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PREFACE

During the academic year 1973-74 1 gave a series of lectures entitled “Hogre
differentialkalkyl”. Lecture notes were published in Swedish with the assistance of
Tomas Claesson and Arne Enqvist. From the preface of those notes I quote in a
free translation: “The purpose of this series of lectures was to present basic facts on
differential geometry and differential calculus on manifolds, with some topological
applications, starting from elementary differential and integral calculus. Unfortu-
nately the time did not suffice to carry out the plans. For example, Riemannian
geometry and residue calculus in several complex variables are missing. Charac-
teristic classes of complex vector bundles are defined, but their properties are not
developed.”

These notes are essentially a translation with improved typography, a number
of minor corrections and a few added explanations and references. The missing
Riemannian geometry was discussed in a series of lectures during the academic
year 1976-77, and a revised set of lecture notes was produced in 1990. However,
residue calculus in several variables has been much advanced since 1973, and it is
not possible to cover this topic adequately here.

Lund in August 1994

Lars Hormander
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CHAPTER 1

DIFFERENTIABLE FUNCTIONS

At first we shall only consider functions of one real variable but we allow them
to take their values in a Banach space. Thus let I C R be an open interval, V a
Banach space, and let f be a map I — V. Then f is called differentiable at x € I
if there is an element f’(z) € V such that

(1.1) I(f(z+h)— f(x))/h— f(x)]]| -0 when h — 0.

Equivalently we can write (1.1) in the form

(1.1)f If (@ +h) = f(z) = f(x)hl] = o(|h]), when h — 0.

If V.=R" and we write f = (f1,..., fn)), this is obviously equivalent to differen-

tiability of each component f; of f. The mean value theorem is replaced by the
following

THEOREM 1.1. If f: I — V is differentiable at every point in the open interval
I then

(1.2) 1f(z) = fF)ll < |z -y Zt[lp]Hf’(Z)H, z,yel.
z€|x,y

PROOF. Let M > sup ¢, [|f'(2)]], and set
E={t0<t<1 [[fz+t(y—x)) = fla)ll < Mty —z|}.
For a fixed s € E with s < 1 we have if t > s and t — s is sufficiently small

If(@+t(y—2))— f(@)| < || f(z+t(y—2)) = fat+sy—a)[+]f(@+s(y—=z))— f(@)]
< M|t —s)(y — @)+ Msly — | = Mtly — zf.

The set E is closed since f is continuous, and 0 € E. Hence the supremum of F
belongs to F, and we have just proved that it is not in [0,1), so 1 € E, that is,

If () = fW)l < Mly — |, if M > sup | f],

[x,y]

which proves (1.2).



COROLLARY 1.2. Under the hypotheses in Theorem 1.1 we have

(1.2)" f ) = f@) = @)y =) <y — 2] sup [[f'(2) = £ ()]

z€[z,y]

PROOF. The function g(y) = f(y) — f(z) — f'(x)(y — x) is differentiable with
g (y) = f'(y) — f'(z), and (1.2)" follows if (1.2) is applied to g.

We shall now generalize the notion of differentiability to functions defined in an
open subset €2 of another Banach space U, still with values in the Banach space V.
We shall denote by £(U, V) the space of continuous linear maps U — V with the
standard norm

Tl = sup |Tz|, TeLUV).

zeU,||z||<1

DEFINITION 1.3. A function f :  — V where V is a Banach space and (2 is an

open subset of another Banach space U is called differentiable at x € ) if there is
an element f'(z) € L(U, V) such that

(1.1)" If (@ +h) = f(2) = f/(2)h]| = o([[h]]), when h — 0.

By C1(€, V) we shall denote the set of continuously differentiable functions from
to V, that is, the set of functions which are differentiable at every point in {2 and
for which Q 3 x — f'(z) € L(U,V) is continuous.

