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Popular summary in English

Knowledge can guide engineering practice, while data gathered through engin-
eering efforts can, in turn, drive scientific discovery. A classic example of this
interplay comes from the history of astronomy. In the 16th century, before
telescopes were invented, Tycho Brahe built advanced observatories and col-
lected extensive, high-precision astronomical data. Johannes Kepler used this
data, especially on the motion of Mars, to formulate his laws of planetary mo-
tion. Later, Isaac Newton drew on Kepler’s work to derive the law of universal
gravitation in his Principia Mathematica (1687), offering a physical explanation
for planetary motion. These milestones laid the groundwork for modern physics
and eventually led to more sophisticated observational tools, such as the Hubble
Space Telescope.

Today, in a world increasingly shaped by data, the ability to uncover structure
in complex systems is more critical than ever. Whether the task is to simulate
fingerprints, model disease spread, reconstruct differential equations from noisy
signals, or discover governing laws from observed data, a unifying goal remains:
to use machine learning and mathematical tools to reveal patterns and rules
that are not directly observable.

The development of artificial intelligence—particularly advances in neural net-
works and machine learning algorithms—has been essential to the rise of modern
generative models. These models offer new ways to accelerate the cycle between
data and discovery by generating realistic, high-quality synthetic data, especially
in fields where data is scarce, costly, or sensitive, such as cybersecurity, health-
care, and finance. Synthetic data augmentation helps balance datasets, enhance
model robustness, and reduce the time and expense of data collection. For in-
stance, the fifth article in this thesis focuses on synthesizing fingerprint data,
which is notoriously difficult to obtain due to privacy concerns and the need for
large, diverse samples. Generating realistic artificial fingerprints enables more
efficient and thorough testing and training of biometric authentication systems.

Despite their powerful capabilities, generative models that rely purely on learn-
ing from data carry inherent risks. Neural networks, while excellent function
approximators, often act as black boxes—capturing statistical patterns without
offering insight into the true causal or physical relationships between variables.
This limitation can result in unreliable behavior, particularly in time-dependent
or scientific systems. To address this, hybrid modeling approaches that integrate
domain knowledge have emerged as a promising direction. In the first article of
this thesis, for example, a neural ODE is combined with Bayesian optimization
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to model epidemic dynamics that incorporate immune memory—a step toward
more interpretable and biologically grounded epidemiological models.

Building on the integration of data and knowledge, a natural next step is to
use data not just to refine models but to discover them. This area, known as
data-driven scientific discovery, focuses on identifying the underlying equations
or governing laws of a system directly from data. Techniques such as sparse
regression and symbolic regression are used to extract concise, interpretable
models that capture the essential structure of complex dynamics, turning raw
measurements into mathematical insight. The third study in this thesis extends
the sparse regression framework by incorporating Earth Mover’s distance and
group similarity, allowing for more robust identification of governing laws across
families of related systems. By discovering such models, we take a step toward
understanding not only what the data predicts, but why it behaves the way it
does.

As Galileo observed, ”The book of nature is written in the language of math-
ematics.” This thesis treats data not merely as a final outcome, but as a window
into the fundamental laws that govern the natural world. Whether through gen-
erating synthetic data, modeling dynamic processes, or discovering governing
equations, each study aims to bridge empirical observation with mathematical
insight. By applying modern machine learning techniques, this work demon-
strates how we can infer, reconstruct, and generate models of systems that are
complex, noisy, and often hidden from direct view.
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中文科普摘要

知识能够指导工程实践，而工程过程中积累的数据又反过来推动科学发现。天
文学史上有一个经典例子：16世纪望远镜尚未发明时，提霍·布拉赫（Tycho
Brahe）建造了先进的天文台，收集了大量高精度观测数据。开普勒（Johannes
Kepler）利用这些数据，尤其是火星运动的观测，提出了著名的行星运动三大
定律。随后，牛顿（Isaac Newton）基于开普勒的成果，在《自然哲学的数学原
理》（Principia Mathematica，1687）中推导出万有引力定律，物理性地解释了
行星运动。这些突破奠定了现代物理学的基础，也推动了如哈勃太空望远镜等
更精密观测工具的诞生。

当今数据驱动的时代，揭示复杂系统的结构规律比以往更加重要。无论是模拟
指纹、建模疾病传播、从噪声信号中重建微分方程，还是从观测数据中发现系
统支配规律，核心目标始终如一：借助机器学习和数学工具，揭示肉眼无法直
接观察的模式与法则。

人工智能的飞速发展，尤其是神经网络和机器学习算法的突破，为现代生成模
型的兴起提供了关键支撑。此类模型加速了数据与发现的循环，特别适合应用
于数据稀缺、收集成本高或隐私敏感的领域，如网络安全、医疗和金融。通过生
成逼真且高质量的合成数据，数据增强不仅平衡了数据集、提升了模型稳定性，
也显著降低了数据采集的时间和成本。例如，本论文第五篇文章聚焦指纹数据
合成。由于隐私限制及对大规模多样样本的需求，指纹数据难以获取。通过生
成真实感强的人工指纹，能更高效地测试与训练生物识别认证系统。

然而，尽管生成模型功能强大，若完全依赖于数据学习，也存在一些内在风险。
神经网络虽是优秀的函数逼近器，却常表现为“黑箱”，仅捕捉统计相关性，难
以揭示变量间的因果或物理关系。这种局限可能导致模型在时序动态和科学工
程应用中预测失误。为此，融合领域知识的混合建模方法逐渐受到重视。论文
第一篇文章结合神经常微分方程与贝叶斯优化，建立了包含免疫记忆机制的传
染病动态模型，朝向更具生物合理性和可解释性的建模迈进。

在数据与知识融合的基础上，一个顺理成章的进展方向是利用数据不仅优化模
型，更用于发现模型。所谓“数据驱动的科学发现”，旨在从观测数据中识别系
统的基本方程或支配规律。稀疏回归、符号回归等技术能提取简洁且可解释的
模型，揭示复杂动力系统的内在结构，将原始测量转化为数学洞见。论文第三
篇文章通过引入动土距离和群体相似性策略，增强了对一类相关系统通用规律
的稳健识别。发现这些模型，使我们不仅提高了预测能力，也更深入理解了系
统行为背后的机理。

正如伽利略所言：“自然之书是用数学的语言书写的。”本论文不仅将数据视为
最终结果，更将其视为洞察自然界基本规律的窗口。无论是生成合成数据、模拟
动态过程，还是挖掘支配系统演化的方程，每一项研究都旨在架起经验观测与
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数学洞见之间的桥梁。通过应用现代机器学习技术，本文展示了如何推断、重
构乃至生成那些复杂、多噪声、常被直接观测所遮蔽的系统模型。
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Populärvetenskaplig sammanfattning på svenska

Kunskap kan vägleda ingenjörspraxis, medan data som samlas in genom ingen-
jörsarbete i sin tur kan driva vetenskapliga upptäckter. Ett klassiskt exempel på
detta samspel kommer från astronomins historia. På 1500-talet, innan teleskopet
uppfanns, byggde Tycho Brahe avancerade observatorier och samlade in omfat-
tande och högprecisa astronomiska data. Johannes Kepler använde dessa data,
särskilt om Mars rörelse, för att formulera sina lagar om planeternas rörelser.
Senare använde Isaac Newton Keplers arbete för att härleda lagen om gravita-
tion i sitt verk Principia Mathematica (1687), vilket gav en fysisk förklaring till
planetrörelserna. Dessa milstolpar lade grunden för modern fysik och ledde så
småningom till mer sofistikerade observationsverktyg, såsom Hubbleteleskopet.

Idag, i en värld som allt mer formas av data, är förmågan att urskilja struktur
i komplexa system viktigare än någonsin. Oavsett om uppgiften är att simulera
fingeravtryck, modellera sjukdomsspridning, rekonstruera differentialekvationer
från brusiga signaler eller upptäcka styrande lagar från observerade data, finns
ett gemensamt mål: att med hjälp av maskininlärning och matematiska verktyg
avslöja mönster och regler som inte är direkt observerbara.

Utvecklingen inom artificiell intelligens –särskilt framstegen inom neurala nät-
verk och algoritmer för maskininlärning –har varit avgörande för framväxten av
moderna generativa modeller. Dessa modeller erbjuder nya sätt att påskynda
cykeln mellan data och upptäckt genom att generera realistiska, högkvalitati-
va syntetiska data, särskilt inom områden där data är knapp, dyr eller känslig
–som cybersäkerhet, hälso- och sjukvård samt finans. Syntetisk dataförstärk-
ning hjälper till att balansera datamängder, förbättra modellernas robusthet
och minska tids- och kostnadskraven för datainsamling. I det femte arbetet i
denna avhandling fokuseras till exempel på att syntetisera fingeravtrycksdata,
vilket är notoriskt svårt att samla in på grund av integritetsfrågor och beho-
vet av stora, varierade datamängder. Att kunna generera realistiska konstgjorda
fingeravtryck möjliggör mer effektiv och grundlig testning och träning av bio-
metriska autentiseringssystem.

Trots sina kraftfulla möjligheter medför generativa modeller som enbart lär sig
från data vissa risker. Neurala nätverk är visserligen utmärkta funktionsapprox-
imerare, men de fungerar ofta som“svarta lådor”–de fångar statistiska mönster
utan att ge insikt i de verkliga kausala eller fysikaliska samband som råder mel-
lan variabler. Denna begränsning kan leda till opålitligt beteende, särskilt i tids-
beroende eller vetenskapliga system. För att hantera detta har hybrida modeller
som integrerar domänkunskap fått ökad uppmärksamhet. I det första arbetet i
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denna avhandling kombineras till exempel en neural ODE med Bayesiansk op-
timering för att modellera epidemidynamik som tar hänsyn till immunologiskt
minne –ett steg mot mer tolkbara och biologiskt förankrade epidemiologiska
modeller.

