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Popular scientific summary

At very small scales, matter is restless. Heat makes molecules jiggle, tiny swimmers
push on the surrounding liquid, and together they create patterns and motion that are
not obvious from the parts alone. This thesis examines two settings: (1) “wet” active
matter, fluids filled with microscopic self propelled swimmers that consume energy to
move and interact through the fluid, and (2) ordinary particles that drift randomly yet
switch between slow and fast diffusion, as happens when molecules bind or change
shape.

In active fluids, the swimmers do not just move; they stir the liquid, and the liquid
stirs them back. That feedback produces collective motion: bursts, swirls, and fleeting
patches where many swimmers line up. In dry active systems, these alignments can
cause “giant number fluctuations”, meaning that if you count particles in a box, the
counts vary far more than simple randomness would allow. Theory indicates that in
wet active matter such long-range alignments cannot persist, because fluid instabilities
break them up. Using large-scale lattice Boltzmann simulations of dilute suspensions
of pusher type swimmers in three-dimensional, unbounded liquids, this thesis shows
that unusually large clumps and gaps appear once collective motion sets in, but only
up to a characteristic length given by the persistence length ℓp, which also fixes the
typical size of transient nematic domains. At larger scales, number fluctuations return
to ordinary Gaussian statistics. Dimensionality matters as well: in two dimensions,
the onset of collectivemotion is largely smoothed out when ℓp is small to intermediate,
whereas for large ℓp there is a discontinuous jump to a stationary state filled with
extensile flow structures that span the whole system.

The second part of the thesis tackles a different but common behaviour: particles
that wander randomly yet switch between slow and fast modes, as biomolecules do
when they bind, unbind, or change conformation. I develop a lightweight analysis
method that filters noisy position data and then uses a simple statistical model to
label which mode a particle is in at each moment. On carefully designed test data,
the approach identifies state changes accurately across a wide range of diffusion speeds
and lifetimes, and it remains reliable even when measurements are blurred or noisy.
Because it is transparent and computationally cheap, it is well suited for analysis in
real-time during single-particle tracking experiments.

vii
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Chapter 1

Introduction

Robert Brown’s observation (1827) of the irregular motion of microscopic particles
provided an early empirical basis for what is now called Brownian motion [1]. Sub-
sequent theory connected these observations to molecular agitation: Einstein (1905)
and Smoluchowski (1906) [2, 3] showed that the mean-squared displacement grows
linearly with time,

⟨∆r2(t)⟩ = 2 dD t,

and related the diffusivity D to temperature T and viscous drag (e.g., the Stokes-
Einstein relation D = kBT/(6πµa) for a sphere of radius a in a fluid of viscosity
µ) [2, 4]. Langevin (1908) formulated the corresponding stochastic equation of mo-
tion [5], and later developments linked such dynamics to Fokker-Planck descriptions
and, more broadly, fluctuation-dissipation relations [6–8]. At microscopic scales,
thermal fluctuations therefore render particle trajectories effectively stochastic; al-
though random motion has macroscopic analogues (e.g., granular diffusion), thermal
Brownian motion is most naturally observed for microscopic particles in fluids.

The microscopic realm, however, encompasses systems with very different driving.
Some are well approximated by equilibrium thermal fluctuations, while others are
maintained far from equilibrium by sustained energy input at the particle scale. Ac-
tive matter [9–11] refers to assemblies of units that convert environmental or stored
energy into motion. Examples include vibrated rods, swimming bacteria, cytoskeletal
filaments driven by molecular motors, and catalytically propelled Janus colloids [11–
18]. Such systems can exhibit sustained self-driven transport, emergent order (polar
or nematic alignment), motility-induced phase separation, and, in fluid-immersed
(‘wet’) settings, hydrodynamically mediated collective flows such as mesoscale turbu-
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Figure 1.1: Natural instances of collectivemotion: (left) sheep forming a cohesive herd [35], (right) fish forming
a school [36].

lence with jets and vortices, so-called bacterial turbulence [14, 15, 19–24]. By contrast,
passive tracers do not generate motion; their motion is induced by thermal fluctu-
ations of the surrounding fluid, arising from incessant microscopic collisions with
solvent molecules. In homogeneous Newtonian fluids they undergo Gaussian dif-
fusion with a single diffusivity, but in heterogeneous or complex media, crowded
cytoplasm, or spatially varying viscosity, they often display non-Gaussian displace-
ment distributions, transient sub- or super-diffusion, and time- or space-dependent
effective mobilities [25–29].

In light of these considerations, the present thesis addresses both classes: Part I focuses
on wet active matter in bacterial suspensions [14, 15], quantifying the emergence of
anomalous density fluctuations near the onset of bacterial turbulence, how the asso-
ciated scaling depends on control parameters, and where departures from Gaussian
statistics are confined to mesoscopic scales set by the persistence length of the individ-
ual swimmer. Part II turns to single-particle tracking, introducing a fast, transparent
segmentation pipeline [30–34] that denoises displacements, clusters trajectories into
regions of similar diffusivity, and estimates the corresponding transport parameters.
Together, these studies examine how minimal, coarse-grained descriptions can be dis-
tilled from complex dynamics across both active and passive settings.

1.1 Active matter and giant number fluctuations

Here we begin with representative dry active matter systems [37], where particles move
on or through a momentum-dissipating substrate so that interactions, rather than
long-ranged hydrodynamics, mediate collective behaviour. The Vicsek model is the
canonical polar flock [19–21]: point-like agents advance at fixed speed while rotat-
ing their headings towards the local mean direction with noise, producing true long-
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range orientational order in two dimensions, travelling high-density bands, and a
strong coupling between orientation and density. A closely matched experimental
realisation is provided by Quincke rollers [38–40]: dielectric colloids set into steady
rolling by an applied electric field, which self-propel along a surface, exhibit effective
short-range alignment (with electro-hydrodynamic couplings), form polar flocks with
travelling bands, and permit direct tests of fluctuation scaling in the ordered phase.
Another important class comprises substrate-based active nematics [22, 41] built from
apolar, elongated constituents with head-tail symmetry; theory anticipates, and both
simulations and experiments confirm, large fluctuation effects in these systems.

A hallmark of these dry realisations of active matter is anomalous density fluctua-
tions [12, 21, 42, 43], far larger than those expected from systems at equilibrium. The
strong coupling between local order and density, amplified by propagating orienta-
tional distortions and banding instabilities, generically boosts number fluctuations
beyond equilibrium scaling.

To make this precise, recall the equilibrium baseline set by the central-limit theorem.
For the number of particles N inside an observation window with mean ⟨N⟩, the
standard deviation scales as

∆N ∼ ⟨N⟩1/2.

Giant Number Fluctuations (GNFs) are defined as a super-Poissonian growth of fluc-
tuations with system size,

∆N ∼ ⟨N⟩α with α > 1/2,

a behaviour predicted for dry polar and nematic orders (e.g., within Toner-Tu theory
for flocks) [20, 42] and observed in simulations and several experiments [43, 44].

By contrast, wet active matter involves constituents suspended in a viscous fluid that
conserves momentum [45, 46]. Canonical examples are bacterial suspensions of E. coli
or B. subtilis, which develop bacterial turbulence with continually forming jets and
swirls [13–15, 47]. A closely related wet platform is the microtubule-kinesin active ne-
matic at an oil-water interface: motor-driven extensile stresses generate spontaneous
flows, create and transport±1/2 defects, and sustain persistent streaming [16–18, 22].

Returning to GNFs specifically in wet systems: number fluctuations in bacterial sus-
pensions [48] are often enhanced over mesoscopic ranges because advection correlates
distant regions; however, whether such enhancement persists to the largest accessible
scales, and thus qualifies as asymptotic GNFs in the same sense as in dry ordered flocks,
remains an open question [22, 37, 41].

While the first part interrogates nonequilibrium fluctuations in fluid-coupled active
suspensions, the second part tackles a statistical problem in equilibrium systems: de-
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tecting time-varying mobility states from finite, noisy trajectories. Both share a com-
mon aim, extracting reliable coarse-grained descriptions from fluctuating dynamics.
This parallel motivates the thesis structure.

1.2 Segmentation of single-particle trajectories in passive Brow-
nian systems

Over the past three decades, advances in optical microscopy have greatly expanded
our ability to probe biological systems at the molecular scale. Among these, single-
molecule fluorescence microscopy [49–51], used together with single-particle tracking
(SPT) algorithms [52–58], has transformed the study of single-molecule behaviour in
living cells by enabling high spatiotemporal resolution tracking of individualmolecules.
This combination has yielded important insights into intracellular transport, protein-
protein interactions, and themechanisms that govern cellular function [49, 53, 59–64].

Classical mean-square displacement (MSD) analysis works well for single-state Brow-
nian motion, yet it becomes unreliable when diffusion varies across time or space
[26, 32]. Such variability is common in SPT as trajectories are shaped by transient
and complex interactions with the cellular environment, producing mixtures of dif-
fusive states [64–68]. Disentangling these states and their transitions is essential for
quantitative studies of protein-ligand binding and cellular signaling [69–71].

A rich ecosystem of alternatives exists. Hidden Markov models (HMMs) jointly in-
fer state labels, diffusion coefficients, and transition probabilities and can even in-
fer the number of states, but the computation scales poorly with model complexity
and trajectory length [31, 33]. Deep-learning methods achieve strong accuracy for
segmentation and even anomalous-diffusion classification, but they typically require
large training sets and lack physical interpretability [72, 73]. Together, these trade-offs
motivate algorithms that are accurate yet lightweight and transparent.

The work summarised in this thesis adopts a deliberately simple and interpretable
strategy: lightly denoise step displacements and then group recurring movement pat-
terns into a small number of mobility states using a data-driven, model-based separa-
tion. This produces time-resolved state labels for each trajectory; quantitative param-
eters such as diffusion coefficients and lifetimes are then estimated afterwards with
standard tools. The emphasis is on clarity and speed rather than heavy modelling or
large-scale training, making the approach practical for routine SPT workflows.
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Chapter 1

Fluid dynamics at low Reynolds
number

The motion of Newtonian fluids is governed by the conservation of mass, momen-
tum, and energy, expressed mathematically through the Navier-Stokes and continuity
equations. Fundamentally, they are the local (differential) expressions of the conserva-
tion laws of mass andmomentum, allowing the description of fluid dynamics [74, 75]:

∂ρ

∂t
+∇ · (ρu) = 0 (1.1)

ρ

Å
∂u

∂t
+ (u · ∇)u

ã
= −∇p+ µ∇2u+

(
1
3µ+ λ

)
∇(∇ · u) + f . (1.2)

ρ

Å
∂e

∂t
+ u · ∇e

ã
= −p(∇ · u) + Φ +∇ · (k∇T ) + ρqext (1.3)

where ρ is the density, u is the fluid velocity, t is the time, p is the pressure, µ is
the dynamic viscosity, λ is the bulk viscosity, f is the force density, e is the specific
internal energy, k is the thermal conductivity, T is the temperature, qext is the external
heat source per unit mass, and Φ is the viscous dissipation due to deformation. For
many biological systems immersed in a fluid, e.g. bacterial suspensions, a convenient
approximation is to consider a fluid with constant density and temperature. In this
incompressible and isothermal limit, the governing equations simplify dramatically
to [4, 74, 76–78]:
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Figure 1.1: Comparison of laminar and turbulent flows inside cylindrical pipes. Laminar flow (left) exhibits
smooth, parallel streamlines, whereas turbulent flow (right) shows chaotic, swirling structures.