EXERCISE 1.4. Prove using Corollary 1.2 that if U = R™ and V = R"™ then
f=(fi,- -, fm) is in CY(Q,V) if and only if the partial derivatives df;(z)/0xy
exist forx € Q, j=1,....,m, k=1,...,n, and are continuous in €.

EXERCISE 1.5. Let K be a compact subset of R", let {2 be an open subset of
R xR™, and let Q 5 (z,y) — A(x,y) € V be a continuous function such that the
differential Aj (z,y) for fixed z exists for all (z,y) €  and is a continuous function
in 2. Prove that

F={fecCEKR™;(x f(z) e QVrec K}

is an open subset of C(K,R™), and that F' > f ~— A(-, f) belongs to C1(F,C(K,V)).

Here C(K,V) denotes the space of continuous functions f : K — V with the
norm sup,¢ | f ()]

EXERCISE 1.6. Let €2 be the set of invertible operators in L(U, V). Prove that
Qis open, that Q > T +— T~ isin C1(Q, L(V,U)), and that the differential at T is

LU V)3 S+ —T7 ST
If f e £L(U,V) then f is differentiable and f’(x) = f for every x. Let us more
generally consider the space L(Uq,...,Ug; V) of continuous multilinear maps
Uy x---xUg> (xl,...,xk) I—>f(l‘1,...,$k> eV.

Continuity at the origin implies that

Ifll = sup 1f (@1, )| < oo,
;[ <1.5=1, ...k
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and we leave as an exercise to prove that conversely this implies continuity every-
where. With this norm L£(Uy,...,Uy; V) is a Banach space. The map

U@ U2 (x1,...,25) = f(x1,...,28) EV
is differentiable for every x, and the differential is

(U1 @---®Ux) > (Y1,---,Yk)
= flyn, xo, . xk) + f(on, vy, x) + oo+ fo, @2, .o Te—1, Yk)-

The standard rules of differentiation are consequences of the preceding observations
and the following discussion of composite maps.

Thus let f: Q@ — V where Q is an open subset of U, assume that f(Q2) C
where Q' is open in V', and let g : " — W where W is a third Banach space. If
f is differentiable at a point x € Q and g is differentiable at y = f(z) € Q/, then
h = g o f is differentiable at z and

(1.3) h'(x) =g'(y)f'(z). (The chain rule.)

The proof is obvious:

Wz +a') = g(f(z+2") =gy + f(z+2) - f(2))
=9) +9' W) (f(@+2a") = f(x) + oI f(z + ') = f(2)]])
=9(y) + 9’ W) f'(@)z" + ofl|2"])-

From (1.3) it also follows that h € C! if g € C! and f € C*.
The differential f’ can be viewed as a map

’

QXU 3 (2,6 & (f(2), f'(2)¢) € ¥ xV,

which is linear along U.Then the chain rule states that if we have a commutative
diagram
Q/

f/‘ \g
Q - W
where f,g € C!, then h € C' and we obtain a new commutative diagram
Q' xV
NS
QxU lI)VV x W
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EXERCISE 1.7. Prove that if f is differentiable at every point in the interval
I=lz,yl={te+ (1 —1t)y;0 <t <1}, then

If@) = fW)ll = ll= = yll sup 1£1-

The notation df is often used instead of f’, particularly when f is real valued.
If f is defined in an open subset of R™ and we write ¢ = )| t;e; where e; is the
7th unit vector, we obtain

(@) = (@A) (Yo ties) = D tidf(ej) = Y 0f /ot
1 1 1
Since t; = (dz;)(t) we can write this equation in the form

df =Y 0f/0x;dx;.

According to the chain rule this formula remains valid if z; are functions of y € U
and both f and x; are regarded as functions in U so that both sides are linear
functions on U. This is called the invariance of the differential.

We can inductively define C*(Q,V) when k is an integer > 1 as the set of all
f € CY(Q,V) such that f' € C¥~1(Q, L(U,V)), and inductively we define

f®) e @, LU, LU,...,LUV)))).

