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Figure 1 The furuta pendulum.

1. Introduction

This report contains derivations of the Furuta pendulum dynamics using the
Euler-Lagrange equations.

The Furuta pendulum is shown in Figure 1. It consists of two connected
inertial bodies: A center pillar with moment of inertia </, rigidly connected to a
horizontal arm with length [/, and homogenously line distributed mass m,. The
pendulum arm with length /, and homogenously line distributed mass m,, and
the balancing body with point distributed mass M.

2. Kinematics

The position of a point P on the pendulum can be described with the position
vector

r(ra,rp) = (rx(ra’rp)1ry(ra1rp)1’”z(’”cu"p))T (1)
with
re(ra,rp) = rq cos ¢ — rpsin @sin 9,
ry(ra,rp) = rqsin@+r, cos @sin 6, 2)

ry(rq,rp) =rpcosf.

The variable r, is the radial position on the horizontal arm, and r, is the radial
position on the pendulum arm. The radial distances are measured from the
center of rotation for the bodies respectively. Taking time derivatives of (1) gives
an expression for the velocity

v(ra,rp) = (Ux(’”airp)wy(ra’rp)’UZ(ra1rp))T (3)

of P on the pendulum, with

Vi(ra,Tp) = —Tq sin g — rp COS @ sin @O — rp sin @ cos o0,
Vy(ra,Tp) = rq cOS PP+ 1, cos 6 cos @b — r;, sin Gsin gy, (4)
v,(ra,rp) = —1p sin 66.



This is then used to express the square magnitude of the velocity for P:

vz(ra, rp) = (ri + rf, sin? 9)¢2 + 2r,r), cos 090 + rf,QZ (5)

3. Energy expressions

Expressions for kinetic and potiential energy is derived in this section. Kinetic
energy is derived from solving the integral

1
T=_ / vidm, (6)
2
using (5), and potential energy from solving
V=g / r.dm (7)

using (1). The derivations are done for each body separately.

Center pillar

2T, = J ¢
_0 (8)
V. =0;
Horizontal arm
la
2T, = / v2(s,0)my/lods
0
1 ) 9
= §malg¢2 ( )
V., =0;
Pendulum arm
b,
2T, = / v (rq,s)mp/lyds
0
1 . .01 .
= mp(I2 + S12sin® 6)¢ + mylal, cos OpF + gm,,zf,ez
. (10)
Vp = g/o r2(la,s)mp/lpds
1
= -mpgl,cos 8
2
Balancing mass
2Ty = M(I7 + 12 sin® )¢ + 2M 1,1, cos 00 + M1,6° 1)
Vm =Mgl,cos 8
The total kinetic energy of the pendulum is given by
T=T+To+Tp+Tn, (12)
and the total potential energy by
V=V.+Ve+V,+ V. (13)



4. Equations of motion
Forming the Lagrangian
L=T-V
the equations of motion are given by
d (0L oL
(%)%

a4 (9L\ oL _
dt\o6) 00~ ¢

(14)

(15)

with 7, and 7 being external torques applied to the horizontal arm joint and

the pendulum arm joint respectively. The partial derivatives are:

0 =0
g—g = <J+ (M + lma + mp)l2 + (M + %mp)llzJ sin? 9> )
+ <M+ %mI,)l lp cos 60
Z—L (M + %mp> 12 cos Hsin9¢2 — (M + %mp> lalp sin9¢9
+ <M+ %mp 9lpsin@
% ( ; >l 1, cos 0@ + <M+%mp> 112,9
Inserting (16) into (15) and introducing
al g+ (M+ %m Lm)2 B AM+ %mp)zf,
y O+ )y 52 (M + my)al,

yields the equations of motion for the pendulum:

(a + Bsin® 9) @+ y cos 80 + 2B cos Osin 0@l — y sin 062 = Ty
y cos g+ B — Bcos Osin B¢ — dsinb = 14

Equation (18) can be written in matrix form as

Dmm(?

9)+aaaam(§)+amm=r

with matrices defined by

inZ @ 7

D(¢,9)é<a+'gsm y cos >
y cos @ B

BecosBsinf8  ScosBPsinOp — y sin 99) ( B)A

] g (] =

C(p 6, (0,9)— <_ﬁc05951n9¢ 0

(

(16)

(17)

(18)

(19)

0

—0sin@

(20)

).



The matrices D(,8) and C(g, 8, @, 8) satisfies the fundamental property

N(¢,6,9,0) = D(p,6) —2C(¢,6,9,6) (21)
with the skew symmetric matrix
. 0 y sin 88 — 23 cos 6 sin B¢
N@ogd) = o . ). 2
—y sin 86 + 2 cos Osin B¢ 0

The external torques 7 can be divided into a driving torque on the ¢-joint and
dissipation terms as

T=70,—TF. (23)

5. Integration model

The equations of motion (18) can be rewritten on a form suitable for integration:

i .
d . 1 . 9 oA o ey A2
Eqp: aﬁ—y2+(,82+y2)sin29{'8y(sm 9—1)sm9(02—2,8 cos @sin 8¢l + By sin 66

—yd cos Osin 8 + Br, — y cos 9T9}

d .

a® ="

d, 1 . 9 . 2 AN wine B
EQ— a,B—y2+(ﬁ2+y2)sin29{’8(a+’gsm 0) cos Osin 8¢? + 2By (1 — sin? ) sin Hph

