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f

〈f〉 =
∫

f(�p, �q)ρ(�p, �q)d�pd�q = lim
T →∞

1

T
∫ T

0
f(t)dt,



T ρ(p, q)
p q

dρ

dt
=

∂ρ

∂t
+

3N∑
i=1

(
− ∂ρ

∂pi

∂H

∂qi
+

∂ρ

∂qi

∂H

∂pi

)
= 0,

H pi qi i

3N∑
i=1

(
− ∂ρ

∂pi

∂H

∂qi
+

∂ρ

∂qi

∂H

∂pi

)
= 0.

ρ

NV E

ρNV E(�p, �q) =
1

ω(E)
δ [E −H(�p, �q)] ,



δ
ω(E)

1
Def
=

∫
ρNV E(�p, �q)d

N�p dN�q =
1

ω(E)

∫
δ [E −H(�p, �q)] dN�p dN�q,

ω(E) =

∫
δ [E −H(�p, �q)] dN�p dN�q.

ω(E)

3N

dΓ

dΓ =
1

N !

dN�p dN�q

h3N
.

1/N !

N ! N
1/N !
dΓ

ω(E) =

∫
Γ
δ [E −H(�p, �q)] dΓ.



S = kB ln[ω(E)].

ω(E) E
ω(E)



U = 0.5kx2

S ∝ ln(V )N
k > 0 k < 0

k k



NV T

ρNV T (�p, �q) =
e−βH(�p,�q)

Q(T )
.

β β β = 1
kBT

Q(T )

Q(T ) =

∫
Γ
e−βH(�p,�q) dΓ.

Γ
dΓ

NPT

NPT

ρNPT (�p, �q, V ) =
1

Δ(T, p)
e−βH(�p,�q,V )+pV ,

p Δ(T, p)

Δ(T, p) =

∫
Γ

∫ V=∞

V=0
e−βH(�p,�q,V )+pV dV dΓ.



N → ∞

Scanonical ≥ Smicrocanonical

S = 〈S(Ei)〉 =
∫

p(Ei)S(Ei) = −kB

∫
p(Ei) ln[p(Ei)] = −kB〈ln[p(Ei)]〉.

ΔStotal = ΔSsurroundings +ΔSsystem.

ΔU ΔSsurroundings =



−ΔU/T

−TΔStotal = ΔUsystem − TΔSsystem.

ΔA = ΔU − TΔS
ΔG = ΔH − TΔS

[E −Δ, E]

lim
Δ→0

ρΔNV E(�p, �q) = lim
Δ→0

Δδ [E −H(�p, �q)]

Δω(E)
= ρNV E(�p, �q).

Δ

− h̄2

2m
Δψi(�x) = Eiψi(�x).

a1 a2 a3

ψ( �x1, �x2, �x3) = ψi( �x1 + a1, �x2, �x3) = ψi( �x1, �x2 + a2, �x3) = ψi( �x1, �x2, �x3 + a3).



ψi(�x) =
1√
V

exp

(
i

h̄
�p �x

)
,

V �pi

�pi ∈
{
2πh̄

(
n1

a1
,
n2

a2
,
n3

a3

)∣∣∣∣ni ∈ Z

}
.

N

ψ(�x) =
N∏
i=1

ψi(�x) =
1√
V

N∏
i=1

exp

(
i

h̄
�p �x

)
.

n
3N

ρ =
1[(

2πh̄
a1

)(
2πh̄
a2

)(
2πh̄
a3

)]N =
1

(2πh̄)3N

V N

.

√
2m(E −Δ)

√
2mE

2πh̄/a 	 1

ω(E) =
V N

(2πh̄)3N

[
V3N

(√
2mE

)
− V3N

(√
2m(E −Δ)

)]

=
1

3N
2 Γ

(
3N
2

)
[
V

(
1

2πh̄2

) 3
2

]N {
(2mE)

3N
2 − (2m[E −Δ])

3N
2

}
.

N m

H(�p, �q) =

N∑
i=1

�p 2
i

2m
.



ω(E) =

∫
δ

(
E −

N∑
i=1

�p 2
i

2m

)
d3Np d3Nq.

�q
N

ω(E) =V N

∫
dΩ

∫ ∞

0
|�p|3N−1δ

(
E − |�p|2

2m

)
d|p|

=V N

∫
dΩ

∫ ∞

0
|�p|3N−1 m√

2mE
×

[
δ
(√

(2mE)− |�p|
)
+ δ

(
−
√

(2mE)− |�p|
)]

d|p|.