The vector space L(U, L(U,...,L(U,V))) is isomorphic as a Banach space to the
space L(U,...,U;V) of k linear maps from U to V, for we have quite generally

(1.5) LU, LWUy,...,U;; V)= LU, Uy, ...,U;; V).
In fact, every element T in the left-hand side gives rise to a multilinear map
UxU x---xU; 3 (z,21,...,25) = T(z)(x1,...,25) €V,

that is, an element in the right-hand side, and every such element can be obtained
in this way with 7'(z) defined by fixing the variable z € U. It is obvious that
the identification (1.5) is linear, and it is an easy exercise to verify that it is norm
preserving.

We shall denote by L£X(U,V) the symmetric k linear maps (forms) from U to
V such that the value at (x1,...,xx) does not change if the variables x1,...,xg
are permuted. The following theorem states that the order of differentiation is
irrelevant:

THEOREM 1.8. If f € CF(Q,V) then f% is a symmetric multilinear form in
V.

PROOF. It suffices to prove the statement when k = 2, for if a multilinear form
is invariant for interchange of two ajacent variables it is invariant for arbitrary
permutations. We shall prove that if f € C%(Q,V) and = € Q, 21,22 € U, then

(1.6) f(x+x1+x2)— f(x+21) —f(93+9;;2) + f(z) = f"(z)(2z2, z1) + o(||a1]|[|z2]])



when 1 — 0 and x5 — 0. Since the left-hand side is symmetrical in x; and x5 we
obtain by interchanging the vectors and subtracting that

f'(@) (a1, m2) = [/ (2) (w2, 21) = o([|za [[[|22]])-

Replacing x; and x5 by ex; and ez, and dividing by 2 we conclude when € — +0
that f"(z)(z1,z2) = f"(2) (22, 21).

It remains to verify (1.6). The left-hand side can be written g(x + z1) — g(x)
where g(x) = f(z + z2) — f(x). According to Exercise 1.7 we have in analogy with
Corollary 1.2

lga +21) = g(@) =g @l < [l sup [lg'(+tz1) - g'(2)]].

Since ¢'(x) = f'(x+x2)—f'(x) another application of Exercise 1.7 gives for 0 < ¢ < 1

lg"(x + tar) — f7()x2)|| < S 1" (2 + toy + sw2) = £ (@)|ll|w2]l = o(|=2])

when 1 — 0 and 22 — 0. Hence

lg(z + 21) = g(2) = (f"(2)z2)a || = o[z [[[[2]),

which completes the proof.

From (1.3) it follows at once by induction that h = go f € C* if g, f € C*. In
fact, if & > 1 and this is proved with k replaced by k — 1, we have ¢’ o f € C*~1
and f’ € C*~1. Since the bilinear map L(V,W) x L(U,V) — L(U,W) defined by
multiplication of operators is continuous, hence infinitely differentiable, it follows
from (1.3) that b’ € C*¥~1, hence h € CF. Tt is clear that one can obtain a rather
complicated formula for A%, If ¢/ = ... = g*=1) = 0 at yo = f(z0) it simplifies to

(1.3)’ RO (20) (- . 1) = g B (F' (@)t - .., f(2)t).

This is proved by entering y = f(z) — f(x¢) in the Taylor expansion

9o +y) = a(yo) + ' (wo)y + 29" (wo) (W y) + - + £9® (o) (y, - - ., y) + o(|ly|*).

Notes. For a more detailed presentation of the topics discussed in this chapter
we refer to the following books.

References

J. Dieudonné, Foundations of modern analysis, Chap. VIII, Academic Press, 1969.
L. Hérmander, The analysis of linear partial differential operators, Chap. I, Springer Verlag, 1983.
S. Lang, Differentiable manifolds, Interscience Publ., 1962.