∇ · u = 0 (1.4)

ρ

Å
∂u

∂t
+ u · ∇u

ã
= −∇p+ µ∇2u+ f (1.5)

Eq. (1.4) describes the incompressibility of the fluid, meaning that the fluid does not
expand or contract, whereas in Eq. (1.5), the left-hand term corresponds to inertial
effects, while the right-hand terms describe the effects of pressure gradients, external
forces, and viscosity.

To characterise the nature of the fluid flow, a dimensionless quantity, the Reynolds
number Re, is used to measure the balance between inertial and viscous contributions:

Re =
ρuℓ

µ
(1.6)

where u is a characteristic flow speed, ℓ is a characteristic length scale (such as the
diameter of a pipe or the size of a swimmer), and µ is the dynamic viscosity of the
fluid.

Reynolds number allows a qualitative classification of flows into three regimes: the
laminar regime, where viscous contributions dominate the inertial ones; the transi-
tional regime, where inertial effects begin to emerge and the flow becomes sensitive to
perturbations; and the turbulent regime, where inertial forces are dominant and the
flow exhibits chaotic, vortical structures. This contrast between laminar and turbulent
pipe flow is illustrated in Fig. 1.1. A further classification of laminar flows arises in the
limit of very low Reynolds number, specifically when Re ≪ 1, commonly referred
to as the Stokesian regime. In this regime, viscous forces overwhelmingly dominate
inertial effects, resulting in a simplification of the governing equations. Neglecting
inertial terms in the Navier-Stokes equations yields the Stokes equations [4, 76, 78]:
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Figure 1.2: Representative Reynolds numbers across biological length scales, from bacteria (Re ≈ 10−5) to
human swimming (Re ≈ 106).

−∇p+ µ∇2u+ f = 0,

∇ · u = 0.
(1.7)

These equations describe incompressible and linear flow fields, where the fluid adjusts
instantaneously to applied forces due to the absence of inertia. Typical Reynolds
numbers across biological length scales are summarised in Fig. 1.2.

The Stokes regime exhibits time-reversal symmetry, implying that reversing the se-
quence of motions results in an exact reversal of the flow, a feature absent at higher
Reynolds numbers. This regime is particularly relevant for the study of microscale
systems suspended in a fluid. A canonical example, central to this thesis, is the lo-
comotion of bacteria, which typically operate at Reynolds numbers on the order
of Re ≈ 10−5. At these scales, traditional swimming strategies based on inertia
(such as those used by fish or humans) become ineffective. The absence of inertia
imposes strict physical constraints on motion at the microscale, where any recipro-
cal (i.e., time-reversible) motion fails to produce net displacement. This limitation
is formalised by the Scallop Theorem, which states that in a Newtonian fluid gov-
erned by the Stokes equations, net locomotion is impossible through time-symmetric
actuation alone [79, 80]. Consequently, microorganisms must adopt non-reciprocal
swimming strategies that break time-reversal symmetry in order to achieve propul-
sion. These strategies involve generating flows that differ between the forward and
backward strokes of their gait, thereby circumventing the constraints of kinematic re-
versibility. A prominent example is the use of rotating helical flagella, employed by
many motile bacteria such as Escherichia coli, which continuously rotate to generate
net propulsion [76, 81].

Because the Stokes equations are linear, their solutions can be expressed as superpo-
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sitions of flow singularities [76, 78]. These singularities serve as building blocks that
represent the fluid disturbance caused by microswimmers or particles. Studying these
singular solutions provides insights into the fluid dynamics of microorganisms and
the hydrodynamic interactions governing their motion. Similarly to the traditional
treatment of equations in electrodynamics [82], the Stokes equations can be addressed
using a common set of analytical methods, notably Green’s functions and multipole
expansions, to obtain solutions for the flow and pressure fields generated by singular-
ities and to analyse far-field behaviour.

A simple practical case is the directed motion of a colloidal particle suspended in a
Newtonian fluid, where a point force F is applied to the particle. This results in a
force density f(r) = δ(r− r′)F, where r′ is the position of the particle and δ is the
Dirac delta function. Setting boundary conditions such that both the fluid velocity
field and the pressure field vanish infinitely far from the source, we obtain the Green’s
function for the fluid velocity field in 3D [76, 83, 84]:

u(r) = G(r− r′) · F, with G(r) =
1

8πµ

Å
1

r
1 +

rr

r3

ã
, (1.8)

where r = |r|,G(r) commonly known as theOseen tensor, and 1 the identity tensor.
The velocity field due to a point force in Eq. (1.8) is known as the Stokeslet, corre-
sponding to a force monopole acting on the fluid.

Higher-order moments of the flow field can be obtained through a multipole expan-
sion, in which the Stokeslet represents the leading-order (monopole) term. Of partic-
ular interest is the next-order term corresponding to a force dipole, whose symmetric
part is known as the stresslet [76, 83–85]:

u(r) =
κ

8π

(
3(p · r)2

r5
− 1

r3

)
r, (1.9)

where p denotes the unit orientation vector of the force dipole, and κ = ±Fl
µ is the

dipolar strength associated with an extended dipole composed of two opposite forces
of magnitude F separated by a distance l. For a 2D fluid, the corresponding Oseen
tensor is [86]

G(r) =
1

4πµ

(rr
r2
− ln(r) 1

)
, (1.10)
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Figure 1.3: Velocity fields and asymptotic decay of the stresslet in 2D and 3D. (a) (Top) Velocity field generated
by (left) a regularised 3D pusher and (right) a regularised puller in the z = 0 plane. (Bottom)
Velocity field generated by (left) a regularised 2D pusher and (right) a regularised 2D puller (b)
Far-field decay of stresslet magnitudes, showing the r−1 scaling in 2D and the r−2 scaling in 3D.

and the corresponding stresslet is [76, 86]

u(r) =
κ

4π

Å
2 (p·r)2

r4
− 1

r2

ã
r. (1.11)

The corresponding velocity fields and their far-field decays are shown in Fig. 1.3. The
sign of κ is positive when the forces are directed away from each other (extensile
or “pusher” dipole) and negative when they point towards each other (contractile or
“puller” dipole). Unlike the 2D Stokeslet, which produces log r growth and makes
the unbounded problem ill-posed, a force-dipole (stresslet) decays as 1/r in 2D and
1/r2 in 3D, thereby satisfying u→ 0 as r →∞.

For microorganisms such as Escherichia coli or Chlamydomonas reinhardtii, which
swim in a torque-free and force-free manner [76], the stresslet provides a quantitative
description of the flow field generated by their swimming motion. These long-range
flow fields induce complex hydrodynamic interactions amongmicroorganisms, which
can lead to emergent collective behaviours observed in bacterial suspensions, as will
be discussed in Chapter 2.
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Chapter 2

Interactions and the emergence of
collective motion

As discussed in Chapter 1, at low Reynolds numbers, the locomotion of microorgan-
isms is dominated by viscous forces and is well described by the Stokes equations.
Crucially, breaking time-reversal symmetry through their swimming gait enables net
propulsion. Individual microswimmers therefore generate flows in the surrounding
fluid that can be represented, to a first-order approximation, by force dipoles [79].
This force dipole perturbs the fluid and produces a long-ranged dipolar flow field
[76] as shown in Eqs. (1.9)-(1.11).

As illustrated in Fig. 2.1 for an E. coli bacterium, this description is an accurate ap-
proximation for dilute suspensions in an unbounded medium, where the separation
between swimmers is large enough that higher-order contributions are negligible rela-
tive to the stresslet, short-ranged non-hydrodynamic interactions can be ignored, and
near-boundary effects are absent. This regime is commonly referred to as the far-field
approximation. The flows generated by these stresslets influence the surrounding fluid
and mediate interactions, i.e. hydrodynamic interactions, between microorganisms.

While the analysis of an isolatedmicroswimmer provides valuable insight into individ-
ual locomotion, real biological systems often consist of suspensions containing large
numbers of microorganisms. In these systems, the long-range flow fields produced by
each swimmer superpose, giving rise to complex, many-body emergent phenomena.
Hydrodynamic interactions in such suspensions influence both the translational and
rotational dynamics of the microswimmers: advection by the fluid drives positional
changes, and velocity gradients in the fluid induce rotations that alter swimmer orien-
tation thus shaping the emergent collective behaviour. As illustrated in 2.2, for pusher
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Figure 2.1: Flow field generated by a swimming E. coli bacterium. (A) Experimentally measured velocity field
in the plane of the swimmer, shown as a colour map of the speed magnitude u with streamlines
overlaid in black. The inset highlights the near-field velocity distribution. (B) Best fit to the ana-
lytical flow field of a pusher-type force dipole. (C) Residual flow field obtained by subtracting the
fitted field from the experimental data, which shows that higher-order contributions dominate in
the near field. (D) Radial decay of the speed magnitude u extracted from experimental data in the
parallel direction to the swimming orientation (red and green circles) and perpendicular to it (blue
circles). In the far field, the data exhibit the characteristic r−2 scaling expected for a force dipole.
Reproduced from [87].

microswimmers, interactions tend to align neighbouring swimmers, promoting ne-
matic alignment along their swimming direction, whereas for puller microswimmers,
they induce effective repulsion, causing the swimmers to move apart. Understanding
these interactions provides a foundation for analysing the emergent collective dynam-
ics observed in bacterial suspensions [14, 88].

2.1 Emergence of bacterial turbulence in microswimmer sus-
pensions

2.1.1 Microswimmer model

We consider spatial dimensions d ∈ {2, 3}, with swimmer positions r ∈ Rd and
unit orientation vectors p ∈ Sd−1. The suspending fluid is Newtonian with dynamic
viscosity µ and mass density ρ. Each swimmer self-propels at constant speed vs along
its body axis p. The far-field hydrodynamic signature of a force- and torque-free
swimmer is represented as an extended force dipole of length l: two equal and opposite
point forces ±F p applied at positions r and r− lp. We parameterise the dipole by
the stresslet strength κ:

κ ≡ F l

µ
, (2.1)

with κ > 0 for pushers and κ < 0 for pullers.
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Figure 2.2: Mutual reorientation due to hydrodynamic interactions. (Left) The hydrodynamic interactions be-
tween pushers promote side-by-side alignment. (Right) The hydrodynamic interactions between
pullers promote anti-alignment.

The dynamics of individual microswimmers in the presence of fluid-mediated inter-
actions can be described by the following equations of motion:

ṙ = vsp+ u(r), (2.2)

ṗ = (1− pp) · [W +BE] · p. (2.3)

Here,B is the Bretherton parameter whereB = 0 corresponds to spherical swimmers
and B → 1 to needle-like ones [83], W is the vorticity tensor and E is the rate-of-
strain tensor of the surrounding fluid, defined respectively as

W =
1

2

î
∇u− (∇u)⊤

ó
, (2.4)

E =
1

2

î
∇u+ (∇u)⊤

ó
. (2.5)

Eq. (2.2) describes the displacement of microswimmers due to self-propulsion and
fluid advection, whereas Eq. (2.3) corresponds to the Jeffery equation [89], govern-
ing the orientation of a rigid ellipsoid immersed in a viscous fluid at low Reynolds
number in the presence of fluid flows. In addition to hydrodynamic reorientation,
swimmers undergo run-and-tumble dynamics: tumbles occur as a Poisson process at
rate λ, followed by an isotropic reorientation of p. In quiescent fluid this produces a
persistent random walk with persistence length ℓp = vs/λ. The rationale for mod-
elling microswimmers as rigid ellipsoids is twofold. (i) Many natural microswimmers,
such as bacteria and sperm cells, are elongated and approximately ellipsoidal [76]. (ii)
Treating the body as rigid simplifies the problem and improves computational effi-
ciency: propulsion typically arises from appendages (e.g., flagella) rather than body
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Figure 2.3: Active turbulence in a suspension of E. coli. (A) Bright-field snapshot of a dense bacterial suspen-
sion in the turbulent state. (B) In-plane velocity field u(x, y) extracted from (A) by particle-image
velocimetry (PIV), revealing vortices and jets characteristic of active turbulence. Reproduced from
[48].

deformation, which enables the use of established analytical treatment within Stokes
flow [89], notably via Eq. (2.3), and eliminates the need to compute complex fluid-
structure interactions.

