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Popular science summary in English

Modern robots often rely on cameras to interpret and navigate their surroundings.
However, interpreting the actual contents in a digital picture from a camera is a
daunting task. In practice, pictures are interpreted using deep neural networks. While
these neural networks are incredibly powerful, they cannot always be trusted.

Since robots exist in a physical environment, often in contact with humans, it is im-
perative to ensure that they do not cause any harm, neither to objects nor humans.
An extreme, and tragic, example of what can go wrong, is that of a self-driving Tesla.
In 2016, such a Tesla drove straight into the side of a truck, which caused the death
of its driver. This accident was a direct result of a neural network that was unable to
see the truck against the bright sky.

In this thesis, the overarching goal is to make neural networks more reliable. The
main idea is that neural networks must produce a measure of uncertainty. Roughly
speaking, instead of saying “The road is clear. It is safe to drive.”, a neural network
should say “I believe it is safe to drive. I am 𝑋% sure that the road is clear.”.

Cameras contain parameters that can be adjusted to change the way a picture looks.
The first method explored in this thesis, to improve reliability, is to use those paramet-
ers. If a neural network reports high uncertainty, camera parameters can be adjusted
to get a better picture. As a result, the robot behaves in a way that is no too different
from the way we humans use cameras. For example, you might change the exposure
time to get a good picture of a sunset. Additionally, a method is created that allows
a neural network to express uncertainty over a specific region in a picture. That way,
the camera parameters can be adjusted differently for different objects in a picture.

Blindly trusting the uncertainty from a neural network is not a good idea either. Part
of this thesis provides an analysis of different methods to verify the uncertainty from
a neural network, to ensure that it actually measures uncertainty properly.

Uncertainty can come from different sources, and research surrounding uncertainty
commonly discusses twomain types called aleatoric and epistemic. Dealing with two
different uncertainty measurements is difficult, and therefore a method is created to
combine them into one.

Finally, there is a family of methods in robotics, where a neural network controls
a robot directly, rather than relying on a separate control module. In this thesis, a
model called Normalizing Flows is applied in this context, because it can produce a
statistically sound measure of uncertainty. This uncertainty is then used to control
the robot with improved reliability.
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Populärvetenskaplig sammanfattning på svenska

Moderna robotar använder sig ofta av kameror för att tolka och navigera sin omgiv-
ning. Att ta en bild från en kamera och tolka dess innehåll är ingen enkel uppgift,
och detta görs i praktiken med hjälp av neurala nätverk. Neurala nätverk är extremt
kapabla, men de går inte alltid att lita på.

Eftersom robotar rör sig i en fysisk miljö, inte sällan tillsammans med människor,
är det av yttersta vikt att de inte skadar saker eller människor i sin omgivning. Ett
extremt och tragiskt exempel på vad som kan gå fel återfinns i en självkörande Tesla,
som 2016 körde rakt in i sidan av en lastbil vilket ledde till att föraren avled. Detta på
grund av att bilens neurala nätverk inte kunde urskilja lastbilen från en ljus himmel.

Det övergripande målet med denna avhandling är att bidra till göra naurala nätverk
mer pålitliga. Denna avhandling grundas i tesen att neurala nätverk måste användas
i samband med ett mått av osäkerhet. Kort sagt krävs at neurala nätverk berättar för
oss hur säkra de är. I stället för att säga “Det är fritt fram att köra här”, så bör ett
neuralt nätverk säga “Jag tror att det är fritt fram att köra här, och jag är 𝑋% säker”.

En första metod som utforskas för att öka pålitligheten är att optimera kamerapa-
rametrar. Ifall ett neuralt näverk ger en indikation på att osäkerheten är hög, så kan
kameraparametrar justeras för att få en tydligare bild. Resultatet är en process som
inte är helt olik hur människor använder kameror, där man justerar till exempel ex-
poneringstiden för att få en klar bild av en solnedgång. Detta utökas sedan med en
metod för att utrycka osäkerhet för en specifik region i en bild, så att kamerans pa-
rametrar kan justeras för att se olika saker i bilden.

Att förlita sig blint på osäkerhetsmåtten från neurala nätverk är inte heller en bra idé.
Därför undersöks metoder för att verifiera osäkerhetsmått, så att de faktiskt mäter
osäkerhet på ett adekvat sätt.

Det finns också olika typer av osäkerhet, och traditionellt sett har det använts två
olika mått för att mäta dessa olika typer av osäkerheter. På många sätt är det kom-
plicerat att hantera två olika mått samtidigt, och därför skapas en metod för att kom-
binera dessa två mått, så att ett och samma mått kan användas för att summera all
osäkerhet i ett neuralt nätverk.

Slutligen finns en särskild grupp av metoder inom robotik, där neurala nätverk kon-
trollerar en robot direkt, i stället för att endast tolka omgivningen. En modell som
kallas Normalizing Flows utforskas i denna kontext, eftersom de kan producera ett
välgrundat mått av osäkerhet. Experimenten i denna avhandling visar att detta mått
av osäkerhet kan användas för att styra roboten på ett pålitligt sätt.
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Uncertainty Estimation for
Adaptable and Reliable Robotic
Vision

1 Introduction

Imbuing robots with the ability to see and interpret their surroundings has been a
long standing goal of robotics research. Within the field of computer vision, modern
neural network-based methods have achieved impressive performance across many
different tasks, even outperforming humans in certain contexts (Szeliski, 2022). As
a result, neural network-based vision is being increasingly integrated in robotic sys-
tems (Li et al., 2023; Mousavian et al., 2019; Chavez-Garcia et al., 2017). It is well
known, however, that neural networks are difficult to interpret and perform unreli-
ably when faced with inputs that differ significantly from their training data. While
unreliable performance and lacking interpretability may not pose a problem in many
applications, robots tend to require strict safety guarantees since they are physical
entities capable of causing harm to their surroundings. An example to illustrate, al-
beit a tragic one, is that of a Tesla that crashed into the side of a truck due to a failure
in its visual systems, which caused the death of its driver (Tesla, 2016).

Any robotic vision pipeline consists of at least two parts: a camera to capture an im-
age, and an algorithm to analyze the image. A failure in either of these parts will
result in a failure of the overall vision pipeline. Thus, in order to ensure reliable oper-
ation, it is insufficient to solely focus on the neural networks performing the image
analysis.
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Generally, there is amindset among roboticists that everything needs to be adaptable.
As such, adaptability is treated as a central function in most robot components. For
example:

• If an object has moved, dynamic movement primitives (Saveriano et al., 2023)
can be used to adapt the robot’s arm to the new location.

• If the robot is in a new location, localization and mapping techniques (Taheri
and Xia, 2021) allow the robot to regain its bearings.

• If there is a physical obstacle, impedance controllers (Mayr and Salt-Ducaju,
2022) can adapt the robot’s force to avoid damages.

Adaptability is also one of the central arguments for legged robots (Raibert et al.,
2008). Cameras, on the other hand, have not been subject to the same mindset of
adaptability. Instead, cameras are assumed to always operate flawlessly, even though
it is trivial to find situations, such as sunsets, where they produce images that are
unfit for image analysis.

One key insight in this thesis is the fact that cameras are already capable of adapting
to different scenarios. In fact, all modern cameras feature built-in parameters that
can be adjusted to produce vastly differing image outputs. Some examples include
saturation, contrast, and exposure. While the exact parameters differ between cam-
era manufacturers, most cameras include between 5 to 10 adjustable parameters, for
example: 6 parameters in an Axis camera (Axis Communication, 2025), 9 paramet-
ers in StereoLabs cameras (Stereolabs, 2026), 10 parameters in TierIV cameras (TIER
IV, 2026), and 9 in RealSense D400 cameras (Intel RealSense, 2019). In other words,
these parameters offer several degrees of freedom that can be used to integrate ad-
aptive behaviors in cameras. Neglecting these degrees of freedom can be compared
to having an extra arm on a robot that is never used.

Perhaps the first and most obvious issue with implementing adaptability for cameras
is the fact that there is no well-defined goal state. Randomly changing camera para-
meters is unlikely to lead to any reliability improvements, and therefore a metric is
required to indicate which parameter configurations are more or less suitable for a
given scenario. There exist metrics that aim to gauge the visual quality of an image,
but they tend to be based on human perception (Mittal et al., 2012), and might there-
fore not be suitable for neural network-based vision. Instead, this thesis presents
the argument that uncertainty estimation is a suitable measure for adaptability in
vision. By constructing an optimization problem, camera parameters can be adjus-
ted to minimize uncertainty, thus allowing the camera and neural network to work in
conjunction. Such an optimization problem forms the first contribution of this thesis.
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It is not trivial to estimate uncertainty in neural networks, and many different meth-
ods exist (Gawlikowski et al., 2021). Throughout the earliest work in this thesis, out-
of-distribution detection (Yang et al., 2024) is used as an uncertainty estimate based
on the argument that neural networks perform unreliably when faced with out-of-
distribution inputs.

While out-of-distribution detection has merits as an uncertainty estimate, it only ad-
dresses part of the problem. Throughout literature, uncertainty is divided into two
distinct categories: aleatoric, and epistemic (Kendall and Gal, 2017), also known as
data and model uncertainty. Out-of-distribution detection is only capable of repres-
enting epistemic uncertainty. Aleatoric uncertainty must be represented using other
means, for example using the softmax function for classification problems. However,
representing uncertainty using two separate estimates is not ideal, as it increases
complexity and makes analysis more difficult. For example, in the aforementioned
camera parameter optimization problem, using two separate uncertainty estimates
results in a multi-objective optimization problem. Not only is multi-objective op-
timization more difficult (Deb et al., 2016), it also shifts more responsibility onto the
end-user who has to select an optimal solution based on the Pareto front (Deb et al.,
2016). Therefore, it is desirable to create a combinedmetric to represent both aleatoric
and epistemic uncertainty, which constitutes another contribution of this thesis.

Relying on uncertainty estimation to increase reliability in vision raises an important
follow-up question regarding the reliability of the uncertainty estimate itself. Pro-
ducing yet another uncertainty estimate is not a viable solution. For classification
tasks, there exists the concept of calibration (Guo et al., 2017). An uncertainty estim-
ate is said to be calibrated if the estimated uncertainty reflects the true uncertainty,
or more formally if 𝑃estimate(class) = 𝑃true(class). It follows that a natural calibration
error can be constructed, which conveys how reliable a given uncertainty estimate is:
|𝑃estimate(class) − 𝑃true(class)|.

Regression tasks, however, do not lend themselves to any equally natural concept of
calibration. A few calibration metrics exist, that have been used in regression liter-
ature, specifically: Area Under Sparsification Error (Ilg et al., 2018), Spearman’s rank
correlation (Spearman, 1904), Negative Log-Likelihood (Lakshminarayanan et al., 2017),
and a regression version of calibration error (Kuleshov et al., 2018). While all these
metrics are commonly used, there is no rigorous analysis to determine their efficacy.
Therefore, this thesis contributes to the field by using toy datasets to investigate what
these metrics actually measure, whether they are stable and unbiased under varying
amounts of data, and whether they are interpretable by the end-user.

3



A relatively recent trend in robotics is to use neural networks for end-to-end learning
of fine-grained robot control. One such task is visuomotor policy learning (Chi et al.,
2024), where a neural network is trained to produce a movement trajectory based on
camera input. This is in contrast to earlier methods which would only produce a goal
location, and then rely on a separatemotion planner to generate the actual movement
trajectory (Li et al., 2023). Visuomotor policy learning, and similar tasks, present an
interesting case in the context of uncertainty estimation, as they are commonly im-
plemented using generative models, such as diffusion models (Chi et al., 2024). In
generative modelling, the goal is to model the distribution of movement trajectories,
and then subsequently sample from it. Since samples are drawn from a learned distri-
bution, there is no notion of aleatoric uncertainty, and therefore sample trajectories
are usually executed without a corresponding uncertainty estimate. However, even if
the model has learned a perfect representation of the distribution of movement tra-
jectories, it can still produce poor samples from low-density regions. Therefore, this
thesis argues that epistemic uncertainty is a valuable tool to produce high-quality
trajectories. Specifically, normalizing flows (Papamakarios et al., 2021) are explored
as a compelling candidate for visuomotor policy learning, as they are capable of both
sampling and evaluating their learned distribution.

To summarize, this thesis addresses the following research objectives:

• Objective 1: Introduce adaptability in robotic vision pipelines, using uncer-
tainty estimates as a guide.

• Objective 2: Construct a combined metric encompassing both aleatoric and
epistemic uncertainty.

• Objective 3: Analyze calibration metrics for regression problems.

• Objective 4: Apply epistemic uncertainty for end-to-end robot policy learning.

4



2 Robotic Vision

From a historical point of view, robots have been used primarily in manufacturing
(Chen et al., 2025a). Manufacturing robots are typically deployed in a closed working
area, where they can execute repetitive tasks in a pre-programmed manner without
any outside influence. As a result, manufacturing robots have little need for vision.

More recent technological advancements, such as force-feedback sensing, which paved
the way for safer robots, have led to an increased focus on collaborative robotics (Vi-
centini, 2020; Hentout et al., 2019). Collaborative robots, as the name suggests, are
designed with the goal of operating in a shared environment with humans. Such a
shared environment is vastly more complex in terms of robot deployment. First and
foremost, a shared environment demands strong safety guarantees to ensure the ro-
bot does not harm itself, its surrounding environment, and most importantly nearby
humans. Second, since the environment is assumed to be dynamic, a collaborative
robot requires various sensors, like camera-based vision, in order to react to changes
in the environment.

For the purposes of this thesis, it is important to distinguish between robotic percep-
tion, and vision. Perception is commonly used to refer to the use of any sensor with
the goal of interpreting a robot’s surrounding environment, such as the LiDAR-based
human tracking system presented by Topp and Christensen (2005). Vision, on the
other hand, is used throughout this thesis to refer specifically to camera-based visual
perception.

Camera-based visual perception on its own is no different than computer vision (Szeliski,
2022), and indeed many computer vision methods have been applied in robots to, for
example, detect terrain traversability (Sevastopoulos and Konstantopoulos, 2022), de-
tect objects (Song et al., 2021), and to detect human actions and intentions (Hentout
et al., 2019).

As of this writing there exist no computer vision methods that are 100% reliable, and
therefore camera-based vision often needs to be supplemented to safeguard the sys-
tem when visual perception fails. Autonomous vehicles, for example, tend to sup-
plement their camera-based vision with LiDAR sensors to ensure reliable collision
avoidance (Li and Ibanez-Guzman, 2020).
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2.1 Neural Network-Based Vision

Starting with AlexNet in 2012 (Krizhevsky et al.), computer vision research has been
increasingly focused on neural network-based methods, and today the state of the
art for most, if not all, vision tasks is a neural network (Szeliski, 2022). Consequently,
this thesis revolves around neural network-based methods and the challenges they
present. Therefore, a brief introduction is provided here.

A neural network is a parameterized function approximator (Goodfellow et al., 2016).
Arguably the simplest form, and the origin of the name neural network, is the mul-
tilayer perceptron, or feed-forward network. A feed-forward network is a composition
of functions:

NN ∶ ℝ𝑛 ↦ ℝ𝑚

NN(x) = 𝑓𝐿 ∘ 𝑎𝐿−1 ∘ 𝑓𝐿−1 ∘ … ∘ 𝑎1 ∘ 𝑓1(x) . (1)

Here, each layer 𝑓𝑙 is an affine function 𝑓𝑙(x) = W𝑙x+b𝑙. W𝑙 and b𝑙 are parameters
commonly called weights and biases. Each 𝑎𝑙 is an element-wise non-linear activation
function, most commonly the rectified linear unit (ReLU):

ReLU(𝑥) = {
0, 𝑥 ≤ 0
𝑥, 𝑥 > 0

.

The primary purpose of an activation function is to prevent the neural network from
reducing to another affine function. Given

𝑔1(x) = Ax + b and 𝑔2(x) = Cx + d ,

the composition 𝑔1 ∘ 𝑔2(x) reduces to another affine function:

𝑔1 ∘ 𝑔2(x) = 𝑔1(𝑔2(x)) = A(Cx + d) + b = (AC)x + (Ad + b) .

Thus, the activation functions ensure that each consecutive layer 𝑓𝑙 increases the
representational power of the neural network. Provided an arbitrary number of layers
𝑓𝑙, it has been shown that feed-forward networks with ReLU activations are universal
function approximators (Lu et al., 2017).
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AlexNet (Krizhevsky et al., 2012) and its many successors are not plain feed-forward
networks, but rather convolutional neural networks. As the name suggests, convo-
lutional neural networks are based on the convolution operation, rather than affine
functions. For images, and other similar types of data, a 2-dimensional convolution
operation can be used for each 𝑓𝑙:

𝑓𝑙(x) = x ∗ w𝑙 + b𝑙 , (2)

where w𝑙 and b𝑙 are once again parameters. This construction allows for the weight
w𝑙 to be significantly smaller, while also allowing the sameweight to be applied across
the spatial dimension of the input image x. It is worth noting that each layer in
a convolutional network is effectively the same type of convolutional filter used in
many classic image processing methods (Szeliski, 2022), with the primary difference
being that the convolutional weights are learned rather than hand-crafted.

Naively implementing a neural network based on convolutions, as in equation (2),
will produce another image, which is not suitable for many tasks. In order to accom-
modate different tasks, the resulting image is typically flattened into a vector, which
is then transformed by one or more affine layers to produce the desired output size
(Goodfellow et al., 2016).

A more recent development within computer vision is that of transformer models
(Vaswani et al., 2017). Originally developed for natural language processing, trans-
formers have been adapted and applied to various computer vision tasks (Dosovitskiy
et al., 2021). As transformers are significantly more complex compared to multilayer
perceptrons and convolutional networks, implementation details are deemed out of
scope for the purposes of this thesis. Importantly, transformers follow the same
type of layer-wise composition of linear functions with interleaved non-linearities.
As such, there is no reason to analyze transformers in a separate context from other
neural network types.

Classification

Equations (1) and (2), while relatively simplistic, work without modifications for re-
gression problems. Classification tasks, however, require extra processing. The most
widely adopted method for classification is to construct an output vector y ∈ ℝ𝐶

where 𝐶 is the number of classes (Bishop, 2006). An output classification is then
chosen according to the maximum element of y:

class(y) = argmax
𝑐

𝑦𝑐 ,

where 𝑦𝑐 denote the elements of y.
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While it is not necessary, it is common to apply the softmax function to the output y,
which effectively constructs a probability distribution over the classes (Bishop, 2006):

softmax(y) = 𝑒𝑦𝑐

∑𝑘 𝑒𝑦𝑘
∀ classes 𝑐 .

Viewing Neural Networks as Feature Extractors

Among many older machine learning methods, especially in computer vision, it is
common to use a hand-crafted feature extractor such as SIFT (Lowe, 2004). Extrac-
ted features would then be used as input to a simple model, such as linear models
or decision trees, for subsequent regression or classification (Szeliski, 2022). Neural
networks can be viewed as learned feature extractors, where features z𝐿−1 are com-
puted as a result of the first 𝐿 − 1 layers, and then used as input to an affine model
𝑓𝐿 (Goodfellow et al., 2016).

Viewing neural networks as feature extractors is useful for many applications, partic-
ularly because it allows for pre-training and fine-tuning (Goodfellow et al., 2016). In
other words, a large, highly expressive neural network can be trained to extract fea-
tures, which can then easily be adapted to different tasks by changing only the final
layer 𝑓𝐿. Additionally, because of the layered structure of neural networks, features
can be extracted after any layer as illustrated in figure 1. There is some evidence that
layers further into the neural network produce more semantically meaningful fea-
tures (Krizhevsky et al., 2012). As such, features from different layers may be useful
for different applications.

Figure 1: Illustration of neural networks as feature extractors. Here z𝑙 denotes the features at each layer 𝑓𝑙. Activation functions
are omitted for brevity.

2.2 Challenges with Neural Networks

Most real-world problems are infeasible, perhaps even impossible, to solve with 100%
accuracy. For example, the problem of pedestrian trajectory prediction (Golchoubian
et al., 2023), which is of interest for autonomous vehicles, requires predicting future
events, which is arguably impossible to do with 100% accuracy given the stochastic
nature of human behavior. As such, it is unreasonable to expect neural networks to
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ever achieve 100% accuracy, and thus it is necessary to reason about when and how
they may fail. However, modern neural networks commonly consist of hundreds of
layers (He et al., 2016), and millions of parameters (Liu et al., 2021), which makes
analysis non-trivial.

Some early attempts at analyzing neural networks, specifically for vision problems,
are based on the observation that convolutional layers are effectively equivalent to
classical convolutional filter methods (Krizhevsky et al., 2012). By visualizing the
learned filters in the layers of a convolutional network, some insight can be gained
into what each layer is computing. For example it has been observed that the first
layer tends to consist of simple edge and corner filters. However, as the number of
layers in a network increases, it becomes increasingly difficult to reason about what
each filter means.

Other attempts exploit the fact that neural networks have a tractable gradient (Si-
monyan et al., 2014). One method uses the gradients in each layer to produce an
image that maximizes the activation of a single filter, which gives some insight into
what that specific filter represents. As networks grow larger, the number of filters
increases as well, which diminishes the information gained from a single filter given
that the final computation is a product of all filters. Another, similar method, is that
of saliency maps (Simonyan et al., 2014), which computes the gradient of the input
image with respect to the final output of the network, which can provide some in-
sight into which pixels in an image contributed to a certain output. Saliency maps
are limited mainly by their lacking generality, as a saliency map is only valid for a
single configuration of pixels, and any change in the input image has the potential to
greatly change the saliency map.

Arguably the most effective way to gain insight into when and how a neural network
may fail is by uncertainty estimation (Grimmett et al., 2016). Many neural network
constructions, especially for classification tasks, produce an uncertainty estimate by
design. Other types of networks can be augmented to include post-hoc uncertainty
estimation (Abdar et al., 2021). In an ideal scenario, an uncertainty estimate should
reflect both the likelihood and severity of an error, which makes uncertainty estim-
ation a desirable tool for real-world deployment of neural network-based methods.
Naturally, uncertainty estimation is not without issues. It has been show, for ex-
ample, that the uncertainty estimates produced by neural networks tend to poorly
reflect the actual likelihood of errors, especially as the networks increase in size and
complexity (Guo et al., 2017). Additionally, neural networks perform unreliably when
an input is different compared to their training data, and this is not reflected in the
uncertainty estimates produced by the neural networks themselves (Grimmett et al.,
2016).
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3 Uncertainty

For the purposes of this thesis, confidence and uncertainty are equivalent, as one
is effectively the inverse of the other, and therefore the terms are occasionally used
interchangeably depending on the context.

As outlined in the previous section, uncertainty estimation has the potential to be
a valuable tool for improving and reasoning about the reliability of neural network-
based robotic vision. In order to understand how to utilize uncertainty estimates,
it is necessary to first understand what is meant by uncertainty, and how it can be
estimated.

Neural networks are statistical models (Goodfellow et al., 2016). Earlier sections in-
troduced neural networks with a primary focus on their formulation as function ap-
proximators. Nonetheless, any function approximator that is learned from data is a
statistical model. For example, it is trivial to show that least squares is equivalent
to maximum likelihood estimation (Bishop, 2006). As such, probability theory is a
suitable lens to view and discuss the concept of uncertainty.

Any statisticalmodel approximates a probability distribution over the data it is trained
with. In the example of a least squares regressor, it forms a maximum likelihood es-
timate of 𝑃(𝑦|𝑥). On the other end, the training process itself can be viewed as a
maximum likelihood estimate of 𝑃(𝜃|𝒟), where 𝜃 and 𝒟 denote the model paramet-
ers and the training data respectively (Bishop, 2006). These two probabilities form
the basis of the modern discourse around uncertainty (Abdar et al., 2021).

𝑃(𝑦|𝑥) is otherwise referred to as aleatoric uncertainty, or data uncertainty, and en-
compasses uncertainty that is inherent in the data itself (Abdar et al., 2021). In re-
gression tasks, a common source of aleatoric uncertainty is measurement noise. For
classification tasks, on the other hand, aleatoric uncertainty is inherent similarities
between two or more classes. Importantly, aleatoric uncertainty is inherent in the
data, and thus cannot be reduced or removed.

𝑃(𝜃|𝒟), otherwise known as epistemic uncertainty or model uncertainty, refers to un-
certainty about the model parameters, or equivalently, uncertainty stemming from
lacking training data (Abdar et al., 2021). Since statistical models are learned from
data, it is impossible to know whether or not a model is correct over regions in the
input space where there is no training data. In contrast to aleatoric uncertainty, epi-
stemic uncertainty can be reduced by acquiring more training data. Figure 2 illus-
trates both types of uncertainty for a toy regression problem.
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Figure 2: Aleatoric and epistemic uncertainty in regression.

3.1 Uncertainty Estimation

In terms of estimating uncertainties, aleatoric uncertainty is commonly estimated
within the trained model itself. For classification models, aleatoric uncertainty is
trivialized by the softmax function, which directly estimates the aleatoric uncertainty
𝑃(𝑦|𝑥) (Bishop, 2006).

By default, most regression models do not incorporate any uncertainty estimate, as
they only produce a scalar or vector which approximates the maximum likelihood
prediction 𝑦. Therefore, regression models must be explicitly designed to produce an
uncertainty estimate. Perhaps the most straightforward way of incorporating aleat-
oric uncertainty is to output a Gaussian distribution 𝒩(𝜇, 𝜎), by estimating themean
𝜇 and standard deviation 𝜎 (Lakshminarayanan et al., 2017), where 𝜇 is used as the
prediction, and 𝜎 is used as a measure of aleatoric uncertainty. Another, more in-
volved method, is energy-based regression (Gustafsson et al., 2020), which directly
approximates 𝑃(𝑥, 𝑦), and produces a maximum likelihood estimate of 𝑃(𝑦|𝑥) by
optimizing over 𝑦 while keeping 𝑥 fixed.

As epistemic uncertainty concerns a model’s parameters, it has to be estimated by ex-
ternal means. One of the earliest and most common methods of modelling epistemic
uncertainty in neural networks is by using an ensemble. An ensemble is a collection of
multiple, usually identical, models that are trained independently on the same data,
effectively forming a number of different samples from 𝑃(𝜃|𝒟) (Gawlikowski et al.,
2021). A similar method is that of Monte Carlo dropout (Gal and Ghahramani, 2016).
Dropout is a layer that can be added to a neural network that randomly sets inter-
mediate features to 0 (Srivastava et al., 2014). Thus, computing several predictions
with dropout enabled effectively simulates different samples from 𝑃(𝜃|𝒟).
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Another possibility for epistemic uncertainty is to approximate it using a separate
model, which is the method adopted throughout this thesis. Since epistemic un-
certainty is related to the amount of data that is available during training, scoring
functions for out-of-distribution detection can be used as an estimate (Gawlikowski
et al., 2021).

3.2 Out-of-Distribution Detection

Given a probability distribution 𝑝(x), called the in-distribution, out-of-distribution
detection is a classification problem with the goal of determining whether a data
point is likely to have been sampled from 𝑝(x) (Yang et al., 2024). This is illustrated
in figure 3.

Figure 3: Illustration of out-of-distribution detection.

There are other classification problems with slightly different end goals: anomaly de-
tection, outlier detection and novelty detection (Yang et al., 2024). However, all three
problems utilize similar methods, and for the purposes of epistemic uncertainty es-
timation, they can be considered to be equivalent. The term out-of-distribution de-
tection is used throughout this thesis, because it most accurately reflects the goal of
estimating epistemic uncertainty.

Out-of-distribution methods broadly fall into two categories: those that rely on re-
construction, and those that rely on datamodelling (Yang et al., 2024). Reconstruction-
based methods rely on the assumption that an autoencoder trained to reconstruct
samples from 𝑝(x) will likely produce higher errors when attempting to reproduce
out-of-distribution samples. Data modelling approaches, on the other hand, con-
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struct approximate models of the probability distribution 𝑝(x) either directly or indir-
ectly. Indirectmethods include the one-class SVM,which transforms the in-distribution
such that it forms a hypersphere with minimal radius, and classifies samples based
on the distance to the center of the hypersphere.

It is worth mentioning here that there are methods that perform out-of-distribution
detection, with relative success, by using the softmax outputs 𝑃(𝑦|𝑥) of a trained
classifier (Yang et al., 2024). However, it has been shown that such methods perform
poorly compared to other methods, and it is trivial to construct examples where they
fail entirely (Xia and Bouganis, 2024).

3.3 Gaussian Processes

It is difficult to discuss uncertainty in the context of machine learning without also
discussing Gaussian processes (Rasmussen and Williams, 2005). Gaussian processes
are a class of non-parametric models that are commonly cited as the gold standard in
terms of machine learning methods with uncertainty estimates. Two main features
set Gaussian processes apart from most other methods: they are non-parametric,
and they are constructed with a probabilistic notion of both aleatoric and epistemic
uncertainty.

Instead of producing a singular maximum likelihood estimate, like most machine
learning methods, predictions from Gaussian processes are Gaussian distributions:

𝑦 ∼ 𝒩(𝜇, 𝜎) .

Here, the final prediction is typically 𝑦 = 𝜇, which corresponds to the maximum
likelihood, and 𝜎 is taken to represent the uncertainty.

A Gaussian process is defined by a mean function 𝑚(x) and a covariance function
𝑘(x,x′). The choice of 𝑚(x) is relatively inconsequential, and therefore it is usually
defined to be a constant function 𝑚(x) = 0. For the covariance function, the most
common choice is the squared exponential:

𝑘(x,x′) = 𝑒− 1
2 ∣x−x′∣2 .

Shared among all kernel functions is the idea that data points that are close to each
other should have a high covariance value, while points farther away should have a
lower covariance.
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Given training data X = [x1, … ,x𝑛] and 𝑌 = [𝑦1, … , 𝑦𝑛], aleatoric uncertainty is
modelled directly by assuming that each 𝑦𝑖 is sampled with Gaussian noise:

𝑦𝑖 ∼ 𝒩(𝑦true
𝑖 , 𝜖) .

Tuning 𝜖 can either constrain or relax the resulting model, and setting 𝜖 = 0 results
in exact interpolation with regard to the predicted mean 𝜇.

Using 𝑚(X) to denote element-wise application of 𝑚(x𝑖), and 𝑘(X,X) to denote pair-
wise application of 𝑘(x𝑖,x𝑗), results in the following formulas for the predictive mean
𝜇 and variance 𝜎:

𝜇 = 𝑚(x∗) + 𝑘(x∗,X) [𝑘(X,X) + 𝜖2I]−1 (𝑌 − 𝑚(X)),

𝜎 = 𝑘(x∗,x∗) − 𝑘(x∗,X) [𝑘(X,X) + 𝜖2I]−1 𝑘(X,x∗) ,

where x∗ denotes a previously unseen point, for which a prediction 𝑦∗ ∼ 𝒩(𝜇, 𝜎) is
made.

Importantly, the formula for the predictive 𝜎 explicitly encodes both aleatoric and
epistemic uncertainty. Specifically, aleatoric uncertainty is modelled by 𝜖, and epi-
stemic uncertainty is modelled by the covariance with regard to the training data
points 𝑘(x∗,X). As a result, Gaussian processes produce a unified scalar that encap-
sulates both forms of uncertainty. It is also interpretable in the form of a variance,
which makes it highly desirable for real-world applications.