δ

Θ δ

ω(E) = V N m√
2mE

d

d
√
2mE

(∫
dΩ

∫ ∞

0
|�p|3N−1Θ

(√
2mE − |�p|

)
d|�p|

)

= V N m√
2mE

dV3N

(√
2mE

)
d
√
2mE

= V N m√
2mE

A3N

(√
2mE

)
.

V3N A3N 3N√
2mE 3N

ω(E) =
1

Γ
(
3N
2

) 1

E

[
V (2πEm)

3
2

]N
.

E
[E−Δ, E]

ωΔ(E) = V3N

(√
2mE

)
− V3N

(√
2m(E −Δ)

)

=
1

3N
2 Γ

(
3N
2

) [V (2π)
3
2

]N ×
[
(2mE)

3N
2 − (2m[E −Δ])

3N
2

]
.

δ(f(x)) = 1
|f ′(x)|

∑
f(xi)=0 δ(xi − x)



ωQM
Δ (E)

ωCM
Δ (E)

=

1
3N
2

Γ( 3N
2 )

[
V
(

1
2πh̄2

) 3
2

]N
×
{
(2mE)

3N
2 − (2m[E −Δ])

3N
2

}

1
3N
2

Γ( 3N
2 )

[
V (2π)

3
2

]N ×
{
(2mE)

3N
2 − (2m[E −Δ])

3N
2

}

=
1

h3N
.

N

λ ≡ √
2πh̄β/m

λ3/V 	 1



◦



1065

α



β

ΔSfold = SN − SD = R ln

(
QN

QD

)
= RN ln z,

z

ΔGfold = N(g +RT ln z)



g

g(c) = g0 +mic,

g0 mi m

ΔGfold = N(RT ln z + g0 +mic)

m Nmi

m
N



“ ”

Solute(s) � Solute(aq), K =

[
Solute(aq)

]
[
Solute(s)

] ,
K



ΔH = ΔU + Δ(pV ) pV
ΔH = ΔU



H H
O

ẟ
+

ẟ
+

ẟ
-

H H
O

H
H

O

Cl-
ẟ
+

ẟ
+

ẟ
+
ẟ
+

ẟ
+

ẟ
+

Cavity creation Solute insertion

kT



N � N + 1

μsolute =

[(
∂A

∂Ns

)
Nsolvent,V,T

]

Nsolute→0

= A(Nsolvent, Nsolute = 1, V, T )−A(Nsolvent, Nsolute = 0, V, T ),

A Nsolvent Nsolute

V T
μid μex

μsolute = μid + μex.

βμex = − ln

[
Z(Nsolute = 1)

Z(Nsolute = 0)

]
.

μ =

(
∂A

∂N

)
V,T

= −T

(
∂S

∂N

)
V,E



S

kBN
= ln

[
V

N

(
4πmU

3h2N

)]
+

5

2
,

4πm
3h2 vQ

V � NvQ –
vQ

μ = −T [S(N + 1)− S(N)] = −TkB

(
ln

[
V

NvQ

]
+

3

2

)

V � NvQ

S = kB lnW

W N
M

W (M,N) =
M !

N !(M −N)!
.

N ≤ M/2



N:
0

1

2

3

4

W(NVE):
1

4

6

4

1

A. B.

N

N = M/2



F N

F (N,V, T ) = −kBT lnQ = −kBT ln

[
h−3N

∫
Γ
e−βH(�p,�q) d�pd�q

]
,

Γ

Γ

6N

i
j

ΔFi→j(N,V, T ) = Fj(N,V, T )− Fi(N,V, T ) = −kBT ln

[
Qj

Qi

]

= −kBT ln

[∫
Γj

e−βHj(�p,�q) d�pd�q∫
Γi
e−βHi(�p,�q) d�pd�q

]
.



Γij = Γi ∪ Γj

ΔFi→j(N,V, T ) = −kBT ln

(
QjQij

QiQij

)
= −kBT ln

(
Pj

Pi

)
,

Qij Qi Qj

i j



ΔF∘(ξ)

ΔG◦
trs = −RT ln(Pi/Pj) = −RT ln

(
[caffine]cyclohexane

[caffine]water

)

ξ(�r) = ξ(�r1, �r2, ..., �rN )

ΔF (ξ) = −kBT lnP (ξ).