2.1.2 Kinetic theory and the mean-field approximation

To describe the emergence of collective motion in dilute suspensions of microswim-
mers, where far-field hydrodynamic interactions dominate, kinetic theory offers a
framework that describes the macroscopic behaviour of the system starting from a
microscopic description of its constituents [90–94].

We consider a suspension of N identical microswimmers, each labelled by an index
i ∈ {1, 2, . . . , N} having a position ri ∈ Rd and orientation pi ∈ Sd−1, where d is
system dimension. Let the full N -particle distribution function be

ψ(N)(r1,p1, . . . , rN ,pN , t). (2.6)

Each swimmer evolves according to Eq. (2.2) and Eq. (2.3) in addition to isotropic
tumbling with rate λ. The N -particle distribution function evolves according to the
Fokker-Planck equation [93, 95]:

∂tψ
(N) +

N∑
i=1

∇ri ·
(
ṙi ψ

(N)
)
+

N∑
i=1

∇pi ·
(
ṗi ψ

(N)
)

= λ
N∑
i=1

(〈
ψ(N)

〉
p′
i
− ψ(N)

)
,

(2.7)
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where ∇ri ≡ ∂/∂ri is the spatial gradient with respect to the position of particle i,
∇pi is the surface gradient on the unit sphere in orientation space

∇pi =
(
1− pipi

)
· ∂

∂pi
,

and the orientational average over the i-th swimmer defined as

〈
ψ(N)

〉
p′
i
:=

∫
Sd−1

1

Ωd
ψ(N)

(
r1,p1, . . . , ri,p

′
i, . . . , rN ,pN , t

)
dp′

i.

The terms on the left hand side describe the temporal evolution of the probability
density, and the terms on the right represent source and sink contributions ensuring
conservation of probability in the orientational space for run-and-tumble motion. We
introduce s ∈ {1, . . . , N} as the number of particles retained in a reduced descrip-
tion. The associated s-particle (marginal) distribution is obtained by integrating out
the degrees of freedom of the remaining N − s particles:

ψ(s)(r1,p1, . . . , rs,ps, t) =
N !

(N − s)!N s

∫ N∏
j=s+1

Å
drj

∫
Sd−1

dpj

Ωd

ã
× ψ(N)(r1,p1, . . . , rs,ps, rs+1,ps+1, . . . , rN ,pN , t).

(2.8)

We obtain a set of equations which connect the evolution of the s-particle probability
density function with the (s + 1)-particle probability density function forming a
hierarchical set of equations known as the BBGKY hierarchy [96–100]. At the mean-
field level, we consider the one-particle distributionψ(1)(r,p, t) (s = 1). Integrating
Eq. (2.7) over the degrees of freedom of the remainingN−1 swimmers then yields the
Smoluchowski equation governing the evolution ofψ(1) in the absence of interparticle
correlations [93, 94]:

∂tψ
(1)(r,p, t) +∇r ·

(
ṙψ(1)(r,p, t)

)
+∇p ·

(
ṗψ(1)(r,p, t)

)
=

−λψ(1)(r,p, t) + λ

∫
Sd−1

1

Ωd
ψ(1)(r,p′, t) dp′,

(2.9)

Eq (2.9) provides a mean-field description of a dilute suspension of microswimmers
obeying the set of equations of motion in Eq. (2.2) and Eq. (2.3). A trivial solution
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to Eq. (2.9) is a solution that does not exhibit any spatial, orientational, or temporal
structure corresponding to a uniform, stationary state where all particles are indepen-
dent and identically distributed both in positions and orientations, the homogeneous
isotropic state ψHI:

ψHI =
1

VdΩd
, (2.10)

where Vd is the volume of the system and Ωd is the surface area of a d-sphere of unit
radius.

2.1.3 Linear stability of the homogeneous isotropic state in the mean-field
approximation

After establishing the homogeneous isotropic state as a solution for the system, we
study its stability under a linear perturbation [91, 93, 94]. The perturbed probability
density is defined as:

ψ(r,p, t) = ψHI + δψ(r,p, t), (2.11)

where δψ(r,p, t) satisfies:

∫
dr dp δψ(r,p, t) = 0. (2.12)

By inserting Eq. (2.11) in Eq. (2.9), and after standard manipulations, the perturba-
tions to the density field δρ and the fluid velocity field δu due to δψ(r,p, t) can be
obtained. For suspensions of puller microswimmers, both the density and the fluid
velocity field are stable. In contrast, pushers exhibit an orientational instability aris-
ing from mutual swimmer reorientation, which manifests at the largest length scale
of the suspension for densities above a critical density nc. For an infinite system of
dimension d ∈ {2, 3} [90, 92–94]:

n∞c =
(d+ 2)λ

Bκ
. (2.13)

In a confined system, finite-size effects must be considered, leading to a corrected
critical density for d = 3 [101]:
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nc(H)

n∞c
= 1 +

3

10

2πℓp
H

+
1

5

(
2πℓp
H

)2

, (2.14)

where ℓp = vs/λ is the persistence length andH is the smallest confinement dimen-
sion.

For densities n > nc, regions of nematic alignment form as pusher swimmers mu-
tually align. In a momentum-conserving fluid, however, these nematic patches are
generically unstable due to the Simha-Ramaswamy instability (SR) [9, 102]. In pusher
suspensions, a small bend of the director generates shear that advects and rotates
neighbours, further amplifying the bend. This long-wavelength flow-orientation feed-
back destabilises the aligned state and drives spontaneous, chaotic flows commonly
referred to as bacterial turbulence (Fig. 2.3) [13, 45].

Bacterial turbulence thus emerges via a cascade of hydrodynamic instabilities:

HI state n > nc−−−−→ nematic alignment SR−→ bacterial turbulence

2.1.4 Active nematics

For dense active suspensions, the kinetic theory framework becomes harder to use as
other contributions need to be taken into account, e.g. short-range interactions, as
well as higher order correlations, hindering theoretical progress. Alternative methods
are thus needed to describe these systems.

For such dense suspensions, e.g. suspensions of elongated swimmers or mixtures of
filamentous particles andmotor proteins, the particles tend to align one with the other
and a head-tail symmetry emerges, similar in nature to the one observed for liquid
crystals [103]. A natural choice is then to build on theories developed for passive liquid
crystals to describe the isotropic-nematic (IN) phase transition [103]. An example
of such theory is the Landau-de Gennes theory where the system is described via
a Landau-Ginzburg-like free energy density. The free energy density f is obtained
by expanding in rotationally invariant combinations of the so-called nematic order
parameter Q defined for a uniaxial nematic system as

Q =
d

d− 1
S
(
pp− 1

d

)
, (2.15)

where d is the dimension of the system and S the largest eigenvalue of Q describing
the magnitude of nematic alignment (S = 1 for a nematically aligned system and
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S = 0 an isotropic system). The free energy density f that describes this system
around the IN phase transition is

f =
A

2
TrQ2 +

B

3
TrQ3 +

C

4

(
TrQ2

)2
+
K

2
|∇Q|2, (2.16)

where A, B, and C are material parameters controlling, respectively, the location,
the order, and the stability of the IN phase transition. The parameter K denotes
the elastic constant that penalises spatial distortions of the nematic order parameter
within the one-constant approximation, i.e., assuming equal bend, twist, and splay
moduli [103].

In the presence of fluid flows, the hydrodynamics of liquid crystals are described by
the nematodynamic equation [104]:

∂tQ+ u ·∇Q− S = ΓH (2.17)

where S is a co-rotation term defined as

S = (χE+W) ·
Å
Q+

1
d

ã
+

Å
Q+

1
d

ã
· (χE−W)−2χ

Å
Q+

1
d

ã
(Q : ∇u),

(2.18)

where χ denotes the flow-alignment parameter (tumbling parameter); E andW are,
respectively, the rate-of-strain and the vorticity tensors, as defined in Eqs. (2.5)–(2.4);
and ΓH represents a relaxation term driving the system towards equilibrium with Γ
the rotational diffusivity and H defined as

H = − δf
δQ

+
1
d
Tr

(
δf

δQ

)
. (2.19)

The evolution of the fluid velocity field is governed by Navier-Stokes for an incom-
pressible fluid:

ρ (∂tu+ u ·∇u) = ∇ · σ, ∇ · u = 0, (2.20)

where the stress tensor σ = −p1+σviscous +σelastic contains the contributions of
the pressure and the viscous and elastic stresses, defined as
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Figure 2.4: Active nematic turbulence. (Left) Fluorescence confocal micrograph of amicrotubule–kinesin active
nematic in the turbulent state. Yellow overlaysmark comet-like+1/2 and trefoil-like−1/2 defects.
(Right) Continuum nematohydrodynamic simulations reproduce similar swirling textures and the
same ±1/2 topological defects. Reproduced from [22].

σviscous = 2µE, (2.21)

σelastic = 2χ

Å
Q+

1
d

ã
(Q : H)− χH ·

Å
Q+

1
d

ã
− χ
Å
Q+

1
d

ã
·H+Q ·H−H ·Q

−∇Q :
δf

δ(∇Q)

(2.22)

where µ is the viscosity, and : denotes the full index contraction.

Thus, the evolution of the nematic order parameter is strongly coupled to the flow
velocity field through the advection term u ·∇Q and the co-rotation term S and
similarly for the evolution of the flow field through the elastic stressσelastic. Eq. (2.17)
and Eq. (2.20) are the nematohydrodynamic equations of motion for liquid crystals.

Active nematics are obtained simply by adding an additional term to the stress tensor
σ, the active stress

σactive = −ζQ, (2.23)

where ζ is the activity coefficient: ζ > 0 for pusher (extensile) and ζ < 0 for pullers
(contractile) [22]. The dependence of the active stress σactive on the nematic order
parameterQ arises from the coarse-graining of the dipolar fluid velocity fields induced
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by the swimmers [22, 102, 105]. It should be noticed that, in contrast with kinetic the-
ory where the microscopic description is at the centre of the theory, active nematics
is a phenomenological theory that does not depend on the microscopic details of the
system, but rather on a set of parameters that describe the system at the macroscopic
scale. The emergence of active turbulence is also observed in active nematics, both
in simulations [41] and experiments [16], due to the Simha-Ramaswamy instability.
Thus, the uniform nematic order breaks down into a dynamic steady state charac-
terised by creation, self-propulsion, and annihilation of topological defects (±1/2 for
d = 2, and disclination lines for d = 3). An example of active-nematic turbulence
with clearly visible ±1/2 defects is shown in Fig. 2.4. The flow field exhibits vortices
and jets of a characteristic size set by the active length scale ℓa [22]

ℓa ∼

(
K

|ζ|

) 1
2

. (2.24)

Interestingly, as will be showcased later in this thesis, we also observe the emergence
of a characteristic length scale at the onset of bacterial turbulence, the persistence
length ℓp = vs/λ. Although distinct in microscopic origin from the active length
scale ℓa ∼

√
K/|ζ| of active nematics, it plays an analogous role in that it governs

all emergent length scales of dilute microswimmer suspensions [106].

