehandling anvédnds optime-
ring for att forbittra bildkvaliteten och rekonstruktionen i tekniker som magnet-
resonanstomografi, datortomografi och positronemissionstomografi. Vid design av
elektroniska kretsar anvinds optimering for att forbéttra prestanda, minska energi-
forbrukning, optimera den fysiska utformningen av kretsen och sékerstilla att tek-
nologiska specifikationer uppfylls. Inom maskininldrning och artificiell intelligens
iar optimering en grundlidggande komponent for att trina prediktiva modeller, sdsom
neurala nitverk, som ldr sig monster fran stora dataméngder. Pa senare tid har op-
timeringsmetoder dven mojliggjort utvecklingen av generativa modeller som kan
skapa realistiska data i form av text, bilder och video. Men hur vet vi egentligen att
dessa metoder &r effektiva och tillforlitliga?

Denna avhandling undersoker detta med hjdlp av Lyapunovanalys, en klassisk
matematisk teknik som ursprungligen utvecklades for att studera stabiliteten hos
mekaniska system. Lyapunovanalysen anvinds hér for att analysera hur snabbt op-
timeringsalgoritmer konvergerar till en korrekt 16sning.

Nirmare bestdmt fokuserar avhandlingen pa utvecklingen av automatiserade
verktyg som later datorer sjidlva utvirdera algoritmers prestanda. Denna typ av verk-
tyg automatiserar de mest utmanande delarna av analysprocessen, ndmligen att ska-
pa matematiska bevis, vilket tidigare utfordes manuellt av experter. Genom att for-
mulera Lyapunovanalysen som ett litet ekvationssystem, som en dator enkelt kan
16sa, kan verktyget ta fram resultat betydligt snabbare &n en minniska. Dessutom
kan det hitta bevis som i praktiken ligger bortom vad en expert kan astadkomma,
eftersom det systematiskt soker igenom alla mdjliga bevis inom en viss struktur.
Det innebir att ett enormt antal alternativ kan undersokas, ndgot som vore omoj-
ligt att gora for hand. Genom att automatisera analysen kan vi inte bara verifiera
algoritmers prestanda, utan dven systematiskt vigleda utvecklingen av dnnu bittre
metoder.
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