Med denna integration av data och kunskap som grund är ett naturligt nästa
steg att använda data inte bara för att förbättra modeller utan för att upptäcka
dem. Detta område, som kallas datadriven vetenskaplig upptäckt, fokuserar på
att identifiera de underliggande ekvationerna eller styrande lagarna i ett system
direkt från data. Tekniker som gles regressionsanalys och symbolisk regression
används för att extrahera koncisa, tolkbara modeller som fångar den väsentliga
strukturen i komplex dynamik –och omvandlar råa mätningar till matematisk
insikt. Den tredje studien i denna avhandling vidareutvecklar ramen för gles
regression genom att införa Earth Mover’s Distance och gruppsimilaritet, vilket
möjliggör mer robust identifiering av styrande lagar över familjer av relaterade
system. Genom att upptäcka sådana modeller närmar vi oss förståelsen av inte
bara vad datan förutspår, utan varför den beter sig som den gör.

Som Galileo konstaterade: Naturens bok är skriven på matematikens språk. Den-
na avhandling ser inte data enbart som ett slutresultat, utan som ett fönster
mot de grundläggande lagar som styr den naturliga världen. Oavsett om det
handlar om att generera syntetiska data, modellera dynamiska processer eller
upptäcka styrande ekvationer, syftar varje studie till att överbrygga klyftan mel-
lan empirisk observation och matematisk insikt. Genom att tillämpa moderna
maskininlärningstekniker visar arbetet hur vi kan härleda, rekonstruera och ge-
nerera modeller av system som är komplexa, brusiga och ofta dolda för direkt
observation.
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1. Introduction

Machine learning (ML) has emerged as an indispensable tool in scientific com-
puting and engineering, fundamentally altering the methodologies employed
for the analysis, modeling, and optimization of complex systems. Historic-
ally, scientific inquiry relied predominantly on first-principles modeling, charac-
terized by physics-derived equations, domain-specific expertise, and analytical
techniques. Early computational strategies, encompassing numerical analysis
and statistical methods such as linear regression and Bayesian inference, un-
derpinned data-driven investigations. At the same time, methods involving
Monte Carlo simulations and Gaussian processes advanced the field of uncer-
tainty quantification [37, 59, 61, 65]. Early work in artificial intelligence, such
as Rosenblatt’s perceptron [68], demonstrated the promise of machine learning.
However, scientific modeling continued to rely primarily on physical principles
and mathematical rigor, with machine learning serving only a supporting role.

The rise of abundant data and computational power has since propelled ML
methods into the heart of scientific computing. Techniques such as Support
Vector Machines (SVMs) [21], Random forests [13], and early neural network
architectures like Convolutional Neural Networks (CNNs) [43] and Long Short-
Term Memory (LSTM) units [33] enhanced tasks like classification and regres-
sion across scientific domains. During this period, ML methods served primarily
as a complementary tool, augmenting traditional physics-based models by ex-
celling at pattern recognition and data analysis. The subsequent advent of deep
learning marked a pivotal shift within ML. With its capacity to handle large-
scale, complex datasets, deep learning help introduce innovative architectures
such as Transformers [84] and Graph Neural Networks (GNNs) [41], alongside
generative frameworks like diffusion models [74], thereby enabling tackling com-
plex systems with higher accuracy.

Due to data scarcity and the complexity of real-world scenarios, ML models
often suffer from low accuracy. Moreover, since these models rely on statistical
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correlations rather than genuine understanding or common sense, they tend to
lack robustness. Consequently, applying ML methods directly to raw data may
lead to suboptimal performance. In contrast, incorporating domain knowledge
into the modeling process can enrich the information available to the model,
making ML approaches more practical and effective in real-world applications
[36].

Domain knowledge can be integrated into machine learning models through two
primary strategies: knowledge embedding and knowledge discovery. Knowledge
embedding involves explicitly encoding expert insights into the model architec-
ture or training process—using techniques such as feature engineering, inform-
ative priors, structural constraints, or regularization terms. These techniques
allow models to incorporate established scientific understanding, improving gen-
eralization and interpretability.

Recent advances illustrate the growing synergy between machine learning and
mathematical modeling. For example, the transition from finite-depth architec-
tures like Residual Neural Networks (ResNet) [31] to continuous-depth formula-
tions such as Neural Ordinary Differential Equations (Neural ODEs) [19] reflects
a shift toward integrating dynamical systems theory into deep learning, improv-
ing scalability and expressiveness. Likewise, the progression from Generative
Adversarial Networks (GANs) [29] to diffusion- and score-based generative mod-
els [32, 74] demonstrates how probabilistic modeling and differential equations
can drive advances in high-fidelity data generation and simulation. Physics-
Informed Neural Networks (PINNs) [64] further extend this paradigm by em-
bedding governing physical laws directly into the neural architecture, yielding
more robust and physically consistent predictions.

In contrast, knowledge discovery focuses on using machine learning to uncover
new patterns or relationships within the data, leading to novel insights that can
refine or expand existing domain knowledge. This approach is particularly ef-
fective for solving inverse problems, identifying latent variables from noisy data,
as well as estimating parameters in complex systems. Techniques like symbolic
regression [5] or the Sparse Identification of Nonlinear Dynamics (SINDy) [15]
enable ML architectures to autonomously uncover hidden governing laws, accel-
erating advancements across scientific disciplines.

This thesis proposes hybrid methodologies that integrate mathematical model-
ing with machine learning to analyze complex dynamical systems in the presence
of incomplete, noisy, or limited data. At its core, the work advances techniques
that extract structure, recover parameters, or generate data by embedding do-
main knowledge into data-driven models. Papers I and II explore hybrid ap-
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proaches that integrate machine learning with numerical solvers for parameter
estimation and model discovery in differential equations. Paper III extends this
line by refining the SINDy framework with statistical tools to improve robust-
ness and accuracy in identifying governing laws. Building on these foundations,
Papers IV and V address generative modeling in data-scarce regimes: the former
proposes imputation strategies for incomplete traffic datasets, while the latter
synthesizes fingerprint data where labeled examples are limited. Together, these
contributions offer a unified framework for scientific modeling across inference,
completion, and generation.

The structure of the thesis is as follows. Sections 2–5 introduce the key theor-
etical and methodological foundations underlying Papers I–V. Section 2 covers
fundamental concepts in machine learning, including both supervised and un-
supervised learning, which serve as the basis for the more advanced methods
explored later. Section 3 focuses on fully data-driven approaches, with an em-
phasis on generative models for complex data. Section 4 shifts toward hybrid
modeling paradigms that integrate machine learning with domain knowledge—
highlighting applications such as noise-perturbed ordinary differential equations
and inverse problems involving parameter estimation. Section 5 addresses the
use of machine learning in scientific discovery, particularly for inferring govern-
ing equations from observational data. Finally, Section 6 synthesizes the main
research contributions, draws conclusions, and discusses avenues for future re-
search.

3





2. Machine learning techniques

One of the core strengths of machine learning (ML) is its ability to uncover
hidden patterns, relationships, and structures in complex datasets. Traditional
scientific and engineering methods typically depend on explicit mathematical
models and predefined assumptions about system behavior. In contrast, ML
employs data-driven computational techniques to uncover meaningful patterns
directly from observations—often revealing structures that are difficult or even
impossible to detect using conventional approaches. These capabilities are es-
pecially evident in both supervised and unsupervised learning, which serve com-
plementary roles in extracting predictive and descriptive insights from complex
datasets.

2.1 Supervised learning

Supervised learning seeks to infer a mapping function f that relates input fea-
tures X ∈ X to output labels Y ∈ Y, enabling the prediction of outputs for
previously unseen data. Here, X denotes the feature space, and Y the label
space. Formally, the goal is to learn a function f : X → Y from a given training
dataset,

D = {(Xi, Yi)}Ni=1,

where N is the number of training samples, Xi ∈ Rd represents an input feature
vector, and Yi ∈ Rk is the corresponding target output. The target Yi may be a
discrete label in classification tasks or a continuous value in regression problems.

A fundamental assumption in supervised learning is that the training data are
independently and identically distributed (i.i.d.) according to an unknown but
fixed joint probability distribution P (X, Y). The objective of learning is to
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approximate the conditional expectation E[Y | X], which characterizes the de-
pendency between inputs X and outputs Y as encoded in the joint distribution
P (X, Y), by identifying a suitable function f . We assume that candidate func-
tions fθ : Rd → Rk are drawn from a measurable hypothesis space F , where
each function is parameterized by a model parameter θ ∈ Θ, and Θ denotes the
set of all admissible parameter configurations.

To determine a good predictive function from the given dataset D, we introduce
a loss function L(fθ(X), Y) to quantify the discrepancy between predictions and
true labels, which measures how closely fθ approximates f . The objective is to
minimize the risk functional,

R(θ) =
∫

X ×Y
L(Y, fθ(X))dP (X, Y). (2.1)

Since the true distribution P (X, Y) is generally unknown, we approximate the
expected risk using the empirical distribution from a finite dataset D. This
leads to the empirical risk minimization principle [83]. Instead of integrating
over the true probability distribution, we approximate it using the empirical
distribution,

RN (θ) = 1
N

N∑
i=1

L(Yi, fθ(Xi)). (2.2)

This empirical risk serves as a practical approximation of the true risk and forms
the basis for learning algorithms.

2.2 Unsupervised learning

Unsupervised learning aims to uncover patterns, structures, or representations
from unlabeled data. Unlike supervised learning, where we have input-output
pairs (X, Y), unsupervised learning works solely with inputs X without any
corresponding labels. Given a dataset of N samples,

D = {Xi}Ni=1,

where Xi ∈ Rd is a d-dimensional feature vector. Our objective is to discover
intrinsic structures, such as clusters, manifolds, or latent representations. We
assume that the observed data are sampled from an unknown but fixed prob-
ability distribution P (X). The objective of unsupervised learning is to learn a
function: f : Rd → Rk, where f ∈ F belongs to a hypothesis space contain-
ing candidate functions, and k is a latent space dimension. The function f is
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learned and its objective it to capture hidden structures in the data. Since unsu-
pervised learning operates solely on unlabeled data, both the learning strategy
and the choice of loss function must be carefully adapted to the specific learn-
ing objective. In this context, we distinguish between two key categories that
are particularly relevant to this study: unsupervised structure learning, which
aims to uncover latent structures or representations within the data, and dens-
ity learning, which focuses on estimating the underlying probability distribution
that generated the data.