24



Chapter 3

Model and Method

Understanding the collective dynamics of microswimmer suspensions requires a mod-
elling framework that captures both the behaviour of individual swimmers and the
fluid-mediated interactions that couple them over long distances. Purely agent-based
approaches are well suited to describing self-propulsion and Vicsek-type reorientation
dynamics; however, they are tractable only numerically and are computationally de-
manding. By contrast, continuum models are analytically tractable but provide only
an approximate description. Moreover, continuum descriptions are often mean-field;
incorporating stochasticity and correlations typically requires significant additional
effort.

We employ a hybrid model in which an off-lattice, agent-based representation of in-
dividual swimmers is coupled to a lattice Boltzmann (LB) fluid solver. Each swimmer
is modelled as an extended force dipole that both generates and responds to local fluid
flows. The LB method provides an efficient, weakly compressible approximation to
isothermal hydrodynamics in two and three spatial dimensions, accurate at lowMach
number (Ma≪ 1). This enables ab initio studies of emergent, large-scale phenomena
while retaining computational efficiency for systems as large as N ∼ 106 swimmers.
We first describe the swimmer model (Sec. 3.1), then formulate the LB solver and forc-
ing scheme (Sec. 3.2), and finally describe the off-lattice point-force implementation
(Sec. 3.3).

3.1 Microswimmer model

As discussed in Section 2.1.1, we model microswimmers as extended force dipoles of
length l with dipolar strength κ (κ > 0 for pushers and κ < 0 for pullers). We work
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Fp−Fp

vsp

l

Figure 3.1: Schematic representation of the pusher model, where F denotes the applied force, l the swimmer
length, vs the swimming speed, a the effective body radius, and p the swimmer’s orientation.

in the needle-like (infinitely slender) limit of the Bretherton parameter,B→1, where
the swimmer position r and orientation p evolve according to Eqs. (2.2)–(3.2):

ṙ = vs p+ u(r) . (3.1)

ṗ = (1− pp) · ∇u · p. (3.2)

Although hydrodynamics treats swimmers as needle-like dipoles, for reporting volume
fraction it is convenient to define an effective hydrodynamic radius ã via a force-drag
balance at speed vs. Treating the body centre as a sphere of radius a, we write

F p = 6πµa (vs p− uflag) , (3.3)

whereuflag is the Stokeslet induced at the body centre by the flagellar force−F p [93].
Using the 3D Oseen tensor,

uflag =
1

8πµl

(
1 + pp

)
· (−F p) = − F

4πµl
p. (3.4)

Substituting Eq. (3.4) into Eq. (3.3) yields

F = 6πµ ã vs, ã =
a

1− 3
2
a
l

for
a

l
≪ 1 and l > 3

2a, (3.5)

and using F = |κ|µ/l we find
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a =
2 |κ| l

12πvsl2 + 3 |κ|
. (3.6)

In 3D, Eqs. (3.5)–(3.6) provide a practical mapping from stresslet parameters to an
effective size for defining a volume fraction that can be compared to experiments.
However, for 2D, we only report number densities.

3.2 The lattice Boltzmann method

3.2.1 From Boltzmann equation to Navier-Stokes equation

We first establish the link between the Boltzmann equation and the Navier-Stokes
equation in the simple case of an isothermal three-dimensional gas before delving
into the implementation of the LB method.

Let f(r,v, t) be the single-particle distribution function of a single fluid particle at
time t. The Boltzmann equation [107] with an external body-force density F/ρ reads

∂tf + v·∇f +
F

ρ
·∇vf = Ω[f ]. (3.7)

Here ∇ is the spatial gradient operator, ∇v is the velocity-space gradient, ρ is the
mass density, and Ω[f ] is the collision operator. The macroscopic fields are velocity
moments of f :

ρ =

∫
f dv, ρu =

∫
v f dv, P =

∫
vv f dv, (3.8)

where u is fluid velocity, and P is the momentum-flux tensor. For convenience, we
introduce the peculiar velocity c = v − u and the decomposition

P = ρuu+ p 1 +Π, (3.9)

with p the pressure and Π the non-equilibrium (viscous) stress.

We use the single-relaxation-time BGK (Bhatnagar-Gross-Krook) collision operator
[108], which drives f toward a local equilibrium f eq on a timescale τ :
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Ω[f ] = −1

τ

(
f − f eq

)
, (3.10)

where f eq is the isothermal Maxwell-Boltzmann distribution given by [109]

f eq(r,v, t) =
ρ

(2πRT0)3/2
exp

ï
−(v − u)2

2RT0

ò
, (3.11)

with R the specific gas constant. The collision operator conserves mass and momen-
tum:

∫
Ω[f ]dv = 0,

∫
Ω[f ]vdv = 0. (3.12)

The first three moments of the equilibrium distribution f eq are given by:

∫
f eqdv = ρ,

∫
v f eqdv = ρu,

∫
cc f eqdv = p 1, (3.13)

where p = ρRT0 = ρc2s with cs the speed of sound.

Using the BGK collision operator, the Boltzmann equation takes the form

∂tf + v·∇f +
F

ρ
·∇vf = −1

τ

(
f − f eq

)
. (3.14)

Taking the zeroth and first velocity moments of Eq. (3.14) and using Eqs. (3.9)–(3.12),
we obtain the mass and momentum conservation equations:

∂tρ+∇·(ρu) = 0. (3.15)

ρ
(
∂tu+ u·∇u

)
= −∇p−∇·Π+ F. (3.16)

At this point Π is unknown and finding it yields the Navier-Stokes equation. By
performing a so-called Chapman-Enskog expansion about local equilibrium in the
weakly compressible hydrodynamic limit, we find:

Π = −σ = −µ
Ä
∇u+∇u⊤ − 2

3(∇·u) 1
ä
, (3.17)
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where σ is the viscous (deviatoric) stress, and µ = pτ = ρc2sτ the viscosity for the
BGK operator. Finally, by substituting Eq. (3.17) into Eq. (3.16) and assuming a con-
stant viscosity µ and vanishing bulk viscosity, we obtain the Navier-Stokes equation
for a compressible fluid:

ρ (∂tu+ u · ∇u) = −∇p+ µ∇2u+ µ
3 ∇(∇·u) + F. (3.18)

After establishing the link between the Boltzmann equation and both the continu-
ity equation and the Navier-Stokes equation, we will show how the LB method is
developed starting from the Boltzmann equation.

3.2.2 Lattice Boltzmann method

As indicated by its name, the LBmethod evolves the phase-space distribution f(r,v, t)
on a Cartesian lattice in physical space using a finite set of discrete velocities. The Dis-
cretisation must preserve the low-order moments so that the Navier-Stokes equations
are recovered. A classical route is to expand the phase-space distribution f in Hermite
polynomials [109]:

f(r,v, t) = ω(v)

∞∑
n=0

1

n!
a(n)(r, t) : H(n)

( v
cs

)
, (3.19)

a(n)(r, t) ≡
∫
f(r,v, t) H(n)

( v
cs

)
dv, (3.20)

where H(n) is the d-dimensional Hermite polynomial of order n, a(n) the corre-
sponding coefficient, and ω(v) the weight function defined as:

ω(v) =
1

(2πc2s)
d/2

exp
[
− |v|2/(2c2s)

]
. (3.21)

Two features are crucial here. First, the tensor Hermite polynomials are orthogonal
with respect to the Gaussian weight ω:∫

Rd

ω(v)H(n)
( v
cs

)
: H(m)

( v
cs

)
dv = n! δnm.

Second, the lowest coefficients coincide with the conserved hydrodynamic moments:
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a(0) = ρ, (3.22)

a(1) = ρu. (3.23)

Thus, the orthogonality of the Hermite polynomial ensures that density ρ and fluid
velocity u are not affected by the truncation of higher-order terms. Retaining terms
up to second order in the flow velocity u/cs, the equilibrium distribution reads

f eq(r,v, t) ≈ ρω(v)
ï
1 +

v · u
c2s

+
(v · u)2

2c4s
− u · u

2c2s

ò
. (3.24)

Conveniently, Eq. (3.24) is the product of a Gaussian ω(v) and a polynomial in v.
This allows to reduce the continuous velocity dependence to a finite set of representa-
tive velocities {ci} and weights {wi} by means of a Gauss-Hermite quadrature such
that the set {(ci, wi)} obey the following identities which ensure rotational isotropy

∑
i

wi = 1,
∑
i

wi ci = 0, (3.25)∑
i

wi ciαciβ = c2sδαβ ,
∑
i

wi ciαciβciγ = 0, (3.26)∑
i

wi ciαciβciγciδ = c4s
(
δαβδγδ + δαγδβδ + δαδδβγ

)
, (3.27)∑

i

wi ciαciβciγciδciη = 0, (3.28)

where Greek indices denote Cartesian coordinates. Satisfying these moment con-
straints up to fourth order ensures recovery of the isothermal Navier-Stokes equations.
The sets {(ci, wi)} are of crucial importance since they define the nature of the lattice
used for the LB method. After discretising the velocity space, the discrete equilibrium
distribution reads [109]

f eqi = ρwi

ï
1 +

ci · u
c2s

+
(ci · u)2

2c4s
− u · u

2c2s

ò
, (3.29)

and the viscosity is µ = ρc2s
(
τ − ∆t

2

)
, which requires τ > ∆t

2 . A similar treatment
applies to the out-of-equilibrium distribution f .
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3.2.3 Discretisation of the forcing term

Accurately incorporating body forces in the lattice Boltzmann (LB) method is essen-
tial: if forcing is treated inconsistently, the recovered hydrodynamics can violate exact
momentum conservation. Several forcing formulations exist [110, 111], among these,
the scheme of Guo et al. [112] is the most commonly used because it achieves second-
order accuracy in time, preserves the correct low-order moments, and recovers the
isothermal Navier-Stokes equations for finite τ and∆t. In what follows we adopt the
Guo formulation, which yields a simple discrete forcing term Si satisfying

Si(r, t) =

(
1− ∆t

2τ

)
wi

(
ci − u

c2s
+

(ci · u)ci
c4s

)
· F(r, t), (3.30)

where ∆t is the discretised time [112]. The moments can be obtained using the dis-
cretised distribution fi:

ρ =
∑
i

fi (3.31)

u =
1

ρ

∑
i

cifi +
∆t

2ρ
F. (3.32)

After discretising the velocity space and spacetime, and, consequently, the phase-space
distribution f , the collision operator Ω(f), and the forcing term (F/ρ) ·∇vf , we
obtain the discrete-velocity Boltzmann equation:

∂tfi + ci · ∇fi = Ωi(f) + Si. (3.33)

By inserting the BGK collision operator and the discrete forcing term Si in Eq. (3.33),
we obtain the lattice Boltzmann equation [109, 113]:

f̃i(r+ci∆t, t+∆t) = f̃i(r, t)−
∆t

τ

[
f̃i(r, t)−f eqi (ρ,u)

]
+∆t Si(r, t), (3.34)

where f̃ is defined as

f̃i(r, t) ≡ fi(r, t)−
∆t

2
Si(r, t). (3.35)

31



Figure 3.2: Schematic representation of the discrete velocity sets used in LB. Left: D2Q9 lattice with nine dis-
crete velocities in two dimensions, including the rest particle (0), four axial directions (1-4), and four
diagonal directions (5-8). Right: D3Q15 lattice with fifteen discrete velocities in three dimensions,
including the rest particle (0), six axial directions (1-6), and eight body-diagonal directions (7-14).
Arrows indicate the discrete velocity vectors ci in lattice units.