The primary drawback of Gaussian processes, hindering their wider deployment, is
the term [𝑘(X,X) + 𝜖2I]−1, which is the inverse of a large matrix that scales with the
number of data samples. Thus, computing a Gaussian process is intractable for most
modern datasets, given their size.
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4 Normalizing Flows

Normalizing flows are a class of models for density estimation, with the capability of
both sampling and evaluating their target probability density (Papamakarios et al.,
2021). These properties make them a versatile model for applications dealing with
uncertainty, and as such they are used extensively throughout this thesis.

Most, if not all, interesting machine learning problems form complex probability dis-
tributions that are difficult to reason about directly. Normalizing flows are construc-
ted based on the idea of transforming a complex distribution into a simple one that is
easy to reason about, and tractable to compute (Papamakarios et al., 2021). Formally,
a normalizing flow is a diffeomorphism: a bijective transformation 𝑇 ∶ ℝ𝑛 ↦ ℝ𝑛,
such that both 𝑇 and 𝑇 −1 are differentiable.

Given a target probability density 𝑝𝑥(x), a normalizing flow is constructed with the
goal of transforming 𝑝𝑥(x) into a different distribution 𝑝𝑢(u). It can be shown that
such a transformation can be constructed for any 𝑝𝑢(u), and hence 𝑝𝑢(u) can be
chosen freely, with the most common choice being 𝑝𝑢 = 𝒩(0, I). Formally:

u = 𝑇 (x), x = 𝑇 −1(u) where

x ∼ 𝑝𝑥(x), u ∼ 𝑝𝑢(u) .

Additionally, 𝑇 being a diffeomorphism allows for an exact expression to evaluate
𝑝𝑥(x) (Papamakarios et al., 2021):

𝑝𝑥(x) = 𝑝𝑢(𝑇 (x)) |det 𝐽𝑇(x)| ,

where 𝐽𝑇(x) denotes the Jacobian matrix for 𝑇. Thus, normalizing flows can sample
from 𝑝𝑥(x) by drawing samples u ∼ 𝑝𝑢(u) and applying the inverse transform
x = 𝑇 −1(u), in addition to being able to evaluate the probability density 𝑝𝑥(x) by
applying the transform 𝑇 (x).

While it is possible, in theory, to construct a transform 𝑇 for any distributions 𝑝𝑥(x)
and 𝑝𝑢(u), it is not trivial in practice. Modern implementations typically rely on
neural networks to construct 𝑇. However, both the inverse transform 𝑇 −1 and the
Jacobian determinant |det 𝐽𝑇(x)| are intractable for neural networks of any mean-
ingful size. Therefore, the structure of the neural network has to be altered to make
these operations tractable.
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The most common neural network-based implementation of 𝑇, and the one adopted
throughout this thesis, is so-called coupling layers, popularized by RealNVP (Dinh
et al., 2017). Given an input x = [𝑥1, … , 𝑥𝑛], a coupling layer splits x into disjoint
parts (Papamakarios et al., 2021). Although x can be split arbitrarily, the standard
choice is to split it into two equal halves:

x1 = [𝑥1, … , 𝑥𝑛/2], x2 = [𝑥𝑛/2+1, … , 𝑥𝑛] .

x1 is then modified by an element-wise invertible and differentiable function, while
keeping x2 fixed. Though other choices exist, the most common is an element-wise
linear function:

x′
1 = x1 ⋅ 𝛼𝛼𝛼 + 𝛽𝛽𝛽

x′
2 = x2 .

Finally, the output is computed by concatenation:

x′ = [x′
1|x′

2] .

This construction results in a triangular Jacobian:

𝐽𝑇(x) =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

𝛼1 0 0 ⋯ ⋯ ⋯
0 ⋱ 0 ⋯ ⋯ ⋯
0 0 𝛼𝑛/2 ⋯ ⋯ ⋯
0 0 0 1 0 0
0 0 0 0 ⋱ 0
0 0 0 0 0 1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

,

for which the determinant is a product along the diagonal:

det 𝐽𝑇(x) =
𝑛/2

∏
𝑖=1

𝛼𝑖 .

In turn, this also allows for 𝛼𝛼𝛼 and 𝛽𝛽𝛽 to be computed arbitrarily. A common choice is
to let them be neural networks operating on x2:

𝛼𝛼𝛼 = NN𝛼(x2), 𝛽𝛽𝛽 = NN𝛽(x2) . (3)

Applying a simple element-wise function to x1 may seem too restrictive for a normal-
izing flow of this type to model any complex probability densities. Indeed, it is un-
known whether coupling layers are universal function approximators (Papamakarios
et al., 2021). Nonetheless, there is evidence that they are capable enough for many
practical applications, for example image generation (Dinh et al., 2017).
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4.1 Normalizing Flows for Out-of-Distribution Detection

While normalizing flows have been successful in sampling from complex densities
(Dinh et al., 2017), it has been observed that they often fail at evaluating densities for
images (Kirichenko et al., 2020). Work by Kirichenko et al. suggests that normalizing
flows tend to learn local correlations between pixels, which produces misrepresentat-
ive density estimates for out-of-distribution images. One of their proposed solutions
to alleviate this issue, and the one adopted in this thesis, is to utilize a pre-trained
neural network, typically a convolutional network, as a feature extractor, and then
training the normalizing flow to approximate the density of those features. This is
illustrated in figure 4.

Figure 4: Illustration of how normalizing flows are applied to features from a pretrained network.

In addition to improving the density evaluation for images, operating on features
from a pre-trained network allows the normalizing flow to be smaller. Consequently,
both training and inference times are significantly reduced.
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5 Uncertainty as a Driver for Adaptability

Figure 5 displays an example where camera-based vision fails. In the leftmost picture
there is a dog clearly visible. A yellow bounding box is also shown, which is an output
detection from YOLOv4 (Bochkovskiy et al., 2020), thus indicating that the dog has
been successfully detected. On the right, there is another picture of the same scene
but from a different viewing angle. This change in viewing angle results in different
lighting conditions, which in turn renders the objects inside the room completely im-
perceptible, including the dog. As a result, the rightmost image is entirely unsuitable
for robotic vision tasks.

Figure 5: An example where taking a picture of the same scene from two different viewpoints produces entirely different images,
one of which is entirely unsuitable for downstream vision tasks.

As mentioned in section 1, all cameras have built-in parameters that can be adjusted
to change the final image. The particular images in figure 5 were taken with a Real-
sense D435, which exposes a total of 9 parameters: backlight compensation, brightness,
contrast, exposure, gain, gamma, saturation, sharpness, andwhite balance. By adjusting
these parameters, the inside of the room can once again be made visible, as shown
in figure 6. Note especially that, after adjusting camera parameters, the dog is suc-
cessfully detected by YOLOv4, which serves as an indication that the resulting image
is suitable for robotic vision. Based on this observation, Paper I proposes to use the
parameters available in a camera to introduce adaptability in robotic vision.

Figure 6: The scene in the rightmost image of figure 5 can be recovered by adjusting camera parameters.
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If camera parameters are to be integrated into robots as a tool for adaption, the para-
meter adjustment needs to be automated, which is non-trivial. There exists no single
parameter configuration that works well for all scenarios, as highlighted by figure
5. Additionally, there may be several parameter configurations that work well for a
given scene, depending on what part of the image should be visible. For example, in
figure 6, it can be argued that both parameter configurations work well depending on
whether the outside or inside of the room should be visible. Complexity of this kind
makes it impractical to construct a step-by-step algorithm for parameter adjustment,
and therefore it is implemented as an optimization problem.

Ultimately, the goal of adjusting camera parameters in the context of robotic vision is
to produce an image suitable for neural network-based analysis. It is well known that
neural networks perform unreliably for out-of-distribution inputs. Conversely, it is
not unreasonable to assume that neural networks perform better for inputs that are
more likely to be in-distribution. Therefore, out-of-distribution detection is used as
the optimization targetmetric. Specifically, a normalizing flow is used to approximate
the log-likelihood ln 𝑝(x) of an image, and the optimization is formulated as:

max
𝜃

ln 𝑝(x) ,

where 𝜃 denotes the available camera parameters.

5.1 Out-of-Distribution Detection for Robot Vision

Out-of-distribution has been used previously in conjunction with robot vision (Yuhas
et al., 2021; Wellhausen et al., 2020; McAllister et al., 2019). However, in previous
works, out-of-distribution has only been applied as a fail-safe, which results in the
robot ceasing operation when an input is deemed to be out-of-distribution. For ex-
ample, Yuhas et al. (2021) use out-of-distribution detection in an autonomous car to
engage emergency braking when an input is deemed out-of-distribution.

Instead of ceasing operation, our work allows the robot to adapt its camera paramet-
ers and continue normal operation.
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5.2 Initial Experiments

With the goal of evaluating the proposed camera parameter adaption, a robot exper-
iment setup is constructed. A robot from our lab is used, pictured in figure 7. It is a
UR5 armmounted on amobile platform, which allows it to easily be moved to explore
a variety of visual scenes. A Realsense D435 is mounted at the gripper, which is the
robot’s only visual input. Throughout this section, the downstream task is assumed
to be object detection with YOLOv4 (Bochkovskiy et al., 2020).

The camera parameter optimization problem is constructed as illustrated in figure 7.
Based on prior experience, our method of choice is evolutionary optimization, as it
is easy to implement while offering competitive performance to other more complex
algorithms (Kristoffersson Lind and Tykesson, 2021). Throughout these experiments,
elitism selection is used, with a population of 50, mutation rate of 20%, no crossover,
and a maximum allowance of 200 parameter evaluations. Since YOLOv4 is trained
on the COCO dataset (Lin et al., 2015), our normalizing flow is trained to recognize
COCO as in-distribution.

Figure 7: Left: Our robot, Heron. Right: Overview of the parameter optimization pipeline.

Before implementing and testing the full parameter optimization problem, an initial
experiment is performed to verify the expressive capabilities of the camera paramet-
ers. Our robot is placed in our lab and images are captured with 10000 randomized
parameter settings. This is repeated with the light turned off, to get both a light and
dark scene. All of the collected images are run through the normalizing flow, and
histograms of the resulting log-likelihoods ln 𝑝𝑥(x) are shown in figure 8, with log-
likelihoods from the COCO training data for comparison. The main takeaway from
these histograms is the fact that varying the camera parameters results in different
images that cover a wide range of log-likelihood values. Importantly, both light and
dark images can be transformed into something the normalizing flow recognizes as
in-distribution. In turn, this gives confidence that the camera parameters are indeed
capable of adapting to a wide range of visual scenarios.
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Figure 8: Histogram of log-likelihood values from 10000 different parameter settings in both a light and dark lab setting. The blue
histogram shows log-likelihoods from the COCO training data, as the reference in-distribution.

With confidence in the camera parameters, a small-scale experiment is constructed
with the full parameter optimization pipeline. Our robot is placed in 13 different
scenes with the task of detecting various objects among the COCO object classes.
Each scene is specifically constructed to include difficult visual elements, such as
bright lights, reflections, and general background clutter. A comparison is made
between the camera’s default parameter configuration, and the best configuration
found by our evolutionary optimization procedure. On average, our parameter op-
timization led to an improvement in object detection performance of approximately
5% in the standard mAP metric1 , and 10% in the mAR metric.

1Both the mAP and mAR metrics have been adopted as standards in the object detection literature.
They are usually attributed to the COCO dataset, but they are not included in the paper. Instead, see
https://cocodataset.org/#detection-eval for a description of the actual metrics.
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5.3 Global vs. Local Uncertainty Estimation

While the experiments presented above were successful, they serve as little more than
proof of concept, and more data is required to decidedly show the efficacy of the pro-
posed parameter optimization method. In order to gather more data, a fully auto-
mated experiment is constructed, in which the same robot is deployed in a tabletop
object picking task. A tabletop picking task is constructed with 8 different objects
from the COCO categories surrounded by various clutter found in our lab. To make
the task more difficult, the ceiling lights are turned off, and a lamp2 is placed in the
middle of the table facing up, which results in a very difficult visual input. This tab-
letop picking scene is pictured in figure 9. Note that the leftmost picture is taken
with the ceiling light on only for illustrative purposes, and the ceiling light is kept off
for the entirety of the picking experiment. Finally, the experiment is automated by
letting the robot arm move autonomously to random positions on a semi-circle above
the tabletop, with the camera angled directly at the scene.

Figure 9: Cluttered tabletop picking scene. Left: ceiling lights on. Right: Ceiling lights off.

Upon deploying our previously proposed camera parameter optimization pipeline in
this experiment, it often produced poor images with only the lamp visible, as shown
in figure 10. One possible explanation for this behaviour is that the tabletop scene
itself, especially in the dark, is out-of-distribution in reference to the COCO training
data. Hence, the normalizing flow might produce low log-likelihoods for all images,
regardless of their parameter configuration, which in turn might invalidate the or-
dering of log-likelihood values. It was observed, however, that for many parameter
configurations, such as the one shown in figure 9, many of the objects were visible,
and would likely be classified as in-distribution when viewed in isolation. This led to
the hypothesis that our parameter optimization could be improved by constructing
an uncertainty estimate that can be evaluated locally in a region of the input image.

2Side note: the original lamp broke and was replaced roughly halfway through the experiments,
that’s why you’ll see two different lamps in the figures.
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Figure 10: Example where our initial parameter optimization failed in the new automated experiment.

Normalizing flows, by default, produce a singular log-likelihood value for an entire
image, and it is not obvious how they could be used to construct a local uncertainty
estimate. The work presented in Paper II draws inspiration from saliency maps (Si-
monyan et al., 2014) used in image classification tasks, and investigates the pixel-wise
gradient with regard to the log-likelihood calculated by the normalizing flow.

Saliency maps are produced by calculating the pixel-wise gradient with respect to
a specific class label (Simonyan et al., 2014), with the reasoning that they highlight
which pixels contributed to choosing that specific label. Normalizing flows do not
produce class labels, but rather a single log-likelihood score. In spite of this difference,
a similar reasoning can be applied, in that the pixel-wise gradient highlights which
pixels contribute to the log-likelihood score. Since gradients tend to be small close
to an optimum, it is reasonable to assume that regions of an image that are out-of-
distribution (far from an optimum) should exhibit larger gradient values. Thus, given
an input image 𝐼, the absolute pixel-wise gradients are computed to form a gradient
image ∇𝐼:

∇𝐼𝑦𝑥 = ∣𝛿 ln 𝑝(𝐼)
𝛿𝐼𝑦𝑥

∣ ,

where 𝐼𝑦𝑥 denotes the pixel at coordinate (𝑥, 𝑦). This is illustrated in figure 11.

Figure 11: Illustration of how the normalizing flow absolute gradient image ∇𝐼 is computed using backpropagation.
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Figure 12: Example visualization of the absolute image gradient with respect to the normalizing flow log-likelihood.

Upon visual inspection of this absolute gradient image, our reasoning appears to hold,
as shown in figure 12. Of course, visual inspection is insufficient as evidence. There-
fore, two large-scale empirical tests are performed.

First, a classical out-of-distribution experiment is performed using the Cifar10 (Kr-
izhevsky et al., 2009), SVHN (Netzer et al., 2011), and CelebA (Liu et al., 2015) datasets,
where one dataset is trained as in-distribution and the others should be classified as
out-of-distribution. An EfficientNet (Tan and Le, 2020) pre-trained on ImageNet (Rus-
sakovsky et al., 2015) is used as the backbone for feature extraction. Since this exper-
iment classifies whole images as in- or out-of-distribution, the average of a gradient
image is computed to produce a singular score for a whole image. Results in table 1
show that the absolute gradient is able to classify out-of-distribution images with a
similar accuracy compared to the log-likelihood.

Table 1: Success rates for out-of-distribution detection at a fixed 5% false-positive rate. Comparison between direct log-likelihood
and our proposed absolute gradient image. Rows denote the training dataset used as in-distribution, and columns denote
the out-of-distribution datasets.

ln𝑝(𝐼) ∇𝐼
Cifar10 SVHN CelebA Cifar10 SVHN CelebA

Train
Cifar10 - 0.4148 0.9953 - 0.6688 0.9205
SVHN 0.999 - 1.0 0.972 - 0.9999
CelebA 1.0 1.0 - 0.9464 0.9747 -

Second, an experiment is performed with the COCO dataset, in which the absolute
gradient is compared between correct and incorrect object bounding boxes. Here,
the average gradient is computed only inside each object’s predicted bounding box.
For YOLOv4, the absolute gradients within correct bounding boxes are roughly 19%
smaller on average compared to incorrect bounding boxes. These results are repro-
duced for Faster-RCNN (Ren et al., 2016), for which the difference is roughly 21%.
Both results are shown in table 2.
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Table 2: Average absolute gradients for COCO object detection.

Correct bounding box Incorrect bounding box
YOLOv4 0.4447 0.5640

Faster-RCNN 0.7658 0.9510

Together, these experiments show empirically that the proposed absolute gradient
is capable of estimating uncertainty at the pixel-level. A noteworthy consequence
of providing uncertainty at a pixel-level is the fact that only a single forward and
backward pass through the feature extractor and normalizing flow is required, which
then allows for an uncertainty estimate over any given region within an image by
averaging over pixels.

Returning to our automated tabletop object detection experiment, the absolute gradi-
ent image is integrated as an alternative uncertainty estimate in our camera para-
meter optimization pipeline. To leverage the local nature of the gradient image,
the average gradient is computed only within the predicted bounding boxes from
YOLOv4. When no bounding boxes are predicted, the average is instead computed
over the entire gradient image as a fallback. Throughout 83 object detection trials,
with randomized viewing angles, optimizing camera parameters based on the gradi-
ent image resulted in 114 successful object detections, which is a 60% improvement
compared to optimizing based on the log-likelihood directly, and a 150% improve-
ment compared to the camera’s default parameters. Counterintuitively, the cam-
era’s default parameters with auto-exposure enabled performed the worst out of the
4 configurations tested. The total successful detections for each configuration are
summarized in table 3.

Table 3: Total successful object detections for the automated experiment.

Default Parameters
Autoexposure off

Default Parameters
Autoexposure on

Optimization w.r.t.
ln𝑝(𝐼)

Optimization w.r.t.
∇𝐼

45 42 71 114
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5.4 Qualitative Observations

Figure 13: Example images from the automated tabletop object detection experiment. Top left: Default camera parameters. Top
right: Default camera parameters with autoexposure. Bottom left: Parameters optimized w.r.t. ln𝑝(𝐼). Bottom Right:
Parameters optimized w.r.t. ∇𝐼.

Figure 13 shows images captured in one of the 83 trials with YOLO’s predicted bound-
ing boxes drawn on top. It is immediately clear that the parameter configuration
optimized based on ∇𝐼 is the only one where 3 objects are successfully detected,
even though the image produced by optimizing based on ln 𝑝(𝐼) looks similar to the
human eye. Interestingly, both images produced by our camera parameter optimiza-
tion feature a larger region that is over-exposed. Nonetheless, these two images both
feature a clearer view of the visible COCO objects compared to the two images with
default parameters. An important observation, highlighted by these example images,
is the fact that the parameter configurations that are most suitable for downstream
vision tasks, are not necessarily the same ones that a human would select. This re-
inforces the argument from section 1, that image quality metrics based on human
preferences are likely not ideal in the context of adaptable vision.
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6 Calibration for Regression

Given that the work presented in section 5 relies on uncertainty estimation, it is
reasonable to analyze the uncertainty estimate itself. Uncertainty estimation is ul-
timately a question about trust. Predictions from a neural network cannot naively
be trusted, and thus uncertainty estimates are used to convey a notion of how trust-
worthy a given prediction is. However, it can be argued that the uncertainty estimate
itself cannot be naively trusted either. Therefore, this section explores methods of as-
sessing how accurate and trustworthy an uncertainty estimate is.

As outlined in section 3.2, epistemic uncertainty is closely related to the problem of
out-of-distribution detection, and indeed out-of-distribution detection is an appropri-
ate setting to verify epistemic uncertainty estimates. If an estimate can accurately de-
termine whether data samples are in- or out-of-distribution, then it is deemed trust-
worthy. Since out-of-distribution detection deals with data distributions directly, it
is valid for both classification and regression tasks.

Aleatoric uncertainty is dealt with in different ways for classification and regression
tasks. For classification tasks, aleatoric uncertainty is evaluated by measuring calib-
ration (Guo et al., 2017). A model is said to be calibrated if the predictive confidence
matches the true probability:

𝑃(𝑦|𝑥) = 𝑝 .

Here, 𝑝 denotes the true probability that the label 𝑦 is correct. This definition leads
to a natural notion of calibration error :

𝐸 [|𝑃 (𝑦|𝑥) − 𝑝|] .

In practice, 𝑝 has to be empirically estimated, which leads to a metric called expected
calibration error (ECE) (Guo et al., 2017). Given an evaluation dataset
𝒟 = {(𝑥1, 𝑦1), … (𝑥𝑛, 𝑦𝑛)}, ECE is calculated by splitting the data into bins 𝑏1, … , 𝑏𝑚:

𝑏𝑖 = {(𝑥𝑘, 𝑦𝑘) ∣ 𝑖 − 1
𝑚

< 𝑃(𝑦𝑘|𝑥𝑘) ≤ 𝑖
𝑚

} ,

and subsequently calculating the difference between the average confidence and ac-
curacy for each bin:

ECE(𝒟) =
𝑚

∑
𝑖=1

|𝑏𝑖|
𝑛

|conf(𝑏𝑖) − acc(𝑏𝑖)| ,
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where

conf(𝑏𝑖) = 1
|𝑏𝑖|

∑
(𝑥𝑘,𝑦𝑘)∈𝑏𝑖

𝑃( ̂𝑦𝑘|𝑥𝑘) ,

acc(𝑏𝑖) = 1
|𝑏𝑖|

∑
(𝑥𝑘,𝑦𝑘)∈𝑏𝑖

1( ̂𝑦𝑘 = 𝑦𝑘) .

Throughout these formulas, |𝑏𝑖| denotes the number of data points in bin 𝑏𝑖, ̂𝑦𝑘 de-
notes the predicted label corresponding to (𝑥𝑘, 𝑦𝑘), and 1 denotes the indicator func-
tion.

While there have been criticisms of ECE (Popordanoska et al., 2022), those criticisms
are directed at the use of binning rather than the notion of calibration error itself. In
other words, there have been different methods proposed for computing calibration
error, but the concept itself remains undisputed.

In contrast to classification, regression tasks do not lend themselves to the same ease
of analysis, the primary reason being the fact that continuous spaces require prob-
ability densities. Hence, evaluating calibration requires estimating the probability
density of both the prediction, and the evaluation dataset itself, both of which are
non-trivial. Naturally, evaluation is only possible for models that output an uncer-
tainty, and therefore only models with uncertainty estimates are considered through-
out this section.

There is no de-facto method of measuring calibration for regression models, but
rather several methods used in different works. A rigorous analysis of these methods
is lacking, however. As such, the goal of Paper III is not the creation of a newmethod
to measure calibration, but rather to provide an analysis of existing methods.

6.1 Calibration Metrics for Regression Tasks

Four primary metrics are identified throughout literature, that each server the pur-
pose of measuring calibration for regression models: Area Under Sparsification Er-
ror (AUSE) (Ilg et al., 2018), Spearman’s Rank Correlation (Spearman, 1904), Negat-
ive Log-Likelihood (NLL) (Lakshminarayanan et al., 2017), and Calibration Error (CE)
(Kuleshov et al., 2018).

Note that, while they borrow the same name, the calibration error proposed byKuleshov
et al. (2018) is not identical to the concept of calibration error for classification.
Hence, the shorthand CE is used to differentiate it from the ECE metric for classi-
fication.
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Area Under Sparsification Error

Given an evaluation dataset 𝒟 = {(𝑥1, 𝑦1), … (𝑥𝑛, 𝑦𝑛)} and corresponding predic-
tions ̂𝑦1, … ̂𝑦𝑛, a sparsification curve is computed based on the mean absolute error
(MAE):

MAE(𝒟) = 1
𝑛

𝑛
∑
𝑖=1

| ̂𝑦𝑖 − 𝑦𝑖| .

The sparsification curve is generated by recording the MAE, while iteratively remov-
ing the data point with the highest predicted uncertainty. Under this procedure, the
resulting sparsification curve should ideally be monotonically decreasing, which im-
plies that the predicted uncertainty is correlated with the error. A so-called oracle
curve is generated by repeating the same procedure of recording MAE, but instead
iteratively removing the data point with the highest error. No sparsification curve
can decrease faster than the oracle curve, and thus AUSE is formulated as the area
between the sparsification curve and the oracle.

Spearman’s Rank Correlation

Given a list 𝐿 = [𝑙1, … , 𝑙𝑛], the rank of an element 𝑙𝑖 is the index that element would
have if the list were sorted, formally (Spearman, 1904):

rank(𝑙𝑖) = 1 + |{𝑙𝑘 | 𝑙𝑘 < 𝑙𝑖, 𝑙𝑘 ∈ 𝐿}| ,

where |{…}| denotes the number of elements in the set. A corresponding sequence
can be constructed:

Rank Seq(𝐿) = [rank(𝑙1), … , rank(𝑙𝑛)] .

As the name suggests, Spearman’s rank correlation is the correlation between two
rank sequences. While this is an old method, originally constructed by Spearman
for his small-scale psychology experiments, it has received newfound attention as a
calibration metric (Tan et al., 2023). In this context, the rank correlation is computed
between the predicted uncertainty, and the absolute prediction errors.

Negative Log-Likelihood

NLL is a common scoring function, used across many different machine learning ap-
plications (Bishop, 2006). Formally, it is nothing more than the sum of negative log-
likelihoods over an evaluation dataset 𝒟 = {(𝑥1, 𝑦1), … , (𝑥𝑛, 𝑦𝑛)}:

NLL(𝒟) = − ∑
(𝑥𝑖,𝑦𝑖)∈𝒟

log 𝑝(𝑦𝑖|𝑥𝑖) .
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It has been shown that NLL is a strictly proper scoring rule (Gneiting and Raftery,
2007), which means that it is minimal if and only if the predicted distribution 𝑝(𝑦|𝑥)
is equal to the true data distribution. This property makes NLL useful as a measure
of calibration, since it measures how well the learned uncertainty matches the data
distribution. Its only notable caveat, in principle, is the fact that it requires the un-
certainty estimate to be a probability density, which prohibits its use with other type
of uncertainty estimates, like loss prediction (Yoo and Kweon, 2019).

Calibration Error

Kuleshov et al. (2018) present a variant of ECE that is adapted for regression. Since
regression tasks do not allow for direct probability estimation, Kuleshov et al. instead
choose to formulate a score based on the cumulative distribution of the estimated
uncertainty:

𝑃(𝑦𝑖 | 𝑥𝑖) = 𝑝(𝑦 < 𝑦𝑖 | 𝑥𝑖) .

This formulation allows for a binning approach similar to the one used in ECE. Bins
𝑏1, … , 𝑏𝑚 are constructed from the evaluation dataset 𝒟 = {(𝑥1, 𝑦1), … , (𝑥𝑛, 𝑦𝑛)}:

𝑏𝑖 = {𝑦𝑘 | 𝑃 (𝑦𝑘|𝑥𝑘) ≤ 𝑝𝑖} ,

where 𝑝𝑖 = 𝑖
𝑚 denotes the upper bound for bin 𝑏𝑖. Note the absence of a lower bound.

These bins are turned into empirical frequencies:

̂𝑝𝑖 = |𝑏𝑖|
𝑛

,

and subsequently compared to the true frequencies 𝑝𝑖:

CE(𝒟) =
𝑚

∑
𝑖=1

𝑤𝑖( ̂𝑝𝑖 − 𝑝𝑖)2 ,

where 𝑤𝑖 are arbitrary scaling weights. Intuitively, this formula follows a similar
logic compared to the original calibration formulation for classification: for a given
threshold, say 50%, the cumulative distribution should report 𝑃(𝑦𝑘|𝑥𝑘) < 50% for
approximately 50% of the samples.
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6.2 Analysis

For the purpose of analyzing calibrationmetrics, 4 toy problems are constructed, each
featuring a different form of uncertainty:

• homoscedastic: Gaussian noise with fixed standard deviation,

• heteroscedastic: Gaussian noise with variable standard deviation,

• multimodal: two distinct modes in the data distribution,

• epistemic: missing training data in a fixed region.

Datasets are created from each toy problem, consisting of 100000 training, 1000 val-
idation, and 1000 test samples. Two different models are trained for each toy dataset:
a Gaussian ensemble model (Lakshminarayanan et al., 2017), and an energy-based
regression model (Gustafsson et al., 2020). These models exhibit some differences in
terms of learning the training data distribution, which makes it interesting to observe
whether these differences can be accurately detected by each calibration metric.

All 4 toy datasets, along with the models’ predicted uncertainties, are shown in figure
14. Note especially the central region in the epistemic dataset, where the predictions
from both models deviate significantly from the evaluation data. That is the region
where data was omitted during training to create epistemic uncertainty.

Homoscedastic Heteroscedastic Multimodal Epistemic
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Figure 14: Toy datasets with predicted uncertainties. Countour plots: predicted uncertainty. Yellow indicates low uncertainty, and
dark blue indicates high uncertainty. Orange scatter plot: evaluation data. Blue scatter plot: predictions ̂𝑦𝑖. Top row:
Gaussian ensemble model. Bottom row: energy-based model.
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Results from calculating all 4 calibration metrics for both models, and all 4 toy data-
sets are presented in table 4. One of the benefits of using toy datasets is that the
ground truth data distribution is known and can be evaluated. Metrics for the ground
truth distributions are also displayed in table 4 for comparison.

Table 4: All calibration metrics for both models on all toy datasets. ↓: lower value is better. ↑: higher value is better.

AUSE↓ CE↓ NLL↓ Spearman↑

Homoscedastic:
Ensemble 0.5915 0.0023 -0.8819 0.0444

Energy-Based 0.5707 0.0032 -0.8568 -0.0264
Ground truth 0.5917 0.0003 -0.8965 0.0076

Heteroscedastic:
Ensemble 0.2334 0.0001 -0.1091 0.0005

Energy-Based 0.2422 0.0001 -0.0990 -0.0419
Ground truth 0.2305 0.0001 -0.1472 0.0280

Multimodal:
Ensemble 0.0071 0.0229 0.8098 -0.0420

Energy-Based 0.5821 0.0018 -0.6535 0.0093
Ground truth 0.5180 0.0001 -0.7935 0.0073

Epistemic:
Ensemble 0.6016 0.0145 36.4332 0.0298

Energy-Based 1.3888 0.0298 31.2425 0.0067
Ground truth 0.5454 0.0001 -1.5871 -0.0194

From the plots, it can be observed that both models learn an uncertainty that looks to
fit the homoscedastic and heteroscedastic data well. The energy basedmodel appears
to also fit the multimodal dataset well, whereas the ensemble fails spectacularly due
to only being able to output a singular Gaussian, though it accurately represents the
error in its predictions. Both models fail to model the out-of-distribution region in
the epistemic dataset, which is entirely expected.