2.2.1 Unsupervised Structure Learning

Unsupervised structure learning seeks to uncover meaningful representations,
latent structures, or geometric patterns within data in the absence of labeled
information. By revealing the intrinsic organization of complex datasets, it
enables more effective data analysis, visualization, and feature extraction. In
the context of this work, two prominent approaches to unsupervised structure
learning are particularly relevant: clustering, which groups data points based
on similarity, and sparse representation learning, which identifies compact and
informative representations that capture the essential structure of the data.

Clustering techniques aim to group similar data points based on intrinsic sim-
ilarities. Traditional clustering methods such as k-means and Gaussian Mix-
ture Models (GMMs) rely on distance metrics and probability distributions to
cluster data [12, 49]. However, these methods require the number of clusters
to be predefined, which is often unknown. In such cases, adaptive clustering
techniques are needed to measure the similarity between data points and dy-
namically determine the clusters [47]. Hierarchical clustering approaches address
this challenge by building a nested hierarchy of clusters. The main idea relies
on recursively merging pairs of clusters based on a linkage criterion that meas-
ures the distance between them. This approach results in a more interpretable
structure, as it does not require prior knowledge of the number of clusters [9].

Sparse representation learning is a technique in machine learning and signal pro-
cessing that aims to represent data using a small number of non-zero coefficients
selected from a predefined or learned dictionary. The underlying assumption is
that high-dimensional data often lie near a lower-dimensional manifold, allowing
for efficient representation using only a few active basis elements.

A common approach to constructing such representations involves regularized
least squares (RLS), which promotes sparsity through penalty terms. In ap-
plications where the data evolves over time and space, sparse learning methods

7



have proven particularly useful for scientific discovery. Such methods enable
the identification of governing equations or latent functional relationships that
drive the observed dynamics.

A notable example is the use of the L1 regularizer (Lasso), as demonstrated
in [71], where a dictionary built from nonlinear functions of the data and its
spatial partial derivatives was used to discover partial differential equations
(PDEs) from data. In [14], the author introduced the Sequential Thresholded
Least Squares (STLS) algorithm as part of the Sparse Identification of Non-
linear Dynamics (SINDy) framework. This method iteratively combines ridge
regression with hard thresholding to promote sparsity in the identified model.
The details of this approach will be discussed further in Chapter 5.

2.2.2 Density estimation

Density learning aims to estimate the underlying probability distribution P (X)
that governs the observed data. Classical approaches, such as kernel density es-
timation (KDE) and histograms, attempt to approximate the probability density
function (PDF) directly from data, typically without imposing strong assump-
tions on its form. Although these methods offer useful descriptive insights, they
are generally limited in their capacity to generate new samples from the learned
distribution, which restricts their applicability in generative modeling tasks.

Generative models extend the concept of density estimation by not only es-
timating the underlying data distribution but also enabling the generation of
new data points that follow the same distribution. Advances in deep learn-
ing, particularly Variational Autoencoders (VAEs) [40], Generative Adversarial
Networks (GANs) [29], Energy-Based Models (EBMs) [55], and diffusion models
[32, 75], have significantly improved sample generation. Notably, diffusion mod-
els overcome key challenges: misalignment of posterior distributions in VAEs,
the computational complexity of Markov chain Monte Carlo (MCMC) in EBMs,
and instability in GAN training. A detailed discussion follows in Chapter 3.

2.3 Neural networks

A neural network is a computational model composed of interconnected nodes,
or ”neurons,” inspired by the structure and function of biological neural networks
in the brain [67]. While loosely based on neuroscience, modern neural networks
are primarily mathematical constructs optimized for function approximation,
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pattern recognition, and data-driven learning. A neural network comprises
multiple layers that process input data, learning hierarchical representations
to approximate a target function [10].

Formally, we let Φ be a neural network that learns a function fθ from a hy-
pothesis set F . The network consists of layers that process and propagate
information through structured transformations. A key aspect of this process is
the propagation operator P, which defines how information flows across layers
based on the underlying data structure. We define σ : R→ R as the activation
function, and Φ(l) as the output of the l-th hidden layer. The trainable paramet-
ers θ consist of weight matrices W (l) ∈ RNl−1×Nl and bias vectors b(l) ∈ RNl for
each layer l. The transformations for the first hidden layer and the l-th hidden
layer (for l > 1) are given by,

Φ(1)(X, θ) = σ(1)
(
P(S, X)W (1) + b(1)

)
,

Φ(l)(X, θ) = σ(l)
(
P(S, Φ(l−1)(X, θ))W (l) + b(l)

)
,

(2.3)

where S encodes structural information, and P(S, ·) defines the aggregation
mechanism applied before the linear transformation.

For fully connected feedforward neural networks (FCNNs), no structural con-
straints are imposed by S. As a result all neurons in one layer are connected to
all other neurons in the next layer. In this case, P(S, ·) reduces to the identity
mapping, P(S, Φ(l−1)) = Φ(l−1)(X, θ), leading to the standard layer update,

Φ(l)(X, θ) = Φ(l−1)(X, θ)W (l) + b(l). (2.4)

For message-passing Graph Neural Networks (GNNs), the structure S is rep-
resented by the adjacency matrix A or graph Laplacian, which encodes the
connectivity between nodes in the graph. GNNs update each node’s embed-
ding by aggregating features from its neighbors, while also incorporating edge
attributes if available. This aggregation and update mechanism enables the
network to learn representations that capture the graph’s topology [28]. A key
example is the Graph Convolutional Network (GCN) [42], where P(S, Φ(l−1)) =
D̃− 1

2 ÃD̃− 1
2 Φ(l−1)(X, θ). Here, Ã = A + I represents the adjacency matrix with

self-loops added, and D̃ is the corresponding degree matrix, where each diag-
onal entry is given by D̃ii =

∑
j Ãij . The term D̃− 1

2 ÃD̃− 1
2 normalizes the

adjacency matrix to prevent feature explosion during message passing. Using
this propagation rule, the update equation for GCN becomes,

Φ(l)(X, θ) = D̃− 1
2 ÃD̃− 1

2 Φ(l−1)(X, θ)W (l) + b(l). (2.5)
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By embedding structural information within P, neural networks, particularly
GNNs, can leverage underlying data structures for more efficient learning, faster
convergence, and improved physical interpretability.

When training a neural network Φ, the goal is to optimize its parameters θ
such that the network minimizes a given loss function L on the training dataset.
Since Φ is typically differentiable, gradient-based optimization methods can be
employed. In its simplest form, gradient descent computes the gradient of the
loss over the entire dataset and updates the parameters according to,

θ ← θ − η∇θL, (2.6)

where η > 0 is the learning rate, which determines the step size of the para-
meter update. However, computing gradients over the full dataset can be com-
putationally expensive and memory-intensive, especially for large datasets. To
alleviate this, Stochastic Gradient Descent (SGD) [87] is commonly used, where
the gradient is estimated using a small random subset (mini-batch) of the data.
Several variants of SGD have been proposed to improve speed of convergence
and stability. Notable examples include RMSProp[81], AdaGrad[24], Adam[38].
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3. Generative models

Density estimation plays a central role in situations where the underlying data
distribution is either unknown or heavily corrupted by noise. In Papers IV–V,
we explore the use of generative models to mitigate challenges related to data
scarcity and to perform imputation in highly noisy environments. The datasets
considered range from biological measurements, such as fingerprint data, to
spatiotemporal signals, including traffic flow and air quality time series. This
chapter provides a concise overview of generative modeling approaches, with
particular emphasis on Generative Adversarial Networks (GANs) and diffusion-
based models.

3.1 Generative adversarial network

GANs are a class of generative models introduced by Ian Goodfellow et al.
[29]. They rely on a game-theoretic framework where two neural networks, the
generator and the discriminator, iteratively compete against each other in order
to improve their individual performance.

The generator (G) creates synthetic data that resembles real samples, while the
discriminator (D) learns to distinguish real data from generated samples. The
training process starts with G mapping a random latent vector z, sampled from a
prior distribution (e.g., Gaussian or uniform), to the data space to generate G(z).
Meanwhile, D evaluates whether a sample which may come from the dataset or
from the generator is real or fake. The adversarial interaction between G and
D is formalized through the following objective function,

LGAN(G, D) = Ex∼pr log[D(x)] + Ez∼pz log[1−D(G(x))], (3.1)

where pr represents the real data distribution and pz denotes the prior distri-
bution in the latent space z. The training process involves solving the minimax
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optimization problem,
min

G
max

D
LGAN (G, D). (3.2)

The objective is for the generator G to produce samples that are indistinguish-
able from real data by the discriminator D. Goodfellow et al. [29] theoretically
demonstrated that, under ideal conditions with infinite model capacity and per-
fect optimization, this adversarial game reaches a Nash equilibrium (NE) when
the generator’s output distribution matches the real data distribution. However,
in practice, applications, GAN training often suffers from instability and does
not reliably converge to this theoretical equilibrium [25].

Similarly, GANs commonly suffer from many other issues such as mode col-
lapse, vanishing gradients, and overall training instability [35]. To address these
challenges, researchers have proposed a range of strategies, including altern-
ative loss functions and redesigned network architectures, aimed at improving
training stability and enhancing the fidelity of generated data.