—y? cos Osin 86% 4 5(a + Bsin® B) sin O — y cos 07, + (a + B sin’ B)Tg}

(24)
6. Equilibrium points
It follows from inserting =6 =60=0, 8= 6y and ¢ = @ in (18) that
sin 6y (B cos Bodt + d)=0 (25)

holds in stationarity. Solving for 8y the following equilibrium points are obtained:

Oy =k with k€2 forall geR

By = T— arccos (ﬁ%) . for @ #0 (26)
7. Linearization
Rewriting (19) as
d . . . /
7 (Z) — D Y(¢,0) (r —C(9.6,9,0) (Z) —9(o, 9)) (27)



and introducing the state variable

@
Al @
= 28
221, (28)
0
we get the state equation
dx
- 2

with f defined appropriately. The linearized model at the equilibrium point xo =
(@, @, 60, 60), To = (0,0) is obtained from

d(6x) Of

dt  Ox

5x+g

A
=A B
. or| T Oox + Bt (30)

0

with dx 2 x — x9. For xo = (0,0,0,0) that gives us

0 1 0 0 0 0
00 —5%% 0 Fr —iim
A ap-y g | B Ty 31
0 0 0 1 0 0 (81)
5 y
00 5 O =T =
with eigenvalues
ao
For xp = (0,0, 7,0) we get
01 0 0 0 0
__9y B _vrv
A _ 0 0 a,B—V2 0 B _ aﬂ_yZ aﬂ_y2 (33)
0 0 0 1| 0 0
5 y
00 _ag—;ﬂ 0 ap-y? a/;i;ﬂ

with eigenvalues

. ao
{0,0,ﬂ:zuw}. (34)

In the limit case J,m, — oo and m, — 0 the modes of a simple pendulum are

restored since
[ ad [g



8. Linear state feedback control

The linearized model (30) can be used to derive a continuous time state feedback
controller on the form

T, =—Lx (36)

with L 2 (!p. 15 L6, 1g). The linear dynamics of the equilibrium point xo = (0,0, 0,0)
yields the closed loop characteristic equation

ly— Bl — ol
o4 Y= Bly 5 ylo—Ply+ad 5 0o _o_ % _, (37)
ap—y? ap—y? ap—y* aB-y?
and the dynamics of xo = (0,0, 77,0) yields
. Vie—=Bl, .  ylg—Bl,+ad , ol, oly
S + aﬁ_yZS aﬁ_yz S 4aﬁ_yzs+aﬁ—y2 - 0 (38)

Equating the coefficients in (37) and (38) with the coefficients of the desired
closed loop characteristic equation

(s® + 2010015 + W?)(s® + 20209s + i) = 0, (39)

and solving for the feedback gains gives

lp= —L;yzw%wg
ly= —20"%_}/20)10)2(0)1(2 + wa{1)
laz—?—#(%aﬁaé+aﬁ+a€+4wlwzﬁ(z) 0
ly= —2“%_}%(%&7%@2(2 + gahw%ﬁ + w1{1 + wWa{2)

and
lp= a"%_yzw%wg
ly= 20"%_}/20)10)2(0)1(2 + we{1)
lo = —075+ ”%_yz(—gaﬁaéwﬁwéwwlwz&zz) (41)
ly = 2M(—§a)%w2(2 - gwlwéil + w1d1 + wWa{2)

respectively.

With a sampling period of 1 ms it is verified numerically that the feedback
gains of the discrete time controller differ less than 1 % from the gains of the
continuous time controller. With such fast sampling it is thus sound to use the
continuous time design in a discrete controller.



9. Friction

The real pendulum exhibits significant friction in the ¢-joint. The friction can be
modeled in several ways.

Coulomb and viscous friction

Tp =Tcsgn@+ T,Q (42)

Coulomb friction with stiction

Tcsgng if p#£0,
TF =Ty if =0 and |7,| < g, (43)

Tgsgnrly, otherwise.

In simulations the zero condition on the velocity is replaced by |¢| < @., with @
chosen appropriately.

10. Model Parameters

The pendulum state equations on integrable form (24) can be coded into a
Simulink S-function. Simulations of the free pendulum dynamics reveals that
stability is critically dependent on the choice of parameters. Simply setting
a = [ =y =9 =1 leads to instability. Physically sound parameters can be
found from measuring a real pendulum or from identification experiments.

Measured Parameters

Examples of physical parameters and model parameters are shown in Tables 1
and 2. Examples of friction model parameters for Coulomb friction with stiction

mp [kg] I [m] mq [kg] lo[m] M [kg] J [kglh?]
0.00775 0.4125 0.072 0250 0.02025 0.0000972

Table 1 Real pendulum parameters

a [kgm?] B [kghh?] y [kgmh?] 0 [kg?mh?/s?]
0.0033472 0.0038852 0.0024879  0.097625

Table 2 Real pendulum model parameters
(43), are given in Table 3.

Parameter Identification

The equations of motion (18) together with the Coulomb and viscous friction (42)
can be written on regressor form as

y=9¢'6 (44)



Is [Nm] 7¢ [Nm] ¢ [rad/s]
0.015 0.01 0.02

Table 3 Friction model parameters

with
o = ( @ sin® 6+ 2cos Osin Bl cos OO — sin HG? 0 sgn @ gp)
~\0 0 — cos 6'sin O¢? cos O —sin @ 0 0/’
(45)
a
B
Ty 14
= ' 46
=(5) |5 (6)
Ic
Ty

With suitable low-pass or band-pass filtering the least-squares solution for 8
provides a set of model parameters. If the measured velocity and acceleration
signals are used, the corresponding scaling constants must be taken into account.