Combining the visual observations with the table leads to a few interesting conclu-
sions. First and foremost, Spearman’s rank correlation fails completely, producing
values that are seemingly random, and all close to 0, even for the ground truth. Since
Spearman’s rank correlation computes a direct correlation between ranks, it is dir-
ectly unsuitable for large and dense datasets, as small differences in error or uncer-
tainty can lead to large differences in rank. Second, AUSE appears to reflect our visual
observations well, except in the case of the multimodal dataset, where it seems to im-
ply that the ensemble is better than the ground truth. This highlights the fact that
AUSE correlates uncertainty with prediction errors, and does not directly compare
the probability densities, which may or may not be desirable depending on the ap-
plication. Finally, both NLL and calibration error match our visual observations well
across all datasets, though they are not always in agreement as to which model is
better. A major drawback of NLL in the context of calibration is the fact that it is
difficult to interpret on its own, since it has no clear bounds. Hence, NLL is useful for
comparing different models, but might not be ideal for measuring calibration with
the goal of determining whether an uncertainty estimate is trustworthy.
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6.3 Convergence and Bias

AUSE Spearman NLL CE

Figure 15: Left: simulated iterative data collection. Right: average of 100 I.I.D. datasets of different sizes.

All of the metrics investigated in this section are estimated based on a finite evalu-
ation dataset. Hence, the size of the evaluation dataset has the potential to greatly
impact the resulting estimate. First, all estimates are assumed to converge to a “true”
value for a large enough evaluation dataset, and therefore it is of interest to evaluate
how much data is required for each metric to reach convergence. Second, an ideal
metric should be an unbiased estimator, even for small data samples.

In order to investigate the convergence of each metric, a data collection procedure is
simulated by iteratively sampling a validation dataset from our heteroscedastic toy
problem. Starting from 4 samples, each metric is evaluated with the ensemble model
at multiples of 2 up to 216 samples.

A similar procedure is used to investigate bias. Instead of iteratively sampling a single
dataset, 100 datasets are sampled I.I.D. from our heteroscedastic toy problem at each
size, again from 4 up to 216 samples.

Results for both of these experiments are shown in figure 15. In terms of convergence,
it is clear that none of the metrics are converged at only 4 or 16 evaluation samples,
which is entirely expected. CE appears to reach convergence the fastest, already at
25 samples, though, all metrics appear to have converged at a dataset size of 210. As
such, convergence should pose no issue for modern machine learning applications,
unless data is particularly difficult to acquire. Somewhat surprisingly, all of the met-
rics appear to be biased at very small dataset sizes. AUSE and CE seem to be the
least biased at small dataset sizes. Like with convergence, bias appears to pose no
real issue at any meaningful dataset size.
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7 Combined uncertainty estimates

Looking back at the camera parameter adaption presented in section 5, especially in
hindsight after the analysis of calibration in section 6, it is clear that out-of-distribution
detection is not a complete solution for uncertainty estimation. While the original
reasoning still holds, out-of-distribution detection entirely neglects any notion of
aleatoric uncertainty. Initially, it may seem reasonable to simply add an aleatoric
uncertainty estimate, resulting in one estimate for each type of uncertainty. How-
ever, if integrated into the context of camera parameter adaption, our optimization
problem in section 5 would turn into a multi-objective optimization problem, thus
greatly increasing its complexity (Deb et al., 2016). Therefore, it is desirable to in-
stead create a singular, unified uncertainty estimate that models both epistemic and
aleatoric uncertainty.

7.1 SCOD

Throughout this thesis, uncertainty estimates are used as a means for adapting and
overcoming difficult situations. Parallel to this, there exists a research problem called
selective classification (El-Yaniv andWiener, 2010), which is essentially a regular classi-
fication problemwith the added option to reject a data sample. As the name suggests,
classification is the primary task, and rejection is merely a mechanism to improve
classification accuracy over the non-rejected samples. Thus, selective classification
is a clear use-case for aleatoric uncertainty estimates as a rejection criterion.

Selective classification has later been extended into a problem called unknown detec-
tion (Kim et al., 2023) or Selective Classification in the presence of Out-of-distribution
Data (SCOD) (Xia and Bouganis, 2024). These two terms refer to the same problem,
and the term SCOD is used throughout this thesis as it more clearly conveys the fo-
cus on classification as the primary task. Again, as the name suggests, SCOD is an
extension of selective classification where out-of-distribution samples should also be
rejected.

SCOD is formalized as a dual classification problem. The evaluation data is split into
three distinct categories:

• ID✓: data points that are in-distribution, and correctly classified.

• ID×: data points that are in-distribution, but incorrectly classified.

• OOD: data points that are out-of-distribution.
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Based on these categories, AUROC scores are computed separately for two classi-
fication tasks: ID✓vs. ID×, and ID✓vs. OOD. Essentially, ID✓vs. ID×reflects the
original selective classification problem, and ID✓vs. OOD is added to account for
out-of-distribution samples.

Viewed in the context of uncertainty estimation, the classification problem ID✓vs.
ID×measures the efficacy of an aleatoric uncertainty estimate, and ID✓vs. OOD
measures the efficacy of an epistemic uncertainty estimate. However, it is worth
noting that the standalone problem of out-of-distribution detection is a classification
problem of ID vs. OOD, where ID denotes the union ID✓∪ ID×. Hence, the ID✓vs.
OOD classification task offers a different, potentially less nuanced, approach of eval-
uating an epistemic uncertainty estimate.

7.2 SIRC

Softmax Information Retaining Combination (SIRC) proposed by Xia and Bouganis
(2024), is a method of combining two confidence scores 𝑠1 and 𝑠2, where 𝑠1 is as-
sumed to perform well for ID✓vs. ID×classification, and 𝑠2 is assumed to perform
well for ID✓vs. OOD classification. In the context of this thesis, 𝑠1 represents an
aleatoric uncertainty estimate, and 𝑠2 represents an epistemic uncertainty estimate.
Recall that confidence and uncertainty can be considered equivalent, but inverse.
SIRC is formulated as follows:

𝑆𝐼𝑅𝐶(𝑠1, 𝑠2) = −(𝑠𝑚𝑎𝑥
1 − 𝑠1) (1 + 𝑒−𝑏(𝑠2−𝑎)) ,

where 𝑠𝑚𝑎𝑥
1 denotes a known upper bound for the 𝑠1 score. This equation forms a

sigmoid in the (𝑠1, 𝑠2)-plane, and the parameters 𝑎 and 𝑏 control its location and
shape.

Xia and Bouganis evaluate SIRC using different combinations of scores 𝑠1 and 𝑠2. For
𝑠1 they evaluate both the maximum softmax probability (MSP)

MSP = max
𝑖

𝜋𝑖 ,

and the negative softmax entropy

ℋ = ∑
𝑖

𝜋𝑖 log𝜋𝑖 .

In both of these formulas 𝜋𝑖 denotes the output probabilities from a softmax opera-
tion.

35



All scores for 𝑠2 operate on a feature vector z, which denotes the input before the
last hidden layer of the classification model. They evaluate the following scores for
𝑠2: the L1-norm ||z||1, the residual score ∣∣z𝑃 ⟂ ∣∣

2
by Wang et al. (2022), and the L2-

normalized distance to z’s 𝑘th nearest neighbor in the training data. Note that z is
the same type of features used with normalizing flows throughout our work.

7.3 GPify

On the surface, SIRC appears fit our requirements. It is, after all, a singular score
that combines both aleatoric and epistemic uncertainty estimates. SIRC would likely
workwell if integrated into our camera parameter optimization in section 5. However,
SIRC is difficult to interpret, mainly because it has an upper bound of 0 and entirely
lacks a lower bound. In robotics, there is generally a human operator in charge of
overseeing the robot’s operation. As such, it is desirable for an uncertainty estimate
to be interpretable by a human to facilitate efficient and reliable decision-making.
Therefore, Paper IV proposes GPify, which is a combined uncertainty estimate with
a focus on interpretability.

Like our previous work in section 5, normalizing flows are chosen here to repres-
ent epistemic uncertainty. Normalizing flows are a good fit for our requirements in
this section since they implement an exact formula for the learned probability dens-
ity. Additionally, as they represent densities directly, they can be made interpretable
with maintained probabilistic integrity. For aleatoric uncertainty, we follow SIRC and
use the maximum softmax probability. Based on the general availability of softmax
probabilities in classification models, there is little need to replace it with a different
estimate.

Making Normalizing Flows Interpretable

Normalizing flows, by default, output log-likelihoods ln 𝑝(x), which are not easily
interpretable for a human operator. Therefore, the first step in designing an inter-
pretable score is to make the normalizing flow interpretable. This is done by con-
verting its log-likelihoods into probabilities by using an empirical distribution given
a dataset 𝑆:

Pr(x) = |{x𝑖 | ln 𝑝(x𝑖) ≤ ln 𝑝(x), x𝑖 ∈ 𝑆}|
|𝑆|

.

As usual, || denotes the number of elements in a set. 𝑆 can either be taken from
the training or validation data for the normalizing flow, or it can be sampled from
the normalizing flow itself. Sampling 𝑆 from the normalizing flow is likely beneficial
when data is sparse.
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Designing a Combined Score

GPify is designed with inspiration from Gaussian processes (GP), hence the name.
As outlined in section 3.3, Gaussian processes produce an interpretable uncertainty
estimate by design, that reflects both aleatoric and epistemic uncertainty.

In order to analyze, and ultimately mimic Gaussian processes, a Gaussian process is
trained on a simple two-class classification problem, and its estimated confidence is
plotted in figure 16. Figure 16 also visualizes the confidences from a sigmoid classifier,
and a normalizing flow with an empirical probability as described above. Note that
the sigmoid is used in place of softmax since this is a two-class problem. TheGaussian
process exhibits two primary features that are desirable for an interpretable confid-
ence: first, it has a baseline uncertainty = 1

2 in regions where data is sparse, and
second, it has a negative mode to express that a data point explicitly is not class 1.

Figure 16: A trivial two-class classification problem. Left: Gaussian process confidence. Right: Sigmoid and normalizing flow con-
fidence.

Normalizing flows have no notion of classes, which results in one mode of confidence
for each class. Conversely, the sigmoid is able to differentiate between classes, but
does not possess a baseline uncertainty like the Gaussian process.

A first step towards combining the softmax and normalizing flow comes from the ob-
servation that multiplying their confidences effectively selects a mode. Additionally,
the sigmoid can be shifted by a constant −1

2 without loss of classification perform-
ance. Multiplying the normalizing flow’s confidence by a shifted sigmoid results in a
negative mode similar to the Gaussian process. Of course, this results in confidence
values < 0, which is undesirable from an interpretability standpoint. Shifting the
result back into the range [0, 1] by adding the baseline uncertainty 1

2 results in our
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formulation of GPify:

GPify(x) = (𝜎(x) − 1
2

) ⋅ Pr(x) + 1
2

,

where 𝜎 is used to denote the sigmoid function. This construction is illustrated in
figure 17. Notice that our GPify score mimics the exact structure of the Gaussian
process, with the only major difference being the fact that GPify’s modes are signi-
ficantly narrower.

Figure 17: A trivial two-class classification problem. Left: Sigmoid shifted by − 1
2 , and normalizing flow. Right: Gaussian process

and GPify.

Extending GPify to multi-class problems is done by replacing sigmoid with the max-
imum softmax probability, and adjusting the baseline uncertainty to be 1

𝐶 where 𝐶
denotes the number of classes. This leads to our final, generalized formulation of
GPify:

GPify(x) = (MSP(x) − 1
𝐶

) ∗ Pr(x) + 1
𝐶

.

In order to verify that GPify is well-behaved even for multi-class problems, an experi-
ment is constructed using theMNIST dataset (Lecun et al., 1998). MNIST is visualized
in 2D using UMAP (McInnes et al., 2020). Specifically, a parametric version of UMAP
(Sainburg et al., 2021) allows for a bijective transformation between digits and the
2D visualization space. In turn, the bijective UMAP allows contour plots to be made
from each respective models’ confidence estimates. Figure 18 shows a comparison
between GPify and a Gaussian process when applied to MNIST. Note, again, the
similarity between the predicted confidences. Additionally, here GPify’s narrower
confidence modes appear to be an asset compared to the Gaussian process, which
assigns more confidence mass outside of the data regions.
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Figure 18: Contour plots from MNIST, mapped into the 2D plane using UMAP. Each color of the scatter points indicate a digit
class. The two leftmost plots display their respective model’s confidence in 𝑐𝑙𝑎𝑠𝑠 = 4, and the two rightmost display
confidence for 𝑐𝑙𝑎𝑠𝑠 = 1.

7.4 Interpretability

Since the foundation of GPify is a multiplication of the softmax probability 𝑃(𝑦|x),
and the normalizing flow probability Pr(x), a possible interpretation is that GPify
forms a joint distribution, roughly:

GPify(x) = 𝑃(𝑦, x ∼ 𝑝𝑥(x)) .

In the context of robotics, this can in turn be interpreted as a probability that both
the image capture and image analysis are correct.

7.5 Empirical Evaluation

While the above visualizations inspire confidence that GPify is well-behaved, they
are insufficient for any real conclusions. Therefore, a large-scale SCOD experiment
is constructed. For this purpose, a subset of 150 classed from the ImageNet data-
set (Russakovsky et al., 2015) is used. These classes are further divided into an in-
distribution dataset with 100 classes, which leaves 50 classes out-of-distribution.

A classifier and corresponding normalizing flow are trained on the in-distribution
dataset. GPify is then evaluated and compared to SIRC and all its variations in terms
of: ID✓vs. ID×classification, ID✓vs. OOD classification, and ID vs. OOD classific-
ation. Note the addition of ID vs. OOD classification, which is not present in the
original SCOD problem setting. This is added for the purpose of ensuring that GPify
does not degrade the performance of the standalone normalizing flow in terms of
pure out-of-distribution detection.

In order to verify that GPify is not dependent on a specific classifier architecture,
this SCOD experiment is repeated four times with different classifier architectures:
ResNet (He et al., 2016), EfficientNet (Tan and Le, 2020), ViT (Dosovitskiy et al., 2021),
and Swin (Liu et al., 2021).
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Section 7.3 briefly mentioned that there are different possibilities for constructing
the dataset 𝑆, that is used as the basis of the empirical distribution Pr(x). Different
choices of 𝑆 may impact the resulting performance of GPify, and therefore 3 different
methods are evaluated for constructing 𝑆. First, 𝑆 is taken to be the normalizing
flow’s training data. Second, 𝑆 is sampled from the normalizing flow. When sampling
from a normalizing flow, a sample is drawn from a standard Gaussian u ∼ 𝒩(0, I)
and transformed to produce the sample x = 𝑇 −1(u). Thus, another way of changing
the composition of 𝑆 is to change the standard deviation in the Gaussian samples:
u ∼ 𝒩(0, 𝜎I). Our third method optimizes the standard deviation 𝜎 to maximize the
ID✓vs. ID×classification accuracy on the normalizing flow’s training data. These 3
variants of GPify are denoted, respectively: GPify|train, GPify|𝜎=1, and GPify|𝜎=opt.

Table 5 displays AUROC scores for each evaluated classification task. In the interest
of providing easily readable results, table 5 provides a reduced table with scores av-
eraged across the 4 classifier architectures. Additionally, only one variant of SIRC is
provided for comparison, specifically the variant where the maximum softmax prob-
ability is used for 𝑠1, and the L1-norm ||z||1 is used for 𝑠2. This variant of SIRC is
chosen as it performed the best overall throughout our experiments. Complete tables
of results are available in Paper IV.

Table 5: AUROC scores for the SCOD evaluation for GPify compared to best variant of SIRC, averaged over the 4 classifier architec-
tures.

ID✓vs. ID× ID✓vs. OOD ID vs. OOD
SIRC(𝑠1 = MSP, 𝑠2 = ||z||1) 88.32% 85.06% 77.90%

GPify|train 86.61% 86.45% 80.33
GPify|𝜎=1 88.18% 87.72% 82.50
GPify|𝜎=opt 88.74% 87.88% 82.20%

It is immediately clear from table 5 that our GPify is a strong contender in the SCOD
framework. Overall, it appears that GPify performs marginally worse than SIRC on
average for ID✓vs. ID×classification, though it compensates with superior OOD clas-
sification. Since table 5 omitsmany details, the purpose here is not to claim that GPify
is decidedly better than SIRC. Rather, the only goal in this evaluation is to show that
GPify offers competitive SCOD performance, while offering advantages in terms of
interpretability.
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7.6 Adversarial Detection

Adversarial examples are data samples that are purposefully changed to produce a
wrong classification (Szegedy et al., 2014). Specifically, they are created by taking an
existing image, and adding an imperceptible amount of noise to it. In practice, this is
done by a few steps of gradient descent, to minimize the softmax probability of the
correct class (Kurakin et al., 2017). As such, Adversarial examples can be considered a
special case of out-of-distribution samples. Furthermore, since they are constructed
by manipulating the softmax probabilities, they cannot be accurately detected by
softmax alone. Therefore, it is interesting to investigate whether GPify can be used
to detect adversarial examples despite relying on softmax for aleatoric uncertainty.

An experiment is constructed using the same 4 classifier architectures, and the same
dataset from our SCOD evaluation. For each image in the in-distribution dataset, 4
different adversarial examples are created: one using the minimal number of gradient
descent steps to produce a wrong classification, and one each when a wrong class is
predicted with 90%, 95%, and 99% softmax confidence. GPify|𝜎=1 is then used to
classify whether each example is in- or out-of-distribution.

Resulting AUROC scores, in table 6, show convincingly that GPify does possess the
capability of detecting adversarial examples. However, the classification performance
appears to vary greatly depending on the classifier architecture. Especially Efficient-
Net appears to stand out among the 4 architectures tested.

Table 6: AUROC scores for adversarial detection.

ResNet EfficientNet ViT Swin
Minimum noise 96.04% 95.79% 89.45% 79.01%

Wrong class confidence > 90% 97.75% 23.59% 79.64% 80.26%
Wrong class confidence > 95% 97.81% 13.65% 74.84% 83.61%
Wrong class confidence > 99% 98.81% 1.89% 80.43% 92.63%

More thorough evaluation is necessary to determine the extent of GPify’s adversarial
detection abilities, why it differs between classifier architectures, and how it com-
pares to dedicated adversarial detectors (Aldahdooh et al., 2022).
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8 Uncertainty-Aware Trajectory Generation

Visuomotor policy learning is a recent robotic vision task, where a model is trained
to produce fine-grained control commands for a robot given only visual input (Chi
et al., 2024). Formally, given an input image 𝐼𝑡, and the current state of the robot 𝑠𝑡,
the goal of a visuomotor policy is to produce an action 𝑎𝑡 for the robot to execute
(Chi et al., 2024). These are indexed by 𝑡 to indicate time steps. While different tasks
may require different forms of the state 𝑠𝑡 and action 𝑎𝑡, this section focuses on dual-
arm manipulation for which it is convenient to let both 𝑠𝑡 and 𝑎𝑡 be joint states of the
robot’s arms. As such, unless otherwise specified, 𝑠𝑡 and 𝑎𝑡 are 2⋅(𝐽 +1)-dimensional
vectors of the form:

[𝛼1, … , 𝛼𝐽, 𝑔1, 𝛽1, … , 𝛽𝐽, 𝑔2]
where 𝐽 indicates the number of joints in each arm, 𝛼 and 𝛽 denote joint angles
corresponding to the respective arms, and 𝑔 denotes one gripper state per arm.

While there exist different approaches, a popular implementation of visuomotor policy
learning is that of Diffusion Policy (Chi et al., 2024), which uses a diffusion model
(Song et al., 2020) to generate the actions 𝑎𝑡. Diffusion models, however, feature two
severe weaknesses in the context of robotics: inference is slow, which makes real-
time operation difficult, and they do not produce any uncertainty estimates, which
makes it difficult to reason about their outputs. Therefore, Paper V proposes to use
normalizing flows for visuomotor policy learning, since they feature both an exact
formula for density estimation and efficient inference.

8.1 Diffusion Models

Although diffusion models are not part of the contribution in this work, a brief intro-
duction is provided here in order to highlight their weaknesses.

On the surface, diffusion models appear remarkably similar to normalizing flows (Ho
et al., 2020). When used for sampling, both models draw from a standard Gaussian
and subsequently transform the Gaussian sample into their target distribution space.
The difference is in the transformation from Gaussian noise. Like normalizing flows,
there exists different implementations of diffusion models, but this section only fo-
cuses on the two most common: Denoising Diffusion Probabilistic Models (DDPM)
(Ho et al., 2020) and, Denoising Diffusion Implicit Models (DDIM) (Song et al., 2020).

DDPMworks bymodelling the transformation of a clean sample x0 to Gaussian noise
as a Markov chain (Ho et al., 2020):

𝑝(x𝑖 |x𝑖−1) = 𝒩(√𝛼𝑖x𝑖−1, (1 − 𝛼𝑖)I) , (4)
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which can be simplified to

𝑝(x𝑖 | x0) = 𝒩(√ ̄𝛼𝑖x0, (1 − ̄𝛼𝑖)I), ̄𝛼𝑖 =
𝑖

∏
𝑠=1

𝛼𝑖 .

Here, 𝛼𝑖 is called the noise schedule and controls how quickly the Markov chain
converges to pure Gaussian noise. A neural network is implemented to model this
Markov chain by first reparameterizing it:

x𝑖 = √ ̄𝛼𝑖x0 + (1 − ̄𝛼𝑖)𝜖, 𝜖 ∼ 𝒩(0, I) ,

and subsequently training a neural network 𝜖𝜃(x0, 𝑖) to predict 𝜖 using the standard
L2 loss

ℒ = ||𝜖 − 𝜖𝜃(x0, 𝑖)||2 .

In order to sample from the target data distribution, a sample x𝑛 ∼ 𝒩(0, I) is drawn,
from which noise is iteratively estimated and removed using the trained 𝜖𝜃(x𝑖, 𝑖):

x𝑖−1 = 1
√𝛼𝑖

(x𝑖 − (1 − 𝛼𝑖)2

√1 − ̄𝛼𝑖
𝜖𝜃(x𝑖, 𝑖)) + 𝜎2

𝑖 𝜖 ,

until eventually a noise-free sample x0 is recovered. The term 𝜎2
𝑖 𝜖 serves to make

the sampling process stochastic, but a common choice is to maintain a deterministic
sampling process by setting 𝜎𝑖 = 0.

DDIM is a direct extension of DDPM (Song et al., 2020). A major constraint in DDPM
is the fact that the forward and backward Markov chain must consist of the same
number of steps 𝑛. By reformulating the backward Markov chain as 𝑝(x𝑖−1 | x𝑖,x0),
DDIM decouples the forward and backward process. Naturally, the clean sample x0
is unknown during sampling, and therefore it is replaced with an estimate:

x0 ≈ 𝑓𝜃(x𝑖) =
x𝑖 − √1 − ̄𝛼𝑖𝜖𝜃(x𝑖, 𝑖)

√
̄𝛼𝑖

,

which is then used to step through the backward Markov chain:

x𝑖−𝑘 = √ ̄𝛼𝑖−𝑘𝑓𝜃(x𝑖) + √1 − ̄𝛼𝑖−𝑘 − 𝜎2
𝑖 𝜖𝜃(x𝑖, 𝑖) + 𝜎𝑖𝜖 .

Note the index 𝑖 − 𝑘, which allows for arbitrarily large jumps through the generating
process.

It has been observed that a large number of steps 𝑛 is beneficial during training,
although the number of sampling steps can be reduced somewhat without signific-
antly degrading the sample quality (Song et al., 2020). Hence, DDIM allows for faster
sampling, while keeping a high number of training steps.
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Since diffusion models generate samples by iterative application of the neural net-
work 𝜖𝜃(x𝑖, 𝑖), their inference time scales linearly with the number of denoising it-
erations. In practice, it is rare to see fewer than 10 denoising iterations. Diffusion
Policy, for example, uses 15 as the lowest number of denoising iterations (Chi et al.,
2024). Hence, any practical diffusion-based model is an order of magnitude slower
compared to models that only require a single neural network computation.

Based on the above formula (4), it is theoretically possible, but intractable to evalu-
ate the probability density 𝑝(x0). As such, no common implementation of diffusion
models feature any kind of uncertainty estimation. It is possible to implement a dif-
fusion model as a continuous-time ODE instead of a Markov chain (Yang et al., 2023),
which in turn allows for density estimation. However, the continuous-time ODE is
an equivalent formulation for normalizing flows (Papamakarios et al., 2021), and it is
seldomly used in practice as it relies on numerical ODE solvers.

8.2 Normalizing Flow Policy

In order for normalizing flows to be applied to visuomotor policy learning, they need
to be adapted to model a conditional distribution:

𝑝(𝑎𝑡|𝑜𝑡) ,

where 𝑜𝑡 represents the observation, which contains both the image 𝐼𝑡 and the robot
state 𝑠𝑡. Modifying a normalizing flow based on coupling layers to model a condi-
tional distribution is trivial, by adding the observation as an additional input to the
neural networks from equation (3):

NN𝛼(x2, 𝑜𝑡), NN𝛽(x2, 𝑜𝑡) .

Note that adding an additional input to theNN-functions does not affect the Jacobian
determinant, nor the invertibility of the normalizing flow.

A common strategy, also employed byDiffusion Policy (Chi et al., 2024) is called action
chunking, and it involves predicting a sequence of actions, based on a sequence of past
observations:

𝑝(𝑎𝑡, … , 𝑎𝑡+𝑛 |𝑜𝑡, … , 𝑜𝑡−𝑚) .

By operating on sequences rather than singular actions and observations, temporal
consistency is improved over the generated actions.
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Strided Training

During initial testing, it was observed that the normalizing flow would often learn
to model unwanted motions, believed to stem primarily from stationary periods and
noise in the training data. Therefore a stride 𝑠 is incorporatedwhen gathering samples
from the training data. With this stride, the normalizing flow is instead trained to
model:

𝑝(𝑎𝑡, 𝑎𝑡+𝑠, … , 𝑎𝑡+𝑛𝑠 |𝑜𝑡, 𝑜𝑡−𝑠, … , 𝑜𝑡−𝑚𝑠) .

This is illustrated in figure 19 for a stride of 𝑠 = 2. Effectively, adding a stride in this
way allows the normalizing flow to bypass small, unwanted motions present in the
training data, and hence increase focus on learning the intended behavior.

Figure 19: Illustration of our strided sampling of observations and actions during training. Here with 𝑠 = 2.

Likelihood Optimization

Since both diffusionmodels and normalizing flows produce action sequences by sampling
the target distribution 𝑝(𝑎|𝑜), there is no guarantee that the sampled action is of
any quality. It is reasonable to expect that actions sampled from high-density re-
gions will be better compared to samples from low-density regions, and therefore
two primary methods are explored with the goal of producing samples from higher-
density regions in the action space. First, by sampling with a smaller standard de-
viation u ∼ 𝒩(0, 𝜎I) with 𝜎 < 1, the samples should, in expectation, correspond
to higher-density regions in the action space. Second, optimization is performed to
increase the likelihood of the sampled action, in order to explicitly produce higher-
quality samples.

45



For the optimization, two methods are evaluated. Stochastic batch selection draws
several samples from 𝑝(𝑎|𝑜) at once, and returns the one with the highest likelihood,
thus selecting higher-density samples. Gradient refinement generates a single sample
that is refined by a small number of iterations of gradient ascent to maximize the like-
lihood. Note that neither of these methods are designed with the goal of converging
to an optimum likelihood. Stochasticity in the generated action sequence is generally
thought to be beneficial for generalization, and therefore our proposed methods are
designed with the goal of improving the likelihood without reaching convergence.

Experiments in Simulation

An ablation study is performed using the Beat Block Hammer task in the RoboTwin
2.0 simulation framework (Chen et al., 2025b) to validate the design elements in our
proposed normalizing flow policy. Specifically the sampling stride 𝑠, the sampling
standard deviation 𝜎 and the likelihood optimization are evaluated. Results indic-
ate that, for RoboTwin, the best configuration is to use gradient refinement with 10
gradient ascent iterations, a sampling stride 𝑠 = 4, and a sampling standard devi-
ation 𝜎 = 0.5, which resulted in a success rate of 51%. Stochastic batch sampling,
using 128 samples, and the same stride and standard deviation, performed margin-
ally worse with a 50% success rate. However, stochastic batch sampling is an order of
magnitude faster at inference time since it only requires a single passthrough of the
normalizing flow.

All 50 simulated tasks in the RoboTwin 2.0 framework are evaluated with our pro-
posed normalizing flow policy, which results in an average success rate of 38.06% us-
ing gradient refinement, and 37.16% using stochastic batch sampling. Both of these
results mark a decisive improvement over Diffusion Policy, which has an average suc-
cess rate of 28.04% listed on the official RoboTwin 2.0 leaderboard (Chen et al., 2025c).

One concern that has hindered the adoption of normalizing flows across different
fields is the fact that there is no proof of their capabilities in terms of universal func-
tion approximation (Papamakarios et al., 2021), at least for coupling layers. While the
above experiments show promising results, they were trained using only 50 episodes
of data, which might not be enough to reach the limit of the model’s expressive cap-
abilities. With the goal of showing that normalizing flows are capable of scaling to
larger data quantities, an experiment is performed using 4 of the RoboTwin 2.0 tasks.
Each task is repeated using 10, 25, 50, 100, 200, 300, and 500 episodes of training data.
Results, shown in figure 20, indicate that normalizing flow policy exhibits similar scal-
ing properties compared to Diffusion Policy, which alleviates any concerns regarding
model capacity.
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NF-PSBS NF-PGR DP

Figure 20: Results from 4 RoboTwin tasks using varying amounts of training data. NF-PSBS: normalizing flow policy with stochastic
batch sampling. NF-PGR: normalizing flow policy with gradient refinement. DP: Diffusion Policy.

Real Robot Experiment

To verify that the performance of our normalizing flow policy generalizes to real ro-
bots, a small-scale experiment is performed using a dual-arm KUKA iiwa in our lab.
Two tasks are set up: one in which two wooden cubes are to be stacked on top of
each other in a pre-defined order, and one where a towel is to be folded. Both tasks
are shown in figure 21.

Training data is collected by human tele-operation. 150 training episodes are col-
lected for the block stacking task, and 100 training episodes for the towel folding
task. For these experiments, normalizing flow policy is used with the stochastic
batch sampling strategy, with 128 batched samples, 𝑠 = 6 as the training stride3

and a sampling standard deviation 𝜎 = 0.5. Diffusion Policy is also evaluated for
comparison.

20 trials were performed for each task, and the number of successful attempts are
reported in table 7 for both models. Our normalizing flow policy appears to perform
markedly better than Diffusion Policy for both tasks.

Throughout these experiments, it was observed that Diffusion Policy struggled signi-
ficantly with stalling, especially when transitioning between sub-goals of each task.
For example, Diffusion Policywould often get stuck on the block stackipurposefullyng
task after having placed the first block, where it would repeat the motion to place the
first block ad infinitum rather than moving on to place the other block. Our normal-
izing flow policy did exhibit some minor stalling between sub-goals, but significantly
less than Diffusion Policy. One factor that highlights this difference in stalling, is the
fact that Diffusion Policy was given a time window of 8 minutes to progress between
sub-goals, whereas our normalizing flow policy was only given 30 seconds.

3During initial testing, 𝑠 = 6 was found to work better on the real robot, though no thorough
ablation study was performed in this setting.
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Figure 21: The two real-world robot experiments. Top: block stacking. Bottom towel folding. The red circles in the leftmost pictures
highlight the camera used to view the scene.

Table 7: Number of successful attempts in our real-world experiment. Out of 20 total attempts.