3.1.1 Wasserstein GAN

A significant advancement in addressing vanishing gradients and mode collapse
in GANs was proposed by Arjovsky, Chintala, and Bottou, who introduced
the Wasserstein GAN (WGAN) framework [6, 7]. Unlike traditional GANs
that rely on the Jensen–Shannon (JS) divergence, which often leads to unstable
training dynamics, WGANs replace the discriminator with a critic that outputs
real-valued scores rather than probabilities. By minimizing the Wasserstein
distance (also known as Earth Mover’s distance) between the real and generated
data distributions, WGANs provide a smoother loss landscape and more stable
gradients, thereby improving convergence and sample diversity. The WGAN
objective function is defined as,

LW GAN (G, D) = Ex∼pr [D(x)]− Ez∼pz [D(G(z))] (3.3)

where D is 1-Lipschitz continuous function. To enforce this Lipschitz continuity,
the original WGAN paper introduces a simple yet effective technique: weight
clipping. After each gradient update, the parameters of D are clamped within a
small window, ensuring that the function D remains within the required bounds,
thus preserving its Lipschitz continuity. This approach enhances training sta-
bility and helps mitigate mode collapse.

However, the original WGAN relies on weight clipping to enforce the 1-Lipschitz
constraint on the critic, which can lead to optimization issues such as vanishing
or exploding gradients if not carefully tuned. To address this, Wasserstein GAN
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with Gradient Penalty (WGAN-GP) [30] introduces a more robust method by
penalizing deviations from a unit gradient norm. This gradient penalty (GP)
ensures that the critic remains close to 1-Lipschitz without requiring explicit
weight clipping, thereby enabling stable training even for deeper or more com-
plex networks.

The objective function for WGAN-GP is given by:

LW GAN−GP (G, D) = Ex∼pr [D(x)]−Ez∼pz [D(G(z))]+λEx̂∼px̂
[(||∇x̂D(x̂)||2−1)2],

(3.4)
where x̂ = ϵx + (1− ϵ)G(z), with ϵ ∼ U(0, 1), interpolates between real samples
x ∼ pr and generated samples G(z). The hyperparameter λ controls the strength
of the gradient penalty term and is typically set to a constant (λ = 10) in
practice. This gradient penalty term ensures that the norm of the gradient of
D is close to 1, enforcing the 1-Lipschitz condition without requiring weight
clipping.

3.1.2 CycleGAN

CycleGAN [88] is a generative framework that enables image-to-image transla-
tion between two domains X and Y without the need for paired training data.
The core concept underlying CycleGAN is cycle consistency: if a sample x ∈ X
is translated into domain Y and then mapped back into domain X , the result
should closely resemble the original sample x. This forward-backward transform-
ation ensures that the learned mappings preserve the essential characteristics of
the input data.

This property makes CycleGAN particularly effective in settings where paired
data is scarce or unavailable. One example is in the transformation of live fin-
gerprint images into various spoof fingerprint styles. Since spoof fingerprint
samples are often limited or costly to obtain, CycleGAN can be used to syn-
thesize spoof variants from readily available live fingerprints, without requiring
direct live–spoof pairs during training [79].

In CycleGAN, two generator networks are defined: Gf : X → Y for forward
translation, and Gr : Y → X for reverse translation. The core idea of cycle
consistency requires that a sample translated to the other domain and back
should closely resemble the original input. For a sample x ∈ X , the forward
cycle consistency condition is,

x→ Gf (x)→ Gr(Gf (x)) ≈ x.
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Similarly, for a sample y ∈ Y, the backward cycle consistency condition is,

y → Gr(y)→ Gf (Gr(y)) ≈ y.

To enforce this behavior during training, CycleGAN introduces a cycle consist-
ency loss, defined as,

Lcycle(Gf , Gr) = Ex∼px [||Gr(Gf (x))− x||1] + Ey∼py [||(Gr(y))− y||1], (3.5)

where ∥·∥1 denotes the L1 norm, promoting accurate reconstruction by penaliz-
ing large deviations from the original inputs.

The adversarial loss for mapping from domain X to domain Y is defined using
a generator G and a discriminator DY as,

LGAN(G, DY ,X ,Y) = Ey∼pY [log DY(y)] + Ex∼pX [log (1−DY(G(x)))] , (3.6)

where pX and pY denote the data distributions in domains X and Y, respectively.

The full CycleGAN objective combines two adversarial losses (one loss for each
domain mapping) with the cycle consistency loss. It is given by,

L(Gf , Gr, DX , DY) = LGAN(Gf , DY ,X ,Y) + LGAN(Gr, DX ,Y,X )
+ λLcycle(Gf , Gr), (3.7)

where λ is a hyperparameter that controls the relative importance of the cycle
consistency loss. The final optimization objective is a minimax game between
the generators and discriminators,

min
Gf ,Gr

max
DX ,DY

L(Gf , Gr, DX , DY). (3.8)

3.2 Generative diffusion models

WGAN seeks to minimize the Wasserstein distance between the real data distri-
bution and the distribution induced by the generator. However, computing this
distance directly is intractable in high-dimensional spaces, making its practical
approximation computationally demanding. Training WGANs also requires en-
forcing the 1-Lipschitz constraint on the discriminator, which introduces addi-
tional optimization challenges and can lead to instability. In contrast, diffusion
models learn the data distribution by reversing a fixed stochastic diffusion pro-
cess, which progressively corrupts data with noise and then trains a model to
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invert this process for sample generation. Current research on diffusion models is
primarily organized around two closely related formulations: a) denoising diffu-
sion probabilistic models (DDPMs) [32, 56], which describe the diffusion process
in discrete time, and b) score-based generative models (SGMs) [77, 78], which
extend this framework to continuous time using stochastic differential equations
(SDEs). Both DDPMs and SGMs operate in continuous vector spaces, enabling
smooth, differentiable transitions between data states. This continuous formu-
lation leads to more stable gradients during training, avoiding the abrupt shifts
in optimization that are common in GANs. Recent theoretical advances have
shown that diffusion models can be interpreted as solving regularized optimal
transport problems, specifically through the lens of Schrödinger bridges [20, 23].
A Schrödinger bridge is an entropic interpolation between distributions. This
regularization results in a smoother optimization landscape and improved train-
ing stability.

3.2.1 Denoising diffusion probabilistic models (DDPMs)

A denoising diffusion probabilistic model (DDPM) generates data by simulating
the reversal of a gradual noise corruption process. The method is built on
two sequential Markov chains. First, a fixed forward process adds noise to the
data over time, and second, a learned reverse process that reconstructs data
from noise. In the forward process, data samples are progressively corrupted by
Gaussian noise across a finite number of time steps. This process is carefully
designed to map any data distribution into a simple, tractable prior distribution
(typically a standard Gaussian distribution) while maintaining mathematical
tractability. The reverse process is parameterized by a neural network that
learns to denoise the corrupted inputs, approximating the reverse transitions of
the forward chain. New data samples are generated by first drawing a random
vector from the prior distribution and then gradually denoising it step by step
through the learned reverse Markov chain.

Formally, we let x0 ∼ qr(x0) denote a sample from the real data distribution.
The forward diffusion process is defined as a Markov chain that gradually per-
turbs the data with Gaussian noise. At each time step t, the Gaussian transition
probability is given by,

q(xt|xt−1) := N (xt;
√

1− βtxt−1, βtI), (3.9)

where β1, ...,βT is a predefined sequence of noise variances that control the rate
of diffusion. The full forward process from x0 to xT is given by the composition
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of these transitions,
q(x0:T ) := q(x0)q(x1:T |x0),

q(x1:T |x0) :=
T∏

t=1
q(xt|xt−1).

(3.10)

Here we let αt := 1−βt and define the cumulative product ᾱt :=
∏t

s=0 αs. Then,
the marginal distribution of xt given x0 has the closed-form,

q(xt|x0) = N (xt;
√

ᾱtx0, (1− ᾱt)I). (3.11)

This allows efficient sampling of xt directly from x0 using the reparameterization
trick [39, 58],

xt =
√

ᾱtx0 +
√

1− ᾱtϵ, ϵ ∼ N (0, I). (3.12)

As t → T and ᾱt → 0, the sample xt becomes increasingly noisy. In the limit,
the final latent variable xT approaches a standard Gaussian. The corresponding
marginal distribution is given by,

q(xT ) :=
∫

q(xT | x0) q(x0) dx0 ≈ N (0, I). (3.13)

The reverse process in DDPM aims to gradually remove noise from a sample
xT ∼ N (0, I), ultimately recovering a sample x0 from the original data distribu-
tion. An important theoretical result from [27, 74] shows that when the forward
process uses sufficiently small noise levels βt, the reverse-time process is also a
Markov process and has a similar form to the forward process. Specifically, the
reverse conditional distribution p(xt−1|xt) is also Gaussian. Thus, the reverse
process can be modeled by parameterizing its mean and variance with a neural
network. We define the learnable reverse transition kernel as,

pθ(xt−1|xt) := N (xt−1; µθ(xt, t), Σθ(xt, t)), (3.14)

where µθ and Σθ are the neural network outputs representing the mean and
variance at each time step t. The full reverse process is then defined as,

pθ(x0:T ) := p(xT )
T∏

t=1
pθ(xt−1|xt), (3.15)

where p(xT ) ≈ N (0, I) is the prior distribution that approximates the terminal
distribution of the forward process q(xT ).