Eq. (3.34) can be seen as a two-step process where the terms on the right-hand side
correspond to a collision step where the distribution f relaxes towards f eq, while the
left-hand side term represent a streaming step where f propagates to the neighbouring
lattice points defined by the set {(ci, wi)}.

3.2.4 Examples of LB lattices

In our work, we have used both 2D (D2Q9) and 3D (D3Q15) implementations of
the LB method:

D3Q15 (d = 3). In the D3Q15 lattice Boltzmann model, we fix the time step
∆t = 1 and the lattice spacing to ∆H = 1 such that c2s = 1/3. The velocity
space is discretised into fifteen vectors {ci}14i=0: a rest particle c0 = (0, 0, 0), six
axis-aligned directions (±1, 0, 0), (0,±1, 0), (0, 0,±1), and eight body diagonals
(±1,±1,±1). Each vector is assigned a weight wi to ensure isotropy and correct
recovery of hydrodynamic moments: w0 = 2/9 for the rest particle, w1−6 = 1/9
for the axis directions, and w7−14 = 1/72 for the diagonals.

D2Q9 (d = 2). In the D2Q9 lattice Boltzmann model, we fix the time step
∆t = 1 and the lattice spacing to ∆H = 1 such that c2s = 1/3. The velocity space
is discretised into nine vectors {ci}8i=0: a rest particle c0 = (0, 0), four axis-aligned
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directions (±1, 0) and (0,±1), and four diagonals (±1,±1). The corresponding
weights are w0 = 4/9 for the rest particle, w1−4 = 1/9 for the axis directions, and
w5−8 = 1/36 for the diagonals, ensuring isotropy and correct recovery of hydrody-
namic moments.

3.3 Implementation of point forces

For swimmers located at positions rs and exerting forces Fs, the continuum body
force may be expressed as a superposition of Dirac delta functions:

F(r) =
∑
s

Fsδ (r− rs) . (3.36)

Since the swimmer positions rs are generally not constrained to lattice nodes, the
forces they exert on the fluid correspond to off-lattice singularities. In the conven-
tional LB formulation, however, the force density is defined only at lattice nodes. It is
therefore necessary to introduce a regularisation procedure that maps each off-lattice
force onto the neighbouring nodes in a manner consistent with the LB discretisa-
tion [113].

For a cubic lattice with spacing∆H , the Dirac delta function is replaced by a smooth
kernel δP , which possesses compact support of size 2 [114]:

δP (r− rs) =
1

∆H3
w
(x− xs

∆H

)
w
(y − ys

∆H

)
w
(z − zs

∆H

)
, (3.37)

where the weighting function w(|r|) is defined as

w(|r|) =



3− 2|r|+
√
1 + 4|r| − 4|r|2
8

, |r| ≤ 1,

5− 2|r| −
√
−7 + 12|r| − 4|r|2
8

, 1 < |r| ≤ 2,

0, |r| > 2.

(3.38)

In 2D, the kernel δP becomes:

δP (r− rs) =
1

∆H2
w
(x− xs

∆H

)
w
(y − ys

∆H

)
. (3.39)
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The regularised, nodewise force density entering the forced LB equation at a lattice
node r is then given by the kernel-weighted superposition of the surrounding swim-
mer forces:

F(r) =
∑
s

Fsδ
P (r− rs) , (3.40)

where the summation is effectively restricted to the compact support of the kernel,
i.e., to lattice nodes satisfying |r| < 2 in each coordinate.

Using Eq. (3.40), a standard forced LB iteration is performed to obtain the updated
fluid velocity field u(r) at each node. The fluid velocity at each off-lattice swimmer
position is subsequently evaluated by interpolation from the surrounding lattice nodes
using the same kernel:

u(rs) =
∑
r

u(r)δP (rs − r) . (3.41)

The computational procedure can be summarized as follows:

• Regularise and interpolate the force singularities onto the neighbouring lattice
nodes.

• Perform a lattice Boltzmann iteration to obtain the fluid velocity field u(r).

• Interpolate u(r) to the swimmer positions and update their translational and
rotational dynamics according to Eqs. (2.2)–(3.2).

This scheme is computationally efficient due to the compact support of the inter-
polation kernel: each swimmer interacts only with a small local neighbourhood of
lattice nodes, ensuring that the interpolation operations (Swimmer → Node and
Node→ Swimmer) incur only O(1) computational cost.
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Chapter 4

Number Fluctuations and Nematic
Order in Microswimmer
Suspensions

In dry active matter (no momentum conservation), the coupling between quasi-long-
range orientational order, either polar or nematic, and activity leads to anomalous
number fluctuations [9],

∆N ∼ ⟨N⟩α, α > 1
2 . (1)

These so-called giant number fluctuations (GNFs) are a generic feature in dry systems:
they have been predicted theoretically in dry polar flocks and dry active nematics and
observed both experimentally [12, 115] and in simulations [44, 116]. For dry systems
with nematic order, linear theory yields an exponent that depends on the spatial di-
mensionality d,

α =
1

2
+

1

d
. (2)

When nonlinearities are accounted for, the exponent becomes nonuniversal and de-
pendent on the microscopic model parameters [117].

By contrast, in wet (momentum-conserving) active matter, the nematically ordered
state is generically unstable for finite wave numbers in the presence of flow fields [102].
As a result, the theoretical framework that works in dry media, linear stability analysis
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of a stable ordered state followed by renormalisation of nonlinearities [42, 117], does
not apply, and there are no predictions for GNFs in unbounded wet media. Nev-
ertheless, several experiments and simulations have reported super-Gaussian number
fluctuations in momentum-conserving systems, suggesting that some form of “giant
fluctuations” can still emerge.

In Paper I, we simulate dilute three-dimensional suspensions of pusher microswim-
mers in an incompressible viscous fluid. We corroborate that super-Gaussian num-
ber fluctuations appear once the suspension crosses the onset of collective motion.
Crucially, unlike in dry active matter, these enhancements are mesoscopic: they are
confined to length scales shorter than the swimmer persistence length ℓp = vs/λ,
beyond which Gaussian fluctuations are recovered. By quantifying orientational or-
der in the collectively moving state, we show that the nematic length ξ (the linear
size of locally nematic patches) is proportional to ℓp, directly linking nematic order to
non-Gaussian density statistics. Taken together, these results indicate that bona fide,
asymptotic GNFs are generically suppressed by fluid flows.

As discussed in Chapter 2, the transition to collective behaviour in unbounded sus-
pensions of pusher microswimmers occurs for number densities n above [90, 92–94]

n > n∞c =
5λ

κ
. (4.1)

Here λ is the tumbling rate and κ the dipolar strength. In a finite cubic domain of size
H , the most unstable mode is kmin = 2π/H . This produces a finite-size shift [101],

nc(H) = n∞c

Ç
1 +

3π

5

ℓp
H

+
4π2

5

ℓ2p
H2

å
. (4.2)

We simulate systems at various number densities n and persistence lengths ℓp in a
cubic, periodic box of size H . We vary ℓp = vs/λ by changing the swimming speed
vs at fixed λ, so n∞c remains constant across runs.

We characterise the transition via the normalised fluid-velocity variance ⟨U2⟩/⟨U2⟩0
as a function of the rescaled density ∆ = n/nc(H), where ⟨U2⟩0 is the variance for
non-interacting swimmers, for which fluid induced advection and rotation have been
switched off. Fig. 4.1 a shows a sharp increase at the predicted onset of bacterial tur-
bulence. The transition also sharpens with increasing ℓp: faster swimming suppresses
pre-transitional correlations, narrowing the onset region without shifting the critical
density [95]. In the turbulent regime (∆ = 2), the flow fields display vortical struc-
tures whose characteristic sizes grow with ℓp (Fig. 4.1 b). For shakers (ℓp = 0), these
structures are spatially limited.
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(a) (b)

Figure 4.1: (a) Normalised fluid-velocity variance, ⟨U2⟩/⟨U2⟩0, for various persistence lengths ℓp. The swim-
mer density n is scaled by the critical density nc(H). Increasing swimming speed (larger ℓp) sup-
presses pre-transitional swimmer-swimmer correlations, sharpening the transition. (b) Snapshots
of a 2d slice of the 3d flow field for n/nc = 2.0 and H = 250, for the values of ℓp indicated.
Arrows show the in-plane component and colours show the out-of-plane component of U, scaled
by its maximum value.

We quantify density fluctuations by sampling particle counts in randomly placed
spherical windows of radiusR and measuring the spatiotemporal mean ⟨N⟩ and stan-
dard deviation∆N . Fig. 4.2 a shows a clear deviation from Gaussian fluctuations for
ℓp > 0 at the onset of bacterial turbulence: just above the instability threshold, ∆N
grows faster than the baseline ⟨N⟩1/2 over a finite range of sampling window radii. By
contrast, for shakers (ℓp = 0) no such deviation is observed; number fluctuations re-
main Gaussian even in the turbulent regime. This is consistent with preserved fore-aft
symmetry and the resulting absence of local polar fluxes [46].

A non-monotonic dependence of ∆N on ⟨N⟩ is also observed for ℓp > 0. While
global particle conservation enforces a downturn at very large sampling windows,
conservation alone does not explain the initial rise and subsequent return towards
Gaussian scaling. To analyse this behaviour, we fit the (⟨N⟩,∆N) curves to high-
order polynomial, and define the apparent exponent

αapp(R) ≡
d log∆N

d log⟨N⟩
, (4.3)

which is the local slope of the log-log curve and thus an effective scaling exponent at
sampling size R.
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Figure 4.2: (a) Reduced standard deviation ∆N/
√
⟨N⟩ of the particle number N in spherical subvolumes ver-

sus the mean occupancy ⟨N⟩ at fixed n/nc = 2.0 for several persistence lengths ℓp. The dashed
curve for ℓp = 5 corresponds to a larger system,H = 250, and shows an extended plateau of Gaus-
sian fluctuations at intermediate scales. Shaded bands denote one standard deviation, obtained
by averaging each run over ten subbatches. (b) Scale-dependent slope d log(∆N)/d log⟨N⟩ as a
function of sampling radiusR. Its maximum defines the apparent GNF exponent αapp, and the ra-
dius where it occurs defines R∗. (c) αapp versus reduced density n/nc. Non-Gaussian fluctuations
emerge at the onset of collective motion only for sufficiently large ℓp and are absent for shakers.
(d) R∗/ℓp versus reduced system size H/ℓp for n/nc = 2.0. The data collapse indicates that for
H ≫ ℓp, R∗ is controlled by ℓp; hence, the apparently non-Gaussian fluctuations are transient.

In Fig. 4.2 b and c, we observe that, for shakers, αapp(R) ≈ 1/2 for allR, as expected.
For ℓp > 0, αapp(R) develops a pronounced peak just above onset, exceeds 1/2 over
a bounded interval inR, and relaxes back towards 1/2 at larger R. The height of this
peak,

αmax
app = max

R
αapp(R), (4.4)

is not universal: it depends systematically on ℓp, the reduced density n/nc, and the
domain size H . The enhancement is strongest near onset and increases with ℓp, yet
no single, system size independent exponent emerges.

We use the peak location to identify the sampling radius of strongest anomalous fluc-
tuations,
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Figure 4.3: (a) Fitted nematic correlation length ξ versus reduced swimmer density n/nc(H) forH = 100 and
several persistence lengths ℓp. (b) ξ as a function of ℓp at n/nc = 2.0 for four system sizes H. The
dashed line is a linear fit to the first six data points for H = 200.