Block Stacking Towel Folding
Diffusion Policy 3 11

Normalizing Flow Policy 12 15

8.3 Inference Time, Training and Convergence

One of the primary benefits of using normalizing flows as a base model over diffusion
models, is the fact that they can perform sampling using only one passthrough of the
model. In this work, two variants of normalizing flow policy are proposed. Gradient
refinement runs in the same order of magnitude as Diffusion Policy, as they both
rely on an iterative procedure to generate their actions. For reference, inference with
Diffusion Policy takes approximately 700ms on our Nvidia A100 GPU. Our normal-
izing flow policy with gradient refinement is somewhat faster, taking approximately
450ms. Stochastic batch selection, on the other hand, runs in 19ms, which enables
real-time policy execution with only a marginal decrease in performance compared
to gradient refinement.

A factor that is often overlooked in modern neural network applications is training
and convergence time. Throughout all the above experiments, our normalizing flow
policy has been trained for 300 epochs, which takes between 30 minutes to 2 hours
depending on the size of the training dataset. Diffusion Policy, however, when trained
for our real-world experiment, did not reach convergence until roughly 2400 epochs
of training, which took approximately 12 hours. As such, normalizing flow offers not
only improved inference times, but also improved training times, thus allowing for a
significantly faster deployment cycle.
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9 Conclusions

This thesis presents the overarching argument that uncertainty estimation is a valu-
able tool for robotic vision. Not only can uncertainty estimation help us reason about
our vision models, it can also directly improve the performance and reliability of our
vision models by enabling adaptive behaviors.

First, the work presented in section 5 lays the foundation for adaptable vision. Built-
in camera parameters are proposed as a basis for adaptation, and it is shown that the
built-in parameters in most cameras can adapt to a wide variety of visual scenarios.
In order to facilitate automated adaption, an optimization problem is formulated,
where camera parameters are optimized to minimize uncertainty estimated by a nor-
malizing flow. Empirical results show that our proposed parameter optimization is an
effective tool to improve the reliability of robotic vision. Additionally, the gradients
from normalizing flows are shown to reflect uncertainty at a pixel-level, which can be
used to estimate uncertainty of local regions in an image. This local uncertainty es-
timate is shown to further improve reliability in tasks where only a part of the image
needs to be considered.

Further, our work presented in section 8 applies the same line of reasoning to visuo-
motor policy learning. A normalizing flow policy is proposed, which uses a normaliz-
ing flow to produce fine-grained action trajectories based on visual input. The likeli-
hood output from the normalizing flow is used as a guiding metric to produce more
high-quality action trajectories. It is shown that our normalizing flow policy achieves,
on average, better performance across 50 simulated and 2 real-world robotic tasks
when compared to Diffusion Policy.

Section 6 presents an analysis of calibration metrics for regression tasks. By using
toy datasets, our analysis shows that area under sparsification error, negative log-
likelihood, and calibration error, are all useful metrics, though negative log-likelihood
is difficult to interpret. Area under sparsification error measures correlation between
uncertainty and prediction error, while negative log-likelihood and calibration error
measure how well the predicted distribution matches the ground-truth. As such,
they are likely ideal for different tasks, based on the exact goals. Spearman’s rank
correlation is also evaluated, but it is shown to be highly unstable.

Finally, a combined uncertainty estimate is presented in section 7, based on the max-
imum softmax probability and normalizing flows. Our proposed score, GPify, mimics
the uncertainty estimate from a Gaussian process, and can be interpreted as a joint
distribution 𝑃(𝑦, 𝑥). It is shown that GPify accurately reflects both aleatoric and epi-
stemic uncertainty, while also possessing some capabilities for adversarial detection.
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10 Limitations and Future Work

Our camera parameter optimization problem implemented in section 5 requires the
robot to pause its operation while the parameters are being optimized. While pausing
operation is not necessarily a problem in many applications, it would be desirable for
the optimization to happen continuously, such that the robot never has to pause for
extended periods of time. Achieving such a continuous-time optimization is likely
incredibly difficult, though, as the visual conditions might change through the course
of optimization. Nonetheless, it is an interesting direction for future research.

Additionally, our camera parameter optimization is only evaluated with object de-
tection tasks, which limits the generality of our conclusions. Intuitively, there is no
reason to doubt that our optimization approach would improve reliability for other
tasks as well, but more experiments with different tasks would be beneficial.

In hindsight, after our work with GPify, perhaps the most glaring limitation through-
out section 5 is the fact that only epistemic uncertainty is considered. Arguably, GPify
should be used in any future experiments to also incorporate aleatoric uncertainty.

Throughout the entirety of the work in this thesis, normalizing flows has been our
model of choice for representing epistemic uncertainty. Although it is our belief that
normalizing flows are ideal models for our purposes, our work provides no direct
proof of their superiority. Thus, it would be beneficial for future research to evaluate
it comparatively alongside other methods.

Finally, and arguably the biggest limitation in this thesis, is the fact that uncertainty
estimation is never really applied in any regression tasks. Indeed, visuomotor policy
learning can be viewed as a regression problem, and our work in section 8 does apply
uncertainty estimation to improve the performance of our normalizing flow policy.
However, by modelling it as a generative problem, rather than discriminative, aleat-
oric uncertainty is conveniently avoided altogether. While many methods exist to
estimate aleatoric uncertainty for regression models, it is difficult to verify them be-
cause calibration is more complex than it may initially seem. Our work in section 6
provides useful insights for evaluating calibration, though it is largely limited to 1-
dimensional problems. Generalizing calibration to multi-dimensional problems res-
ults in so-called Copula calibration (Ziegel and Gneiting, 2013), which is theoretically
sound, but quickly becomes intractable due to calculating multi-dimensional integ-
rals. An approach that remains tractable is HDR calibration (Chung et al., 2024),
though it does not guarantee calibrated marginal distributions. Part of our ongo-
ing work investigates how calibration can be evaluated in a way that is tractable
while ensuring calibrated marginals. Likely, a lot more work is required before multi-
dimensional calibration for regression can be considered solved.
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Abstract

It is well known that computer vision can be unreliable when faced with previously
unseen imaging conditions. This paper proposes a method to adapt camera paramet-
ers according to a normalizing flow-based out-of-distibution detector. A small-scale
study is conducted which shows that adapting camera parameters according to this
out-of-distibution detector leads to an average increase of 3 to 4 percentage points in
mAP, mAR and F1 performance metrics of a YOLOv4 object detector. As a secondary
result, this paper also shows that it is possible to train a normalizing flow model for
out-of-distribution detection on the COCO dataset, which is larger and more diverse
than most benchmarks for out-of-distibution detectors.
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1 Introduction

In the past decade computer vision has become a de facto component in autonomous
systems. However, it is well known that vision can be unreliable when faced with
new, previously unseen situations. Uncertainty is especially abundant in the field of
robotics, where the autonomous agents are expected to perform tasks in real-world
scenarios that often differ significantly from any training data.

There is an abundance of research to suggest that Out-of-Distribution (OOD) de-
tection can help improve the reliability of vision algorithms [6]. Relevant literature
reasons that OOD detection allows systems to take action when uncertainty is en-
countered [6]. However, there is little research to show that OOD detection helps
the reliability of autonomous systems in practice. Most literature on OOD detection
tends to focus either on synthetic benchmarks, or controlled real-world scenarios
where in- and out-of-distribution examples are very distinct. Neither of these scen-
arios are reflective of the diverse situations that may be encountered by autonomous
systems in practice [6].

OOD detectors are commonly used by setting a threshold OOD score [9], and simply
discarding any input that falls beyond this threshold. While this makes intuitive
sense, on the basis that vision systems tend to be unreliable when faced with OOD
data, it only utilises one end of the OOD scores. We hypothesize that a machine
learning model will on average perform more reliably when an input has a lower
OOD score. Therefore we propose to use an OOD detector as a quality metric, or un-
normalized confidence; the lower the OOD score, the more certain we can be about
our vision system’s output.

1.1 Our Contributions

• We expand the current knowledge on OOD detection by showing that it is
possible to train normalizing flow models for OOD detection on large, diverse
datasets while getting sensible results.

• We introduce a novel method for utilising OOD detection as a quality metric
in autonomous systems and show that it can lead to reliability improvements
for vision tasks.
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2 Related Work

There has been some previouswork investigating the uses ofOODdetection in autonom-
ous systems. For exampleWellhausen et al. [17] perform anomaly detection on image
data collected from a robot in real-world terrain. However, their main purprose is the
evaluation of different OOD detection algorithms, and not an application of OOD
detection to real-world operation.

Yuhas et al. [20] evaluate OOD detection as an emergency breaking system for an
autonomous car, though not in real-world operation, but on a custom test track.

McAllister et al. [12] perform real-world crash avoidance experimentswith an autonom-
ous car. However, their method does not perform OOD detection directly. Instead
they use a variational autoencoder to generate in-distribution samples from an out-
of-distribution image, which they use as a measure of uncertainty.

Additionally, there is an abundance of work on OOD detection where the authors
have taken care to ensure that in- and out-distributions are disjoint, for example
[4, 7, 10, 18, 15, 13]. These works either use entirely different datasets as in- and
out-distributions, or separate classes as in- and out-distributions. It is our belief that
neither of these scenarios are reflective of real-world operation.

3 Background

3.1 Out-of-Distribution Detection

Conceptually, out-of-distibution detection is simple. First an in-distribution is defined,
for example the training data for a machine learning-based vision system. Then,
everything that deviates from said in-distribution is said to be out-of-distribution
[19].

More formally, we assume that our vision system operates on data that is sampled
I.I.D from some distribution 𝑃𝑡𝑟𝑎𝑖𝑛(x). In practice, however, the system may en-
counter data that comes from a different distribution, in which case the system will
produce unreliable results. Therefore, it is desirable to detect when data lies outside
of the original distribution 𝑃𝑡𝑟𝑎𝑖𝑛(x).
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3.2 Normalizing Flows

This section aims to provide a basic introduction to normalizing flows. For more
details we refer to Papamakarios et al. [14].

Normalizing flows have emerged in the last decade as a way to model complex prob-
ability distributions [14]. Let us assume that we want to evaluate or sample from a
distribution 𝑝𝑥(x), x ∈ ℝ𝐷, and that 𝑝𝑥 is intractable to evaluate or sample from. A
normalizing flow can allow us to evaluate or sample from 𝑝𝑥 by transforming 𝑝𝑥(x)
into a tractable distribution 𝑝𝑢(u), u ∈ ℝ𝐷.

In order to model 𝑝𝑥(x), an invertible transformation 𝑇 is constructed such that

x = 𝑇 (u), u = 𝑇 −1(x)

where u ∼ 𝑝𝑢(u). Here, we are free to define 𝑝𝑢(u), for example u ∼ 𝒩(0, 1).

By additionally requiring both 𝑇 and 𝑇 −1 to be differentiable, it is possible to recover
𝑝𝑥(x) from 𝑝𝑢(u) [16, 3, 14]:

𝑝𝑥(x) = 𝑝𝑢(u)| det 𝐽𝑇(u)|−1 = 𝑝𝑢(𝑇 −1(x))| det 𝐽𝑇 −1(x)| (1)

where 𝐽𝑇 and 𝐽𝑇 −1 are the Jacobians of 𝑇 and 𝑇 −1 respectively.

This type of transformation is called a diffeomorphism. It has been shown that it
is always possible to construct a diffeomorphism 𝑇 under reasonable assumptions
about 𝑝𝑥(x) and 𝑝𝑢(u) [14]. However, analytically constructing 𝑇 is often infeasible
in practice. Therefore, it is desirable to learn an approximation of 𝑇. Henceforth we
will denote 𝑇 (x; Θ) as an approximation of 𝑇 with learnable parameters Θ.

An important property is that the composition of two diffeomorphisms 𝑇2 ∘𝑇1 is also
a diffeomorphism [14]:

(𝑇2 ∘ 𝑇1)−1 = 𝑇 −1
1 ∘ 𝑇 −1

2

det 𝐽𝑇2∘𝑇1
(u) = det 𝐽𝑇2

(𝑇1(u)) ⋅ det 𝐽𝑇1
(u)

This property opens up formanyways to construct powerful approximations𝑇 (x; Θ).
In this work, we focus on a particular model of so-called affine coupling layers [14].

Affine coupling layers first split the input x into two parts [14]:

x = [𝑥𝑖 | 𝑖 ∈ ℐ], ℐ = 1, 2, … , 𝐷

x1 = [𝑥𝑖 | 𝑖 ∈ 𝒜], x2 = [𝑥𝑖 | 𝑖 ∈ ℬ], 𝒜 ∪ ℬ = ℐ, 𝒜 ∩ ℬ = ∅.
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While 𝒜 and ℬ can be chosen arbitrarily, the most common choice is to simply split
x into two halves:

𝒜 = 1, 2, … , 𝐷
2

, ℬ = 𝐷
2

+ 1, 𝐷
2

+ 2, … , 𝐷.

Then, x1 is transformed as a function of x2, while x2 is left as-is:

x′
1 = [𝑥′

𝑖|𝑖 ∈ 𝒜] = 𝛼𝛼𝛼 ⋅ x1 + 𝛽𝛽𝛽,
where 𝛼𝛼𝛼 = exp(𝐹1(x2; Θ1)), 𝛽𝛽𝛽 = 𝐹2(x2; Θ2).

Here, ⋅ denotes element-wise multiplication, and 𝐹1, 𝐹2 are arbitrary functions, for
example neural networks. The output of the coupling layer is then simply the recon-
struction of x from x′

1 and x2:

𝑇𝑐𝑜𝑢𝑝𝑙𝑖𝑛𝑔(x; Θ1, Θ2) = x′ = [𝑥′
𝑖|𝑖 ∈ ℐ], where 𝑥′

𝑖 = 𝑥𝑖∀𝑖 ∈ ℬ

It is trivial to see that this construction results in an invertible and differential trans-
formation, since x1 is subject to an affine transformation and x2 remains the same.
Coupling layers also offer the benefit of a simple Jacobian [14]:

𝐽𝑇𝑐𝑜𝑢𝑝𝑙𝑖𝑛𝑔
= 1𝐹1(x2; Θ1)

where 1 denotes a row vector of ones – in other words, summing the elements of
𝐹1(x2; Θ1).

A common way to construct powerful learnable transformations is to simply com-
pose several of these coupling layers, while changing which parts of x are modified
[14]. This approach is used in for example RealNVP [5], and it is what we use in our
experiments.

3.3 Normalizing Flows for Image Out-of-Distribution Detection

Formulating OOD detection using normalizing flows is simple since we can directly
compute the likelihood using (1), which represents the belief that an example x is
in-distribution [9]. Note that a high value for 𝑝𝑥(x) equals a low likelihood of be-
ing OOD. It is otherwise common for OOD detection systems to use the opposite
formulation, where a high value equals high likelihood of being OOD.

Training a normalizing flow forOODdetection is done byminimizing the KL-divergence
between 𝑝𝑥(x) and 𝑝𝑢(u), which results in the following loss function [14]:

ℒ = − 1
𝑁

𝑁
∑
𝑛=1

log 𝑝𝑢(𝑇 −1(x𝑛)) + log | det 𝐽𝑇 −1(x𝑛)| + 𝐶

where 𝐶 is a constant.
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Since we only need the inverse transformation 𝑇 −1 for OOD detection, we simply let
𝑇 −1 denote the forward pass of our affine coupling layers.

Despite seeming like perfect candidates for OOD detecion, since equation (1) allows
for the direct computation of the approximate probability distribution, normalizing
flows often fail in the OOD detection setting [9]. Kirichenko et al. [9] suggest that
common image flowmodels, such as RealNVP[5], simply learn pixel correspondences,
and as such fail to grasp any semantic information that makes up the distribution.
Instead of training a flow model on images directly, Kirichenko et al. suggest training
a flow model on features extracted from another pretrained image network.

4 Our Method

Based on our hypothesis that a lower OOD score would lead to better reliability, we
propose to let a vision system adapt, instead of simply discarding OOD data. In order
to bring this into practice, we create a framework for adaption around an existing
vision task, namely object detection with a YOLOv4 [2] network.

Most commercially available cameras expose a number of parameters that can alter
the visual appearance of a captured image. Common examples are: saturation, con-
trast, and exposure. These camera parameters are a natural candidate for adapting
to various imaging conditions.

Our proposed method is to simply adapt camera parameters in order to minimize the
OOD score. Intuitively, our method can be deployed in two ways:

• either: if an image is marked as OOD, adapt camera parameters to minimize
OOD score,

• or: continuously adapt camera parameters to minimize OOD score.

Whilemost cameras have some built-inmeasures to adapt, for example auto-exposure,
these are often not sufficient. Figure 1 shows two images of the same scene to il-
lustrate this. In one picture, the camera’s default settings fail to produce an image
suitable for object detection. With hand-tuned parameters however, a more suitable
image is acquired. Note also the yellow bounding box indicates that YOLOv4 can de-
tect the dog in the hand-tuned image, which is not possible with the camera’s default
settings.
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Figure 1: Left: camera’s default parameters, auto-exposure and auto-white-balance enabled. Right: hand-tuned camera parameters.

5 Experiments and Results

In this section we outline our two main experiments. Section 5.1 outlines the normal-
izing flow model used in our experiments. For our first experiment, in section 5.3, we
train and validate a normalizing flow model as an OOD detector using the COCO
dataset [11] as our in-distribution. Then, in section 5.4, we take the model from sec-
tion 5.3 and apply it to a real-world experiment testing our proposed method from
section 4.

5.1 Normalizing Flow Model

For our experiments we construct a normalizing flow model from affine coupling lay-
ers. We use a model very similar to the one used by Kirichenko et al. [9]. Our model
consists of a series of 10 affine coupling layers, alternating between transforming the
first and second half of the input vector. Each coupling layer consists of two shared
linear layers with 512 hidden units followed by two parallel linear layers, one for 𝛼𝛼𝛼
and one for 𝛽𝛽𝛽. This is illustrated in Figure 2.

Figure 2: Illustration of coupling layer layout.
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We train our model on features extracted from a YOLOv4 [2] object detection net-
work. Training is done for 200 epochs with a batch size of 128, using the Adam [8]
optimizer with a learning rate of 10−4.

5.2 Intel RealSense D435

Our experiments use an Intel RealSense D435[1], which is a RGB+Depth camera. In
our experiments, however, we only utilise the RGB sensor. Like most commercially
available cameras, the D435 exposes a number of parameters that affect the resulting
image in various ways. For our experiments we manipulate a selection of these para-
meters, specifically: backlight compensation, brightness, contrast, exposure, gain,
saturation, and sharpness.

5.3 Training Normalizing Flows on a Large Diverse Dataset

In this section, we train a normalizing flow model using the entire COCO train-
ing dataset as our in-distribution. We then test the model by comparing the log-
likelihood outputs from different input image distributions. Specifically, we divide
this section into two smaller experiments:

• One where we compare log-likelihoods of COCO images to randomly gener-
ated images.

• One where we capture many images of a static scene with randomized camera
parameters, and compare their log-likelihood to COCO images.

For our first experimentwe run the trainedmodel on all images in the COCO train-
ing, validation and testing datasets, and record the resulting log-likelihood scores. In
order to show that the model can distinguish images that are definitely not part of the
in-distribution, we also record log-likelihood scores from randomly generated images.
These random images were generated according to:

𝜎 ∼ Uniform(1, 256)
𝑣𝑖,𝑗 ∼ 𝒩(0, 𝜎)

𝑝𝑖𝑥𝑒𝑙𝑖,𝑗 = min(255, |𝑣𝑖,𝑗|), ∀ 𝑖, 𝑗.
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Our primary motivation behind using this formula is to generate images with varying
pixel ranges, while also generating some mostly-black and mostly-white images. By
varying 𝜎 per image, we vary the pixel range in different images. When 𝜎 is small,
we get mostly-black images, and when 𝜎 is large we get mostly-white images due to
the min operation. Figure 3 shows histograms of randomly generated images, along
with the COCO training, validation, and testing datasets.
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0.005

Train
Val
Test
Random Images

Figure 3: Normalized histogram plot of log-likelihoods from COCO training, validation and test datasets, as well as random images.
The histogram has been cut at -1000 log-likelihood for improved readability.

For our second experiment we explore whether our normalizing flow can distin-
guish between different real images. We place a stationary D435 camera in our lab,
and capture a large number of images. For each image, all camera parameters are
randomized according to a uniform distribution. In order to be certain that all vari-
ance in log-likelihood scores are caused by changing camera parameters, we take
precautions to minimize the amount of natural light entering our lab. Then, we cap-
ture 10000 images with the ceiling lamp on, and 10000 with the ceiling lamp off. The
number 10000 was chosen arbitrarily. Figure 4 shows the corresponding histograms
of log-likelihood scores, along with the COCO training data for comparison.
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Figure 4: Normalized histogram plot of log-likelihood values. Blue: COCO training images. Orange: 10000 images in our lab
with randomized camera parameters, without any lights on. Green: 10000 images in our lab with randomized camera
parameters, with ceiling lights on.

5.4 Parameter Optimization

Here, we present results from a small-scale experiment conducted in one of our robot
labs. In order to make the experiment as realistic as possible, the experiment was set
up using one of our robots. Our robot has an industrial arm with an Intel Realsense
D435 camera attached at the gripper.

For this experiment, we set up an optimization procedure using camera parameters
as our input, and the log-likelihood from our normalizing flow model as output, as
illustrated in Figure 5. More formally, let 𝜃 denote the camera parameters, and 𝐶(𝜃)
denote the camera (a function that takes camera parameters and produces an image
x), then we solve:

argmax
𝜃

log 𝑝𝑥(𝐶(𝜃))

= argmax
𝜃

log 𝑝𝑢(𝑇 −1(𝐶(𝜃))) + log | det 𝐽𝑇 −1(𝐶(𝜃))|.
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Figure 5: Parameter optimization setup.

For the optimization procedure, we used a very simple evolutionary optimizationwith
elitism selection, a population of 50, and a mutation rate of 20%. No crossover was
used. Optimization was carried out for a total of 200 evaluations. Population size,
mutation rate, and number of evaluations were chosen based on prior experience
with evolutionary optimization. A small number of trial runs confirmed that these
values work well.

In our lab, we set up 13 different scenarios with varying COCO objects, viewing
angles, and lighting conditions. We took care to make the scenarios as challenging
as possible by introducing difficult lighting conditions, reflective surfaces, and back-
ground clutter. With the robot stationary, optimization was performed as described
above. During optimization, the images with the highest and lowest log-likelihood
scores were saved along with their corresponding parameters, and compared to im-
ages captured with the camera’s default parameter settings. Henceforth, these will
be referred to as best, worst and default parameters, respectively.

After the optimization procedure, all images were annotated with bounding boxes
for the COCO objects present. They were then fed through YOLOv4. Mean-Average-
Precision (mAP), mean-Average-Recall (mAR), and F1 scores were computed and com-
pared between the worst, default, and best camera parameters.

Table 1 shows average mAP, mAR, and F1 scores for best, default and worst camera
parameters. In table 2 we show statistics for the improvement in mAP, mAR, and F1
scores of the best parameters compared to the default parameters. Similarly, Table 3
shows statistics for the improvement of the best compared to the worst parameters.

Figure 6 shows box plots of the improvements in mAP, mAR, and F1 scores for the
best parameters compared with the default and worst parameters respectively.
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Table 1: Average mAP, mAR, and F1 score for best, default, and worst parameters.

mAP mAR F1
Best 0.7977 0.3283 0.4605

Default 0.7591 0.2977 0.4219
Worst 0.1731 0.0431 0.0687

Table 2: mAP, mAR, and F1 improvement. Best compared to default parameters.

Min Max Average
mAP -0.2889 +0.5778 +0.0386
mAR -0.1083 +0.25 +0.0306

F1 -0.1056 +0.349 +0.0386

Table 3: mAP, mAR, and F1 improvement. Best compared to worst parameters.

Min Max Average
mAP -0.104 +0.95 +0.6247
mAR +0.1375 +0.4278 +0.2852

F1 +0.1794 +0.5703 +0.3918

mAP mAR F1
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0.0
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0.4

0.6
Improvement: Best vs. Default

mAP mAR F1
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0.2

0.4

0.6

0.8

1.0
Improvement: Best vs. Worst

Figure 6: Boxplot of mAP, mAR, and F1 improvement. Left: Best compared to default parameters. Right: Best compared to worst
parameters.

In Figures 7, 8, and 9 we show example scenarios where optimization led to varying
degrees of success. Each figure includes images along with the respective F1 scores
from YOLOv4. Figure 7 shows examples where parameter optimization resulted in
better object detection than the default parameters. Figure 8 shows examples where
optimiztion resulted in no significant difference in object detection. Finally, Figure
9 shows the only scenario where optimization resulted in significantly worse object
detection.
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Worst Default Best

F1: 0.0 F1: 0.4464 F1: 0.5595

F1: 0.0 F1: 0.0 F1: 0.3490

Figure 7: Examples where parameter optimization resulted in an improvement in object detection. Left: lowest log-likelihood. Cen-
ter: default parameters. Right: highest log-likelihood.

Worst Default Best

F1: 0.3864 F1: 0.6127 F1: 0.6289

F1: 0.0 F1: 0.4793 F1: 0.4865

Figure 8: Exampleswhere parameter optimization resulted in no significant difference in object detection. Left: lowest log-likelihood.
Center: default parameters. Right: highest log-likelihood.
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Worst Default Best

F1: 0.0 F1: 0.6172 F1: 0.5115

Figure 9: Example where parameter optimization resulted in worse performance in object detection. Left: lowest log-likelihood.
Center: default parameters. Right: highest log-likelihood.

6 Discussion

6.1 Training on the COCO Dataset

When training on the full COCO dataset we see two important indicators that the
model is learning properly. First, as seen in Figure 3, the output log-likelihoods span
a wide range of values. It would be a red flag if all log-likelihoods were too similar,
indicating that the learned probability distribution might be flat. Second, we observe
that the validation and test datasets are distributed the same way as the training set,
while the random images are given distinctly lower log-likelihood scores.

In figure 4, we see that the model is able to distinguish between real images from
different distributions. As such, we have found no evidence to suggest that the size
and diversity of the COCO dataset should pose any problems for OOD detection.
This in turn suggests that normalizing flow models can be readily applied to diverse
real-world scenarios.

Additionally, figure 4 shows that varying parameters in the D435 over the same scene
can result in a wide range of log-likelihood values. This gives merit to the idea that
camera parameters form a good basis for adapting to various imaging conditions.
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6.2 Parameter Optimization Experiment

Table 1 tells us at a glance that our optimized camera parameters acheived the best
average scores across the board. Looking at Table 2, we see an average improvement
of 3 to 4 percentage points in terms of all metric scores. From the box plot in Figure 6,
we see that most scenarios yield only a small difference in object detection compared
to the default parameters. However, most importantly we see that the trend is a
positive improvement. We also observe that the positive outliers are significantly
larger than the negative outliers, again suggesting a positive trend.

Perhaps unsurprisingly, Table 3 shows a massive improvement (28 to 62 percentage
points on average) between the best and worst parameters found. The box plot in
Figure 6 further highlights this improvement.

In Figures 7, 8, and 9 we note that some of the parameter-optimized pictures look
better to the human eye, while others look worse despite resulting in better object
detection. This highlights the important fact that there is no equivalence between
images that look good to the human eye, and images that are good for object detec-
tion.

Perhaps the most important result of this experiment is not the fact that parameter-
optimization can lead to better object detection, but instead that it seems feasible to
adapt and recover from a very poor visual scenario. Extrapolating from the fact that
different camera parameters could result in images where YOLO performs well, and
where it fails almost completely on the same scenario, it seems feasible that these
parameters have the necessary capacity to adapt to a wide range of difficult visual
conditions. This is given further merit by the fact that the varying camera paramet-
ers resulted in widely varying log-likelihood values in figure 4. As such, when the
normalizing flow model detects something with extremely low log-likelihood value,
it is most likely possible to adapt camera parameters to get an image more suitable
for object detection. While these experiments have only been concerned with object
detection, we expect that this behaviour generalises to other vision tasks as well.
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7 Conclusion

In this paper we have shown that it is possible to train a normalizing flow model for
OODdetection on a large and diverse dataset such as COCO.We have also conducted
a real-world experiment which shows that a normalizing flow OOD detector can be
used as a quality metric for a vision task. Optimizing camera parameters with respect
to the output from our normalizing flow OOD model yielded, on average, a 3 to 4
percent unit improvement in the reliability of YOLOv4 in terms of object detection
performance.

8 Future Work

This paper lays the groundwork for a larger framework of quality metrics for vis-
ion task. In order to further expand this framework, a larger benchmark dataset is
beneficial. It is also an interesting research direction to explore whether image im-
provements can be learned based on this OODmetric, rather than going through the
somewhat slow optimization process used in our experiments.
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Abstract

Modern robotic perception is highly dependent on neural networks. It is well known
that neural network-based perception can be unreliable in real-world deployment,
especially in difficult imaging conditions. Out-of-distribution detection is commonly
proposed as a solution for ensuring reliability in real-world deployment. Previous
work has shown that normalizing flow models can be used for out-of-distribution de-
tection to improve reliability of robotic perception tasks. Specifically, camera para-
meters can be optimized with respect to the likelihood output from a normalizing
flow, which allows a perception system to adapt to difficult vision scenarios. With
this work we propose to use the absolute gradient values from a normalizing flow,
which allows the perception system to optimize local regions rather than the whole
image. By setting up a table top picking experiment with exceptionally difficult light-
ing conditions, we show that our method achieves a 60% higher success rate for an
object detection task compared to previous methods.
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1 Introduction

In robotics, neural networks have emerged as an indispensable tool for perception
and computer vision tasks. However, they operate under the assumption that all in-
puts come from the same distribution as their training data. In other words, when
confronted with unfamiliar inputs, their outputs can be unpredictable [1]. This un-
predictability poses a significant risk for robots operating in dynamic real-world set-
tings. Moreover, the accuracy of computer vision hinges on the camera’s ability to
produce clear images for the neural network. A case in point is the 2015 Tesla crash,
where the autopilot system failed to detect a truck’s side against a bright sky [2].

One common way to prevent unpredictable behaviour is out-of-distribution (OOD)
detection [1]. Most OOD methods work by directly or indirectly approximating the
probability density function (PDF) of the training data. The approximate PDF is then
used as a score function to determine whether an input is in- or out-of-distribution.
Using such a score, an autonomous system can react by performing a safety behaviour
whenever an input is deemed too far from the training distribution. Most commonly,
this safety behaviour simply discards any OOD input while waiting for better inputs.

Figure 1: In the leftmost image, taken with default camera parameters and auto-exposure, only the cup can be detected by YOLOv4.
In the rightmost image, where camera parameters have been optimized using our proposed method, the cup, spoon, fork,
scissors, and book are successfully detected.

While discarding inputs may be feasible for many applications, it can be problematic
for many autonomous systems. Consider an autonomous car that encounters OOD
data. Should it keep driving while discarding inputs, and risk hitting someone? Or
should it stop while waiting for better inputs, and risk an accident by blocking traffic?
We argue that it is necessary for autonomous systems to detect and adapt to OOD
data.
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Figure 2: Left: Images from the COCO validation set.
right: Absolute gradient images from YOLOv4 + Normalizing Flow.

In our earlier work [3], we used a Normalizing Flow (NF) as an OOD detector, and
we created an adaptable vision system by allowing our robot to change parameters
in its camera on-the-fly. We chose to implement this behaviour as an optimization
procedure, where the parameters backlight compensation, brightness, exposure, gain,
saturation, and sharpness were optimized with respect to the OOD score from our
NF. Effectively, our robot learns the best camera parameters for any given scene, by
minimizing theOOD score. Wewere able to show that this type of adaptive behaviour
improves the performance of a YOLOv4 object detector in difficult visual scenarios.