The training objective is to make this generative process match the data dis-
tribution. This is done by minimizing the KL divergence between the forward
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process q(x0:T ) and the model pθ(x0:T ). Using variational inference, we derive
the evidence lower bound (ELBO),

pθ(x0) =
∫

pθ(x0:T ) dx1:T

= Eq(x1:T |x0)

[
pθ(x0:T )

q(x1:T |x0)

]
≥ Eq(x1:T |x0)

[
log pθ(x0:T )

q(x1:T |x0)

]
, (3.16)

where the final inequality follows from Jensen’s inequality. We now expand the
integrand,

Eq(x1:T |x0)

[
log pθ(x0:T )

q(x1:T |x0)

]
= Eq(x1:T |x0)

[
log p(xT )

∏T
t=1 pθ(xt−1|xt)∏T

t=1 q(xt|xt−1)

]

= Eq(x1:T |x0)

[
log p(xT ) +

T∑
t=2

log pθ(xt−1|xt)
q(xt|xt−1)

+ log pθ(x0|x1)
q(x1|x0)

]

= Eq(x1:T |x0)

[
log p(xT ) +

T∑
t=2

log pθ(xt−1|xt)
q(xt−1|xt, x0)

q(xt−1|x0)
q(xt|x0)

+ log pθ(x0|x1)
q(x1|x0)

]

= Eq(x1:T |x0)

[
log pθ(xT )

q(xT |x0)
+

T∑
t=2

log pθ(xt−1|xt)
q(xt−1|xt, x0)

+ log pθ(x0|x1)
]

.

(3.17)
Finally, taking the negative and interpreting each term as a KL divergence, we
obtain,

− log pθ(x0) ≤Eq

[
DKL(q(xT |x0)||p(xT ))︸ ︷︷ ︸

LT

+

T∑
t=2

DKL(q(xt−1|xt, x0)||pθ(xt−1|xt))︸ ︷︷ ︸
Lt−1

− log pθ(x0|x1)︸ ︷︷ ︸
L0

]
,

(3.18)

where LT is the prior loss, L0 is the reconstruction loss, and the terms L1:T −1
represent the divergence between the forward posterior and the reverse model
at each step. To further simplify the training, [32] adopts a reparameterization
approach where the model predicts the noise ϵ used to generate xt from x0 (see
Eq. 3.14). This leads to the following simplified training objective, often referred
to as Lsimple,

Lsimple := Et∼U [1,T ],x0,ϵ

[
λ(t)||ϵ− ϵθ(

√
ᾱtx0 +

√
1− ᾱtϵ)||2

]
, (3.19)
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where λ(t) is a positive weighting function, xt is constructed via Eq. (3.12),
U [1, T ] is a uniform distribution over the set {1, 2, ..., T}, and ϵθ is a neural
network that predicts the noise ϵ given xt and t.

3.2.2 Score-based generative models (SGMs)

Score-based generative models (SGMs), also known as diffusion probabilistic
models in continuous time, generalize DDPMs by using stochastic differential
equations (SDEs) to model the forward (noising) and reverse (denoising) dy-
namics of data [78]. In this framework, the data is gradually perturbed into
noise via a continuous-time diffusion process governed by the Itô SDE,

dx = f(x, t)dt + g(t)dw, (3.20)

where f(x, t) is the drift coefficient, g(t) is the diffusion coefficient, and w is a
standard Wiener process. For DDPMs, the forward process is a discretization
of the following variance-preserving SDE (VP-SDE),

dx = −1
2

β(t)xdt +
√

β(t)dw, (3.21)

which ensures the marginal variance of x(t) is preserved over time. The discrete-
time DDPM parameters βt are related to the continuous-time form by the scaling
β(t/T ) = Tβt, which connects the discrete and continuous formulations as the
number of steps T →∞. A key theoretical insight by Anderson [3] shows that
any forward diffusion process defined by Eq. (3.20) can be exactly reversed in
time, under mild regularity assumptions. The reverse-time process is governed
by the reverse-time SDE,

dx = [f(x, t)− g(t)2∇x log qt(x)]dt + g(t)dw̄, (3.22)

where w̄ denotes a standard Wiener process defined with respect to backward
time, and qt denotes the distribution of xt in the forward process.

To approximate the reverse process, we parameterize a time-dependent neural
network sθ(xt, t) to estimate the score function ∇x log qt(x). This leads to the
following training objective,

Et ∼ U(0, T ), x0 ∼ qr(x0), xt ∼ q(xt|x0)
[
λ(t), |sθ(xt, t)−∇x log qt(xt|x0)|2

]
,

(3.23)
where U [0, T ] denotes the uniform distribution over [0, T ]. Here, λ(t) is a positive
weighting function that controls the relative importance of the score-matching
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loss at different diffusion times t. It can be chosen to balance gradient mag-
nitudes across time steps, improve stability, or emphasize specific temporal re-
gions during training. In practice, λ(t) is often set to λ(t) = σ2

t or a related
function, where σt is the noise scale at time t, as this helps normalize the loss
when the score function varies significantly over time. In practice, since the
conditional distribution qt(xt|x0) is often Gaussian, the score ∇x log qt(xt|x0)
has a closed-form expression [77]. More details can be found in [78].
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4. Hybrid modelling and para-
meter estimation

Current generative models are primarily designed to approximate the data dis-
tribution. While they are effective at capturing short-term patterns and gen-
erating plausible outputs, they often fail to uncover the underlying causal or
physical relationships between variables. As a consequence, especially in the
context of time-dependent dynamical systems, these models tend to accumulate
small errors at each time step, which leads to a progressive drift from the true
system dynamics and eventually results in physically inconsistent or scientific-
ally implausible predictions. To address these limitations, there is increasing
interest in hybrid modeling approaches that embed known physical laws into
machine learning frameworks. These approaches aim not only to fit data but
also to recover interpretable and generalizable models grounded in the structure
of the underlying system. In this chapter, we provide an overview of numer-
ical schemes for time integration, introduce their extension via Neural Ordinary
Differential Equations (Neural ODEs), and demonstrate how these tools can be
used for modeling and parameter estimation in complex dynamical systems.

4.1 Time integration

Let the dynamical system be defined by,

d

dt
x(t) = f(t, x(t)), t ∈ (t0, T ]

x(t0) = x0,
(4.1)

where x(t) ∈ Rd is the state variable, f : [t0, T ] × Rd → Rd is a, possibly
nonlinear, function governing the dynamics, and x0 is the initial condition. In
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many practical applications, especially when f is nonlinear or derived from
experimental data, analytical solutions to (4.1) are not available. Numerical
integration methods are therefore essential for approximating the evolution of
x(t) over time. The choice of numerical integrator can have a major impact on
accuracy, stability, and computational cost.

The Euler method is the most basic numerical scheme for solving initial value
problems. We assume the time interval [t0, T ] is divided into N equally spaced
points, defined by tk = t0 + kh for k = 0, 1, ..., N , where the step size is given
by h = T −t0

N . Suppose that system (4.1) admits a unique solution x(t) and that
x(t) is twice continuously differentiable on [t0, T ]. Then, by Taylor’s theorem,
for each k = 0, 1, ..., N − 1, we have,

x(tk+1) = xtk
+ (tk+1 − tk)x′(tk) + (tk+1 − tk)2

2
x′′(ξi), (4.2)

for some ξk ∈ (tk, tk+1). Since x(t) satisfies system (4.1) and h = tk+1 − tk, this
expression becomes,

x(tk+1) = xtk
+ hf(tk, x(tk)) + h2

2
x′′(ξk). (4.3)

The explicit Euler method constructs an approximation wk ≈ x(tk) by neglect-
ing the remainder term in the Taylor expansion. The resulting iterative scheme
is,

w0 = x0,

wk+1 = wi + hf(tk, wk), k = 0, 1, ..., N − 1.
(4.4)

To analyze the error bound of Euler’s method, we subtract Eq. (4.4) from (4.3),

x(tk+1)− wk+1 = xtk
− wk + h(f(tk, x(tk))− f(tk, wk)) + h2

2
x′′(ξi). (4.5)

Taking norms, we obtain,

|x(tk+1)− wk+1| ≤ |xtk
− wk|+ h|f(tk, x(tk))− f(tk, wk)|+ h2

2
|x′′(ξk)|. (4.6)

Assume that f satisfies a Lipschitz condition with constant C, and that |x′′(ξk)| ≤
M for some constant M . Then,

|x(tk+1)− wk+1| ≤ (1 + hC)|xti − wk|+
h2M

2
. (4.7)

By applying Lemma 5.8 from [17], the error bound follows that,

|x(tk+1)− wk+1| ≤
hM

2C
(e(tk+1−t0)C − 1), k = 0, ..., N − 1. (4.8)
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One way to improve the accuracy of Euler’s method is to include higher-order
terms from the Taylor series expansion. However, high-order Taylor methods
require computing higher derivatives of f(t, x), which can be computationally
expensive and impractical for many applications. Runge-Kutta (RK) methods
offer a practical alternative: they achieve higher-order accuracy without the
need to compute higher-order derivatives explicitly. A general Runge-Kutta
method updates the solution according to,

wk+1 = wi + ϕ(tk, xk, h)h, (4.9)

where ϕ(tk, xk, h) is known as the increment function, typically expressed as,

ϕ(tk, wk, h) =
s∑

i=1
biKi, (4.10)

with stage values,

Ki = f(ti + cih, xi + h
i−1∑
j=1

aijKj), i = 1, ..., s. (4.11)

The method is fully specified by the number of stages s, and the coefficients aij , bi

and ci which are typically presented in a Butcher tableau [62]. By appropriately
choosing these coefficients, one can construct RK methods that satisfy specific
order conditions and achieve the desired level of accuracy.

4.2 Neural ODE

As neural networks become deeper, they are theoretically more expressive. How-
ever, in practice, very deep networks often suffer from issues such as vanishing
gradients, reduced accuracy, and slow convergence. Residual networks (Res-
Nets), introduced by He et al. [31], address these problems by introducing
skip connections, which allow layers to learn residual functions rather than full
transformations. A typical residual block can be written as,

xk+1 = xk + Φ(xk, θ), (4.12)

where xk is the input to l-th block, and Φ(·, θ) is a nonlinear transformation
parameterized by θ. Interestingly, the residual update resembles Euler’s method
for numerically integrating ODEs. This observation motivated the development
of Neural ODEs [19], where the residual block is replaced by a continuous-time
differential equation,

d

dt
x(t) = Φ(x(t), t, θ), (4.13)
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where t ∈ [0, T ] indexes the network depth. With this formulation, numerical
solvers such as Runge–Kutta methods can be employed to effectively model
neural networks with continuous or infinitely deep layers.