R⋆ ≡ argmax
R

αapp(R). (4.5)

Fig. 1 d illustrates two robust emergent features. First, R⋆ grows withH only up to a
point and then saturates once the domain is sufficiently large,

R⋆(H)→ R⋆ for H ≳ 20 ℓp. (4.6)

Second, R⋆ tracks the persistence length with an approximately constant prefactor,

R⋆ ≈ c⋆ ℓp, c⋆ ≃ 0.8, (4.7)

over the parameter ranges explored. Thus the super-Gaussian fluctuations regions are
persistence-length limited: strongest on mesoscopic windows set by the swimmers’
persistence length ℓp and fading outside that window.

To investigate the origin of the observed anomalous fluctuations, we measure the
distance-dependent nematic order parameter

S(r) ≡ 1
2

〈
3 cos2 θ − 1

〉
r
, (4.8)

whose initial decay is fitted to a stretched exponential S(r) = S0 exp
(
− (r/ξ)β

)
,

where ξ is the characteristic nematic patch size. We find that ξ increases sharply at
onset (for ℓp > 0) and then grows approximately linearly with ℓp at fixed reduced
density (Fig. 4.3 a and b), implying
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ξ ∼ ℓp, R⋆ ∼ ξ. (4.9)

Physically, these pseudo-giant number fluctuations arise within locally ordered nematic
patches of size ξ as a result of the broken fore-aft symmetry (ℓp > 0) leading to the
emergence of local polar order that drive density fluctuations; beyond ξ, central-limit
behaviour is restored so that αapp(R)→ 1/2. The eventual downturn of∆N at the
largest windows is enforced by global conservation of the number of particles, but the
location and magnitude of the peak are controlled by the persistence-limited nematic
patch size.

In summary, theαapp(R) analysis shows that number fluctuations in wet, momentum-
conserving suspensions are large but intrinsically mesoscopic: they peak at R⋆ ∼ ℓp
within locally nematically aligned domains and relax toGaussian statistics beyond that
scale, thereby ruling out asymptotic, system-size independent GNFs in this setting.

A kinetic description written in terms of the number density c, the polarisation mi,
and the nematic tensorQij (with i and j denoting the Cartesian components and the
summation convention over repeated indices implied), coupled to the Stokes equa-
tions [118], admits a natural nondimensionalisation with time λ−1, length ℓp = vs/λ,
and velocity vs. The (nondimensional) moment and Stokes equations used are:

(∂t + Uα∇α) c = −∇αmα, (4.10)

(∂t + Uα∇α)mi = −mi −∇α

(
Qiα + 1

3δiαc
)
+ 4

5 mα∇αUi

− 1
5 mα∇iUα,

(4.11)

(∂t + Uα∇α)Qij = −Qij − 1
5

(
∇jmi +∇imj − 2

3δij∇αmα

)
+ 1

5 c (∇jUi +∇iUj) +
1
7∇

2Qij

+ 3
35

(
∇i∇αQαj +∇j∇αQαi − 2

3δij∇α∇βQαβ

)
− 2

7δijQαβ∇αUβ + 5
7(Qiα∇αUj +Qjα∇αUi)

− 2
7(Qiα∇jUα +Qjα∇iUα) ,

(4.12)

∇i

(
p+ 1

3c
)
= ∇2Ui − 5

n

nc
∇βQiβ , ∇iUi = 0. (C4–C5)

In these units, the dynamics depend only on one parameter, namely the reduced den-
sity n/nc. Hence, any emergent (non-dimensional) length scale ℓ̃ should take the
form
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ℓ̃ = f(n/nc), (4.13)

where f in an unknown function. As a consequence, the corresponding dimensional
length scale ℓ

ℓ = ℓpf(n/nc), (4.14)

this means that ℓp sets the scale of all emergent properties of the turbulent state, such
as the size of the nematic patches ξ. Consistent with this expectation, our results show

ℓp ∼ R⋆ ∼ ξ. (4.15)
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Chapter 5

The role of dimensionality

Suspensions of rear-actuated pusher microswimmers display hydrodynamic instabil-
ities that, beyond a threshold density, lead to bacterial turbulence, an archetypical
realisation of emergent behaviour in wet active matter [46, 47, 119–121]. Despite fun-
damental differences between two- and three-dimensional Stokes flows (see Chap-
ter 1), mean-field theory predicts closely related onset criteria for collective motion in
unbounded systems (Eq. (2.13)):

nc =
(d+ 2)λ

Bκ
, (5.1)

where d ∈ {2, 3} is the dimension of the system [45, 90, 93, 94, 102]. Because
mean-field approaches neglect correlations and noise, in Paper II, we revisit the role
of dimensionality using large-scale, particle-resolved simulations in 2D that retain
nonlinear hydrodynamics.

We consider a 2D suspension of pusher microswimmers of number density n in an
incompressible viscous fluid of viscosity µ. Each swimmer is approximated as an
extended force dipole generating the 2D far-field flow as introduced in Eq. (1.11)

u(r) =
κ

4π

Å
2 (p·r)2

r4
− 1

r2

ã
r, (5.2)

which has four-fold in-plane symmetry and 1/r decay [94]. Swimmers dynamics
are dictated by the same equations of motion Eqs (2.2)–(3.2) as their 3D counterpart,
while the hydrodynamics are solved with aD2Q9 lattice Boltzmann implementation,
coupling off-lattice point forces to the LB grid as discussed in Chapter 3.
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Figure 5.1: Flow field around a single pusher in 2D obtained using the LB algorithm. The red cut is used for
the profiles illustrated in Fig. 5.2, while the white dashed lines illustrate regions where the velocity
changes sign.

The simulated velocity field around a stationary pusher reproduces Eq. (1.11) without
fitting parameters, including the prescribed κ. The far-field deviations, observed in
Fig. 5.2 a, reflect periodic boundary conditions, more visible in 2D due to the slower
1/r decay, in contrast with 1/r2 in 3D (Fig. 5.2 b).
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Figure 5.3: (a) Fluid velocity variance ⟨U2⟩, normalized by its corresponding value in a non-interacting sus-
pension, ⟨U2⟩0, as a function of the rescaled density n/nc shown for various swimmer persistence
lengths ℓp. (b) Snapshots of the steady-state flow field for n/nc = 4.5 and four different values
of ℓp, as indicated. The structures observed for ℓp = 25 likely represent transient precursors to
the system-spanning state seen at ℓp = 50, which has not yet been reached due to the very slow
relaxation dynamics.

We characterise the transition using the fluid-velocity variance ⟨U2⟩/⟨U2⟩0 as an or-
der parameter and examine its dependence on the reduced density n/nc for a range
of persistence lengths ℓp = vs/λ, obtained by varying the swimming speed vs at
fixed tumbling rate λ. The density is normalised by the unbounded-system critical
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Figure 5.2: (a) Cartesian components Uα of the flow field produced by a stationary pusher dipole, evaluated
in the x-direction along the cut illustrated in Fig. 5.1. The red and blue curve show the flow profile
obtained from LB simulations, while the black dashed line indicates the theoretical prediction from
Eq.(1.11) for the same value of κ as in the simulations. (b) The radial dependence of the velocity
magnitude U = |U|, demonstrating the expected far-field 1/r decay in 2D (blue line), in contrast
to the 1/r2 behaviour characteristic of 3D flow (red line).

value in Eq. (2.13); since H ≫ ℓp throughout, finite-size corrections to nc are negli-
gible, in contrast to 3D, where large ℓp produces non-negligible shifts in the critical
density [101, 106]. As ℓp increases, the order-parameter curve sharpens at n = nc.
Crucially, this sharpening is not continuous as in 3D [95, 106]; rather, the system
exhibits a qualitative change from a gradual increase at small ℓp to a discontinuous
jump for ℓp ≥ 50. Steady-state snapshots (Fig. 5.3b) further elucidate this change: at
low ℓp the flow is disordered with only short-range correlations, whereas for ℓp = 50
the system relaxes slowly from a homogeneous, isotropic initial condition to a station-
ary, system-spanning pattern, passing through transient configurations akin to those
observed at ℓp = 25. The configuration in Fig. 5.3 b for ℓp = 50 resembles noiseless
field-theory solutions [118, 122]: two large dipolar regions with extensile-like flows,
consistent with nematically ordered pusher domains, coexist with smaller source- and
sink-like regions located at the defects separating these domains.

Building on the order parameter analysis above, we now characterise the emergent
temporal and spatial scales of the velocity fieldU(r) using the two-point correlation
functionC(r, t), decomposed into temporal and equal-time spatial components. Fig-
ure 5.4 a shows the temporal autocorrelation

C(t) ≡
〈
U(r0, t0)·U(r0, t0 + t)

〉
at ℓp = 50, where angle brackets denote averaging over all positions r0 and time
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Figure 5.4: (a) Normalized temporal correlation function of the fluid velocity, C(t)/C(0), shown for a persis-
tence length ℓp = 50 and several values of the rescaled density n/nc. The dashed lines represent
linear fits to the initial decay, and their intersection with the time axis provides an estimate of the
characteristic relaxation time τ . (b) The relaxation time τ , obtained from panel (a), plotted as a
function of the rescaled density n/nc for different persistence lengths ℓp. (c) Normalized spatial
correlation function of the fluid velocity, C(r)/C(0), shown for a persistence length ℓp = 50 and
several values of the rescaled density n/nc. The dashed lines correspond to fits of the initial decay
using stretched exponential functions C(r) ∼ exp[−(r/ξ)α] with α ≥ 1, from which the char-
acteristic length scale ξ is determined. (d) The characteristic length ξ, extracted from panel (c),
plotted as a function of the rescaled density n/nc for different persistence lengths ℓp.

origins t0 after the system has reached its steady state. The curves at n/nc = 1.97 and
4.5 illustrate the stationary character of the high-density steady structures (n≫nc).
In Fig. 5.4 b, we report the correlation time τ , defined operationally as the time t
at which a linear fit to the initial decay extrapolates to zero. The abrupt increase
of τ with n signals a discontinuous change from a rapidly relaxing flow to one that
remains effectively stationary over very long times, consistent with the jump observed
in Fig. 5.3 b.

The spatial counterpart is presented in Fig. 5.4 c, where we examine the equal-time
correlation

C(r) ≡
〈
U(r0, t0)·U(r0 + r, t0)

〉
,

with averaging over all pairs (r, r0) such that |r−r0| = r (and over t0 in steady state).
Fig. 5.4 d reveals a sharp change from short-ranged to system-spanning correlations.
Taken together, these results corroborate a discontinuous transition from disordered
flows to highly ordered, stationary structures.
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Chapter 1

Theory and Method

Living cells are dynamic, crowded environments wheremolecules constantly encounter
one another, bind and unbind, and interact with heterogeneous structures such as
membranes. An example of such dynamics is when a ligand diffuses on the surface
of a cell until it docks at a receptor [69–71]. These interactions can take the form of
changes in effective diffusivity, confinement, or directed motion. Capturing those
dynamics from experimental data is central to turning qualitative observations quan-
titative models of cellular function.

Super-high resolution microscopy [49–51] coupled to single-particle tracking (SPT)
techniques [52–57] provides a direct access to these dynamics. In SPT, individual
particles are localized over time, producing trajectories at camera frame rates. Because
SPT observes the motion of single objects rather than ensemble averages, it is sensitive
to heterogeneity in the system: the same particle can traverse multiple dynamical
regimes within a single track. At the same time, SPT measurements are imperfect.
Each recorded position is a time average over the camera exposure and is affected
by localisation error, induced by the tracking method. The raw output is therefore
a sequence of shutter-averaged, noisy positions from which we must infer when the
underlying dynamics changed and which dynamical regime was active at each time.