ξ



ξ

H (�p, �q, λ)
λ

λ
λ λ

dF

dλ
= − [βQ(N,V, T, λ)]−1 dQ(N,V, T, λ)

dλ

=

∫
Γ [∂H (�p, �q, λ) /∂λ] e−βH(�p,�q) d�pd�q∫

Γ e
−βH(�p,�q) d�pd�q

=

〈
∂H (�p, �q, λ)

∂λ

〉
λ

.

H(λ)
λ = 0 λ = 1



ΔF = F (λ = 1)− F (λ = 0) =

∫ 1

0

〈
∂H(λ)

∂λ

〉
λ

dλ.

λ λ

λ
λ = 0 λ = 1

H(λ) = Hi + λ (Hj −Hi) .

i j

ΔF =

∫ 1

0
〈Hj −Hi〉λ dλ,

λ

λ

λ

λ

H(λ) = λ

N∑
i

N∑
j=i+1

4εij

[(
σij
rij

)12

−
(
σij
rij

)6
]
+

qiqj
rij

,

λ

∂H(λ)/∂λ



∂H(λ)/∂λ λ

λ

U(λ) = us +

Nsw∑
i=1

usw(λ, i) + uww,

us usw(λ, i)
uww

λ

∂μex

∂λ
=

〈
Nw∑
i=1

∂usw(λ, i)

∂λ

〉

λ

=

∫ ∞

−∞
∂usw(λ, i)

∂λ

〈
Nw∑
i=1

δ(�rw − �rw,i)δ(�rs − �rs,i)

〉
d�rs d�rw.

usw
λ

δ
ρsw

λ

Δμ =

∫ 1

0
dλ

∫ ∞

−∞
∂usw(λ, i)

∂λ
ρsw(�rs, �rw) d�rs d�rw.



λ
λ

λ+Δλ

dF (λ)

dλ
=

F (λ+Δλ)− F (λ)

Δλ
.

dF (λ)

dλ
= −kBT

ln
[∫

Γ e
−βH(�p,�q,λ+Δλ) d�pd�q

]− ln
[∫

Γ e
−βH(�p,�q,λ) d�pd�q

]
Δλ

=
−kBT

Δλ
ln

[∫
Γ e

−βH(�p,�q,λ+Δλ)−H(�p,�q,λ)e−βH(�p,�q,λ)∫
Γ e

−βH(�p,�q,λ)

]

=
−kBT

Δλ
ln
〈
e−βH(�p,�q,λ+Δλ)−H(�p,�q,λ)

〉
λ
.

ln
(
Q(λ)
Q(λ)

)

ΔF = −kBT

λ=1∑
λ=0

ln
〈
e−βH(�p,�q,λ+Δλ)−H(�p,�q,λ)

〉
λ
.



λ = 0 λ = 1

λ

λ



ε
λ

λ = 1

vsw(�rs, �rw) = usw(λ = 1, �rs, �rw).

ρ̂εsw(ε) =

Nw∑
i=0

δ(vsw(�rs, �rw)− ε)

=

∫ ∞

−∞
δ(vsw(�rs, �rw)− ε)ρ̂sw(�rs, �rw) d�rs d�rw.

uεsw(ε) =

∫ ∞

−∞
δ(vsw(�rs, �rw)− ε)usw(λ,�rs, �rw) d�rs d�rw.

λ uεsw(λ,�rs, �rw)
vsw(�rs, �rw) uεsw(λ,�rs, �rw) = λvsw(�rs, �rw)

λ

usw(λ,�rs, �rw) =

∫ ∞

−∞
δ(vsw(�rs, �rw)− ε)uεsw(ε) dε.



ρεsw(λ, ε) = 〈ρ̂(ε)〉λ.

ρεsw(λ, ε) =

∫
Γ

[∫∞
−∞ δ(vsw(�rs, �rw)− ε)ρ̂sw(�rs, �rw) d�rs d�rw

]
∫
Γ e

−βU(λ,�rs,�rw)d�rs d�r
Nw
w

×

e−βU(λ,�rs,�rw)d�rs d�r
Nw
w ,

Γ

ρεsw(λ, ε) =

∫ ∞

−∞
δ(vsw(�rs, �rw)− ε) d�rs d�rw×

∫
Γ [ρ̂sw(�rs, �rw)] e

−βU(λ,�rs,�rw)d�rs d�r
Nw
w∫

Γ e
−βU(λ,�rs,�rw)d�rs d�r

Nw
w

.

ρsw(�rs, �rw)

ρεsw(λ, ε) =

∫ ∞

−∞
δ(vsw(�rs, �rw)− ε)ρsw(�rs, �rw) d�rs d�rw.