Most commonly used activation functions, such as ReLU, Leaky ReLU, SoftPlus,
Tanh, Sigmoid, ArcTan, and Softsign, as well as operations like max-pooling,
have Lipschitz constants equal to 1. Additionally, layers such as dropout, batch
normalization, and other pooling methods have well-defined Lipschitz constants
[70]. Given these properties, the neural network is typically Lipschitz continu-
ous, and therefore, by Picard’s existence theorem [18], the existence and unique-
ness of solutions for Eq. (4.13) is guaranteed.

4.3 Parameter estimation

Consider the Susceptible-Infectious-Removed (SIR) model, a fundamental sys-
tem in epidemiology,

dS

dt
= − β

N
IS,

dI

dt
= β

N
IS − γI,

dR

dt
= γI,

(4.14)

where S, I, R represent the susceptible, infectious, and recovered populations,
respectively. Estimating the basic reproduction number R0 = β

γ is crucial for
evaluating the effectiveness of mitigation strategies and informing public health
decisions.

In practice, real-world data is often noisy and complex, and many extensions
of the SIR model have been proposed to better capture these complexities. To
estimate parameters, classical methods such as the Extended Kalman Filter
(EKF), least squares, and Bayesian inference are commonly used [48, 52, 76].
These approaches typically assume that the model structure is known. However,
in many real-world scenarios, the exact governing equations may be unknown
or only partially specified. In such cases, hybrid modeling approaches, which
combine mechanistic models with data-driven components, offer a flexible and
powerful alternative. Within the Neural ODE framework, various optimization
method can be used with backpropagation via adjoint methods or automatic
differentiation.

For example, in [22], a time-varying quarantine strength term was introduced to
model the effects of local policy changes. This term, difficult to define explicitly,
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was approximated using a neural network and trained via a Neural ODE solver.
This approach, known as a Universal Differential Equation (UDE) [63], embeds
neural components within a differential equation to learn unknown dynamics
from data while preserving known mechanistic structure. In Paper II [45], we
extend this idea by estimating a time-varying reproduction number R0(t), as
well as parameters in an additional integral term, highlighting the flexibility
and expressiveness of the UDE framework in real-world modeling tasks.
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5. Dynamical system identific-
ation

A wide range of natural and human-driven phenomena are governed by dy-
namical systems, which are typically described using differential or difference
equations that model the evolution of state variables over time. In Chapter 4, we
explored parameter estimation techniques under the assumption that the system
is fully or partially known. However, a more challenging problem arises when
the underlying system is entirely unknown. In that respect we ask the question:
how can we identify both the governing equations and parameter values from
discrete time-series data? We tackle this question head on in this chapter by
focusing on regularization-based methods for dynamical system identification.

5.1 Sparse identification of nonlinear dynamics

Consider an autonomous continuous-time dynamical system described by the
following differential equation,

ẋ(t) = f(x(t)), (5.1)

where x ∈ Rd is the observable state vector at time t, ẋ is its time derivative,
and f : Rd → Rd is an unknown nonlinear function that governs the system’s
dynamics. The goal of system identification in this context is to recover the func-
tional form of f from a finite set of time-series measurements. Assuming that
f can be approximated by a linear combination of a set of nonlinear candidate
functions, system (5.1) can be rewritten as,

ẋ(t) = f(x(t)) = Ξ⊤Θ(x(t))⊤, (5.2)

where Θ(·) : R1×d → R1×nθ is a library of nθ candidate nonlinear functions
(e.g., polynomials, trigonometric functions, or other symbolic expressions), and
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Ξ = [ξ1, ..., ξd] ∈ Rnθ×d is a matrix of coefficients. In many physical and biolo-
gical systems, such as the epidemic model discussed in system (4.14), the true
dynamics are typically driven by a relatively small number of dominant mech-
anisms. Although the function library Θ may be large and expressive, only a
few basis functions are expected to be active for each component of f . This
motivates the assumption that the coefficient matrix Ξ is sparse.

Let the discrete-time measurements of the state be denoted as,

X =


xT (t1)
xT (t2)

...
xT (tn)

 =


x1(t1) . . . xd(t1)
x1(t2) . . . xd(t2)

...
...

x1(tn) . . . xd(tn)

 , (5.3)

and the corresponding time derivatives as,

Ẋ =


ẋT (t1)
ẋT (t2)

...
ẋT (tn)

 =


ẋ1(t1) . . . ẋd(t1)
ẋ1(t2) . . . ẋd(t2)

...
...

ẋ1(tn) . . . ẋd(tn)

 . (5.4)

We then define a nonlinear feature matrix Θ(X) ∈ Rn×nθ by applying the func-
tion library element-wise to each row of X,

Θ(X) =
[
1 X XP2 XP3 . . . sin(X) cos(X) . . .

]
. (5.5)

Here, XP2 , XP3 , etc., are higher polynomials, where XP2 denotes the quadratic
nonlinearities in the state,

XP2 =


x2

1(t1) x1(t1)x2(t1) . . . x2
2(t1) . . . x2

d(t1)
x2

1(t2) x1(t2)x2(t2) . . . x2
2(t2) . . . x2

d(t2)
...

...
...

...
x2

1(tn) x1(tn)x2(tn) . . . x2
2(tn) . . . x2

d(tn)

 . (5.6)

The dynamical system (5.1) can therefore be written in matrix form as,

Ẋ = Θ(XT )Ξ, (5.7)

For multivariate systems, Eq. (5.7) can be solved column-wise by treating each
component of the vector field independently. That is, for each state variable Xj

we solve the least-squares regression problem,

min
Ξj

||Ẋj −Θ(XT )Ξj ||22, (5.8)
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where Ẋj and Ξj are the j-th columns of Ẋ and Ξ, respectively. The time de-
rivative matrix Ẋ is typically not available directly and must be approximated
numerically from the discrete time-series data. Common numerical differen-
tiation methods include central difference schemes, polynomial interpolation,
and spline-based approaches [44, 82], each of which balances trade-offs between
accuracy and noise sensitivity.

However, in practice, the system described by Eq. (5.7) is often affected by
measurement noise, which can introduce significant challenges for accurate de-
rivative estimation and stable identification of sparse coefficients. To mitigate
these issues, sparse regression methods are employed, where a regularization
term is added to the optimization problem to promote sparsity and enhance
robustness to noise [8]. The general form of the regularized objective function
is,

min
Ξj

||Ẋj −Θ(XT )Ξj ||αβ + φ||Ξj ||γδ , (5.9)

where ||x||p = (
∑

i |xi|p)1/p denotes the Lp norm of a vector x, φ ∈ R is
a regularization parameter controlling the trade-off between data fidelity and
sparsity, and α, β, γ, δ ∈ R are constants (different choices of these constants
recover well-known methods). For example, ridge regression corresponds to
α, β, γ, δ = 2 which penalizes large coefficients but does not enforce sparsity
[34]. The LASSO (Least Absolute Shrinkage and Selection Operator) method
arises when α, β = 2, and γ, δ = 1, promoting sparsity through an L1 penalty
[71, 80].

Alternatively, rather than solving a single regularized optimization problem,
the Sparse Identification of Nonlinear Dynamics (SINDy) framework proposed
in [16] enforces sparsity through an iterative thresholding strategy known as the
Sequential Thresholded Least Squares (STLS) algorithm. In this approach, the
coefficients are obtained by solving a standard regression problem of the form,

min
Ξj

||Ẋj −Θ(XT )Ξj ||αβ , with |ξl,j | ≥ λ, (5.10)

where λ is a user-defined threshold parameter. The method begins by estimat-
ing the coefficients via least-squares regression, followed by thresholding: coef-
ficients with magnitude below λ are set to zero. The model is then re-fitted
using only the remaining active terms. This process is repeated iteratively until
convergence, yielding a sparse, interpretable model that captures the essential
dynamics. It was later shown that this iterative procedure converges to a solu-
tion of the form (5.7) with α = β = 2 and γ = 0 [86]. An extension of the STLS
algorithm includes an additional L2 penalty term, resulting in the sequential
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threshold ridge regression (STRidge) method [69], defined as,
min
Ξj

||Ẋj −Θ(XT )Ξj ||22 + φ||Ξj ||22, with |ξl,j | ≥ λ. (5.11)

Although STLS and its variants perform well in many scenarios, their perform-
ance can degrade in the presence of significant noise and limitation of datasets.
To enhance robustness, Bayesian regularization methods have been proposed
[57, 60], which incorporate prior distributions to better manage uncertainty and
noise in the data. Additionally, the use of resampling techniques has been shown
to improve model stability. For instance, the Ensemble-SINDy approach [26]
leverages bootstrap resampling to reduce sensitivity to noise. Furthermore, in
Paper III [47], we introduce an alternative resampling strategy which can further
enhance robustness and accuracy in sparse model recovery.

5.2 Model selection

A central challenge in the SINDy framework is model selection, which refers
to the process of identifying the subset of terms in the function library Θ(X)
that are most relevant for describing the system’s dynamics. Different choices of
sparsity threshold λ, regularization weights φ, or function library composition
can lead to different candidate models, raising the key question: which model
should be chosen? The objective is to identify a model that accurately captures
the essential dynamics while keeping the complexity as low as possible. Since
the function library is typically overcomplete, it is important to enforce sparsity
in the coefficient matrix Ξ in order to avoid overfitting and improve interpretab-
ility. To aid in automatic model selection, information-theoretic criteria such
as the Akaike Information Criterion (AIC), its corrected version AICc, and the
Bayesian Information Criterion (BIC) have been widely used [4]. These criteria
quantify the trade-off between model fit and complexity by penalizing the num-
ber of active terms in the model. Several studies have successfully applied these
methods in the context of SINDy to systematically select the most informative
and robust model from a pool of candidates [47, 50, 51, 54].