This need leads to the segmentation problem: given a trajectory that may contain
multiple latent states, identify the points in time where the state changes and label
each interval with a consistent dynamical description. This step is fundamental as,
without reliable segmentation, global statistics such as a single diffusion coefficient
can be badly biased and binding lifetimes can be systematically wrong. Conversely,
accurate segmentation enables an accurate estimation within intervals of the same
state.
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Figure 1.1: (a) Frame from a time-lapse fluorescence microscopy movie showing 200nm fluorescent
nanospheres diffusing in water. (b) Trajectories of individual nanospheres with ≥ 10 recorded po-
sitions, extracted from the movie. Reproduced from [123] with permission.

This chapter presents such a method. It is a probabilistic data-driven segmentation
pipeline designed for driftless Brownian trajectories where the switches between dif-
fusive states happen at random times. Once the segmentation is obtained, diffusion
coefficients and other parameters are estimated.

The remainder of this chapter is organized to move from general principles to concrete
procedure. We begin with the foundations of Brownianmotion and their implications
under finite exposure and localisation noise. Then, we describe the segmentation
pipeline in full detail.

1.1 Synthetic trajectories

1.1.1 Brownian motion

At the scale of single particles in a viscous medium, the Reynolds number is vanish-
ingly small and inertial terms relax on timescales much shorter than camera exposure.
In this overdamped regime, the coarse-grained dynamics are well described by a bal-
ance of viscous drag and thermal fluctuations, leading to an effectively directionless,
Brownian motion. The unique parameter fixing the rate of spatial spreading is the
diffusion coefficient D. In a homogeneous Newtonian solvent, D relates to temper-
ature T , viscosity η, and hydrodynamic radius a by the Stokes-Einstein formula in
three dimensions [2],

D =
kBT

6πηa
. (1.1)
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In Paper III, we work under the assumptions of (i) isotropy and homogeneity of the
medium, and (ii) absence of systematic drift.

1.1.2 Overdamped Langevin equation

A model that reproduces faithfully the diffusion process described earlier is the over-
damped Langevin equation

dX(t) =
»
2D(X(t), t) dW(t), (1.2)

whereW(t) is a d-dimensionalWiener process, and where the diffusion coefficientD
may depend on position and time. For systems with multiple diffusive states, Eq (1.2)
becomes:

dX(t) =
»

2DS(t) dW(t), (1.3)

where S(t) ∈ {1, . . . ,K} is a latent state and DS(t) is constant within each indi-
vidual state segment. Within any interval where S(t) = i, the increments to each of
the Cartesian components have variance 2Di∆t. In the piecewise-constant D, this
simplifies to

Xj+1 = Xj +
√

2Di δt Zj while S(tj) = i (1.4)

where each of the components of Zj is drawn from a normal distribution with zero
mean and unit variance, and δt denotes the discretization step.

1.1.3 Poisson point process

We work under the assumption that the changes in diffusivity are memoryless, this
can be done using a Poisson point process (PPP) for switching events. For trajectories
with multiple diffusive regimes, we couple the Brownian diffusion to a continuous-
time Markov chain S(t) ∈ {1, . . . ,K} with generator Q = (qij). While in state
i, the diffusion coefficient is Di, and switches occur at total rate λi =

∑
j ̸=i qij .

Upon a change in diffusivity, the next state is j with probability qij/λi. The coupled
dynamics are

dX(t) =
»
2DS(t) dW(t), (1.5)
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Figure 1.2: Example of a two-state Brownian trajectory. The true particle path is shown as colour-coded arrows,
while the observed trajectory, depicted as a dashed grey line with circular markers, is influenced
by motion blur (n = 5), where positions are averaged over non-overlapping time intervals. local-
isation error is introduced by adding Gaussian noise to the blurred positions, illustrated by circles
surrounding each point to represent the positional uncertainty.

P[S(t+ dt) = j | S(t) = i] = qij dt + o(dt) (j ̸= i), (1.6)

with P[S(t+dt) = i | S(t) = i] = 1− λi dt+ o(dt). The mean lifetime in state i
is τi = 1/λi [124].

1.1.4 Camera statistics: motion blur and localisation noise

In real systems, the trajectories obtained are shutter-averaged noisy positions due to
the camera exposure time and the localisation error introduced by the tracking pro-
cedure. To mimic these effects, starting from the true trajectory X(t) obtained as
discussed earlier, we introduce the observed position X̄j

X̄j =

∫ j∆t

(j−1)∆t
s[t′ − (j − 1)∆t]X(t′) dt′ + ξj , (1.7)

ξj ∼ N (0, σ21d) i.i.d., (1.8)

where ξj is a zero-mean Gaussian noise with ⟨ξiξ⊺j ⟩ = σ2δij1d representing the lo-
calisation error [125]. The integral represents the blurring due to the exposure time of
the camera∆t with the shutter function s(t) a non-negative function whose integral
over ∆t is equal to unity. The shutter function describes the illumination intensity

52



profile in a single frame. The measured displacements for the i-th Cartesian coordi-
nate ∆X̄i

j = X̄i
j+1 − X̄i

j becomes distributed according to a multivariate Gaussian
distribution with [125]

⟨∆X̄i
j⟩ = 0 (1.9)

⟨∆X̄i
j∆X̄

i
l ⟩ =


2D∆t− 2(2DR∆t− σ2), j = l

2DR∆t− σ2, j = l ± 1,

0 otherwise
(1.10)

where R is the motion blur coefficient defined as

R =
1

∆t

∫ ∆t

0
S(t)(1− S(t)) dt, (1.11)

with S(t) the fraction of illumination in the interval [0, t] defined as

S(t) =

∫ t

0
s(t) dt. (1.12)

In our case, we consider constant illumination (s(t) = 1/∆t) which yields the mo-
tion blur coefficient R = 1/6 [125].

Practically, we first generate the true trajectory X(t) as described in Section 1.1.2.
Then we mimic the shutter-averaging effect introduced by the camera acquisition
considering constant illumination and the localisation error

X̄j ≈
1

M

n−1∑
k=0

X(tj + kδt) + ξj , n = ∆t/δt, (1.13)

as illustrated in Fig. 1.2.

1.2 Segmentation of trajectories

Given the shutter-averaged, noisy positions {X̄j}Nj=0 generated as described in Eq. (1.13)
and an unknown piecewise-constant state sequence {Sj}, the objective is to infer per-
frame labels Ŝj ∈ {1, . . . ,K}. The method proceeds as follows (Fig. 1.3):
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Figure 1.3: Schematic of the main steps in the method. Given a set of trajectories and a specified number of
states, the overlap between the displacement distributions is minimised by applying an optimised
Gaussian filter to the displacement time series. The resulting output provides a segmentation of
each trajectory, identifying the instantaneous state of the particle at every time point.

1. Compute the d-dimensional displacement as the Euclidean distance.

2. Optimally denoise it with a Gaussian filter by finding the filter size that mini-
mizes the overlap between theK components of their distribution.

3. Assign labels to each frame using the Bayesian decision rule.

Starting from the shutter-averaged, noisy positions {X̄j}Nj=0, we compute the dis-
placement time series ∆r(tj) = ∥X̄j+1 − X̄j∥. For a 2-dimensional Brownian
trajectory ofK components, the distribution of the displacements is a Rayleigh mix-
ture with the same number of components K where the scale of the i-th state is
σ′i =

√
2Di∆t− 2(2DiR∆t− σ2) [125–127]:

P (∆r) =
K∑
i=1

πi
∆r(
σ′i
)2 exp

(
− r2

2(σ′i)
2

)
, (1.14)

with:

πi ≥ 0,

K∑
i=1

πi = 1. (1.15)

As is, the displacement time series∆r(tj) is highly noisy and no inference can be done
to correctly label each displacement to the underlying diffusive state. The idea behind
the method is to reduce the noise in ∆r(tj) by applying an appropriate Gaussian
filter that will reduce the noise without smearing the different diffusive states.

1.2.1 Gaussian filtering and noise reduction in time series

For a displacement time series∆r(tj), the filtered displacement”∆r(tj) is defined as
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”∆rj(f) =

∑N−1
m=0 exp

(
− (j−m)2

2f2

)
∆rm∑N−1

m=0 exp
(
− (j−m)2

2f2

) . (1.16)

where f is the size of the Gaussian filter. Near boundaries, we truncate and renor-
malize the Gaussian kernel to keep weights summing to one.

On one hand, for f −→ 0, the Gaussian kernel acts as a Dirac δ function, too small
values of f are not useful as the Gaussian filter does not remove enough noise to sep-
arate the different states in the time series. On the other hand, across a diffusive state
boundary, large values of f smear the diffusive states making them indistinguishable.
Hence, for a displacement times series ∆r(tj) characterized by the diffusion coef-
ficients Di and the state lifetimes τi for i ∈ {1, . . . ,K}, a judicious choice of the
filter size f has to be made to reduce the noise in∆r(tj) without blurring the transi-
tions between states. Another point of interest, which is fundamental to the method,
is that, for lifetimes τi larger than f , each of the filtered displacements {”∆rj}N−1

j=0

should be dominated by contributions from a single state. Furthermore, the variance
of each state is finite. These two conditions are sufficient for the Lindeberg-Feller
Central Limit theorem [128] to hold, hence the filtered displacements {”∆rj}N−1

j=0 are
distributed according to a univariate Gaussian mixture withK components.

1.2.1.1 Data-driven identification of the optimal filter size

To determine the optimal filter size f∗, we define the cost function θ(f) as the to-
tal overlap of K-component Gaussian mixture fitted to the filtered displacements
{”∆r(f)} [129, 130]:

θ(f) =
∑
i<j

∫
min
¶
wiN (”∆r |µi, σ2i ), wj N (”∆r |µj , σ2j )© d”∆r. (1.17)

The rationale behind the choice of θ(f) as a cost function and f⋆ = argminf θ(f)
as the optimal filter is intuitive. Small filter sizes do not efficiently reduce noise in
the displacement time series ∆(tj) and the different diffusive states are hardly dis-
tinguishable leading to a large value of θ. Large filter sizes on the other lead to the
smearing of the boundary between diffusive states which would also lead to a large
value of θ. Hence, this suggests the existence of an optimal filter size that minimizes
θ without smearing the states.
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Figure 1.4: (a) Displacement time series of a two-state Brownian particle with lifetimes τ1 = τ2 = 20 and
D2/D1 = 5. (b) Displacement distribution of the unfiltered trajectories, fitted to a Rayleigh mix-
ture model as given in Eq. (1.14). The shaded regions indicate the overlap between the displacement
distributions of the two states. (c) Displacement distribution of the same trajectories after applying
the optimal filter with width f∗, fitted to a Gaussian mixture following Eq. (1.18). (d) Time series of
the probability pi (Eq. (1.20)) that the particle belongs to the diffusive state i, obtained from the
filtered displacement data. The black dashed line marks the threshold corresponding to pi = 0.5.
(e) Filtered displacement time series from panel (a) using the optimal filter f∗. The dashed line
indicates the optimized threshold separating states 1 and 2 (Eq. (1.25)), determined by the intersec-
tion of the two fitted Gaussians shown in panel (c). (f) Comparison between the ground-truth and
inferred state time series of the trajectory (top panel) and the inferred probability of misclassifica-
tion, pmc = min(p1, p2).