Δμ =

∫ 1

0
dλ

∫ ∞

−∞

[∫ ∞

−∞
δ(vsw(�rs, �rw)− ε)

∂uεsw(ε)

∂λ
dε

]
ρsw(�rs, �rw) d�rs d�rw.



Δμ =

∫ 1

0
dλ

∫ ∞

−∞
∂uεsw(ε)

∂λ
dε

[∫ ∞

−∞
δ(vsw(�rs, �rw)− ε)ρsw(�rs, �rw) d�rs d�rw

]

=

∫ 1

0
dλ

∫ ∞

−∞
∂uεsw(ε)

∂λ
ρεsw(λ, ε) dε.

Δμ =

∫ ∞

−∞
dε

∫ 1

0

∂uεsw(ε)

∂λ
ρεsw(λ, ε) dλ

=

∫ ∞

−∞
dε

[
uεsw(λ = 1, ε)ρεsw(λ = 1, ε)−

∫ 1

0

∂ρεsw(λ, ε)

∂λ
uεsw(ε) dλ

]

=

∫ ∞

−∞
ρεsw(λ = 1, ε)ε dε−

∫ 1

0
dλ

∫ ∞

−∞
∂ρεsw(λ, ε)

∂λ
uεsw(ε) dε,

uεsw(λ = 1, ε) =
vεsw = ε

F [ρεsw(λ, ε), u
ε
sw(ε)] =

∫ 1

0
dλ

∫ ∞

−∞
∂ρεsw(λ, ε)

∂λ
uεsw(ε) dε.

ρεsw(λ, ε) = ρεsw(λ = 0, ε)e−β(uε
sw(ε)+wε

sw(ε)),

uεsw(ε) = −kBT ln

(
ρεsw(λ, ε)

ρεsw(λ = 0, ε)

)
− wε

sw(ε).



F [ρεsw(λ, ε), u
ε
sw(ε)] =

∫ ∞

−∞
dε

∫ 1

0

∂ρεsw(λ, ε)

∂λ
×

(
−kBT ln

(
ρεsw(λ, ε)

ρεsw(λ = 0, ε)

)
− wε

sw(ε)

)
dλ,

F [ρεsw(λ, ε), u
ε
sw(ε)] =kBT

∫ ∞

−∞

[(
ρεsw(λ = 1, ε)− ρεsw(λ = 0, ε)

)− ρεsw(λ = 1, ε)×

ln
ρεsw(λ = 1, ε)

ρεsw(λ = 0, ε)
− β

∫ 1

0

∂ρεsw(λ, ε)

∂λ
wε
sw(λ, ε)dλ

]
dε.

λ
λ

ρεsw(λ, ε) = λρεsw(λ = 1, ε) +m(1− λ)ρεsw(λ = 0, ε)

F [ρεsw(λ, ε), u
ε
sw(ε)] =kBT

∫ ∞

−∞

[(
ρεsw(λ = 1, ε)− ρεsw(λ = 0, ε)

)− ρεsw(λ = 1, ε)×

ln
ρεsw(λ = 1, ε)

ρεsw(λ = 0, ε)
− β

(
ρεsw(λ = 1, ε)− ρεsw(λ = 0, ε)

)×
∫ 1

0
wε
sw(λ, ε)dλ

]
dε.

Δμ =

∫ ∞

−∞
ρεsw(λ = 1, ε)ε dε−F [ρεsw(λ, ε), u

ε
sw(ε)].

λ = 1



λ

λ

wε
sw ≥ 0

wε
sw < 0

λ = 1
ρεsw(λ = 1) 	 ρεsw(λ = 0)

ρεsw(λ = 1)

λ = 0

λ
λ

β

∫ 1

0
wε
sw(λ, ε) dλ ≈ α(ε)Fw + [1− α(ε)]Fw,HNC,

Fw Fw,HNC

λ

Fw =

{
βwε

sw(ε)
2 , wε

sw(ε) ≥ 0

βwε
sw(ε) + 1 + βwε

sw(ε)

e−βwε
sw(ε)−1

, wε
sw(ε) < 0,



Fw,HNC =

⎧⎨
⎩

βwε,HNC
sw (ε)

2 , wε
sw(ε) ≥ 0

− ln
[
1− βwε,HNC

sw (ε)
]
+ 1 +

ln[1−βwε,HNC
sw (ε)]

βwε,HNC
sw (ε)

, wε
sw(ε) < 0,

α(ε)

α(ε) =

⎧⎨
⎩
1, ρεsw(ε, λ = 1) ≥ ρεsw(ε, λ = 0)

1−
(
ρεsw(ε,λ=1)−ρεsw(ε,λ=0)
ρεsw(ε,λ=1)+ρεsw(ε,λ=0)

)2
, ρεsw(ε, λ = 1) < ρεsw(ε, λ = 0).