A major weakness of our earlier method is the fact that the NF evaluates an entire
image as either in- or out-of-distribution. Consider the example in Fig. 1. Due to the
bright light, it is not possible to find any single camera parameter setting that makes
the entire image visible. Despite this, the objects around the bright light can be made
almost perfectly visible by changing camera parameters. Therefore, we see a need to
express OOD detection on regions rather than the full image.
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When inspecting the pixel-wise gradient with regard to the OOD score from our NF
model, it seems that OOD regions correspond to large absolute gradient values, and
in-distribution regions correspond to small absolute gradient values. This effect can
be seen in Fig. 2.

In this work, we propose to use the absolute pixel-wise NF gradient values as a local
OOD score. We conduct two experiments to provide empirical evidence that the ab-
solute NF gradient values carry OOD information at the pixel-level. Finally, we show
that our proposed absolute NF gradient outperforms our previous method [3] on a
real-world robotic picking experiment in a difficult visual scenario. To summarize, we
make the following contributions:

• We propose to use the absolute gradient from an NF to provide pixel-level OOD
information.

• We empirically show the efficacy of our proposed NF gradient for OOD detec-
tion.

• We show, across two common object detection architectures (YOLOv4[4], Faster-
RCNN[5]) that object detectors tend to perform better in regions with small
absolute NF gradient values.

• We experimentally establish the superior performance of our method over [3]
in adapting camera parameters for challenging imaging scenarios.

2 Related Work

A substantial body of research focuses on OOD detection, such as [6, 7, 8, 9, 10, 11].
However, these studies predominantly validate their findings using benchmarks. The
benchmarks employed generally fail to capture the diverse scenarios a robot might
face in real-world operations. This limitation arises primarily because these works
ensure that in-distribution and out-of-distribution inputs come from distinct sets.

A more niche segment of research delves into the application of OOD detection in ro-
botics, for example [12, 13]. These studies, while applying OOD detection to robotics,
typically resort to aborting operations upon encountering OOD data.

Another research avenue exploresOOD techniques for visual anomaly detection, with
studies like [14, 15, 16]. These investigations typically employ autoencoder meth-
ods to identify OOD elements within images, such as in medical imaging contexts.
However, the OOD strategies in these studies are usually tailored to their specific
applications, limiting their broader applicability.
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Lastly, [3] leverages an NF to adapt to challenging imaging situations by fine-tuning
camera parameters. Our contribution enhances this by using the NF’s gradient to
incorporating pixel-level OOD information.

3 Background

Given a training distribution 𝑝train(x), x ∈ ℝ𝐷, the goal of OOD detection is to
identify whether or not a new sample ̂x comes from 𝑝train(x). We assume that 𝑝train(x)
is unknown or intractable to evaluate – otherwise OOD detection would be trivial.
NFs enable OOD detection by approximating 𝑝train [17].

Formally, an NF is a diffeomorphism, an invertible transformation 𝑇 (x) where both
𝑇 (x) and 𝑇 −1(x) are differentiable [18]. In training an NF, the goal is to learn this
diffeomorphism such that u = 𝑇 (x), u ∈ ℝ𝐷, follows a different, tractable distribu-
tion 𝑝𝑢(u). The distribution 𝑝𝑢(u) is typically chosen to be a unit Gaussian 𝒩(0, 1),
since a Gaussian is easy to evaluate and sample. 𝑇 being a diffeomorphism allows
𝑝train(x) to be approximated using the following formula [18]:

𝑝train(x) = 𝑝𝑢(u)| det 𝐽𝑇 −1(u)|−1

= 𝑝𝑢(𝑇 (x))| det 𝐽𝑇(x)| ,

where 𝐽𝑇 denotes the Jacobian of 𝑇. As such, the NF allows us to approximate 𝑝train by
transforming it into a tractable distribution. In the standard OOD detection setting,
an OOD threshold is set with respect to 𝑝train(x), typically based on a fixed false
positive rate [19].

Pretrained CNN
image
I

Convolutions
F(I)

gradient image
|∇ptrain(F(I))|

Features
x

Normalizing Flow
T(x)

backprop

Detection/Prediction
Head

CNN
Output

ptrain(x)

Figure 3: Illustration of how we apply NFs alongside a pretrained CNN for vision tasks.
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The primary difficulty in constructing an NF is ensuring invertibility, along with a
tractable | det 𝐽𝑇(x)|. One common way to solve these problems is affine coupling
layers, used in for example RealNVP[20] and GLOW[21]. Coupling layers divide their
input x into two non-overlapping parts x1,x2. An affine transformation is then per-
formed on one part, while leaving the other unchanged:

x′
1 = 𝛼𝛼𝛼 ⋅ x1 + 𝛽𝛽𝛽 ,

where 𝛼𝛼𝛼 = exp(𝐹1(x2)), 𝛽𝛽𝛽 = 𝐹2(x2) .

Here we use ⋅ to denote element-wise multiplication. 𝐹1 and 𝐹2 denote arbitrary
functions, for example neural networks. The output of the coupling layer is then
computed by simply reconstructing x using the new x′

1 and the unchanged x2. Com-
monly, x1 and x2 are constructed by simply splitting x in half, in which case the
output is constructed by simply concatenating: x′ = [x′

1|x2] [18]. In this setting, the
layers typically operate on alternating halves of x, otherwise one half would be left
permanently unchanged.

Kirichenko et al. [17] observe that applying NFs directly to images tends to work
poorly for OOD detection, They show that NFs seem to learn pixel-to-pixel corres-
pondences, rather than extracting any semantic information about the image distri-
bution. As a solution, they propose to apply an NF to features extracted from another
pretrained neural network.

In our previous work [3], we adopted the approach from [17], and applied it to a
robotic perception setting. Instead of using a pretrained network only for feature
extraction, we applied an NF alongside a pretrained network for a vision task. This
approach allows a single network to perform a vision task, while also being used as
a feature extractor for the NF as illustrated in Fig. 3. In turn, this allows the NF to
provide an OOD score for each image with negligible runtime overhead. Using this
NF construction, we applied an evolutionary optimization procedure [22] to minimize
𝑝train(x) by adjusting camera parameters (backlight compensation, brightness, con-
trast, exposure, gain, saturation, and sharpness). We implemented this optimization
procedure in our robot, using YOLOv4[4] as the pretrained CNN. By deploying our
robot in a number of difficult visual scenarios, we were able to show an increase in
object detection performance using our optimization procedure (average increase of
3.86 percentage units in F1 score).
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4 Our Approach

Instead of computing a global OOD score, we extend the NF approach from [3] and
[17] by computing gradients to extract pixel-level OOD information. Formally, given
an input image

𝐼 =
⎡
⎢
⎢
⎣

𝑖11 𝑖12 … 𝑖1𝑊
𝑖21 𝑖22 … 𝑖2𝑊
⋮ ⋮ ⋱ ⋮

𝑖𝐻1 𝑖𝐻2 … 𝑖𝐻𝑊

⎤
⎥
⎥
⎦

, 𝐼 ∈ ℝ𝐻×𝑊 ,

the OOD detection method in [3, 17] computes:

x = 𝐹(𝐼), 𝐹 ∶ ℝ𝐻×𝑊 ↦ ℝ𝐷

𝑝train(x) = 𝑝𝑢(𝑇 (x))| det 𝐽𝑇(x)| ,
(1)

where F denotes the feature extraction layers from a pretrained neural network, and
𝑇 denotes the learned NF.

In order to gain pixel-level OOD information, we propose to use the gradient of Eq.
(1). Specifically, we propose to use the absolute value of each element in the gradient.
With some notational abuse, we write

|∇𝑝train(𝐹(𝐼))| ∈ ℝ𝐻×𝑊

|∇𝑝train(𝐹(𝐼))|𝑦𝑥 = ∣𝛿𝑝train

𝛿𝑖𝑦𝑥
∣ .

(2)

In other words, we simply backpropagate through 𝑝train and 𝐹, as indicated by the red
edges in Fig. 3. Here we use 2-dimensional grayscale images purely for notational
convenience. Our method extends directly to RGB images by averaging across the
channel dimension.

Through initial testing we have observed that image regions that closely match the
distribution 𝑝train tend to have small gradient values compared to regions that are
OOD. Intuitively, we reason that in-distribution datawill likely lie close to amaximum
of 𝑝train(x). Due to the continuity and differentiability of 𝑝train(x), these data points
should exhibit small gradient values. This intuition also serves as our rationale for
using the absolute value of gradients, as the direction of change is inconsequential.

Just as before, our goal is to construct an optimization procedure over camera para-
meters, in order to allow our robot to adaptively overcome difficult visual scenarios.
In our robotics work, we mostly perform object detection tasks, for example object
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picking. All object detection tasks involve some type of region proposal, whether it
be bounding-boxes or image segmentations. For such tasks, we propose to optimize:

min
𝜃

1
|ROI|

∑
𝑥,𝑦∈ROI

|∇𝑝train(𝐹(𝐼(𝜃)))|𝑥𝑦 ,

where ROI denotes the region of interest proposed by the object detector, and 𝜃 de-
notes camera parameters. We use |ROI| to represent the number of pixels inside the
region. Here we also write 𝐼(𝜃) to highlight the dependence of the image on the
camera parameters. When the object detector fails to propose a suitable region of
interest, we fall back to computing the average over the entire absolute NF gradient
image |∇𝑝train(𝐹(𝐼(𝜃)))|. We expect this fallback behaviour to perform similarly to
optimizing 𝑝train, as in [3]. Additionally, for multi-object detectors, we apply the sum
over the union of all proposed regions:

ROI = ⋃
ROI𝑖

ROI𝑖 .

For other types of visual tasks, it may be necessary to construct other ways to select
suitable regions to optimize over.

5 Experiments and Results

In this section, we begin by performing two separate experiments to empirically es-
tablish evidence supporting our proposed optimization procedure.

First, we perform a conventional OOD detection experiment using the average abso-
lute NF gradient as an OOD score:

1
𝐻𝑊

𝐻
∑
𝑦=1

𝑊
∑
𝑥=1

∣ 𝛿𝑝train

𝛿𝑖𝑦𝑥
∣ . (3)

Showing that the absolute NF gradient can be used successfully for OOD detection
directly implies that it is useful for constructing an adaptive optimization procedure
as in [3]. Additionally, showing success in OOD detection using the average absolute
gradient over the entire image supports our decision to use this as a fallback when
our object detection fails to propose a region of interest.

Second, we investigate the relationship between object detector performance, and
the absolute NF gradient. Specifically, we look at the predicted bounding-boxes
from two common object detectors (YOLOv4[4], Faster-RCNN[5]), and we show that
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bounding-boxes that are predicted correctly tend to contain smaller absolute NF
gradient values compared to incorrectly predicted bounding-boxes. This experiment
serves directly to support our decision to optimize camera parameters over the pre-
dicted regions of interest from our object detector.

Finally, we conduct a real-world experiment using our robot, where we set up an ob-
ject picking task in a cluttered scene. We manually construct an exceedingly difficult
visual scenario by making our lab as dark as possible, while aiming a bright light at
our robot. Our proposed absolute NF gradient optimization procedure is then com-
pared to [3], and simple auto-exposure and auto-whitebalance.

5.1 NF Training

In all of our experiments we use an NF consisting of 10 affine coupling layers, oper-
ating on alternating halves of the input. Each coupling layer consists of two shared
ReLU-activated linear layers followed by two separate prediction heads, one for 𝛼𝛼𝛼
and one for 𝛽𝛽𝛽. Our NF is trained for 200 epochs, using the Adam[23] optimizer with
a constant learning rate of 10−4.

5.2 OOD Experiment

We run the same conventional OOD detection experiment as in [17], in order to
compare performance of our proposed average absolute NF gradient to that of using
𝑝train directly. For feature extraction, we use an EfficientNet [24] model pretrained on
ImageNet [25]. We perform OOD detection on the CIFAR-10 [26], SVHN [27], and
CelebA [28] datasets. An NFmodel is trained for each of these datasets, which results
in the other two datasets being considered OOD. First, we compute OOD detection
performance using 𝑝train(𝐹(𝐼)) as an OOD score directly, exactly like [17]. Then, we
compute OOD detection performance using the average absolute NF gradient (Eq.
3). We calculate an OOD threshold with a fixed 5% false-positive rate. The resulting
true-positive rates are shown in Table 1 and 2 respectively.

Table 1: OOD detection true-positive rates using 𝑝train(𝐹(𝐼)).

OOD
Cifar10 SVHN CelebA

Train
Cifar10 - 0.4148 0.9953
SVHN 0.999 - 1.0
CelebA 1.0 1.0 -

Table 2: OOD detection true-positive rates using average abso-
lute NF gradient.

OOD
Cifar10 SVHN CelebA

Train
Cifar10 - 0.6688 0.9205
SVHN 0.972 - 0.9999
CelebA 0.9464 0.9747 -
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From Table 2, it is evident that the NF gradient works well for OOD detection. While
we do observe a minor decrease in overall OOD detection performance, our NF gradi-
ent is not far behind the plain NF approach, and even achieves improved performance
on CIFAR10/SVHN. We would especially like to stress that we do not aim to achieve
state-of-the-art OOD detection performance, but only highlight the usefulness of ac-
cessing this type of information at a pixel-level.

5.3 Correlation with Model Performance

In order to further establish our proposed method for adapting camera parameters,
we wish to investigate whether the absolute NF gradient correlates with object detec-
tion performance. We perform an experiment using YOLOv4[4] and Faster-RCNN[5],
both trained on the COCO[29] dataset. Both of these models output bounding-boxes
corresponding to each predicted object. In order to investigate the absolute NF gradi-
ent with respect to object detection performance, we measure the average absolute
NF gradients inside correctly classified bounding-boxes, and compare it to incorrectly
classified bounding-boxes.

If a predicted bounding-box overlaps at least 50% (intersection-over-union) with a
ground-truth box, and they both have the same class label, then we classify that
predicted bounding-box as correct. Otherwise it is classified as incorrect. Similarly,
if the model fails to predict a ground-truth box, we add that ground-truth box to our
list of incorrect boxes. These results are shown in Table 3.

Table 3 shows average absolute NF gradients inside bounding-boxes from the COCO
validation dataset. Since we operate on the absolute values of the NF gradients, the
resulting distributions are not Gaussian, and standard deviations appear meaning-
less. Therefore, it is difficult to precisely gauge the nature of this correlation. But
what is evident is that there is a correlation, as the correct bounding boxes have on
average around 20% lower absolute gradient values.

Table 3: Average gradients for COCO object detection.

Correct bounding-box Incorrect bounding-box
YOLOv4 0.4447 0.5640

Faster-RCNN 0.7658 0.9510
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5.4 Parameter Optimization

In order to show the benefits of our proposed absolute NF gradient for robotic percep-
tion, we construct a table-top object picking task with difficult imaging conditions.
First we create a cluttered tabletop scene (Fig. 4). Then, we make efforts to block
out natural light to make the room as dark as possible, and we shine a strong light
facing straight up from the cluttered scene. With all that in place, we position a UR-5
robot arm with a camera at its wrist (Realsense D435 RGB-D camera), such that the
camera is looking at our cluttered scene from above. Our experiment then proceeds
in an automated fashion as follows:

• The arm is positioned such that the camera is looking down at the scene from
a random position on a semi-sphere.

• Images are captured with:

– The camera’s default image parameters.

– The camera’s default image parameters, with auto-exposure and auto-
whitebalance.

– Parameters optimized using 𝑝train(x), as in [3].

– Parameters optimized using our proposed absolute NF gradient image.

• For each image, a YOLOv4 model detects COCO objects in the scene.

Example images captured from one arm position can be seen in Fig. 5. In our scene
we include the following COCO objects: apple, banana, book, cup, fork, mouse, scis-
sors, and spoon (Fig. 4). We ensure that all COCO objects are visible to a human
under some camera parameter settings. Before starting our experiment, we compute
the true position of each COCO object, and convert these positions into the robot’s
coordinate frame. For each trial in our experiment, we compare the outputs from
YOLOv4 to these positions in order to determine whether an object was correctly
classified at the right location.

Given that we use the same camera model as in [3], we choose to optimize the same
parameters: backlight compensation, brightness, contrast, exposure, gain, saturation,
and sharpness.

For both parameter optimization procedures, we employ an evolutionary optimiza-
tion algorithm with elitism selection, population size=50, mutation rate=20%, and a
total of 200 iterations [22]. All of these hyperparameters are the same as in [3].
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Figure 4: Cluttered scene used in parameter optimization experiment.

We ran our experiment for a total of 83 trials from different views. The number of
correct predictions for each object class are shown in Table 4. Best results for each
object class are highlighted in bold.

Table 4: Number of correct object detections. Default: Camera’s default parameters. Auto: Camera’s default parameters with auto-
exposure and auto-whitebalance. NF: Parameters optimized w.r.t. 𝑝train(x) as in [3]. NF Gradient: Parameters optimized
w.r.t. our proposed NF gradient image.

Default Auto NF NF Gradient
apple 0 0 0 0
banana 1 8 6 16
book 5 2 6 11
cup 9 12 12 18
fork 24 19 34 45
mouse 0 0 0 0
scissors 2 0 4 10
spoon 4 1 9 14
Total: 45 42 71 114

It is immediately clear from Fig. 5 that these imaging conditions are very difficult for
an object detector to operate in, which explains the low detection numbers in Table
4. Table 4 shows that optimizing camera parameters with respect to our proposed NF
gradient image yields by far the best object detection performance for every object
class we tested. In fact, our method achieves an overall success rate that is 60% better
than the second best method. For the individual classes, our method beats the second
best by at least 32% (fork), and up to 150% (scissors). We disregard the apple and
mouse object classes, since they were not detected by any method.
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Figure 5: Example images captured during experiments. Top left: default parameters. Top right: Default parameters with auto-
exposure and auto-whitebalance. Bottom left: parameters optimized according to [3]. Bottom right: parameters optimized
using our NF gradient image.

While we ensured that all objects were visible under some parameter settings, we
never found a single parameter setting that made all objects clearly visible. Most
likely, this explainswhy neithermethod could successfully detect the apple andmouse.
Since they were placed close to the light source, they were typically more difficult to
discern. This further highlights the importance of local OOD information compared
to a single global OOD score. By computing a local OOD score, our NF gradient
method allows the perception pipeline to focus only on the regions that matter, and
make sure those are visible.

We would like to note that it is likely possible to further improve the object detection
performance. In our experiment, camera parameters were jointly optimized for all
detected objects. However, we believe that individual optimization for each object
region might yield even better performance.
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6 Conclusions and Future Work

In this work, we introduce a technique that employs gradients from a Normalizing
Flow (NF) to obtain pixel-level Out-of-Distribution (OOD) information for an image.
Experimental results validate the efficacy of our proposed NF gradient for general
OOD detection. Moreover, this approach significantly surpasses our prior methods
for adapting to challenging imaging scenarios. Consequently, our robotic perception
framework demonstrates enhanced object detection capabilities, even in the face of
adverse lighting conditions.

We will make our code publicly available at
https://github.com/SimonKLind/NF-Gradients. Additionally, we
will compile the images collected from our experiment into a dataset, which we will
also make publicly available for future research.

A notable limitation of our current method is its dependency on the camera to sample
parameter configurations during the optimization procedure. The process of acquir-
ing multiple image samples is inherently time-consuming, resulting in a runtime that
is slower than desired, which may prohibit its use in some robot applications. To
broaden the applicability of our techniques across diverse robotic tasks, we hope to
improve the runtime by removing the dependency on the camera for sampling.
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Abstract

When deploying deep neural networks on robots or other physical systems, the learned
model should reliably quantify predictive uncertainty. A reliable uncertainty allows
downstream modules to reason about the safety of its actions. In this work, we
address metrics for uncertainty quantification. Specifically, we focus on regression
tasks, and investigate Area Under Sparsification Error (AUSE), Calibration Error (CE),
Spearman’s Rank Correlation, and Negative Log-Likelihood (NLL). Using multiple
datasets, we look into how those metrics behave under four typical types of uncer-
tainty, their stability regarding the size of the test set, and reveal their strengths
and weaknesses. Our results indicate that Calibration Error is the most stable and
interpretable metric, but AUSE and NLL also have their respective use cases. We dis-
courage the usage of Spearman’s Rank Correlation for evaluating uncertainties and
recommend replacing it with AUSE.
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Figure 1: An illustration for UQ metrics and regression metrics. Note: the axes of CE and AUSE are distinct, but not orthogonal.

1 Introduction

In recent years, there has been a rapid advance in the adoption of neural network-
based methods in many real-world applications, for example robotics. Following
this adoption, increasing scrutiny has been directed towards neural network-based
methods for their lack of reliability and interpretability. While neural networks have
achieved impressive performance for many different tasks, the fact remains that they
can be unreliable in real-world deployment (Grimmett et al., 2016). Additionally, their
lack of interpretability makes it difficult to know how and when they may perform
unreliably. For these reasons, increasing attention has been directed at the uncer-
tainty output from neural networks, and the importance of introspective qualities
(Grimmett et al., 2016). Arguably the most important introspective quality is a reli-
able uncertainty estimate.

Despite increasing attention being directed toward uncertainty quantification (UQ),
much of this work focuses on uncertainty in classification tasks where metrics for
assessment are well understood (Ovadia et al., 2019). Many real-world applications,
however, rely instead on regression, and there is a lack of common understanding sur-
rounding the available metrics for regression. In this work, we have identified four
metrics that are commonly used to measure various qualities in a predicted uncer-
tainty in regression. Specifically, we investigate the Area Under Sparsification Error
(AUSE) (Ilg et al., 2018), Spearman’s Rank Correlation (Spearman, 1904), Negative Log
Likelihood (NLL)(Lakshminarayanan et al., 2017), and Calibration Error (CE) (Pakda-
man Naeini et al., 2015). These UQ metrics measure different aspects of uncertainty
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that are all orthogonal to the regression task performance (typically mean squared
error (MSE)) as indicated in Fig. 1.

With the help of synthetic datasets, we explore the usage of these metrics with the
aim of better understanding their differences, strengths and limitations.

Our contributions are as follows:

• We create simple synthetic datasets that highlight different types of uncer-
tainty, and use these to explore how the metrics behave, compared to the gen-
erating data distribution.

• We compare each metric in terms of their stability to different dataset sizes.
• We reason about the strengths and limitations of each metric.
• Finally, we experiment on a real stereo disparity task, where we add synthetic

noise to the input, to further illustrate the behaviour of the tested measures.

We also provide a mathematical formulation for the AUSE metric. To the best of
our knowledge, AUSE has previously only been described informally, using natural
language.

2 Related Work

Historically, methods that deal with any type of uncertainty in regression have been
formulated using parameterized distributions. As a classic example, consider Kal-
man filters (Kalman, 1960), which are built on a parameterized distribution with well-
defined uncertainty. Modern machine learning methods are built upon a solid stat-
istical foundation andmost methods output some form of uncertainty (Bishop, 2006).
However, it has been observed that there is a discrepancy between the predicted un-
certainty from modern neural networks, and the observed empirical accuracy (Guo
et al., 2017). Additionally, lacking interpretability in these uncertainties have led to
the development of methods to formulate more statistically grounded uncertainties
(Gawlikowski et al., 2023).

Along with the research on uncertainty estimation, a number of methods have been
developed to assess how trustworthy a predicted uncertainty is. Perhaps the most
commonly used (for example in Guo et al. (2017); Kuleshov et al. (2018)) is the expected
calibration error (ECE) (Pakdaman Naeini et al., 2015). While not as common as ECE,
NLL (negative log likelihood) is also used, for example in Heiss et al. (2022); Loquercio
et al. (2020). Spearman’s rank correlation coefficient (Spearman, 1904) has also found
new use in this area (for example in Tan et al. (2023); Ng et al. (2023)). Finally, themost
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recent method we examine is AUSE (Ilg et al., 2018), used in for example Eldesokey
et al. (2020); Xiong et al. (2024). While other uncertainty assessment methods exist,
we have chosen to focus on these four as they are most commonly used.

3 Theory

First, we introduce different types of uncertainty in Sec. 3.1. Then, in Sec. 3.2, we
introduce the four common uncertainty evaluation metrics to be analyzed.

3.1 Different types of Uncertainty

In the realm of predictive uncertainty estimation, we encounter two fundamental
types of uncertainty (Kendall & Gal, 2017). The first, known as aleatoric uncertainty,
encompasses the intrinsic noise and ambiguity present in observations. This noise,
stemming from sources like sensor or motion irregularities, persists even with an in-
crease in data collection and cannot be mitigated. The second type, epistemic uncer-
tainty constitutes the uncertainty surrounding model parameters, reflecting our lack
of knowledge about the precise model generating the observed data. This form of un-
certainty tends to diminish as more data is acquired, and is thus often termed model
uncertainty. The most common cause of epistemic uncertainty is out-of-distribution
(OOD) data. In other words, data that comes from a distribution that is different
from the training data. For example, autonomous driving models that are trained on
synthetic data usually face domain gap to real-world data.

Aleatoric uncertainty can be subdivided into homoscedastic uncertainty, which re-
mains constant across various inputs, and heteroscedastic uncertainty, which varies
depending on the model inputs. Heteroscedastic uncertainty plays a crucial role in
computer vision tasks. For example, in depth regression, images with intricate tex-
tures and prominent vanishing lines typically yield confident predictions, whereas
images of featureless surfaces are expected to produce higher uncertainty.
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3.2 Uncertainty Evaluation Metrics

Here, we introduce the four selected uncertaintymetrics for the deep regression tasks.
We define the metrics as functions of a dataset 𝑆 = {(x𝑖, 𝑦𝑖) | 𝑖 = 1, 2, … , 𝑁},
consisting of input-output pairs (x𝑖, 𝑦𝑖). For any learned model, we further define
𝐹(x; 𝜃) ↦ ℝ, and 𝑈(x; 𝜃) ↦ ℝ to be functions based on the model parameters 𝜃.
𝐹(x; 𝜃) produces a prediction of 𝑦, and 𝑈(x; 𝜃) produces an uncertainty estimate.

AUSE: Sparsification plots are widely used in optical flow (Mac Aodha et al., 2013;
Wannenwetsch et al., 2017) and stereo disparity (Häger et al., 2021) to assess how
well the predicted uncertainty coincides with the prediction error on a test dataset.
A sparsification plot is created by plotting the mean absolute error for a dataset while
iteratively removing the data point with the highest predicted uncertainty. If the pre-
dicted uncertainty coincides well with the error, the sparsification plot should form
a monotonically decreasing curve. The best possible sparsification plot, commonly
called oracle sparsification, is generated when the predicted uncertainty corresponds
exactly to the absolute error. Ilg et al. (2018) define sparsification error as the differ-
ence between a models’ sparsification and the corresponding oracle. AUSE is then
defined as the area under the sparsification error curve. However, Ilg et al. (2018)
never provide a formal mathematical definition for AUSE, and therefore we provide
one here.

AUSE is computed as an aggregate metric over a dataset 𝑆 consisting of input-output
(x𝑖, 𝑦𝑖) pairs. We define the mean absolute error (MAE) on 𝑆 as:

MAE(𝑆) = 1
|𝑆|

∑
(x𝑖,𝑦𝑖)∈𝑆

|𝑦𝑖 − 𝐹(x𝑖; 𝜃)| . (1)

Based on a parameter 𝛼 ∈ [0, 1], we partition 𝑆 into disjoint subsets 𝑆AE
∧ (𝛼) and

𝑆AE
∨ (𝛼) such that |𝑆AE

∧ (𝛼)| = 𝛼|𝑆|, and

|𝑦𝑖 − 𝐹(x𝑖; 𝜃)| ≥ |𝑦𝑗 − 𝐹(x𝑗; 𝜃)|
∀ (x𝑖, 𝑦𝑖) ∈ 𝑆AE

∧ (𝛼), (x𝑗, 𝑦𝑗) ∈ 𝑆AE
∨ (𝛼) .

(2)

In other words, the size of 𝑆AE
∧ (𝛼) is a fraction 𝛼 of the entire set 𝑆, and all absolute

errors in 𝑆AE
∧ (𝛼) are larger than those in 𝑆AE

∨ (𝛼). We also define analogous partitions
𝑆𝑈

∧ (𝛼) and 𝑆𝑈
∨ (𝛼) with respect to the uncertainty:

𝑈(x𝑖; 𝜃) ≥ 𝑈(x𝑗; 𝜃)
∀ (x𝑖, 𝑦𝑖) ∈ 𝑆𝑈

∧ (𝛼), (x𝑗, 𝑦𝑗) ∈ 𝑆𝑈
∨ (𝛼) .

(3)
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With these partitions in place, we define:

AUSE(𝑆) = ∫
1

0

MAE(𝑆𝑈
∨ (𝛼))

MAE(𝑆)
− MAE(𝑆AE

∨ (𝛼))
MAE(𝑆)

𝑑𝛼. (4)

AUSE computes the normalized area between the two curves MAE(𝑆𝑈
∨ (𝛼)) and

MAE(𝑆AE
∨ (𝛼)) formed by varying 𝛼 from 0 to 1. The curve MAE(𝑆AE

∨ (𝛼)) is called
the oracle, which represents a lower bound on sparsification. In practice, the integral
(4) is replaced with summing over finite test set samples. See Fig. 5 for an example of
an AUSE sparsification plot.

Since AUSE is computed as the difference between two curve, the definitive lower
bound is zero, but there is no clear upper bound.

Calibration Error The reliability diagram (Niculescu-Mizil & Caruana, 2005) and
the expected calibration error (Pakdaman Naeini et al., 2015) are originally diagnostic
tools for classification models that compare sample accuracy against predicted con-
fidence. However, this approach does not apply to regression tasks. Therefore,
Kuleshov et al. (2018) introduce a calibration plot for regression tasks in terms of the
cumulative distribution function from the model, and summarize it with CE as a nu-
merical score. Formally, let the predicted probability distribution of an input x𝑖 be
𝑃(𝑦𝑖|𝜃) = 𝐹(x𝑖; 𝜃). The empirical frequency is then defined as

̂𝑝𝑗 =
|{𝑦𝑖 ∣ 𝑃 (𝑦 < 𝑦𝑖|𝜃) ≤ 𝑝𝑗, (x𝑖, 𝑦𝑖) ∈ 𝑆}|

𝑁
. (5)

Here 𝑝𝑗 ∈ [0, 1] represents an arbitrary threshold value. Given 𝑀 distinct thresholds
𝑝1, 𝑝2, … , 𝑝𝑀 (typically evenly spaced from 0 to 1), the calibration error is defined for
regression as

cal( ̂𝑝1, ⋯ , ̂𝑝𝑁) =
𝑀

∑
𝑗=1

𝑤𝑗(𝑝𝑗 − ̂𝑝𝑗)2 , (6)

where 𝑤𝑗 are arbitrary scaling weights, usually 𝑤𝑗 = 1
𝑁/𝑝̂𝑗

.

Spearman correlation In 1904, psychologist Charles Spearman defined what he
called the rank method of correlation (Spearman, 1904). He observed that there may
exist correlations that would not be adequately captured by simple linear correlation.
Instead, he argued that more complex correlations may be adequately captured by
comparing ranks of elements.