The AIC, originally proposed by Akaike [1, 2], provides a relative estimate of
information loss across competing models by balancing model complexity and
goodness of fit. For a given candidate model, the AIC is defined as,

AIC = −2 ln L(Ξ̂|x) + 2k, (5.12)
where Ξ̂ denotes the estimated coefficients of the model, k is the number of free
parameters, and L(Ξ̂|x) is the likelihood of the observed data given the model
evaluated at Ξ̂.
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However, when the sample size is small relative to the number of parameters,
the AIC may exhibit a tendency to overfit. To address this issue, a corrected
version known as the second-order AIC (AICc) was introduced. It incorporates
an additional penalty term to account for finite-sample bias,

AICc = AIC + 2k(k + 1)
n− k + 1

, (5.13)

where n is the number of observations.

In practice, a common choice for the likelihood function in regression problems
is based on the residual sum of squares (RSS), defined as:

RSS =
n∑

i=1
(x(ti)− x̂(ti))2, (5.14)

where x(ti) are the observed values and x̂(ti) are the corresponding predictions
from the candidate model. Higher AIC or AICc scores indicate models that
either include unnecessary parameters or fail to adequately fit the data. Thus,
models with lower AIC values are preferred, as they strike a better balance
between goodness-of-fit and model simplicity.

The AIC was later modified by G. Schwarz to yield the Bayesian Information
Criterion (BIC) [73], which introduces a stronger penalty on model complexity.
BIC is defined as,

BIC = −2 ln(L) + k ln(n). (5.15)

In comparison to AIC, BIC imposes a heavier penalty on models with a larger
number of parameters, which often leads to more conservative model choices.
While some studies argue in favor of AIC or AICc due to their theoretical un-
derpinnings and better performance in certain scenarios [4, 85], our work in
Paper III [47] found that BIC yielded higher accuracy in model selection.
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6. Research

In this chapter, we summarize the main findings from Papers I–V and relate
them to the theoretical concepts introduced in the previous chapters. We also
provide a perspective on possible future research directions for each study.

6.1 Paper I

To model time-dependent data arising from systems governed by differential
equations coupled with microscopic stochastic process, we consider the following
coupled equations,

d
dtX = 1

τ F (X, σ)
d
dtEf(X, σ) = ELf(X, σ), (6.1)

where X is the state vector, σ is the microscopic stochastic process defined
on a spatial lattice L, σ̄ = 1

N

∑
x∈L σ(x) is the spatial average of σ, τ is a

characteristic time, E represents the expected value, F is a function defining the
ODE dynamics, f is a test function, and L is the generator of the stochastic
process σ. In practice, the available data consists of a clean time series X and
a highly noisy macroscopic spatial average σ̄. While frameworks like Neural
ODEs or SDEs provide general modeling tools for such problems, their training
becomes particularly challenging when confronted with high levels of noise.

In Paper I [46], we tackle this challenge by approximating the dynamics described
in (6.1) with a separable stochastic differential system containing unknown com-
ponents. We begin by learning the vector field that governs the evolution of both
X and σ̄ through neural networks, denoted Nθ1 and Nθ2 , respectively. The net-
works are trained on time derivatives approximated numerically and treated as
ground truth. While this approximation could also be achieved using classical
regression techniques, the neural network approach offers greater flexibility in
capturing nonlinear dependencies. Based on the learned dynamics, we estim-
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ate the residual noise in the microscopic stochastic process. Assuming Gaussian
noise, we use an additional regression model Hϕ to estimate its variance, yielding
the update scheme,

Xi+1 = Xi + Nθ1(X⃗i, σ̄i)dt,

σ̄i+1 = σ̄i + Nθ2(Xi, σ̄i)dt + Hϕ(Xi, σ̄i)
√

dtϵ,
(6.2)

where ϵ denotes standard Gaussian noise. However, the underlying stochasticity
originates from a non-Gaussian jump process, making the Gaussian assump-
tion suboptimal. To capture the true noise structure, we introduce an auxil-
iary neural network Kφ that approximates the cumulative distribution func-
tion (CDF) of the noise using inverse transform sampling. A standard uniform
random variable ν is used as input to generate noise samples consistent with
empirical distributions, resulting in the update rule,

Xi+1 = Xi + Nθ1(X⃗i, σ̄i)dt,

σ̄i+1 = σ̄i + Nθ2(Xi, σ̄i)dt + Kφ(Xi, σ̄i, ν)dtα,
(6.3)

where ν is a standard uniform random variable and α is a scaling exponent
estimated using multifractal detrended fluctuation analysis, a method commonly
used to infer the Hurst exponent in fractional Brownian motion.

We evaluated the effectiveness of these methods for modeling microscale or sub-
grid stochasticity in dynamical systems evolving over long time horizons. Both
formulations, given in Equations (6.2) and (6.3), outperform conventional ap-
proaches such as LSTMs, vector autoregression, and Neural SDEs in terms of
accuracy and computational efficiency. Notably, the non-Gaussian version (6.3)
also successfully predicts rare events such as those observed in saddle-node bi-
furcation scenarios.

Despite these promising results, the proposed approach has limitations. In par-
ticular, it requires finely sampled input data to maintain numerical stability and
minimize errors, which may be prohibitive in high-dimensional systems due to
the exponential growth in data requirements. In future work, we aim to en-
hance the generalization capabilities of the proposed approach by incorporating
Gaussian noise during pretraining. We also plan a deeper investigation into how
numerical derivative approximations, X ′

i+1 = Xi+1−Xi

ti+1−ti
, influence the stability

and accuracy of the method. This will include a comprehensive analysis of error
propagation from both theoretical and numerical perspectives.
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6.2 Paper II

Accurate long-term forecasting is essential for understanding multi-wave pan-
demics such as COVID-19. However, the classical SIR model (4.14) is inad-
equate for this purpose. To address this limitation, [11] proposed an extended
SIR model that incorporates the concept of immune memory decay,

Ṡ = −βSI + γ

∫ t

0
K(t− τ)I(τ)dτ,

İ = βSI − γI,

Ṙ = βI − γ

∫ t

0
K(t− τ)I(τ)dτ.

(6.4)

Here, K is a probability density function (PDF) modeling immune memory
decay. We define the function z(t) to describe the return of individuals from the
removed to the susceptible compartment over time. It is given by,

z(t) = γ

∫ t

0
K(t− τ) I(τ) dτ.

While the modified model captures important biological dynamics, [11] does not
provide a strategy for parameter estimation. Neural ODE methods, introduced
in Chapter 4, offer a natural framework for hybrid dynamical systems, but the
convolution term z(t) in Eq. (6.4) poses a challenge: it involves an intract-
able integral over past and current values of the dependent variable, which is
incompatible with standard Neural ODEs.

In Paper II [45], we extend the Neural ODE framework to address Volterra
integro-differential equations such as Eq. (6.4). Unlike the delta distribution
used in [11], which poses numerical challenges, we model the memory kernel
K as a Gaussian distribution for improved tractability. To further enhance
the efficiency of parameter estimation, we incorporate Bayesian optimization
into the training process. For numerical integration, we adopt a second-order
Runge-Kutta scheme (also known as the modified Euler method),

xk+1 = xk + hK2

K1 = f(tk, xk)

K2 = f(tk + h

2
, xk + h

2
K1).

(6.5)

This scheme improves the numerical accuracy over Euler’s method while keeping
the computational cost relatively low.
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More broadly, we introduce a strategy that integrates Bayesian optimization
with classical Runge-Kutta solvers to extend Neural ODEs for systems with
memory, such as the modified SIR model. This framework enables the direct
estimation of time-varying parameters from data through a neural network.

Our results demonstrate that the proposed approach accurately captures both
the mean and variance of the memory kernel K, and produces realistic estim-
ates of the effective reproduction number. In addition, the model successfully
predicts the timing and amplitude of epidemic wave peaks. We validate the
framework on both synthetic datasets and real-world epidemiological data from
Mexico, South Africa, and South Korea. Across all cases, the model reliably
forecasts multi-wave epidemic dynamics and infers critical parameters of the
underlying SIR model.

One key limitation of the proposed approach arises when the number of infec-
tions is small relative to the total population. In such cases, the susceptible (S)
and removed (R) compartments remain nearly constant, making it difficult to
learn dynamic parameters such as the mean of K, as they may not converge
during training. Future work will explore several directions to overcome this
limitation. Improved data preprocessing may help mitigate the impact of sparse
infection data. Additionally, techniques like normalizing flows could enhance
estimates of the underlying distribution from which the infection data is drawn.
We also plan to investigate hybrid strategies that integrate classical approaches,
such as Markov Chain Monte Carlo (MCMC), with data-driven methods like
ours. Such combinations could provide better interpretability and robustness
by leveraging both theoretical understanding and the empirical richness of real-
world data.

6.3 Paper III

In this study [47], we build on the SINDy framework introduced in Chapter 5,
aiming to enhance its robustness and data efficiency in the context of parametric
dynamical systems. One of the key limitations of the original SINDy method
is its heavy reliance on the quality and diversity of available data. To address
this, Paper III proposes a generalized SINDy approach (GS-SINDy) capable of
integrating information across multiple trajectories. This approach becomes
especially useful when dealing with parametrically varying systems in nonlinear
dynamics.

We consider a family of dynamical systems governed by parametric ordinary
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differential equations (ODEs) of the form,

d

dt
x(t) = f(x(t); λ), t ∈ R≥0, (6.6)

where x(t) = [x1(t), . . . , xnx(t)]T ∈ Rnx is the vector of states at time t and
the map f : Rnx → Rnx represents the (nonlinear) dynamics of the system
parameterized by λ. While the exact form of f is not known, we assume ac-
cess to observational data in the form of trajectory snapshots collected un-
der various parametric settings. Then, these observations can be represen-
ted as X̂ = {X̂j}1≤j≤n, where n is the number of trajectories. Each X̂j =
{x̂j(ti); λj}T1≤i≤mj

∈ Rmj×nx is a sequence of measurements of the state vari-
ables with parametric settings λj , and mj is the number of sampled timesteps.
The goal is to solve a sparse regression problem of the form,

˙̂
X1
...