AH A⁻ H⁺

AH A⁻

ΔGAH
solvation ΔGA−

solvation

ΔGWater
Deprotonation

ΔGWater
Protonation

ΔGProtein
Deprotonation

ΔGProtein
Protonation

H⁺

ΣΔG = 0
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�F = m�a = m
d�v

dt
= m

d2�q

dt2
.

�F �a �v �q
m

t
t + Δt



�q(t+Δt) = �q(t) + �v(t)Δt+
1

2
�a(t)Δt2

�v(t+Δt) = �v(t) +
�a(t) + �a(t+Δt)

2
Δt.

V

�F = −∇V(�q) = −
(
∂V(�q)
∂x

,
∂V(�q)
∂y

,
∂V(�q)
∂z

)
.

K V

∂H
∂t

=
∂

∂t

N∑
i=1

(Ki + Vi) =

N∑
i=1

∂

∂t
(Ki + Vi) =

N∑
i=1

∂

∂t

(
miv

2
i

2
+ Vi

)
.

dv2

dt = 2v ∂v
∂t



∂V
∂t = ∂V

∂q
∂q
∂t

∂H
∂t

=

N∑
i=1

mivi
∂vi
∂t

+

N∑
i=1

∂Vi

∂qi

∂qi
∂t

=

N∑
i=1

miaivi +

N∑
i=1

∂Vi

∂qi
vi

=

N∑
i=1

Fivi −
N∑
i=1

Fivi = 0.

Δt
Δt

kBT

1
2kBT

T (t) =
2K

3NkB
=

1

3NkB

N∑
i=1

mi|�vi(t)|2.

T (t)

〈T (t)〉 = T



√
T/T (t)

N
2T 2/(3N)

N → ∞

dT (t)

dt
=

1

τ
[T − T (t)].

τ
τ = Δt

τ = ∞

NV T τ

t

P (t) =
NkT

V
− 1

6V

N∑
i=0

N∑
i �=j

�qij · �Fij .



〈P (t)〉 = P



d�q

dt
= �v

d�v

dt
=

−∇V(�q)
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− γ
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√
2γkBT
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dt
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η(t)
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γ
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√
2kBT

γ
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∂ρ(�q, t)

∂t
=

1

γ

∂

∂�q

[
∇V(�q)ρ(�q, t)

]
+

kBT

γ

∂2ρ(�q, t)

∂�q2
.

1

γ
∇V(�q)ρ(�q) + kBT

γ

∂ρ(�q)

∂�q
= 0,

ρ(�q) ∝ e−βV(�q),

d�v

dt
=

1

m

(
−γ�v +

√
2γkBT

m
η(t)

)
,

∂ρ(�v, t)

∂t
=

1

m

∂

∂�v

(
γρ(�v, t)�v +

kBTγ

m

∂ρ(�v, t)

∂�v
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∂ρ(�v)

∂�v
= − m

kBT
ρ(�v)�v ⇒ ρ(�v) ∝ e

−m�v2

2kBT ,

d

[
�q
�v

]
=

[
�v
0
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︸ ︷︷ ︸
+

[
0

−∇V(�q)m−1

]
dt

︸ ︷︷ ︸
+

[
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√
2kBTγ′ 1√

m
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dt
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︸ ︷︷ ︸
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γ′ γ = mγ′

A
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∑
j=1

Ti,j = 1, ∀j ∈ Γq,

Ti,j i j i, j
Γq

πiTi,j = πjTj,i.

π

α(j|i)
acc(j|i)

Ti,j = α(j|i) acc(j|i).

acc(j|i) = min
(
1, e−β(Vj−Vi)

)
.



j i
U(0, 1) U(0, 1) < acc(j|i)

Vi

Vj

Vj < Vi

U(0, 1) < exp(−β[Vj − Vi])



μV T NPV
ΔμPT
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NPT
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ΔGprotonation = kBT ln 10(pH− pKa,ref) + ΔGele −ΔGele,ref ,

pKa,ref

ΔGele
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Dynamics
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