Given a set of samples, the rank of a sample is simply the index that number would
have in a list. More formally, let 𝐿 = [𝑢1, 𝑢2, … , 𝑢𝑁] be a sequence of samples, then
the rank of a sample is defined as:

𝑟(𝑢𝑖) = 1 + |{𝑢𝑗 | 𝑢𝑗 < 𝑢𝑖, 𝑢𝑗 ∈ 𝐿}| . (7)
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We then define the rank operation for a sequence:

𝑅(𝐿) = [𝑟(𝑢1), 𝑟(𝑢2), … , 𝑟(𝑢𝑁)] . (8)

Spearman’s rank method is then the correlation between two rank sequences:

𝜌𝑅(𝐿1),𝑅(𝐿2) = cov(𝑅(𝐿1), 𝑅(𝐿2))
𝜎𝑅(𝐿1)𝜎𝑅(𝐿2)

. (9)

When used as a metric for uncertainty, this correlation is computed between the
predictive uncertainty, and the absolute prediction errors (Tan et al., 2023).

NLL The popular negative log-likelihood is proved to be a strictly proper scoring rule
(Lakshminarayanan et al., 2017). Given a dataset 𝑆 = {(x𝑖, 𝑦𝑖) | 𝑖 = 1, 2, … , 𝑁} and
a probability density function 𝑝(𝑦|x) parameterised by learnable parameters 𝜃, the
NLL is defined as

NLL(𝑆) = −
𝑁

∑
𝑖=1

log 𝑝(𝑦𝑖|x𝑖; 𝜃) . (10)

In expectation, the NLL is minimized if and only if 𝑝(𝑦𝑖 | x𝑖; 𝜃) is equal to the true
underlying data distribution (Hastie et al., 2009). As such, the NLL can also be used
as a metric for uncertainty predictions, since a model with a lower NLL does a better
job (in expectation) of fitting the true data distribution.

3.3 Regression Models with Uncertainty Predictions

There exist many different model architectures that incorporate uncertainty predic-
tions. Note that our goal is not to investigate properties in the models. We choose
to only use two different models, namely an ensemble and an energy-based model.
While there are many other popular models for UQ (e.g. the recently introduced
SNGP by Liu et al. (2024)) the purpose of this paper is to evaluate the metrics, not the
models.

Deep Ensemble (DE)

Ensemble learning combines the predictions frommultiple individualmodels to achieve
better predictive performance than any single model. For estimating predictive un-
certainty,Deep Ensemble (DE) (Lakshminarayanan et al., 2017) is a simple yet effective
method that trains multiple models in the same architecture with different random
initialization and data shuffling. The ensemble is treated as a uniformly weighted
mixture model. In practice, for the regression task, each individual model outputs
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two scalars, which are interpreted as the mean and variance of a Gaussian distribu-
tion, and then it is trained tominimize the Gaussian NLL loss as in (11) on the training
set.

− log 𝑝𝜃 (𝑦𝑛 ∣ x𝑛) =
log𝜎2

𝜃(x)
2

+ (𝑦 − 𝜇𝜃(x))2

2𝜎2
𝜃(x)

+ C (11)

We follow the suggestion by Lakshminarayanan et al. (2017) to train 5 models and
thus get a mixture of Gaussians. This mixture is further approximated by a Gaussian
whose mean and variance are the mean and variance of the mixture respectively.

Energy Based Regression (EBR)

Energy-based learning involves learning an energy function ℰ(𝑥). The goal when
learning ℰ(𝑥) is to assign low energy to observed samples (Gustafsson et al., 2019).
Learning ℰ(𝑥) is in many ways analogous to learning a probability density function,
and as such, it has commonly been used for unsupervised learning tasks (Gustafsson
et al., 2019). Gustafsson et al. (2019) construct a supervised regression model based
on an energy function. First, they define 𝑓𝜃(𝑥, 𝑦) ↦ ℝ to be their learned energy
function. Then, they construct a probability density function:

𝑝(𝑦|𝑥; 𝜃) = 𝑒𝑓(𝑥,𝑦;𝜃)

𝑍(𝑥; 𝜃)
, 𝑍(𝑥; 𝜃) = ∫ 𝑒𝑓(𝑥, ̃𝑦;𝜃)𝑑 ̃𝑦 . (12)

Parameters 𝜃 are trained by minimizing the NLL with respect to the training data:

ℒ = − 1
𝑁

𝑁
∑
𝑖=1

log𝑍(𝑥𝑖; 𝜃) − 𝑓(𝑥𝑖, 𝑦𝑖; 𝜃) . (13)

𝑍(𝑥𝑖; 𝜃) is approximated by Monte Carlo sampling. Predictions are generated by
performing multi-start gradient ascent to maximize 𝑓(𝑥𝑖, ̃𝑦; 𝜃) with respect to ̃𝑦. For
uncertainty quantification, the raw value of the energy function is used.
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4 Experiments and Results

Homoscedastic dataset Heteroscedastic dataset Multimodal dataset Epistemic dataset

Figure 2: The four synthetic regression datasets. Data points are orange, and the solid blue lines represent the expectation of the
generating function.

4.1 Synthetic Regression Datasets

In order to gauge the behavior of the different uncertainty metrics, we construct
four simple synthetic regression datasets, each with a different source of uncertainty.
These can be seen in Fig. 2. We will henceforth refer to these datasets by their names:
homoscedastic, heteroscedastic, multimodal, and epistemic. The names homoscedastic
and heteroscedastic are in reference to the type of Gaussian noise applied to the
generating function. Multimodal refers to the fact that data is generated from two
separate generating functions. Finally, epistemic, refers to the epistemic uncertainty
arising from a gap in the training data. Fundamentally, each dataset is a collection
of input-output pairs (𝑥, 𝑦). Outputs 𝑦 are generated as follows:

• Homoscedastic:
𝑦 = cos(1.5𝜋𝑥) + 𝜖, 𝜖 ∼ 𝒩(0, 0.1) .

• Heteroscedastic:
𝑦 = cos(1.5𝜋𝑥) + 𝜖, 𝜖 ∼ 𝒩(0, 0.4 ⋅ | cos(1.5𝜋𝑥)|) .

• Multimodal:
𝑦 = 0.5 ± cos(2𝜋𝑥) + 𝜖, 𝜖 ∼ 𝒩(0, 0.05) .

• Epistemic:
𝑦 = 0.5 + cos(4𝜋𝑥) + 𝜖, 𝜖 ∼ 𝒩(0, 0.05) .

Here, 𝒩(0, 𝜎) refers to a Gaussian distribution with mean 0, and standard deviation
𝜎. ± in the definition of the multimodal dataset refers to a equal chance of being + or
-, which represents the two different modes. In the epistemic dataset, there is a gap
in the training data for 𝑥 ∈ [0.35, 0.65], which is not present in the test data. This
means test data is OOD, which causes epistemic uncertainty. Domains for the inputs
are 𝑥 ∈ [−1, 1] for the homoscedastic and heteroscedastic datasets, and 𝑥 ∈ [0, 1]
for the multimodal and epistemic datasets.
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D
ee

p
En

se
m
bl
e

En
er
gy

m
od

el

Figure 3: Visualization of the predicted density on the test set for trained models. Contour plots: Log-likelihood output from each
model. Yellow: the high-density region; Blue: the low-density region. Blue points: Predicted mean. Orange points: Test
set.

4.2 Implementation Details

For each synthetic dataset, we train one EBR model, and one DE model. Both types
of models were trained with a batch size of 128 using the Adam (Kingma & Ba, 2015)
optimizer. The sizes of the training, validation, and testing datasets were respectively,
100000, 1000, and 1000 samples. Fig. 3 shows the resulting log-likelihood functions
from the models, along with their predictions on our test sets.

Energy Based Regression We implement EBR as a 9-layer perceptron with ReLU
activations and a hidden size of 256, whichwe train for 20 epochs with a fixed learning
rate 10−4. While 9 layers may sound too deep for our simple toy datasets, our initial
experiments showed clear signs of underfitting with shallower models.

Deep Ensemble All models in our ensemble are identical 5-layer perceptrons, with
ReLU activations, and a hidden size of 256. In this case 5 layers is more than enough
for the model to learn our toy datasets, and we choose this size simply to avoid a
comparison between models of drastically different depth. Overfitting is not a con-
cern since we can control the amount of data we generate. We train five models for
20 epochs each with a fixed learning rate of 10−3. In our experiments we use the
predicted variance as 𝑈(𝑥), more choices are compared by Xiong et al. (2024).
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4.3 Stability on varying test set sizes

All metrics are estimates that are computed on a test set of finite size. It is thus
important to investigate how quickly each metric converges to its expected value,
and whether the estimates are biased for small test set sizes.

First, in order to test convergence, we emulate a process of iteratively collecting
points. We begin with generating a single large test dataset of size 216. From this
dataset, we randomly sample data points without replacement, which allows us to
investigate how quickly each metric converges to its “true” value for a given dataset.
We evaluate each metric at test set sizes 23, 24, …, 216. The resulting metrics from
each subset are reported in Fig. 4 (a).

Second, in order to investigate any bias in the approximation of each metric, we
sample 100 i.i.d. datasets at each size 23, 24, …, 216. We then report the average
of each metric over these 100 datasets in Fig. 4 (b). If a metric is truly unbiased, the
average at a small dataset size should converge to the same value as the average at
larger dataset sizes.

For both experiments, we use our heteroscedastic dataset because we believe it is
the best candidate to highlight any stability issues, due to its varying noise levels.
We apply the DE model in both experiments since its performance is similar to EBR
model on the heteroscedastic dataset as shown in Fig. 3 (b) and the choice of model
is agnostic.

Figure 4: Experiments to test two types of stability of metrics under different test dataset sizes.
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4.4 Metrics under different types of uncertainty

We compute all metrics for both our models on the test sets of each of the four data-
sets. As a reference, we compare the results to those computed on the data-generating
distribution. Using the data generating distribution will, in expectation, minimize
NLL and CE, and should provide a good point of comparison for all metrics. We
summarize metrics of both models for each dataset in Tab. 1, 2, 3 and 4 respectively.

Table 1: Metrics for all models on Homoscedastic dataset.

AUSE↓ CE↓ NLL↓ Spearman↑
DE 0.5915 0.0023 -0.8819 0.0444
EBR 0.5707 0.0032 -0.8568 -0.0264
True dist. 0.5917 0.0003 -0.8965 0.0076

Table 2: Metrics for both models on Heteroscedastic dataset.

AUSE↓ CE↓ NLL↓ Spearman↑
DE 0.2334 0.0001 -0.1091 0.0005
EBR 0.2422 0.0001 -0.0990 -0.0419
True dist. 0.2305 0.0001 -0.1472 0.0280

Table 3: Metrics for both models on multimodal dataset.

AUSE↓ CE↓ NLL↓ Spearman↑
DE 0.0071 0.0229 0.8098 -0.0420
EBR 0.5821 0.0018 -0.6535 0.0093
True dist. 0.5180 0.0001 -0.7935 0.0073

Table 4: Metrics for both models on epistemic dataset.

AUSE↓ CE↓ NLL↓ Spearman↑
DE 0.6016 0.0145 36.4332 0.0298
EBR 1.3888 0.0298 31.2425 0.0067
True dist. 0.5454 0.0001 -1.5871 -0.0194
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4.5 Metrics for Real-world Applications

To further demonstrate the behaviour of the metrics, we apply them to the real-world
problem of stereo disparity prediction. This is a regression task where the disparity of
X-coordinates are to be predicted for corresponding pixels in the left and right frames
of a stereo camera. We adopt the continuous disparity network(CDN) fromGarg et al.
(2020), andwe use theHinge-Wasserstein training loss (Xiong et al., 2024) (hinge value
0.005) as it improves both the regression and UQ performance. The model is trained
on the large dataset Sceneflow (Mayer et al. (2016)), where dense ground truth dis-
parity maps are provided. As this is real image data, there is already an unknown
amount of aleatoric uncertainty in the test set. To this we add controllable amounts
of uniform Gaussian noise, to both left and right frames during testing. Specifically,
Gaussian noise with a set of different variances is added to the RGB image normalized
by ImageNet mean and variance. (This means that the image variance can be expec-
ted to be around 1 in the noise free case.) We use End-Point-Error (EPE) and 1-Pixel
Threshold Error (1PE), as in Garg et al. (2020) to quantify for regression performance.
All relevant performance and uncertainty metrics are provided in Tab. 5.

Table 5: All metrics for stereo disparity prediction with CDN supervised by hinge-Wasserstein (hinge value 0.005). Variances are
reported with 5 runs.

Noise scale EPE 1px NLL AUSE CE Spearman
0 1.01 ±0 9.44 ±0 0.000521±3.6 × 10−6 0.159 ±0.0006 0.2663 ±0 0.0012±0.0004

0.1 1.13 ±0.00 10.97 ±0.00 0.000590±4.2 × 10−6 0.161 ±0.0014 0.2629 ±0.0001 0.0010±0.0006

0.2 1.85 ±0.00 15.91 ±0.00 0.000735±2.8 × 10−6 0.128 ±0.0013 0.2457 ±0 0.0006±0.0006

0.3 2.81 ±0.01 22.54 ±0.01 0.000904±1.2 × 10−6 0.113 ±0.0008 0.2210 ±0 0.0024±0.0005

0.4 4.01 ±0.01 29.81 ±0.01 0.001061±1.9 × 10−6 0.103 ±0.0008 0.1947 ±0.0002 0.0026±0.0006

0.5 5.50 ±0.01 37.32 ±0.01 0.001212±2.0 × 10−6 0.099 ±0.0008 0.1686 ±0.0001 0.0040±0.0757
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5 Discussion

Here we analyze the experiment results, and reason about various strengths and lim-
itations of each metric.

5.1 Stability on varying test set sizes

From Fig. 4 (a) we can see that all metrics vary as the test set sizes increase and
finally converge to the expectation. We can conclude that all metrics converge bey-
ond a dataset size of 210. Hence, for most modern regression applications, where test
datasets are larger than ∼1000 samples, stability should not be a cause for concern.
While our analysis is based only on a single dataset, we expect the convergence speed
to be reasonably consistent across different datasets. Though the amplitudes of met-
rics vary from each other, arguably we can also conclude that CE is the most stable
and AUSE converges second fastest.

From Fig. 4 (b) we can see that the averages change for different dataset sizes. We
will henceforth refer to this behavior as estimation bias of mean. Arguably, estimation
bias is undesirable, since we expect the average of a metric to converge to the same
value regardless of the dataset size. As such, a metric with significant bias of the
mean should be considered unstable and its use discouraged. Overall, CE is the most
stable and AUSE the second most in terms of bias of the mean. We can also conclude
that no metric seems to exhibit any meaningful bias beyond a dataset size of 26.

Together, these two plots suggest that themost stablemetric is CE, followed by AUSE,
then NLL, and finally Spearman correlation. Surprisingly, in both Fig. 4 (a) and (b),
Spearman correlation has large (absolute) values with small test set sizes and gradu-
ally converges to zero as the test set size grows. This can be explained by a closer look
at Fig. 3 (b): All points close to 𝑥 = 0 will have similar predicted uncertainty values,
but their errors may be vastly different, which counteracts the correlation between
error and uncertainty. Naturally, this counteracting effect becomes less impactful
when samples are sparse, and Spearman correlation has been used successfully on
for example the rMD17 dataset (Christensen, 2020).
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Figure 5: Sparsification plot from Deep Ensemble and True Distribution for the homoscedastic and heteroscedastic datasets. 𝛼 is
the fraction of removed samples.

5.2 Metrics under different types of uncertainty

Homoscedastic andHeteroscedastic datasets: In Fig. 3 (a) and (b) we can see that
both models learn predictive distributions close to the generating functions (defined
in Sec. 4.1).

In Tab. 1 and 2, all metrics except Spearman suggest that both models learn the ho-
moscedastic and heteroscedastic distributions approximately equally well. In Fig. 5
(a), the sparsification curve is nearly horizontal, indicating that it is impossible to
learn a meaningful correlation between errors and uncertainty. The predicted vari-
ance can only partially explain the error, the remaining part is caused by the dif-
ference between the annotation and the predicted mean. Intuitively, we expect this
scenario of a perfectly uniform variance to be rare in real-world applications. This
also indicates that generating uncertainty measures from the predicted parametric
distribution may not be the optimal approach for sorting samples. Fig. 3 (a) and Fig. 5
(b) together further show this: even when the predictive and generating distributions
are very well aligned, the AUSE value is not 0. For the heteroscedastic dataset, the
true distribution achieves the best NLL, and the DE model is slightly better than EBR
model. This is because the DE model learns a sharper distribution than EBR, as can
be seen in the contour plots of Fig. 3 (a). NLL, as a proper scoring rule, addresses
calibration and sharpness simultaneously (Gneiting & Raftery, 2007).
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Multimodal dataset: In Fig. 3 (c) we can see that energy-based model successfully
learns to predict both modes, but as the ensemble is not designed to output mul-
timodal predictions, it predicts the average of the modes, and a wide distribution.

Tab. 3 shows larger discrepancy betweenmetrics. All metrics suggest that the energy-
based model has learned a good distribution that is close to the generating distribu-
tion. AUSE for DE is near prefect, which indicates good detection of when DE fails to
predict multiple modes. CE and NLL instead indicate the ensemble’s failure to learn
both modes with high values. This highlights the main difference between AUSE
(and Spearman correlation) and CE/NLL: AUSE measures a correlation between un-
certainty and the absolute error, while CE and NLL measure how well the learned
distribution captures the data. This raises the question of which type of measure-
ment is most useful, which we will discuss in Sec. 5.5.

Epistemic dataset: In Fig. 3 (d), both models exhibit somewhat larger uncertainty
in the OOD region. However, neither model predicts a distribution that assigns high
probability to the test data. Visually, the predicted distributions of both models look
similar. The only obvious perceptible difference is the slight bend in the center of the
distribution of the EBR model.

In Tab. 4, AUSE indicates that the ensemble predicts distribution that can find OOD
samples almost as well as the generating distribution, while the distribution from the
EBR model is much worse. Both CE and NLL agree that both models failed to learn a
good distribution, but they disagree on which model is worse. The contours in Fig. 3
(d) also shows the DE model gives sharper distribution. It is worth noting that there
is an entire field of study of OOD detection, which offers better methods for handling
epistemic uncertainty. Here, we are instead interested in whether or not each metric
can detect a failure to learn the underlying distribution.

Looking at the AUSE scores of 0.6016 and 1.3888 for the ensemble and EBR models
respectively, we can infer that this small bend reduces the correlation between error
and uncertainty enough to (more than) double the AUSE score. Intuitively, we would
expect these two similar distributions to get similar scores, which is exactly the case
with both CE and NLL. This raises questions regarding the stability of AUSE under
small model variations.
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5.3 Real-world Applications

Tab. 5 summarize the results of the real-world stereo disparity experiment. As can be
expected, regression performances drop as the noise scale increases. It is immediately
clear that the variance of Spearman correlation is too large to be a reliable metric.
Both AUSE and CE keeps decreasing as the noise scale increases, which indicates that
the used Hinge–Wasserstein loss is able to quantify uncertainty under adversarial
noise. Meanwhile, NLL keeps increasing, which means the sharpness of predictions
get worse with higher noise levels. This is consistent with Xiong et al. (2024) which
illustrates that a lack of sharpness is a side effect of the Hinge–Wasserstein loss.

5.4 Interpretability

CE has well defined bounds which makes it easy to interpret. With NLL and AUSE,
this is more difficult. We can compare them across models, however, the lower and
upper bounds depend on both model and data.

CE: CE has a lower bound 0 when the predicted and generating distributions are
equal. The upper bound, however, is dependent on the number of intervals and the
weights 𝑤𝑗.

NLL: The lower bound of NLL is given by the generating distribution, which is typic-
ally unknown when training for real-world deployment. The upper bound is positive
infinity.

AUSE: From Sec. 5.2 we know that the generating distribution may not even give the
optimal lower bound 0. We argue that predicted variance can only partially explain
the error. There is no clear upper bound for AUSE.

In summary, NLL and AUSE can only tell us which model is better at UQ but cannot
tell us how good it is. This lack of interpretability constitutes a severe limitation of
applying AUSE and NLL into real-world autonomous systems.

5.5 Concluding Remarks

We have tested four common uncertainty assessment metrics on four synthetic data-
sets that are designed to illustrate properties of these metrics. We also test all the
metrics on a real-world regression task, Stereo disparity. Below we summarize our
conclusions:
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Spearman Correlation This metric is in general unsuitable. It has stability issues
for small test sets, and converges to zero as the test set size grows, see Sec. 5.1.

AUSE This metric offers a robust quantized measure on the correlation between pre-
dictive uncertainty and errors compared with Pearson correlation and Spearman cor-
relation. It tells us how wrong a model prediction is likely to be, which is vital for
trust-worthy autonomous systems. On the down side, its value is unbounded and
thus it lacks interpretability, and it may fail in tasks where homoscedastic uncertainty
dominates (but this is rare in real-world applications). It may be more appropriate for
loss prediction (Yoo & Kweon, 2019; Cui et al., 2024), which is another UQ approach
compared to predicting full distributions.

Calibration Error This metric has a clear lower bound of 0, and is highly inter-
pretable; It requires the least amount of samples to be stable, and can be extended
to general confidence intervals Kuleshov et al. (2018). Limitations are that it requires
predicting a distribution, and it does not capture how wrong the predictions can be.

NLL This measures the shape of the predictive distributions, including calibration
and sharpness. It fails when the generating distribution is multimodal but the train-
ing target is unimodal (Xiong et al., 2024), and it requires the largest amount of test
samples to be stable among those tested here.

Essentially CE and NLL measure how well the predicted probability distribution cor-
responds to the true data generating distribution, but CE is the more interpretable
of the two. In contrast, AUSE and Spearman measure how well the predicted un-
certainty can tell the magnitude of errors. We discourage the use of Spearman cor-
relation for uncertainty quantification, as AUSE has consistently proved to be more
robust. Which metric is most useful will naturally differ between applications.
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Abstract

In order for any learning-based model to be considered reliable, it needs a well-
behaved uncertainty or confidence estimate. Most modern neural networks do pro-
duce a confidence estimate in the form of their softmax output probability. How-
ever, the softmax probability is invalid for out-of-distribution data. Gaussian pro-
cesses are known to produce a well-behaved confidence estimate that is aware of out-
of-distribution samples. Inspired by Gaussian processes, we propose GPify, which
combines the softmax probability with a Normalizing Flow in order to add out-of-
distribution awareness to the confidence estimate from a neural network. The res-
ulting confidence from GPify is an uncertainty measure that is interpretable and in-
tuitive, while also being probabilistically sound. We evaluate GPify in a selective
classification framework, and conclude that it achieves comparable performance to
state-of-the-art methods. In addition, we show that GPify has capabilities for detect-
ing adversarial examples, which is a direct improvement over softmax confidence.
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1 Introduction

It is well known that neural networks perform unreliably when an input is too dis-
similar from the data it was trained on (Yang et al., 2024). In order to reason about
reliability a model needs introspective capabilities, specifically a well-behaved con-
fidence or uncertainty estimate (Grimmett et al., 2016). Confidence and uncertainty
are fundamentally equivalent in this context, and therefore we discuss them inter-
changeably throughout this work.

Gaussian Processes (GP) (Rasmussen andWilliams, 2005) are considered to be one of
the most reliable models, in part due to their ability to produce a well-behaved and
probabilistically sound confidence estimate. However, due to their non-parametric
nature, GPs fail to scale to the data quantities in modern learning applications. With
this work, we propose GPify : a simple method of combining the softmax confidence
from a neural network with probability estimates from a Normalizing Flow (NF) in a
way that mimics the confidence estimates from a GP. The resulting confidence score
is probabilistically sound and interpretable like a GP, but it a) successfully scales to
larger applications, and b) is easy to apply with any neural network.

Uncertainty is commonly discussed in the form of aleatoric and epistemic uncer-
tainty (Kristoffersson Lind et al., 2024). In the context of classification problems,
aleatoric uncertainty refers to the inherent ambiguity between classes. As such, the
output confidence from a softmax operation reflects a model’s aleatoric uncertainty.
Epistemic uncertainty, however, refers to gaps in the training data, where a model
cannot make accurate predictions because it was never trained on similar samples.
Since most neural network architectures use a simple classifier with linear decision
boundaries, they do not inherently reflect epistemic uncertainty. These two types of
uncertainty are typically measured and evaluated in entirely separate problem set-
tings. Aleatoric uncertainty is commonly evaluated in the context of calibration (Guo
et al., 2017), and epistemic uncertainty is typically evaluated in the context of out-of-
distribution (OOD) detection (Yang et al., 2024).

Selective classification is a problem that extends classification with an option to re-
ject a data sample (El-Yaniv and Wiener, 2010). Here, classification is the primary
task, and rejection is presented as a mechanism to improve accuracy on the remain-
ing samples. Kim et al. (2023) propose unknown detection as a selective classification
problemwhere out-of-distribution samples are included among the inputs. The inclu-
sion of both in- and out-of-distribution samples implies the presence of both aleat-
oric and epistemic uncertainty. Softmax Information Retaining Combination (SIRC)
(Xia and Bouganis, 2024) is a recent approach that combines an aleatoric and epi-
stemic confidence into a single score. SIRC is shown to perform well on the unknown
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detection problem. Xia and Bouganis (2024) coin the acronym SCOD for Selective
Classification in the presence of Out-of-distribution Data, as a synonym to unknown
classification. In this work we also adopt the term SCOD, since it better emphasizes
classification as the primary task.

Our work is undoubtedly similar to SIRC (Xia and Bouganis, 2024). However, instead
of focusing directly on maximizing performance within the SCOD framework, we fo-
cus primarily on designing GPify to be intuitive and probabilistically sound, which
makes it more desirable for end-users in real-world applications. Nonetheless, we
compare GPify against SIRC within the SCOD problem setting, to evaluate its per-
formance.

In addition to our SCOD evaluation, we conduct a small-scale experiment to evaluate
whether GPify has the capacity to detect adversarial examples.

To summarize, our contributions are as follows:

• We propose GPify, which combines the confidence scores from a softmax clas-
sifier with the likelihood from a Normalizing Flow, to create a single confidence
score that captures both aleatoric and epistemic uncertainty.

• We evaluate GPify in the SCOD problem setting, and show that GPify offers
highly competitive performance.

• We evaluate GPify with different neural network architectures, to verify that it
generalizes to different architectures.

• In an additional, minor experiment, we show that GPify is capable of detecting
adversarial examples, though a more thorough experiment is needed to evalu-
ate how GPify compares to dedicated adversarial detection methods.

2 Related Work

Out-of-distribution detection is an active research area with the aim of classifying
data samples as in- or out-of-distribution (Yang et al., 2024; Huang et al., 2024; Wang
et al., 2022). The general problem of OOD detection is not necessarily concerned
with the reliability of neural networks, but the task of discriminating between differ-
ent data distributions is fundamentally the same. If we place OOD detection in the
context of uncertainty estimation, it is only capable of representing aleatoric uncer-
tainty. As such, OOD detection methods tend to underperform in the SCOD problem
setting, as shown in (Kim et al., 2023).
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Complementary to OOD detection, there exists a body of work focused on improving
calibration (Guo et al., 2017; Wenger et al., 2020), which is a term used to describe how
accurate a model’s confidence score is. In this context, the accuracy of a confidence
score is determined by how well it reflects the probability of a sample being correctly
classified (Guo et al., 2017). As such it is only defined on in-distribution data, and
only reflects epistemic uncertainty.

To the best of our knowledge, SIRC (Xia and Bouganis, 2024) is the first work to
explicitly construct a combined confidence score that incorporates both aleatoric and
epistemic uncertainty. However, as pointed out in (Xia and Bouganis, 2024), there
exists other methods that can be interpreted as a combination score, most notably
GradNorm (Huang et al., 2024) and ViM (Wang et al., 2022). While both of these
methods are framed as OOD detection methods, GradNorm can be interpreted as a
combination of softmax and the norm of a feature vector (Huang et al., 2024), and
ViM can be interpreted as a combination of logits and the residual of a feature vector
(Wang et al., 2022). Neither of these combination scores produce values that are easily
interpretable or probabilistically sound.

There has been some work focused on modifying Gaussian Processes to improve
their performance, and reduce their computational load on larger learning problems
(van der Wilk et al., 2017; Blomqvist et al., 2020). Despite these efforts, GPs are still
significantly more computationally demanding, and perform significantly worse than
neural network-based solutions. While we use GPs as a reference point for their prob-
abilistically sound confidence, we refrain from comparing against them empirically as
we aim to construct a well-behaved confidence without degrading the performance
of neural networks.

3 Background

3.1 Uncertainty, Calibration, and OOD Detection

There exists two, largely separate bodies of research in the domain of uncertainty es-
timation, namely those that focus on aleatoric and epistemic uncertainty. Aleatoric
uncertainty refers to uncertainty that is inherent in the data, for example class am-
biguities or measurement noise (Kristoffersson Lind et al., 2024). As such, aleatoric
uncertainty cannot be reduced or removed by adding more data. Epistemic uncer-
tainty, on the other hand, refers to uncertainty stemming from missing data. As an
example, consider an animal classifer that is trained on pictures of japanese spitz’s,
and arctic foxes. For such a classifier, aleatoric uncertainty stems from the fact that
many Japanese spitz’s look similar to arctic foxes, and vice versa. Conversely, a pic-
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ture of a penguin would constitute epistemic uncertainty.

Uncertainty is divided into these two categories because they answer fundamentally
different questions (Kristoffersson Lind et al., 2024). One way to view these two un-
certainties is as probability distributions, where aleatoric uncertainty has the goal
of modelling 𝑝(𝑐𝑙𝑎𝑠𝑠 | x), as is a common interpretation of a softmax classifier (Xia
and Bouganis, 2024). In this view, epistemic uncertainty aims to model 𝑝(x), either
directly or indirectly (Yang et al., 2024).

Aleatoric uncertainty is typically evaluated using the ExpectedCalibration Error (ECE)
metric (Guo et al., 2017), which aims to directly evaluate the error in 𝑝(𝑐𝑙𝑎𝑠𝑠 | x):

ECE = ∑
𝑚

|𝐵𝑚|
|𝑛|

|accuracy(𝐵𝑚) − confidence(𝐵𝑚)| .

Here, 𝐵𝑚 represents equidistant bins created from the testing data based on the pre-
dicted confidence for each sample, and 𝑛 represents total number of testing samples.

We argue that ECE is entirely invalid in the presence of OOD samples. Since any pre-
diction made on OOD data is invalid, the accuracy is 0, and any non-zero confidence
contributes to increasing the ECE metric.

Epistemic uncertainty is commonly evaluated in the OOD detection setting, using an
AUROC score based on the detector’s ability to discriminate between in- and out-of-
distribution data samples (Yang et al., 2024). In addition to AUROC, OOD detectors
are often evaluated based on their successful OOD detection at a fixed false-negative-
rate, where a detection threshold is set such that a fixed percentage of in-distribution
samples are rejected as OOD. As OOD detection is a classification problem itself,
which treats the in-distribution as a singular class, it fundamentally cannot evaluate
aleatoric uncertainty.

3.2 Adversarial Examples

First coined by Szegedy et al. (2014), the term Adversarial Example refers to images
that have been perturbed at a pixel-level to cause a misclassification. By constructing
an optimization problem

min ||𝛿||2 , s.t. 𝑓(x + 𝛿) ≠ 𝑦true

they are able to generate images that look unchanged to the human eye, but are mis-
classified by a neural network. Here, we use 𝑓(𝑥) to denote the predicted label from
a classifier 𝑓, and 𝑦true to denote the true class label. Since these examples cause a
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misclassification in the softmax output, they cannot be detected using softmax prob-
abilities alone.