˙̂
Xn−1

˙̂
Xn

 =


Θ(X̂1) . . . 0 0

... . . . ...
...

0 . . . Θ(X̂n−1) 0
0 . . . 0 Θ(X̂n)




Ξ1
...

Ξn−1
Ξn

 , (6.7)

where Θ(X̂j) is the feature matrix constructed from trajectory j, and Ξj denotes
the corresponding sparse coefficient matrix that encodes the active terms in the
dynamics for that trajectory.

In Paper III, we enhance the SINDy framework by partitioning the feature lib-
rary Θ into two subsets: Θ(s), which contains basis functions shared across
all trajectories with common coefficients, and Θ(d), which includes basis func-
tions with trajectory-specific coefficients. Initially, all candidate functions are
assigned to Θ(d), and an iterative procedure is employed to selectively transfer
basis functions from Θ(d) to Θ(s). This decision is guided by a combination of
Earth Mover’s distance (EMD) and similarity metrics derived from hierarchical
clustering.

We further demonstrate that this generalized formulation converges to an L0-
regularized objective function, thus preserving the sparsity-inducing character-
istics of the original SINDy algorithm.

This structure substantially enhances data efficiency by enabling the joint use of
multiple trajectories, even when they correspond to different parameter regimes
of the same underlying system. By adjusting the similarity threshold within the
clustering procedure, the method can also effectively accommodate trajectories
with identical or nearly identical parameter settings. As a result, the proposed
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GS-SINDy approach consistently outperforms both standard SINDy and En-
semble SINDy across a wide range of benchmark systems, including the Lotka–
Volterra, Brusselator, Van der Pol, Lorenz, Hopf normal form, and FitzHugh–
Nagumo models.

Recent developments in the SINDy literature have focused on managing noisy
datasets by employing integral or weak formulations to improve robustness
[53, 66, 72]. Given the statistical underpinnings of GS-SINDy, we believe it
holds strong potential to further advance these efforts. Future work will in-
vestigate extensions of GS-SINDy that integrate weak formulations or Bayesian
techniques, with the goal of improving its resilience to noise and uncertainty in
real-world data.

6.4 Paper IV

Incomplete data is a persistent challenge in spatiotemporal applications such as
traffic forecasting, air quality monitoring, and environmental modeling. Sensor
networks are often affected by failures, communication breakdowns, or design
limitations, leading to missing values that undermine downstream analysis and
decision-making. Traditional imputation techniques, including Kriging, linear
interpolation, and low-rank matrix completion, are computationally attractive
but insufficient for high-dimensional data with nonlinear spatial and temporal
dependencies. More advanced deep generative approaches, such as variational
autoencoders (VAEs), generative adversarial networks (GANs), and diffusion-
based models, have improved reconstruction quality. During our investigation,
we observed that existing models often perform well on certain nodes but poorly
on others. This imbalance suggests that different subsets of nodes exhibit het-
erogeneous behaviors, and using a single decoder for the entire network may lead
to interference across nodes. Motivated by multi-task learning (MTL), we pro-
pose an architecture in which a shared encoder captures global spatiotemporal
representations, while multiple decoders specialize in different node clusters.
This design reduces negative transfer between heterogeneous nodes while still
enabling beneficial knowledge sharing through the encoder.

In this study, we introduce Graph-aUgmented Imputation with Diffusion mod-
Els (GUIDE), a diffusion-based framework that explicitly incorporates graph
clustering into the imputation process. GUIDE partitions sensor nodes into
structurally coherent clusters using either a correlation-based hierarchical clus-
tering method or a VAE-based clustering method. These clusters provide the
foundation for decoder specialization, allowing the model to capture both global
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dynamics and localized variations.

Empirical evaluation on benchmark datasets, including AQI-36 for air quality
and METR-LA and PEMS-BAY for traffic, demonstrates that GUIDE consist-
ently achieves competitive or superior performance compared to several baseline
models. Notably, GUIDE shows its strongest improvements on AQI-36, where
clusters align with meaningful structures such as rural versus urban monitoring
stations. Beyond improved accuracy, GUIDE reduces predictive uncertainty
and exhibits greater stability across diverse missingness scenarios, making it a
promising solution for large-scale, real-world sensor network applications.

6.5 Paper V

”Live fingerprints” and ”spoof fingerprints” are essential concepts in biometric
security, especially within fingerprint recognition systems. Live fingerprints are
authentic impressions captured directly from a person’s finger, while spoof fin-
gerprints are artificially created replicas designed to deceive recognition systems.
These spoofs can be made using materials such as gelatin, silicone, or printed
media. High-quality datasets containing both live and spoof fingerprints are
crucial for training and evaluating biometric authentication systems. However,
collecting such data is often expensive, time-consuming, and fraught with pri-
vacy and regulatory challenges.

To address these limitations, Paper V presents a generative framework for syn-
thetically producing both live and spoof fingerprints [79]. For live fingerprints,
we employ DDPMs and WGAN-GP models, as introduced in Chapter 3. Spoof
fingerprint generation poses greater difficulty due to the scarcity of training
samples. To overcome this, we adopt a transfer learning approach using Cycl-
eGAN, which allows the model to utilize live fingerprint data during training,
enhancing the spoof generator’s effectiveness despite limited spoof data.

To assess the quality and realism of the generated fingerprints, we use Fréchet
Inception Distance (FID) to measure similarity to real samples, and False Ac-
ceptance Rate (FAR) to evaluate uniqueness and resistance to biometric imper-
sonation. We also include Precision and Recall for Distributions and Coverage
to provide a broader assessment of both quality and diversity. Inception Score
(IS) is deliberately excluded due to its sensitivity to background noise and its
emphasis on diversity over fidelity.

Our findings indicate that DDPM generates the most visually realistic and high-
quality fingerprints, though it tends to produce less varied samples. WGAN-GP
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offers slightly lower quality but excels in generating unique outputs, making it
more suitable when diversity is prioritized. Meanwhile, the fingerprint trans-
formation model CycleWGAN-GP proves highly effective in generating spoof
fingerprints under various conditions, using fewer training samples while main-
taining computational efficiency and model stability. A key insight from our
study is the strong correlation between the degree of spoofiness, defined as the
extent to which a spoof convincingly mimics a real fingerprint, and the effective-
ness of transformation techniques such as CycleGAN. Higher spoofiness levels
consistently lead to improved model performance across different generative ar-
chitectures.

Given the ongoing difficulty in obtaining large, diverse, and high-quality pub-
lic fingerprint datasets, our contribution includes the creation of a GDPR-
compliant synthetic dataset featuring both authentic and spoof fingerprints.
Looking ahead, we plan to extend this work by developing generative models
capable of simulating fingerprints under diverse environmental conditions, such
as wet, cold, or degraded surfaces.
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dependent differential equations with noise
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For further details refer to Paper I.
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dependent Differential Equations with Noise
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The data is generated by a coupled system of the form:

where 𝐹 is the deterministic ODE function, 

𝜎 =
1

𝑁
σ𝑥 𝜎(𝑥) is the spatial average of 𝜎

defined on a lattice.

The dataset consists of two types of time-series data: 

• Clean data generated from the deterministic ODE.

• Noisy data influenced by the stochastic process.

Our aim is to model the underlying dynamics using these datasets. We 

focus on two examples:

• Complex Ginzburg-Landau (CGL)

• Saddle-node bifurcation

We assume that the ODE system can be represented as a set of separable 

SDEs:

Using a neural network 𝑁𝜃1 to appoximate the ODE 𝐹, where 𝑋 and 𝜎 be 

input and the numerical derivative of 𝑋 can be as ground truth. 

Similarly, the drift of 𝜎 can be approximated by 𝑁𝜃2 with ground truth be the 

numerical derivative with higher step size to reduce the noise. The noise can 

be represented as follows

Case 1. The noise is Gaussian

Then we can simply estimate the standard deviation of 𝛬(𝑋𝑖 , 𝜎𝑖) and let 𝛼 =
0.5. The coupled system can be simply estimated by Euler method as 

follows,

Case 2. The noise is non-Gaussian

We train 𝐾𝜑(𝑋𝑖 , 𝜎𝑖 , 𝜈) to approximate the empirical distribution from 𝛬(𝑋𝑖 , 𝜎𝑖)

by inversion sampling, where 𝜈 is a standard uniform random variable. 

The Hurst exponent 𝛼 can be estimated by multifractal detrended fluctuation 

analysis. 

Conclusions

d

Figure 1. Synthetic data 𝑋, 𝜎 (blue line) versus several E-MLP simulations with 

empirical noise (other colors).

Main problem

Method

The proposed method successfully learns 

the dynamics of both the CGL and the 

saddle-node systems. The version based on 

a non-Gaussian assumption performs better 

at predicting rare events in the saddle-node 

case, which aligns with the nature of the 

data generator. In both examples, the 

proposed approach outperforms other 

baseline methods—such as LSTM, vector 

autoregression, and Neural SDEs—in terms 

of accuracy and/or computational efficiency.

Figure 2. ethod learning the distribution of noise for CGL system. Left) Scatter 

plot of all training data for the CGL case. (Right) Distributions of noise at two 

points (”case 1” and ”case 2”) based on the data from the left figure.

Figure 3. E-MLP method learning the distribution of noise for Saddle system. 

(Left) Scatter plot of all training data for the Saddle case under high noise. 

(Right) Comparisons of the distributions of noise at a point near a ”rare event” 

and a point near an ”ordinary event” based on the left figure.
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