1.2.2 Gaussian mixture model

To find the optimal filter size f∗ that minimizes the cost function θ, we perform a
grid search for all values of f ∈ [0, min

i∈{1,...,K}
τi]. For each value of f , we fit the

filtered displacements distribution P (”∆r) using a Gaussian mixture model (GMM)
[129, 130] and compute θ. The interest of using GMMs is threefold: (i) GMMs do not
require any binning, as the likelihood is directly maximized using the Expectation-
Maximization (EM) algorithm, (ii) parameter constraints are handled natively, (iii)
and most importantly, GMMs assign soft-labels to each filtered displacement which
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gives the probability of each filtered displacement to be in a given diffusive state.

Starting from the filtered displacement probability density P (”∆r) with parameters
Γ = {(wi, µi, σ

2
i )}Ki=1

P (”∆r(f)) =
K∑
i=1

wiN (”∆r(f) | µi, σ2i ), wi > 0,
∑
i

wi = 1, (1.18)

withwi, µi and σ2i respectively the weight, mean, and variance of the i-th component,
the log-likelihood ℓ, given a set of parameters Γ = {(wi, µi, σ

2
i )}Ki=1, is defined as

ℓ(Γ) =
N−1∑
n=1

log

(
K∑
i=1

wiN (”∆r(tj) | µi, σ2i )) (1.19)

1.2.2.1 The Expectation-Maximization algorithm

The Expectation-Maximization (EM) algorithm is an iterative procedure to maximize
the likelihood of the model parameters, namely the weight, mean, and variance of
each component of the Gaussian mixture. As indicated by its name, the algorithm
iterates between an “expectation step” at which the responsibilities γji are computed,
followed by a “maximization step” where the mixture parameters Γ are updated. As
the likelihood is non decreasing under the EM procedure, the iterations are performed
until the change in likelihood per iteration is lower than a predefined tolerance [129,
130].

Formally, for a set of parameters Γ = {(wi, µi, σ
2
i )}Ki=1 characterizing a Gaussian

mixture, the EM iterations are:

E-step (computing responsibilities) We compute the posterior membership prob-
ability (responsibility) γji for each filtered displacement”∆r(tj)
and component i

γji =
wiN (”∆r(tj) | µi, σ2i )∑K
j=1wj N (”∆r(tj) | µj , σ2j ) . (1.20)
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M-step (updating parameters) We update the mixture parameters using the poste-
rior membership probability computed in the E-step

wnew
i ← 1

N − 1

N−1∑
n=1

γji, (1.21)

µnewi ←
∑

j γji
”∆r(tj)∑

j γji
, (1.22)

(σ2i )
new ←

∑
j γji(

”∆r(tj)− µnewi )2∑
j γji

. (1.23)

This steps are iterated until the relative increase in

ℓ(Γ) =
N−1∑
n=1

log

(
K∑
i=1

wiN (”∆r(tj) | µi, σ2i )) (1.24)

falls below a predefined tolerance [129, 130].

1.2.3 Framewise segmentation, decision boundaries, and uncertainty

Once the overlap is minimized, we use the resulting responsibilities obtained with the
GMM fit. To each displacement ∆rj we associate a hard label Ŝj = argmaxi γji
and soft labels (γj1, . . . , γjK). The hard labels time series Ŝ(tj) corresponds to the
desired segmentation of the initial trajectory and the soft labels time series pi(tj) =
γji represents the probability of a displacement ∆rj belonging to a diffusive state i.
ForK = 2, this is equivalent to simply choosing the decision boundary c that solves

w1N (c | µ1, σ21) = w2N (c | µ2, σ22), (1.25)

and the rule “‘∆rj < c⇒ state 1;‘∆rj ≥ c⇒ state 2”.
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1.3 Extraction of dynamical quantities

Once the segmentation Ŝj of the trajectory is obtained, the diffusion coefficients Di

are estimated using Eq. (1.10) [125]:

Di =
E
î
(∆X̄j)

2 | Ŝj = i
ó
− 2σ2

2∆t (1− 2R)
. (1.26)

When the localisation error magnitude σ or the motion blur R are unknown, the
off-diagonal terms of the displacements covariance matrix, defined in Eq. (1.10), can
be used to estimate the diffusion coefficient [125]:

Di =
E
î
(∆X̄j)

2 | Ŝj = i
ó
+ 2E

î
∆X̄j∆X̄j+1 | Ŝj = i, Ŝj+1 = i

ó
2∆t

. (1.27)

For the lifetimes estimation, as discussed in Section 1.1.3, switching between diffusive
states is modelled as a PPP. This leads to exponentially distributed lifetimes τi ∼
Exp(λi), therefore the lifetimes can be readily obtained by fit [131].
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Chapter 2

Results

2.1 Overview

This chapter evaluates the segmentation method introduced earlier and quantifies its
performance with respect to state separability, characterised by the diffusion coeffi-
cients of the different diffusive states, the state lifetimes, and measurement artefacts
(motion blur and localisation error). The objectives are: (i) to identify conditions
under which framewise state labels are reliable for synthetic data as described in Sec-
tion 1.1; and (ii) to assess the accuracy of parameters inferred from the recovered seg-
ments, in particular diffusion coefficients and lifetimes. To do so, we examine the
relevance of the overlap θ12(f) as the cost function to minimise, report segmenta-
tion accuracy across diffusion-coefficient ratios and lifetimes, characterise robustness
to localisation error and motion blur, and finally assess how segmentation quality
propagates to the accuracy of diffusion-coefficient and lifetime estimates.

2.2 Experimental setup and evaluation parameters

Unless stated otherwise, results are based on simulated datasets with N = 200 tra-
jectories, each of length T = 2000 frames, acquired at a sampling interval ∆t. We
consider constant illumination with motion-blur coefficient R = 1/6. State sep-
arability is explored by sweeping the diffusion coefficient ratio D̃ ≡ Dfast/Dslow

and the shorter mean lifetime τ̃ ≡ min(τfast, τslow). Robustness is assessed against
the rescaled localisation error σ̃ = σ/

√
2Dslow∆t and against synthetic motion blur

emulated by varying ∆t = n δt.
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The performance of the segmentation is quantified by the framewise accuracy

Accuracy(f) =
1

T − 1

T−1∑
t=1

1
[
Ŝt(f) = St

]
. (2.1)

Here, Ŝt(f) is the inferred diffusive state at time t, St is the ground truth, and 1[·] is
the indicator function, equal to unity if the prediction is correct, to zero otherwise.

2.3 Segmentation performance across parameter space

2.3.1 Cost function and optimisation of the filter size

We justify choosing the overlap θ12(f) as the cost function by analysing, as a func-
tion of the filter size f , the behaviour of both θ12(f) and the framewise accuracy in
Eq. (2.1). Empirically, θ12(f) is convex in f , making the optimisation well-posed, and
the accuracy maxima coincide with the overlap minima across D̃ and τ̃ . Hence, min-
imising overlap is an effective proxy for maximising segmentation accuracy (Figs 2.1
b and c).

Having established that θ12(f) reliably guides the choice of f , we next quantify seg-
mentation accuracy across (D̃, τ̃) and under common measurement artefacts, using
the setup in Section 2.2.

2.3.2 Accuracy across parameter space

Mapping accuracy over (D̃, τ̃) in the absence of localisation error and motion blur
shows that the accuracy exceeds 90% across a broad region but declines when states
are weakly separated (D̃ ≲ 3) or when τ̃ is short (τ̃ ≲ 20 frames). A clear trade-off
emerges: smaller τ̃ requires larger D̃ to maintain separability after filtering, whereas
larger τ̃ relaxes this requirement, as illustrated in Fig 2.1 a.

We examine the effect of per-trajectory length T while holding the total number
of frames fixed across the dataset at N × T = 20 000. Segmentation accuracy is
essentially independent of T , which is practically important because single-particle
trajectories are often short due to photobleaching or tracking losses (Fig. 2.1 d). This
property holds provided that most trajectories contain at least one state switch .

Finally, we assess the robustness to measurement artefacts, localisation error and mo-
tion blur. Varying the rescaled localisation error (Fig 2.1 c), σ̃ = σ/

√
2Dslow∆t,
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Figure 2.1: (a) Contour plot showing the segmentation accuracy as a function of the ratio of diffusion co-
efficients D̃ and shortest mean state duration τ̃ , averaged over N = 100 trajectories of length
T = 2000. (b) Overlap between the displacement distributions of the two states, denoted θ12,
and (c) segmentation accuracy, both shown as functions of the filter width f for the same values of
D̃ and τ̃ as in the other panels. (d) Segmentation accuracy as a function of the trajectory length T

for different D̃ and τ̃ , with the total number of sampled displacements fixed to N × T = 20000.
(e) Accuracy as a function of the localisation error σ̃ for the same parameters D̃ and τ̃ as in panel
(b). (f) Accuracy as a function of motion-blur intensity, simulated by varying n in Eq. (3). In this
case, the “ground truth” used to assess segmentation accuracy was determined by a majority vote
over all n points involved in the blurring process. Shaded regions, where present, indicate one
standard deviation of the accuracy across N = 100 trajectories.

shows that accuracy is stable for σ̃ < 1 and decays gradually thereafter, consistent
with increasing overlap between the filtered state distributions; this indicates that the
filter suppresses the noise introduced by the localisation error effectively until the noise
scale approaches the mean displacement of the slowest state. Motion blur is emulated
by averaging positions over the exposure interval∆t = n δt, and segmentation accu-
racy remains essentially unchanged over the tested range of n (Fig 2.1 f ). In the next
section, we examine how segmentation accuracy propagates to parameter inference.
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Figure 2.2: (a,b) Mean relative error in the inferred diffusion coefficientD(m)
i as a function of (a) the rescaled

localisation error σ̃ and (b) the blurring strength n. In both cases, D̃ = 10 and τ̄1 = τ̄2 = 20

are used. (c) Probability distribution of the measured lifetimes τ (m)
i . The distributions are fitted

with exponential functions (dashed lines), yielding estimated average lifetimes of τ̄
(m)
1 = 23.3

and τ̄
(m)
2 = 70.1, compared to the true values τ̄1 = 20 and τ̄2 = 60. This corresponds to a

relative error of approximately 15%. (d) Relative mean error of the measured average lifetimes
τ̄
(m)
fast and τ̄

(m)
slow as a function of the true lifetime τ̄i, with τ̄fast = τ̄1 and τ̄slow = τ̄2. Shaded

regions represent one standard deviation of the estimate obtained from N = 200 trajectories.

2.3.3 Inference of dynamical parameters from segments

Diffusion coefficients. After trajectory segmentation, diffusion coefficients are es-
timated via the Berglund correction (Eq. (1.10)) under constant illumination (R =
1/6). With shutter and localisation-error corrections in place, Figs 2.2 a and b show
that the estimates remain robust to moderate localisation error, and are essentially
insensitive to motion blur. A small systematic effect persists for the fast state, where
Dfast tends to be underestimated by about 10% due to asymmetrical misclassifica-
tion near transitions, where slow-to-fast errors are slightly more frequent than the
converse.

Lifetimes. State lifetimes are inferred by fitting the lifetimes measured between in-
ferred switches to an exponential distribution, as shown in Fig 2.2 c. Fig 2.2 d shows
that this procedure is more sensitive to segmentation errors than diffusion estimation,
since a single mislabelled frame within a lifetime creates a spurious transition and bi-
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ases lifetimes downwards. Nevertheless, for τ ≳ 30 frames and with sufficiently long
trajectories, relative errors typically remain within ±25%.
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