Goodfellow et al. (2015) improve the process of creating adversarial examples, result-
ing in the Fast Gradient Sign Method (FGSM):

xadversarial = x + 𝜖 sign(∇𝑥ℒ(𝑓(x), 𝑦true)) .

Here x is directly modified in the direction of the gradient in order to maximize the
loss function ℒ. FGSM is further modified by Kurakin et al. (2017), who perform the
same update on x in several steps:

x𝑡+1 = x𝑡 + 𝛼 sign(∇𝑥ℒ(𝑓(x𝑡), 𝑦true))
x0 = x ,

which they call the Basic Iterative Method. In this method 𝛼 refers to some small
constant, similar to the learning rate in gradient descent.

3.3 Gaussian Processes

We derive GPify by imitating GPs, and therefore we cover the necessary prerequisites
to understand their uncertainty estimation, and why GPs are intractable for learning
at a larger scale. For a complete treatment, we refer to (Rasmussen and Williams,
2005).

A GP is a non-parametric learning method that can approximate arbitrary functions,
given some basic assumptions of smoothness. Contrary to neural networks, andmost
other parametric methods, the function approximation learned by a GP is probabil-
istic, and thus non-deterministic (Rasmussen and Williams, 2005).

Predictions from a GP take the form of a Gaussian distribution:

𝑦pred ∼ 𝒩(𝜇, 𝜎) .

where the parameters 𝜇 and 𝜎 are defined using a mean function 𝑚(x), and a covari-
ance function 𝑘(x,x′). Themean function is most commonly defined to be a constant
0. While there are many different forms for the covariance function, they are all con-
structed around the idea that the covariance should be tied to the distance between
points such that points that are closely clustered should have high covariance. To
illustrate, one of the most common choices for 𝑘 is the squared exponential:

𝑘(x,x′) = 𝑒− 1
2 ∣x−x′∣2 .
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Let𝑋 and𝑌 form theGP’s training data, where𝑋 = [x1, … ,x𝑛] and𝑌 = [𝑦1, … , 𝑦𝑛]⊺.
In order to model aleatoric uncertainty, 𝑌 is assumed to be subject to Gaussian noise:

𝑦𝑖 ∼ 𝒩 (𝑦true
𝑖 , 𝜖) ,

where 𝜖 is usually found by maximum likelihood estimation. Then the mean and
variance for a prediction at some unseen point x∗ is:

𝜇 = 𝑚(x∗) + 𝑘(x∗, 𝑋) [𝑘(𝑋, 𝑋) + 𝜖2I]−1 (𝑌 − 𝑚(𝑋)),

𝜎 = 𝑘(x∗,x∗) − 𝑘(x∗, 𝑋) [𝑘(𝑋, 𝑋) + 𝜖2I]−1 𝑘(𝑋,x∗) .

Where we take 𝑚(𝑋) and 𝑘(𝑋, 𝑋) to denote element-wise and pair-wise applica-
tions of the functions 𝑚(x) and 𝑘(x,x′).

Usually, the predicted function value is taken to be 𝜇, and the uncertainty is taken to
be 𝜎. Importantly, 𝜎 explicitly models both epistemic and aleatoric uncertainty.

Here we also want to direct the reader’s attention to the term [𝑘(𝑋, 𝑋) + 𝜖2I]−1,
which is the inverse of an 𝑛 × 𝑛 covariance matrix. Even with algorithmic optimiza-
tions, this inversion scales in the order of 𝑂(𝑛2) (Gardner et al., 2018), which makes
GPs intractable for the quantities of data used in modern learning problems.

3.4 SIRC and the SCOD problem setting

In order to unify the evaluation of aleatoric and epistemic uncertainty measures, Kim
et al. (2023) propose the unknown detection (or SCOD, in (Xia and Bouganis, 2024))
problem setting. Specifically, they do this by extending the selective classification
setting (El-Yaniv andWiener, 2010) with OOD data. For any trained classifier, the dis-
tribution made up by its training dataset constitutes its in-distribution (ID). Any data
sample that comes from a different distribution is by definition out-of-distribution
(OOD). Xia and Bouganis (2024) formalize the SCOD problem setting by constructing
a two-way discrimination problem. They subdivide the ID dataset into disjoint sets
ID✓and ID×containing the correctly and incorrectly classified examples respectively.
AUROC scores are then calculated separately for the discriminative tasks ID✓vs. ID×,
and ID✓vs. OOD. They argue that, in practical applications, an incorrectly classified
sample incurs a similar cost as anOOD sample, and therefore it makes sense to detect
both separately.
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SIRC

Within the SCOD problem setting, Xia and Bouganis (2024) propose Softmax Inform-
ation Retaining Combination (SIRC). SIRC is based on the idea that a softmax clas-
sifier is able to reflect aleatoric uncertainty, but not epistemic uncertainty. In other
words, softmax is expected to perform well on ID✓vs. ID×discrimination, but not on
ID✓vs. OOD discrimination. Their idea with SIRC is then to combine softmax with
another confidence score that performs better on ID✓vs. OOD discrimination.

Mathematically, SIRC is defined on two scores 𝑠1 and 𝑠2, where 𝑠1 is expected to
perform well on ID✓vs. ID×discrimination, and 𝑠2 is expected to perform well on
ID✓vs. OOD detection:

𝑆𝐼𝑅𝐶(𝑠1, 𝑠2) = −(𝑠𝑚𝑎𝑥
1 − 𝑠1) (1 + 𝑒−𝑏(𝑠2−𝑎)) .

Here, 𝑠𝑚𝑎𝑥
1 denotes a known upper bound for the 𝑠1 score. 𝑎 and 𝑏 are parameters

that change the shape and location of the function surface. Default values are

𝑎 = 𝜇𝑠2
− 3𝜎𝑠2

, and 𝑏 = 1
𝜎𝑠2

,

where 𝜇𝑠2
and 𝜎𝑠2

are the empirical mean and standard deviation of 𝑠2 measured on
ID data, either from training or validation data.

Confidence Scores used in SIRC

In their experiments, Xia and Bouganis (2024) evaluate different score combinations
for 𝑠1 and 𝑠2. For 𝑠1, they use Maximum Softmax Probability (MSP) and negative
softmax entropy (ℋ):

MSP = max
𝑖

𝜋𝑖, and ℋ = ∑
𝑖

𝜋𝑖 log𝜋𝑖,

where 𝜋𝑖 denotes the output softmax probability for class 𝑖.

All 𝑠2 scores used in SIRC operate on feature vectors z, where z is taken to be the input
vector to the final hidden layer of the model. The specific scores used in SIRC are the
L1-norm ||z||1, the Residual score ||z𝑃 ⟂ ||2 (Wang et al., 2022), and the L2-normalized
distance to the 𝑘th nearest neighbor of z from the training data.
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3.5 Normalizing Flows

In our work we use NFs to supplement the softmax with epistemic uncertainty. NFs
are a class of models, and we use a specific instance in this class, called coupling layers
(Papamakarios et al., 2021). Here we give an introduction to NFs, focusing specifically
on coupling layers. For a complete treatment of NFs, we refer to (Papamakarios et al.,
2021).

When reasoning about epistemic uncertainty, we are interested in amodel’s in-distribution.
Specifically, this in-distribution is made up of themodel’s training data 𝑝train(x). Nor-
malizing Flows allow us to directly learn 𝑝train(x) and provides us with ways to sample
and evaluate it.

A Normalizing Flow is an invertible and differentiable bijective function, also called a
diffeomorphism (Papamakarios et al., 2021). It is often interpreted as a transformation
between two vector-spaces. Given a sample x ∼ 𝑝train(x), a Normalizing Flow is a
transformation 𝑇 such that:

u = 𝑇 −1(x) ∼ 𝑝𝑢(u) .

𝑇 being a diffeomorphism allows us to directly compute the probability density at x
(Papamakarios et al., 2021):

𝑝train(x) = 𝑝𝑢(u) |det 𝐽𝑇(u)|−1

= 𝑝𝑢(𝑇 −1(x)) |det 𝐽𝑇 −1(x)|

where 𝐽𝑇 and 𝐽𝑇 −1 denote the Jacobians of 𝑇 and 𝑇 −1 respectively. Finally, making
𝑇 a learnable function allows us to define 𝑝𝑢(u) freely. The most common choice is
a standard Gaussian:

𝑝𝑢(u) = 𝒩(0, 1) .

While it may be tempting to construct 𝑇 as a regular neural network, such models
typically do not fulfill the requirements of being both invertible and differentiable.
Even in models that do, it is generally intractable to calculate the determinant of the
Jacobian matrix. As such, some care must be taken to ensure that 𝑇 is invertible,
differentiable, and has a tractable Jacobian determinant. Coupling layers solve all
three problems by splitting the input vector x into two disjoint parts x1, x2. This
split can be constructed arbitrarily, but is commonly performed by taking x1 and x2
to be the first and second halves of x. One part of x is then transformed while leaving
the other fixed:

x′
1 = x1 ∘ 𝛼(x2) + 𝛽(x2)

where we use ∘ to denote element-wise multiplication. The final output x′ is con-
structed by concatenating x′

1 and the unmodified x2. Constructing 𝑇 in this way
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results in a triangular Jacobian, for which the determinant is just a product along the
diagonal:

|det 𝐽𝑇(x)| = ∏
𝑖

𝛼𝑖

where 𝛼𝑖 are the elements of 𝛼(x2). Powerful flow models can be constructed by
applying several coupling layers in sequence, while alternating which partition of x
is being modified.

Normalizing Flows Applied to Features

Kirichenko et al. (Kirichenko et al., 2020) observe that NFs underperform in terms of
OOD detection when applied directly to images. Their results indicate that NFs tend
to learn simple pixel-correspondences. To prevent such behaviour they propose to in-
stead apply NFs to features extracted from a pretrained neural network as illustrated
in Fig. 1 (Kirichenko et al., 2020).

Figure 1: Illustration of how we apply NFs to features from a pretrained network. When working with images, the feature extractor
will typically be a Convolutional network or a Transformer architecture.

As an added benefit, applying NFs to pretrained features allows the NF itself to be
significantly smaller, which reduces both training and inference times. This structure
also makes NFs a prime candidate for adding epistemic uncertainty to an existing
neural network.

4 GPify: Derivation

Here we discuss the idea behind GPify through intuitive arguments with a series of
increasingly complex examples. Since GPs compute an intuitive and probabilistically
grounded confidence estimate, we aim to design GPify in a way that mimics the
confidence estimate from a GP. We begin with a 1-dimensional 2-class toy problem,
wherewe derive ourGPify formula by comparisonwith aGP. Afterwards, we continue
by comparing GPify to a GP on a 2-dimensional 3-class toy problem, and finally on
MNIST (Lecun et al., 1998).
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Figure 2: Various stages of our derivation of GPify applied to our 1-dimensional 2-class toy problem. These plots display each
respective model’s confidence in class=1. a) Shows confidences from a GP along with an unmodified sigmoid, 𝜎(x), and
unmodified Pr(x) from our NF. b) Shows howwe can select themode representing class=1 by𝜎(x)⋅Pr(x). c) Shows howwe
can represent lower confidence for class=0 by (𝜎(x) − 1

2 )⋅Pr(x). d) Shows our final GPify formula (𝜎(x) − 1
2 )⋅Pr(x)+ 1

2 .

4.1 Turning NF densities into probabilities

By using a Normalizing Flow as our model for GPify, we already have a strong prob-
abilistic foundation. However, by default our NF outputs a log-likelihood ln 𝑝train(x),
which is unbounded and difficult to interpret for an end-user. Even if we remove the
logarithm, 𝑝train(x) represents a probability density, which is still unintuitive. Instead,
we aim to convert the log-likelihood directly into a probability by the means of an
empirical distribution. Given a set of ID samples 𝑆 = {x𝑖 | 𝑖 = 1 … 𝑛} we compute:

Pr(x) = |{x𝑖 | ln 𝑝train(x𝑖) ≤ ln 𝑝train(x), x𝑖 ∈ 𝑆}|
|𝑆|

where |𝑆| denotes the size of the dataset. While we use the notation Pr(x), we should
note that this is not strictly the probability of the element x, but rather the prob-
ability that x ∼ 𝑝train. It is also noteworthy that Pr(x) exactly corresponds to the
false-negative-rate as used in OOD detection literature (Yang et al., 2024). When
constructing this empirical distribution, it is valid to choose 𝑆 to be the training data
for the NF. However, since the NF learns the data distribution directly, it is also pos-
sible to construct 𝑆 by sampling from the NF, which is especially useful when training
data is sparse. In our experiments we evaluate both methods of constructing 𝑆.

4.2 1D Toy Problem

Fig. 2 illustrates the stages in our intuitive process when designing GPify. All 4 plots
display each respective model’s confidence 𝑃(𝑐𝑙𝑎𝑠𝑠 = 1). Since the NF alone has no
notion of classes, we plot the empirical probability Pr(x) in a). We also use a sigmoid
here instead of softmax, since it is a 2-class problem.
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Figure 3: Our 2-dimensional 3-class problem. Each contour plot shows the confidence of 𝑐𝑙𝑎𝑠𝑠 = 0 for its respective model. The
scatter points represent the 3 classes: blue=0, red=1, green=2. GPify|𝑠𝑡𝑑=5 refers to GPify where the empirical distribution
is sampled from 𝒩(0, 5).

Fig. 2 a) leads to the observation that we can effectively select a mode in Pr(x) by
multiplying it with the sigmoid, as illustrated in Fig. 2 b). By shifting the sigmoid,
we recover the 𝑐𝑙𝑎𝑠𝑠 = 0 mode with negative confidence:

(𝜎(x) − 1
2

) ⋅ Pr(x) ,

as illustrated in Fig. 2 c). Shifting the resulting function by 1
2 removes any negative

confidence values:

GPify(x) = (𝜎(x) − 1
2

) ⋅ Pr(x) + 1
2

.

As can be seen in Fig. 2 d), this construction gives us a result that is similar to the GP.
The primary difference between GPify and the GP is that GPify produces a narrower
probability mass. GPify successfully reproduces both the base uncertainty-level of 1

2 ,
and the probability of < 1

2 for the mode representing 𝑐𝑙𝑎𝑠𝑠 = 0.

4.3 2D toy problem

In this section we extend GPify to multi-class problems by a simple change in the
formula. For a problem with 𝐶 classes, the base uncertainty-level should be 1

𝐶 . As
such we adjust GPify to the following:

GPify(x) = (MSP(x) − 1
𝐶

) ⋅ Pr(x) + 1
𝐶

,

WhereMSP refers to the maximum softmax probability as defined in section 3.4. Fig.
3 shows contour plots of each model’s confidence for 𝑐𝑙𝑎𝑠𝑠 = 0. The leftmost plot
shows softmax, and we observe that it can be used to select a mode in the NF, just like
the sigmoid in a single dimension. It is immediately clear that the general structure
of GPify is identical to the GP. However, as in the 1-dimensional case, GPify produces
a narrower probability mass.
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Figure 4: Contour plots from MNIST, mapped into the 2D plane using UMAP. Each color of the scatter points indicate a digit class.
The two leftmost plots display their respective model’s confidence in 𝑐𝑙𝑎𝑠𝑠 = 4, and the two rightmost display confidence
for 𝑐𝑙𝑎𝑠𝑠 = 1.

When sampling 𝑆 from the NF in order to create our empirical distribution Pr(x), we
sample from a standard normal 𝒩(0, 1), since that is the distribution we choose for
𝑝𝑢(u)whenwe train our NF. If we instead sample 𝑆 using a larger standard deviation,
it will containmore low-probability samples, and thus produce a less narrow empirical
probability mass. In the rightmost plot of Fig. 3 we plot GPify with an empirical
distribution sampled from 𝒩(0, 5). We include this example to further highlight the
similarity to the GP.

4.4 MNIST

Our purpose with this section is to apply GPify to a larger classification problem to
investigate if its properties scale to larger problems. Since MNIST is a significantly
larger problem compared to our toy problems, it is not feasible to use the entire train-
ing set for the GP. As such, we randomly sample 8192 images from the training set
to use for the GP. Using this sub-sampled training set, our GP gets ∼ 95% test ac-
curacy, and as such we consider it a fair comparison. However, for larger and more
complex datasets GPs do not scale. Even for CIFAR-10 (Krizhevsky et al., 2009), which
is a small dataset by modern standards, GPs perform significantly worse than neural
network-based models (van der Wilk et al., 2017; Blomqvist et al., 2020).

Another reason we choose MNIST for this section is because it is small and simple
enough to be visualized in 2D using UMAP (McInnes et al., 2020). In order to produce
2D contour plots, like Fig. 3, we train a parametric UMAP (Sainburg et al., 2021)
autoencoder, which allows us to map MNIST to and from the 2D plane.

Fig. 4 shows contour plots representing confidences in two different MNIST digit
classes. We choose to plot confidences for 𝑐𝑙𝑎𝑠𝑠 = 4 and 𝑐𝑙𝑎𝑠𝑠 = 1 to highlight
the fact that both models appear to produce sharp decision boundaries where data
is tightly clustered. Again, we observe for 𝑐𝑙𝑎𝑠𝑠 = 1 that GPify produces a narrower
probability mass compared to the GP. However, in contrast to the previous two ex-
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amples, here it looks like the GP’s probability mass includes areas outside the data
regions, which makes GPify’s narrow distribution appear more conservative.

We would like to stress that UMAP is an approximation, and therefore it is impossible
to draw definitive conclusions from it. In spite of that, we believe this UMAP projec-
tion serves as a good indication that our GPify confidence formula retains its de-
sirable properties, and compares well to the GP even for larger, higher-dimensional
problems.

4.5 Interpretation

In accordance with the view of uncertainties representing probability distributions,
we interpret our resulting GPify score as a joint probability. While the softmax com-
putes its confidence in the form of a probability 𝑃(𝑐𝑙𝑎𝑠𝑠 = 𝑖 | x), that probabil-
ity is only valid if x ∼ 𝑝train(x). As such, we interpret GPify as a joint probability
𝑃(𝑐𝑙𝑎𝑠𝑠 = 1, x ∼ 𝑝train(x) | x).

Ourmain field of study is robotics, where we tend to view behaviours as a sequence of
operations. In this view, classifying an image is made up of two operations: capturing
an image, and then classifying it. Thus, softmax gives us the probability that its
classification is correct, and the NF gives us the probability that the captured image is
valid. Finally GPify gives us the joint probability that both operations were executed
successfully.

5 SCOD Evaluation

As we have seen in previous sections, GPify is an intuitive confidence score that en-
compasses both aleatoric and epistemic uncertainty in a way that is similar to a GP.
We have also seen that GPify appears to scale to larger problems beyond our toy ex-
amples. In this section, we complement our qualitative results with a quantitative
evaluation within the SCOD (Xia and Bouganis, 2024) framework.

For our experiments we construct ID and OOD data by collecting subsets of Im-
ageNet1K (Russakovsky et al., 2015). We select 150 random classes without replace-
ment from ImageNet1K, and use 100 classes (127,478 train and 5000 val images) for
our ID data, and the remaining 50 classes (2500 val images) as our OOD data. This
partitioning follows Xia and Bouganis (2024) in that OOD data is disjoint from ID
data, and as such any prediction on an OOD sample should be considered invalid by
default.
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In addition to evaluating ID✓vs. ID×, and ID✓vs. OOD discrimination, we also eval-
uate ID vs. OOD discrimination. We agree with Xia and Bouganis (2024) that it is
desirable for the combined score to retain the softmax’s capabilities in ID✓vs. ID×dis-
crimination, and by the same reasoning we believe it is also important for the com-
bined score to retain the NF’s capabilities for ID vs. OOD discrimination.

5.1 Backbone Networks

Since the NF in our GPify score is applied to features extracted from a trained net-
work, we are interested in its generalizability across different network architectures.
Kirichenko et al. (2020), as well as our previous work (Kristoffersson Lind et al., 2023;
Lind et al., 2024), has shown that NFs work well for epistemic uncertainty when
paired with convolutional architectures. However, while there are works to integ-
rate attention-mechanisms into NFs (Ho et al., 2019), we are not aware of any work
that applies an NF to features from an attention-based architecture. Therefore, we
conduct our SCOD experiment using 4 different backbone networks, both convolu-
tional and attention-based: ResNet34, EfficientNet-B0, ViT-B16, and Swin-B. We re-
frain from evaluating other backbone architectures, as these are the most commonly
used in image processing.

Each backbone is trained for 300 epochs with MixUp (𝛼 = 0.2) using the Adam
(Kingma and Ba, 2014) optimizer. Both convolutional architectures, ResNet34 and
EfficientNet-B0, are trained with a cosine annealing scheduler (Loshchilov and Hut-
ter, 2017), a starting learning rate of 0.008, and a batch size of 256. For the transformer
architectures, ViT-B16 and Swin-B, we found better results using a fixed learn rate of
0.0001, and a batch size of 128.

5.2 Normalizing Flow

In our preliminary testing, the NF consistently produced its best results when trained
on the validation set for its corresponding backbone model. We believe that applying
the backbone to its own training data produces a skewed distribution of features com-
pared to examples that were not seen during training, perhaps due to some amount
of overfitting. More tests are required to verify this hypothesis. Nonetheless, we ex-
clude the backbone’s training set when training our NF, and only use it for evaluation,
to avoid overfitting.

Ideally, we would run our SCOD evaluation using the ImageNet1K test set while
reserving the entire validation set for our NF training. However, we do not have
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access to labels for the ImageNet1K test set. Therefore, we further subdivide the ID
validation set and use 4000 samples to train our NF, and reserve 1000 samples for the
final SCOD evaluation.

Our NF architecture is made up of 10 sequential coupling layers, operating on al-
ternating halves of the input vector. 𝛼(x) and 𝛽(x) are each made up of a 2-layer
neural network, with a hidden layer size of 512. The same architecture is used for all
4 backbones.

We train our NFs for 300 epochs using the Adam (Kingma and Ba, 2014) optimizer and
a cosine annealing scheduler (Loshchilov and Hutter, 2017), with a starting learning
rate of 0.001, a batch size of 256, and an L2 weight decay factor of 0.01.

5.3 Constructing the Empirical Distribution

As discussed in section 4.1, the set𝑆 usedwhen creating our empirical distribution can
either be taken directly from the NF’s training data, or it can be sampled from the NF
itself. In section 4.3, we briefly mentioned that changing the standard deviation when
sampling the NF changes the resulting empirical distribution. The first method we
evaluate sets 𝑆 to be equal to the NF’s training set, and we denote this by GPify|train.
We also evaluate two strategies of sampling 𝑆 from the NF itself, one where we use
a fixed standard deviation of 1, and one where we optimize the standard deviation
based on the ID✓vs. ID×discrimination performance on the NF’s training set. These
are denoted by GPify|𝑠𝑡𝑑=….

5.4 Other Scores

For comparison with GPify, we evaluate all the originally proposed variants of SIRC
(Xia and Bouganis, 2024), along with its constituent components: Maximum Soft-
max Probability (MSP), entropy (ℋ), ||z||1 (L1), Residual ||z𝑃 ⟂ ||2 (Wang et al., 2022)
(Res), and L2-normalized distance to the 𝑘th nearest ID neighbor (KNN). Like Xia and
Bouganis (2024), we set 𝑘 = 10 for KNN. With the Residual score, we compute the
principal subspace based on 1

4 of the dimensions in the feature vector.

We also compare with GradNorm and ViM, as well as the Energy score over logits
(Liu et al., 2020): − log∑𝑖 exp(𝑙𝑖), since it is a component in ViM (Wang et al., 2022).
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Additionally, we compare with the plain likelihood from our NFs, to verify that GPify
does not significantly reduce the efficacy for ID vs. OOD discrimination. We also
evaluate a SIRC combination using the same components as GPify (𝑠1=MSP and
𝑠2=NF).

5.5 Results and Discussion

Tables 1, 2, 3, and 4 show AUROC scores for each test in the SCOD framework. Each
table corresponds to one backbone model.

Table 1: AUROC scores for the ResNet34 model. Bold indicates
the best score, and underline indicates scores that are
less than 1% below the best.

ID✓vs. ID✓vs. ID vs.
ID× OOD OOD

MSP 89.73% 86.53% 79.89%

ℋ 87.98% 85.50% 79.35%

L1 83.67% 83.97% 78.46%

Res 81.76% 82.37% 77.30%

KNN 25.00% 21.19% 24.89%

NF 80.94% 86.99% 82.65%

Energy 86.88% 86.34% 80.39%

ViM 85.89% 85.71% 79.94%

GradNorm 26.07% 24.88% 28.89%

SIRC(MSP, L1) 90.16% 87.19% 80.43%

SIRC(MSP, Res) 90.00% 87.12% 80.47%

SIRC(MSP, KNN) 89.61% 86.11% 79.47%

SIRC(-ℋ, L1) 88.95% 86.63% 80.21%

SIRC(-ℋ, Res) 88.76% 86.58% 80.31%

SIRC(-ℋ, KNN) 87.64% 84.84% 78.72%

SIRC(MSP, NF) 89.92% 87.47% 81.04%

GPify|train 86.45% 89.11% 83.90%

GPify|𝑠𝑡𝑑=1.0 90.37% 94.39% 93.66%

GPify|𝑠𝑡𝑑=0.96 90.49% 94.54% 93.87%

Table 2: AUROC scores for the EfficientNet-B0 model. Bold in-
dicates the best score, and underline indicates scores
that are less than 1% below the best.

ID✓vs. ID✓vs. ID vs.
ID× OOD OOD

MSP 87.58% 83.82% 75.87%

ℋ 85.04% 83.27% 76.30%

L1 67.61% 66.37% 66.70%

Res 45.65% 41.92% 42.76%

KNN 62.54% 67.27% 64.90%

NF 82.15% 82.21% 75.83%

Energy 72.76% 74.26% 69.62%

ViM 67.34% 68.91% 65.36%

GradNorm 81.71% 81.77% 75.61%

SIRC(MSP, L1) 87.89% 83.88% 75.72%

SIRC(MSP, Res) 87.70% 83.82% 75.72%

SIRC(MSP, KNN) 87.48% 84.30% 76.67%

SIRC(-ℋ, L1) 85.46% 83.42% 76.27%

SIRC(-ℋ, Res) 85.15% 83.27% 76.20%

SIRC(-ℋ, KNN) 85.10% 83.93% 77.22%
SIRC(MSP, NF) 87.83% 83.67% 75.53%

GPify|train 84.79% 83.24% 76.25%

GPify|𝑠𝑡𝑑=1.0 87.71% 83.78% 75.80%

GPify|𝑠𝑡𝑑=1.11 87.80% 83.80% 75.78%
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Table 3: AUROC scores for the ViT-B16 model. Bold indicates
the best score, and underline indicates scores that are
less than 1% below the best.

ID✓vs. ID✓vs. ID vs.
ID× OOD OOD

MSP 83.27% 80.76% 72.53%

ℋ 83.01% 80.56% 72.53%

L1 81.49% 81.23% 73.30%

Res 86.03% 85.38% 76.20%

KNN 72.66% 69.35% 63.75%

NF 85.90% 85.43% 76.41%

Energy 80.94% 77.87% 70.36%

ViM 86.58% 85.65% 76.35%

GradNorm 70.91% 67.73% 62.90%

SIRC(MSP, L1) 83.94% 81.55% 73.12%

SIRC(MSP, Res) 83.87% 81.52% 73.08%

SIRC(MSP, KNN) 83.70% 81.05% 72.70%

SIRC(-ℋ, L1) 83.79% 81.58% 73.26%

SIRC(-ℋ, Res) 83.79% 81.52% 73.17%

SIRC(-ℋ, KNN) 83.47% 80.88% 72.65%

SIRC(MSP, NF) 84.41% 82.32% 73.76%

GPify|train 87.08% 86.35% 78.63%
GPify|𝑠𝑡𝑑=1.0 86.16% 84.85% 75.90%

GPify|𝑠𝑡𝑑=1.01 86.16% 84.85% 75.90%

Table 4: AUROC scores for the Swin-B model. Bold indicates
the best score, and underline indicates scores that are
less than 1% below the best.

ID✓vs. ID✓vs. ID vs.
ID× OOD OOD

MSP 90.90% 86.96% 81.82%

ℋ 90.29% 86.68% 81.72%

L1 80.61% 80.94% 76.96%

Res 86.95% 86.78% 82.16%

KNN 78.54% 75.38% 71.91%

NF 86.42% 86.05% 81.53%

Energy 88.00% 84.54% 79.92%

ViM 88.26% 87.76% 82.95%

GradNorm 65.44% 64.07% 62.24%

SIRC(MSP, L1) 91.29% 87.63% 82.35%

SIRC(MSP, Res) 91.26% 87.73% 82.51%

SIRC(MSP, KNN) 91.16% 87.20% 82.02%

SIRC(-ℋ, L1) 90.61% 87.47% 82.34%

SIRC(-ℋ, Res) 90.65% 87.63% 82.55%

SIRC(-ℋ, KNN) 90.58% 87.00% 81.96%

SIRC(MSP, NF) 91.27% 87.94% 82.72%

GPify|train 88.10% 87.10% 82.54%

GPify|𝑠𝑡𝑑=1.0 88.47% 87.85% 84.63%
GPify|𝑠𝑡𝑑=2.33 90.52% 88.34% 83.26%

Our first and most important observation is that GPify performs competitively with
SIRC, even outperforming SIRC in 8 out of the 12 AUROC tests. Additionally, GPify
appears to retain the discriminative performance of both the softmax and the NF. We
observe no cases where ID✓vs. OOD or ID vs. OOD detection performance is re-
duced by > 1% compared to the standalone softmax or NF. The only cases where we
do observe a decrease in performance of > 1% are for ID✓vs. ID×, where GPify|train
reduces performance in 3 out of the 4 backbones, and GPify|𝑠𝑡𝑑=1 reduces perform-
ance for Swin. As such we recommend to optimize the sample standard deviation to
maximize ID✓vs. ID×on the NF’s training set, since that appears to result in the best
performance overall. However, with 3 of our 4 backbones, the optimized standard de-
viation is close to 1, and thus it appears that sampling with 𝑠𝑡𝑑 = 1 is a good default
choice.
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6 Adversarial Detection

Here we reuse the same models, and datasets from our SCOD evaluation, and we
create adversarial examples using the basic iterative method.

For each classifier, we create adversarial examples based on all the ID images in our
test set. In order to evaluate the performance at different levels of severity, we save
multiple adversarial examples throughout the iterative method. First, we save one
adversarial example as soon as the image is misclassified, which is similar to the
original idea of finding the minimum perturbation required for misclassification. We
also save adversarial examples when the misclassification confidence (MSP) reaches
90%, 95%, and 99%.

Table 5: AUROC scores for adversarial detection.
Min Diff refers to the adversarial image created using the minimum number of iterations for misclassification.
> x% refers to images where the Softmax confidence is > x% for the adversarial class.

ResNet EffNet ViT Swin
Min Diff 96.04% 95.79% 89.45% 79.01%
> 90% 97.75% 23.59% 79.64% 80.26%
> 95% 97.81% 13.65% 74.84% 83.61%
> 99% 98.81% 1.89% 80.43% 92.63%

Table 5 summarizes AUROC scores for each model, and each misclassification con-
fidence threshold. Based on these results, we can quickly conclude that GPify does
have the capability of detecting adversarial examples. Since these misclassifications
are constructed based on the classifier’s MSP, it follows that they cannot be detected
using MSP alone. Hence, these results show that our Pr(x) from the NF is sensit-
ive enough for GPify to detect these adversarial examples in spite of their high MSP
values.

It should be noted, however, from this simple experiment, we cannot draw any conclu-
sions as to how well GPify compares against dedicated adversarial detectors (Aldah-
dooh et al., 2022). Additionally, the efficacy seems to differ between the different
backbone models, especially EfficientNet. As such, we call for future work to more
closely investigate differences between architectures, and a thorough comparison to
dedicated adversarial detection methods.
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7 Future Work

As indicated in section 3.1, the notion of epistemic uncertainty is closely tied to the
problem of OOD detection. In our work, we have have assumed only the availability
of in-distribution data, which is a common assumption in OOD detection literature
(Yang et al., 2024), mainly due to the inherent difficulty of data collection within some
domains. Consider, for example, human intent recognition (Jain and Argall, 2019),
where the inherent inconsistency in human behavior makes OOD data sampling im-
practical, or terrain traversability classification (Sevastopoulos and Konstantopoulos,
2022), where the sheer variability of outdoor terrain makes it difficult to define OOD.
For domains where OOD data is available, however, supervised learning methods
can be used to explicitly reject OOD samples, which often leads to improved per-
formance (Yang et al., 2024). It would thus be an interesting research direction to
evaluate supervised epistemic uncertainties within the SCOD setting, for example
using a supervised NF (Izmailov et al., 2020).

Additionally, Since both SIRC and GPify rely heavily on the backbone model for es-
timating aleatoric uncertainty, it would be interesting to evaluate their performance
on long-tailed datasets. For such datasets, the aleatoric uncertainty from softmax
might be poorly calibrated due to data sparsity among tail classes. We hypothesize
that the NF in our GPify score would recognize tail classes as low-density regions
and thus lower the final confidence estimate, but this remains to be empirically con-
firmed.

Finally, in section 5.2 we posed a hypothesis that features extracted from the back-
bone’s training set is not representative of the broader dataset. First and foremost,
more experiments are needed to thoroughly investigate this hypothesis. Second, it is
commonly accepted within learning literature that more training data leads to better
results. As such, the backbone’s training set is a source of untapped potential for
improving the NF, and it would therefore be interesting to see if it can be effectively
integrated into the NF’s training.
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8 Conclusion

In this paper, we have proposed GPify, which is a combined confidence score based
on softmax and normalizing flows. We have derived GPify mostly based on intuitive
reasoning, with the goal making it an intuitive and probabilistically founded con-
fidence score similar to that of a Gaussian process. As a direct improvement over
softmax, we show that GPify has capabilities for detecting adversarial examples. Our
quantitative experiments show that GPify performs competitively with SIRC, and
preserves the properties of both the softmax and normalizing flow. We believe that
the main advantage to GPify over a Gaussian process is its scalability, where it can
scale to arbitrarily large problems thanks to its neural network-based implementa-
tion. Its main advantage over SIRC is its probabilistic foundation, from the normal-
izing flow, as well as the fact that it is intuitive and interpretable by design.
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Abstract

The field of general-purpose robotics has recently embraced powerful probabilistic
diffusion-based models to learn the complex embodiment behaviours. However, ex-
isting models often come with significant trade-offs, namely high computational costs
for inference and a fundamental inability to quantify output uncertainty.

We introduce Normalizing Flows Policy (NF-P), a conditional normalizing flow–based
visuomotor policy for bi-manual manipulation. NF-P learns a conditional density over
action sequences and enables single-pass generative sampling with tractable likeli-
hood computation. Using this property, we propose two inference-time optimization
strategies: Stochastic Batch Selection, which selects the highest-likelihood trajectory
among sampled candidates, and Gradient Refinement, which directly ascends the log-
likelihood to improve action quality.

In both simulation and real robot experiments, NF-P achieves promising success rates
compared to the baseline. In addition to improved task performance, NF-P demon-
strates faster training and lower inference latency. These results establish normalizing
flows as a competitive and computationally efficient visuomotor policy, particularly
for real-time, uncertainty-aware robotic control.
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Figure 1: Overview of theNormalizing Flow Policy. During training, the conditional normalizing flow learns a bijectivemapping from
the complex manifold of robot actions to a simple Gaussian prior z, conditioned on visual observations o. At inference,
the learned transformation is used inversely as 𝑇 −1(z|o) to generate actions. A key advantage of normalizing flows is
the ability to query the exact likelihood of generated actions, enabling two efficient inference optimisation strategies: 1)
Stochastic Batch Selection: generate a batch of candidates (x1…𝑁) and select the sample with the highest likelihood, and 2)
Gradient Refinement : refine a proposal trajectory by ascending the exact log-likelihood gradient ∇x log𝑝(x|o) for a small
number of steps. The optimised trajectory is then executed by the robot.

1 Introduction

Learning from demonstrations has emerged as a promising paradigm for enabling ro-
bots to perform diverse manipulation tasks without extensive programming. Recent
approaches rely on powerful generative models such as diffusion models [1, 2] to rep-
resentmulti-modal distributions over action sequences conditioned on visual observa-
tions. While diffusion models offer impressive expressiveness, they require expensive
multi-step denoising during inference and do not provide tractable estimates of out-
put likelihood. Both limitations hamper their deployment on resource-constrained
hardware and preclude a principled measure of confidence.

In this paper we argue that normalizing flows (NFs) [3] offer an attractive alternative
to exisiting RGB-based visuomotor policy learning models. NFs learn a bijective, dif-
ferentiable transformation that maps complex action distributions to a simple latent
prior and vice versa. This bijection enables efficient sampling via a single forward pass
and allows exact likelihood computation, enabling the policy to quantify uncertainty
and optimise generated trajectories. We present Normalizing Flow Policy (NF-P), and
demonstrate that it can match or exceed the performance of diffusion-based visuomo-
tor policies while offering faster training, inference, and explicit confidence measures.
NF-P brings together three advantages that, to the best of our knowledge, have not
previously been demonstrated in previous robotic policy: (i) exact likelihood compu-
tation for principled uncertainty estimation, (ii) single-pass generative sampling that
enables real-time inference, and (iii) the capacity to model complex distributions over
high-dimensional bimanual action spaces. This combination allows NF-P to provide
qualitatively new capabilities such as uncertainty-guided action optimisation and safe
exploration on real hardware.
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Our contributions are threefold:

• We propose NF-P, a conditional normalizing flow architecture tailored for RGB-
based visuomotor policy learning, including two novel design choices: stride
data sampling during training, and likelihood optimization over inference.

• We evaluate NF-P across a wide range of simulated bimanual tasks in the Ro-
boTwin 2.0 framework [4] aswell as on real robot demonstrations. NF-P consist-
ently achieves competitive or superior success rates compared to the baseline
diffusion policy and exhibits strong data efficiency.

• We demonstrate how NF-P scales with the size of the dataset, demonstrating
that NF-P has good scaling properties.

• We conduct an ablation study investigating factors that improve the perform-
ance of NF-P: stride-based sequencing, likelihood-based output optimisation,
and sampling variance.

Taken together, we show that normalizing flows are highly capable for visuomotor
policy learning, while offering a substantial advantage over diffusion-based policies
in the form of efficient training and inference, and an explicit uncertainty estimate.

2 Related Work

2.1 Vision-based Imitation Learning

Vision-based imitation learning aims to leverage the ubiquitous nature and high in-
formation density of visual data to map observations to robotic actions. Within this
paradigm, Transformer-based regression architectures [5, 6, 7, 8] represent a dominant
methodology, utilizing self-attention mechanisms to perform direct or autoregressive
action prediction. These models benefit from the Transformer’s ability to capture
long-range temporal dependencies across sequences of visual tokens, making them
highly effective for structured, predictable tasks. However, these deterministic or
quasi-deterministic frameworks often collapse when encountering multi-modal data
distributions [9]. Because they typically minimize a mean squared error (MSE) loss,
they tend to regress toward the mean of conflicting demonstrations, rather than cap-
turing distinct, valid behavioral modes. Furthermore, they lack inherent probabilistic
mechanisms for failure recovery or uncertainty quantification, which limits their ad-
aptability in non-deterministic environments. This fundamental inability to represent
complex, non-Gaussian action distributions necessitates a shift from point-estimation
models toward more expressive generative frameworks.
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2.2 Diffusion-based Policy

To resolve the limitations of traditional regression, the Diffusion Policy framework [1]
and broader diffusion-based generative models have been integrated into the control
loop. These approaches shift the objective toward modeling a comprehensive condi-
tional distribution over the action space, allowing the agent to represent multiple valid
trajectories simultaneously. This framework has inspired numerous extensions. For
instance, Hierarchical Diffusion Policy [10] combines high-level diffusion planning
with low-level control, while Causal Diffusion Policy [11] incorporates causal trans-
formers to refine temporal modeling. Despite their expressive power, these models
face a significant trade-off in computational efficiency. While several works aim to
reduce inference costs through one-step distillation [12], real-time iterative diffusion
[13], or point-cloud-based optimizations [14], they inherit the underlying challenge
of unquantified uncertainty and lack exact likelihood estimations.

Notably, recent advancements have introduced flow-matching vision-language-action
(VLA) models such as 𝜋0 and 𝜋0.5 [15, 16]. Although these models utilize flow-
matching to achieve state-of-the-art performance in robotic manipulation, they are
fundamentally designed as large-scale VLAs that rely on massive pre-trained found-
ation models. Given that this work prioritizes efficiency, such large-scale VLA archi-
tectures fall outside our primary scope.

2.3 Normalizing Flows

Normalizing flows have established a robust theoretical foundation in density estim-
ation and generative modeling [17] by leveraging the change-of-variables formula
to map simple base distributions to complex target manifolds. Seminal architectures
such as RealNVP [17] and GLOW [18] utilize affine coupling layers to construct ex-
pressive, bijective transformations that maintain computational tractability. Unlike
diffusion-based models, which require iterative stochastic refinement, normalizing
flows facilitate exact likelihood evaluation and single-pass, deterministic sampling.

Recent research has successfully demonstrated the versatility of normalizing flows
across diverse domains, including high-fidelity image generation [19], behavioral clon-
ingwithin reinforcement learning frameworks [20], and as specialized action-decoding
heads for Vision-Language-Action models [21]. Building upon prior research [22, 23],
which utilized normalizing flows as an auxiliary mechanism for out-of-distribution
(OOD) detection to enhance robustness in visual processing, we extend these in-
sights to visuomotor policy learning and show that normalizing flows can serve as
the primary end-to-end policy model.
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Figure 2: For a training sample 𝑖 anchored at current sample 𝑡 = 6, we extract a history of observations (blue) and a future trajectory
of actions (yellow) using a temporal stride 𝑠 (here 𝑠 = 2, with both the observation and prediction horizon as 4). The
sampling window slides by a single frame (shift = 1) for the next sample (𝑡 = 7). This stride sampling approach ensures
that while the internal structure of each sample is sparse (low frequency), the dataset coverage remains dense, allowing
the model to initiate plans from any state.

3 Preliminaries

3.1 RGB-based Visuomotor Policy

In its simplest form, RGB-based visuomotor policy learning can be expressed as a
supervised learning problem consisting of observation–action pairs (o𝑡, a𝑡), in which
the goal is to predict the action a𝑡 given the input image observation o𝑡 at time 𝑡.
Robotic tasks are oftenmulti-modal withmultiple, equally valid action sequences from
a given state. Accordingly, modern policy models aim to learn a distribution 𝑝(a𝑡|o𝑡)
rather than a deterministic mapping.

3.2 Normalizing Flows

Similar to diffusion models, normalizing flows learn to model a distribution 𝑝(x) by
transforming data samples into Gaussian noise. Instead of modeling a diffusion pro-
cess, normalizing flows represent the entire transformation as a single function [3]:

u = 𝑇 (x), x ∼ 𝑝(x), u ∼ 𝑝𝑢(u) . (1)

It should be noted that 𝑝𝑢 can be chosen freely, but the most common choice is Gaus-
sian noise 𝑝𝑢 = 𝒩(0, I). Importantly, 𝑇 is a diffeomorphism, which means that it is
bijective with both 𝑇 and 𝑇 −1 being differentiable. Naturally, the bijective property
allows sampling by:

x = 𝑇 −1(u), u ∼ 𝑝𝑢(u) .
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Additionally, both 𝑇 and 𝑇 −1 being differentiable enables direct computation of 𝑝(x):

𝑝(x) = 𝑝𝑢(𝑇 (x)) |det 𝐽𝑇(x)| . (2)

Here, 𝐽𝑇(x) refers to the Jacobian matrix of 𝑇 (x).

Constructing a 𝑇 that fulfills (1) for any distribution 𝑝(x) is non-trivial, and as such
learning-based methods, usually neural networks, are the only viable option. The
primary challenge in normalizing flows is to design a neural network-based 𝑇 that
is sufficiently expressive, while fulfilling the requirements for a diffeomorphism in
addition to having a tractable Jacobian determinant.

A common way to design 𝑇, pioneered by RealNVP [17], is coupling layers. Coupling
layers first divide their input x = [𝑥1, 𝑥2, … , 𝑥𝐷] into two parts, commonly:

x1 = [𝑥1, … , 𝑥𝐷/2], x2 = [𝑥𝐷/2+1, … , 𝑥𝐷] .

x1 is then transformed using an invertible and differentiable function 𝑓𝜃(x1), with
parameters 𝜃 computed from x2. Formally:

x′
1 = 𝑓𝜃(x1), 𝜃 = NN(x2) (3)

x′ = concat(x′
1,x2) .

In this formulation, NN has no restrictions, and is usually a regular feed-forward
neural network. Various choices exist for the design of 𝑓𝜃, arguably the most common
being an element-wise linear transform:

𝑓𝜃(x1) = x1 ⋅ 𝛼 + 𝛽, with (𝛼, 𝛽) = 𝜃 .

In this work, however, we adopt Neural Spline Flows [24], which constructs 𝑓𝜃 as a
rational-quadratic spline.
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4 Methodology

Aiming to apply normalized flow to real-world dual-arm tasks, we propose several
methods on top of the basic architecture to address the relatively higher noise levels
in real-world data compared to simulation data, and the higher modalities in dual-arm
tasks compared to single-arm tasks.

4.1 Observation Encoding and Conditioning

A pre-trained ResNet18 [25] is used to extract an embedding vector from each image
before it is passed to the normalizing flow. This image embedding is supplemented
with a vector representing the latest action, and these together form our observation
o𝑡. A conditional distribution can be modeled by adding a fixed conditioning vector
to the NN function in the formulation (3) as 𝜃 = NN(x, o𝑡).

4.2 Strided Sampling

A persistent challenge in imitation learning is the modeling of unwanted motions,
which often arise from the high-frequency noise inherent in human demonstrations.
While adopting observation horizons and action chunking [1] [26] promotes temporal
smoothness, these methods often fail to filter out the unconscious jitters and pauses
characteristic of teleoperated data collection. Although post-processing techniques
like low-pass filtering or downsampling can mitigate these artifacts, they risk dis-
carding valuable behavioral patterns in real-world data.

To increase focus on meaningful actions during training, without reducing training
data density, we introduce a strided sampling method. Given an observation history
o𝑡−𝑚∶𝑡, we model a sliding window of 𝑛 future actions a𝑡∶𝑡+𝑛. By applying a temporal
stride 𝑠 to both input and output sequences, as illustrated in Fig. 2, the model is forced
to focus on more larger transitions between successive states, effectively bypassing
high-frequency motions and minor stalling. Under this regime, the Normalizing Flow
Policy learns the conditional distribution:

𝑝(a𝑡, a𝑡+𝑠, … , a𝑡+𝑛𝑠 | o𝑡, o𝑡−𝑠, … , o𝑡−𝑚𝑠).

In our later experiments we show that this technique significantly improves perform-
ance in both simulated environments and real-world robotic experiments. Addition-
ally, different values for the stride 𝑠 are evaluated in our ablation study. Note that,
since actions during inference are produced by sampling from the NF, the stride 𝑠 is
not required, and thus we only apply strided sampling during training.
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4.3 Likelihood-based Output Optimization

An advantage of normalizing flows is the ability to evaluate 𝑝(a|o) exactly. We demon-
strate that likelihood estimate can be further leveraged at inference time to refine
action selection.

To this end, we propose two optimization strategies that guide themodel toward high-
confidence trajectories without discarding the underlying stochasticity of the learned
distribution.

Strategy 1: Stochastic Batch Selection (SBS): In this approach, we generate a par-
allel batch of 𝑁 = 128 candidate action sequences from the latent distribution. By
evaluating the log-likelihood for each candidate, we select the sequence that yields
the highest probability. This ”best-of-𝑁” sampling effectively filters out low-density
outliers that may arise from the tails of the distribution, ensuring the robot executes
the most representative mode of the demonstrated behavior.

Strategy 2: Gradient Refinement (GR): Alternatively, we perform a localized op-
timization of a sampled trajectory. Starting from an initial sample, we execute 10
iterations of gradient ascent on the log-likelihood log 𝑝(a|o) using the Adam optim-
izer [27]. This process ”climbs” the manifold of the action space toward the nearest
local maximum. Unlike diffusion models, which require a fixed number of denoising
steps to reach a valid sample, this method treats the initial sample as a warm start,
using the flow’s gradient information to improve the policy’s output. As shown in
Fig. 1, both methods can be used directly at run time.

5 Simulation Experiments

This section describes the evaluation protocol and results for NF-P on a diverse set of
simulated bimanual tasks. Unless otherwise noted, we report the success rate, defined
as the percentage of trials that achieve the task goal within a fixed horizon, and the
inference time per action sequence. All reported metrics are averaged over 100 ran-
domised test trials. Our evaluation covers 50 tasks from the RoboTwin 2.0 suite [4],
which spans a wide range of bi-manual manipulation skills including grasping, lifting,
tool use, handover, and stacking. Some example simulation tasks are shown in Fig. 3.
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Figure 3: Visualization of four example simulation tasks: Stack Block Two, Lift Pot, Beat Block Hammer, and Handover Block.

5.1 Experimental Setup

We evaluate the performance of NF-P against the established Diffusion Policy (DP)
baseline provided by RoboTwin-2.0, with scores taken from the official RoboTwin 2.0
leaderboard [28]. For each task, NF-P is trained on 50 clean scripted demonstrations,
using only the head camera as visual input. Our NF consists of 10 sequential coupling
spline layers, which results in approximately 100 million total trainable parameters.
Each NF is trained for 300 epochs with a fixed learning rate= 10−4 using the Adam
optimizer[27]. We use a default value of 𝑠 = 4 for the strided sampling, justified by
our ablation study.
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Figure 4: Summary of success rates on the full RoboTwin 2.0 evaluation suite. Bars show the success rate for 100 trials across all
tasks for each method (DP, NF-PGR and NF-PSBS). Normalizing flow policies consistently outperform the diffusion-policy
baseline.

5.2 Comprehensive RoboTwin Evaluation

Evaluation results are summarised in Figure 4. The comprehensive evaluation across
the RoboTwin-2.0 benchmark suite reveals that NF-P outperforms the DP baseline in
terms of overall success rates. As outlined in Fig.4, NF-P with gradient refinement
(NF-PGR) achieves an average success rate of 38.06%, representing a substantial 10
percentage-point improvement over the DP baseline (28.04%). Notably, the perform-
ance gains are most pronounced in tasks requiring high precision and contact-rich
interactions, such as Open Microwave (77% vs. 5%) and Handover Mic (100% vs. 53%).
These results suggest that the exact density estimation provided by NFs allows the
policy to better exploit the underlying demonstration manifold compared to DP.

Furthermore, the comparison between our two proposed inference strategies high-
lights the utility of likelihood-based refinement. While NF-PSBS provides a strong
stochastic baseline, theGR variant frequently achieves better success rates in tasks like
Press Stapler (73% vs. 43%) and Lift Pot (80% vs. 59%). This indicates that gradient as-
cent in log-likelihood is an effective mechanism for suppressing low-probability, sub-
optimal action sequences. Interestingly, in highly complex tasks like Hanging Mug or
Open Microwave, NF-PSBS occasionally outperforms NF-PGR, suggesting that a broad
stochastic search may sometimes be more robust. Overall, both methods show prom-
ising results.
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6 Real Robot Experiments and Results

This section details the physical hardware configuration, the selected manipulation
tasks, and the subsequent performance results of NF-P in a bi-manual real-world en-
vironment

6.1 Experiment Setup

We evaluate NF-P on a bi-manual Kuka setup, which contains two Kuka iiwa 7 robots.
Similar to the simulated experiments, only a single Realsense D435I is used, which
captures the whole scene, as highlighted in Fig. 5. Task data are collected using
Quest2ROS2 [29], a VR based teleoperation system, and the data types are the same
as the RoboTwin 2.0 simulations detailed above.

6.2 Task Definitions and Policy Training

To assess the robustness and coordination of NF-P, we selected two distinct tasks that
challenge different aspects of robotic control.
Stack Blocks Two: This task requires the robot to sequentially pick up two colored
blocks and stack them in a predefined order. Beyond simple reaching and grasping,
this task evaluates the model’s long-horizon temporal reasoning and the precision re-
quired to ensure the resulting stack remains physically stable.
Towel Folding: Unlike rigid-body manipulation, this task involves a deformable ob-
ject that requires precise bi-manual coordination. The two robotic arms must execute
a synchronized grasp, move at a uniform velocity to maintain tension, and perform a
simultaneous release.

For the training phase, we collected 150 demonstrations for Stack Block Two and 100
for Towel Folding. To compensate for the higher noise levels in real robot data, the
NF-P architecture was configured with an observation and prediction horizon of 4
and a temporal stride 𝑠 = 6, and uses SBS optimization in inference. Similarly, the DP
baseline employed the standard DP-C implementation [1], which has a longer horizon
than the simulation setup.
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Figure 5: Real-world experimental setup and task progression. (Left) The dual-arm manipulation environment for the Stack Block
Two (top row) and Towel Folding (bottom row) tasks. The wrist and head cameras are not used for both task, the red circle
indicates the single scene camera which provides visual observation input for themodels. (Right) Key terminal stages of the
tasks viewed from the perspective of the scene camera. These stages correspond to the bottleneck evaluation milestones
(e.g., picking, placing, and folding).

6.3 Results and Discussion

To highlight the performance differences observed during real-world execution, we
conducted a rigorous bottleneck analysis focused on the terminal stages of eachmulti-
stage task. As detailed in Table 1, this analysis identifies specific points of failure,
revealing how each policy handles sequential dependencies and compounding errors
across long-horizon trajectories.

A critical behavioral trend emerges when examining the DP baseline: it frequently
fails to initialize execution, and it often gets stuck between sub-goals. In the Stack
Block Two task, DP suffered from an initial failure rate of 35%, often failing to trigger
the first picking motion. Furthermore, 50% of its trials terminated prematurely after
the ”ArmOne Placing” stage. Our observations indicate that DP commonly fails when
transitioning between sub-goals. For example, after the first block has been placed,
instead of engaging the second arm to place the other block, DP would often get stuck
in a cycle repeating the first arm’s trajectory. Similarly, in the Towel Folding task,
DP exhibited initiation bottlenecks, with 45% of trials failing at the onset. In these
instances, the model is typically able to steer the robot to target object but fails to
give the gripper-close command, stalling indefinitely.

While NF-P also exhibits some amount of stalling when transitioning between sub-
goals, the average transition time is significantly lower. Throughout our experiments,
DPwas given an 8-minutewindow for each sub-goal transition, whereasNF-P achieved
a higher success rate with only a 30-second limit.
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Table 1: Bottleneck Analysis and Success Rates for Real-World Rollouts. The table records the terminal stage of each of 20 trials
alongside the overall success rate. While DP frequently succumbs to early-stage bottlenecks (e.g., failing at initial grasp
or prior to execution), our method reliably completes early sub-tasks, pushing failures to later stages and achieving higher
overall success rates (60% and 75%, respectively).

Stack Block Two
Method Initial Fail Arm One Picking Arm One Placing Arm Two Picking Arm Two Placing Success Rate(%)
DP 7 0 10 0 3 15

NF-Pmulti 0 0 1 7 12 60
Towel Folding

Method Initial Fail Towel Picking Towel Folding Success Rate(%)
DP 9 0 11 55

NF-Pmulti 3 2 15 75

In the Stack Block Two task, NF-P successfully picked and placed the first block in 95%
of trials, and achieved a 0% initial failure rate. The sparse failures encountered were
significantly deeper into the execution horizon compared to DP, primarily occurring
at the ”Arm Two Picking” stage, due to missing the placement of the block at the last
step. For Towel Folding, NF-P initiated the trajectory successfully in 85% of cases, and
only failed during towel picking in 10% of the cases.

These results suggest that the exact likelihood estimation inherent in Normalizing
Flows provides a more stable density manifold for the agent to follow. By effectively
mitigating early-stage stochastic drift and facilitating rapid state transitions, NF-P
ensures that the policy remains within distribution even during complex handovers
between sub-goals. This robustness leads to markedly higher overall success rates
compared to DP, validating the efficacy of normalizing flows based architectures for
extended bi-manual robotic manipulations.

7 Data Scaling Experiment

One concern regarding NFs, is that they might not be as expressive as other models,
as they are constrained by requiring a tractable inverse and Jacobian determinan [3].
In order to verify that NFs are capable of scaling to larger datasets, we conduct an
additional experiment using the RoboTwin 2.0 simulation framework. Here, we select
4 different tasks: Beat Block Hammer, Lift Pot, Handover Block, and Stack Blocks Two.
For each task, we train and evaluate both NF-P and DP (configuration DP-C [1]) using
a varying number of training episodes from 10 up to 500. Our results, in Fig. 6 show
that NF-P exhibit similar scaling properties as DP across all 4 tasks, alleviating any
initial concerns.

160



Figure 6: Results for scaling simulated experiments with varying amounts of training data.

8 Model Efficiency

Computational overhead during both training and inference is a critical constraint
for real-world robotic deployment. NF-P demonstrates significant advantages in this
regard, achieving high-fidelity results with relatively minimal resource expenditure.
Specifically, on a single NVIDIA RTX 4090, themodel reaches convergence in as few as
300 epochs on a dataset of 100 demonstrations, which takes roughly 50 mins to train.
Also, due to its single-pass, deterministic sampling architecture, NF-PSBS achieves in-
ference times under 20ms. This represents a substantial improvement over diffusion
models, enabling high-frequency control loops that are essential for reactive manip-
ulation. Even the GR variant (NF-PGR), which performs 10 steps of gradient ascent,
maintains a latency of 455ms, which is faster than the standard DP baseline. Notably,
NF-PSBS offers an ideal middle ground, retaining the real-time advantages of the flow
backbone while delivering the performance gains associated with likelihood-based se-
lection. This efficiency ensures that NF-P can be deployed on standard robotic hard-
ware without the need for specialized high-latency compensators.

9 Ablation Study

To isolate the contributions of specific design choices within the NF-P framework,
we conducted a systematic ablation study using the Beat Block Hammer simulation
task. We evaluated the sensitivity of the model to the temporal stride 𝑠, the sampling
variance 𝜎, and the choice of output optimization strategy. The results, summarized in
Table 2, identify the configuration of 𝑠 = 4, 𝜎 = 0.5with gradient-ascent optimization
as the optimal parameter set, achieving a peak success rate of 51% on the RoboTwin
2.0 Beat Block Hammer task.
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Table 2: NF-P ablations on the RoboTwin 2.0 Beat Block Hammer task. Each entry reports the success rate (%) from 100 trials when
varying one component of the NF-P design. The default configuration is 𝑠 = 4, 𝜎 = 0.5, and gradient refinement.

Ablation Success rate
NF-PGR 𝑠 = 4 𝜎 = 0.5 51
NF-PSBS 𝑠 = 4 𝜎 = 0.5 50
NF-P 𝑠 = 4 𝜎 = 0.5 37
NF-PGR 𝑠 = 8 𝜎 = 0.5 46
NF-PGR 𝑠 = 2 𝜎 = 0.5 48
NF-PGR 𝑠 = 1 𝜎 = 0.5 37
NF-PGR 𝑠 = 4 𝜎 = 1.0 41
NF-PGR 𝑠 = 4 𝜎 = 0.75 47
NF-PGR 𝑠 = 4 𝜎 = 0.25 42
NF-P No action chunking 28

Both NF-PSBS and NF-PGR yield substantial performance gains over direct sampling
NF-P. This underscores the benefits of guiding the stochastic output toward high-
probability regions of the learned manifold to ensure precision.

Temporal stride appears to play a critical role in balancing the generated motions. A
stride of 𝑠 = 1 resulted in a lower success rate of 37%. Conversely, excessively large
strides (𝑠 = 8) also degraded performance to 46%. The value 𝑠 = 4 appears to be the
optimal for filtering demonstration noise while maintaining behavioral fidelity.

A moderate sampling variance appears to aid task execution, with 𝜎 = 0.5 delivering
the highest success rate. Standard sampling, with 𝜎 = 1 yields reduced performance.
Similarly, decreasing it to 𝜎 = 0.25 also led to worse success rates, indicating that the
policy requires a moderate level of stochastic exploration during the inference process
to remain robust to environmental perturbations.

Predicting a single action instead of an action chunk reduced the success rate to 28%.
This result reinforces the importance of action chunking with regard to temporal con-
sistency.

10 Conclusion

In this work, we introduced Normalizing Flow Policy (NF-P), a visuomotor policy
framework based on normalizing flows designed for complex, bi-manual manipula-
tion. By utilizing normalizing flows, NF-P provides a unique combination of exact
likelihood estimation and efficient single-pass inference.

Our comprehensive evaluation across the RoboTwin-2.0 benchmark suite demonstrates
that NF-P consistently matches or exceeds the performance of Diffusion Policy (DP),
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achieving a higher average success rate while requiring significantly fewer train-
ing epochs. Real-world experiments on a bi-manual Kuka setup further validate the
model’s robustness, specifically its ability to overcome stalling and transition bottle-
necks.

Through detailed ablation studies, we identified that stride-based sampling and likelihood-
based optimization lead to improved perfomance. Ultimately, NF-P represents a math-
ematically sound and computationally efficient alternative for scaling robotic learn-
ing to multi-modal settings where real-time responsiveness and reliable uncertainty
quantification are required.

11 Future Work

While we have explored several different techniques for making NFs viable and even
competitive in the domain of visuomotor policy learning, our work is by no means
exhaustive. One such method that we left unexplored is the addition of noise during
training [19]. It would be an interesting direction to investigate how adding noise
behaves in conjunction with out gradient ascent likelihood-optimization, since the
noise removal is effectively equivalent to one step of gradient ascent.

There are also works, for example [13], that attempt to improve inference times in
diffusion models by updating an existing action sequence using fewer denoising steps
compared to generating actions from scratch. Similar approaches could be explored
for NFs. However, in the case of NFs, we believe such approaches would rather be
applicable for improving consistency and smoothness in the action sequences, since
the NF’s single-pass inference already provides low latency.

Another potential research direction could be to evaluate different NFs architectures.
In this work, we adopted coupling layers due to their fast inference and ability to
directly evaluate their probability density. There are, however, other NFs architectures
that have shown competitive performance in various generative tasks [24].

Finally, our previous research has shown how NFs can be used as a complement to
improve the performance of othermodels by providing a robustmeasure of confidence
[22, 23]. It is possible that NFs could be applied in conjunction with for example DP
or a transformer-based model to further improve performance.
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