CHAPTER 1II

INVERSE FUNCTIONS

The purpose of differential calculus is to reduce the study of general functions to
the much simpler case of linear functions. The inverse function theorem is a basic
result in this direction:

THEOREM 2.1. Let f € CK¥(Q,V) where k > 1 and Q is open in U, and let
xo € Q, f(x0) = yo. In order that there shall exist a function g € C*(QV,U) defined
in a neighborhood Q' of yo such that

a) fog=1d in a neighborhood of yo; or
b) go f =1d in a neighborhood of xy; or
c) fog=1d in a neighborhood of yo and go f =1d in a neighborhood of xo;

it is necessary and sufficient that there exists a linear transformation A € L(V,U)
such that respectively

a) f'(xg)A =1dy;

b) Af'(zo) = Ildy;

c) fl(xg)A=1dy and Af'(x) =1dy.
The infinitesimal condition c) is by Banach’s theorem equivalent to bijectivity of

f'(xo), and g is then uniquely determined in a neighborhood of xo. If V or U is of
finite dimension then a) (resp. b)) is equivalent to surjectivity (resp. injectivity) of

f'(xo).
Here Id denotes the identity (in a space indicated by a subscript), and U,V are
Banach spaces. In case c) one calls f a local diffeomorphism.

PROOF. The necessity is an immediate consequence of the chain rule (1.3). To
prove the sufficiency we first note that if f o g3 = Id in a neighborhood of 3y and
go o f =1Id in a neighborhood of zq, then g; = g2 o f 0 g1 = g2 in a neighborhood of
Yo, which proves uniqueness in case c), so we only have to prove existence in cases
a) and b). Replacing f by fo A resp. Ao f we find that it suffices to consider the
case where U =V and f’(xg) = Id. Choose 6 > 0 so that

1f(z) —1d|| < 4 when ||z — x| <.
For ||z; — zo|| <6, j = 1,2, it follows that

(2.1) 1(f (21) = f(=2)) = (21 = 22)[| < g]lw1 — 2]|.

(See Exercise 1.7.) Hence f is injective in {x € U;||x — z¢|| < 6}. To solve the
equation f(z) =y when |y — yo|| < 56 we use the iteration scheme

(2.2) xp=xp—1+y— flaeg—1), k=1,2,...
6



as long as it leads to points with ||z — x| < 6. We have |lz1—xo|| = [ly—yol| < 30.
If k> 1and |z; — 2| <6 and ||x; —x;—1]] <2776 when 0 < j < k, then the
equation

Ty — Tp—1 = Th—1 — f(Xp_1) = (Tp—2 — f(2R—2))

implies the estimate
2k — 21 || < Sllzp—1 — 22| <2756

by (2.1), so we obtain using the triangle inequality

k
|z — zol <6 279 <.
1

Hence xj, is defined for every k and is a Cauchy sequence. If x is the limit then
| — zo|| < 9, and letting k — oo in (2.2) we obtain f(z) = y.

To prove that the inverse g(y) = x which is now defined when |y — yo| < 30 is
in C! we set

gy)=z, gly+k)=z+h
This means that f(x + h) =y + k and that f(x) = y. Hence

k= f(x+h)—f(z)=f(x)h+o(|h])
From (2.1) it follows that ||k — hl| < ||k, hence
slInll < [I&] < SlA].
When =z is sufficiently close to zy we conclude that
h= f'()""k + o||k]]),

for f'(x)~! exists when ||z — zo|| < § since || f/(z) — Id || < 3; we have

o0

fl@)~t =) (1d—f'(2)).

0

Thus ¢'(y) exists and is equal to f'(z)~1. If f € C* then f'(x)~' € C*~! when
|z — 20| < § (see Exercise 1.6), and since ¢'(y) = f'(g(y))~! we conclude by
induction that g € C* if f € C*.

If f'(xg) : U — V is surjective and U is finite dimensional, then V is finite
dimensional. Whenever f’(zg) is surjective and V' is finite dimensional a right
inverse A of f’(xg) is obtained by taking a basis v1,...,v, in V and defining
Ad tjv; = > tju; where f'(xo)u; = v;. Similarly, if f'(z¢) is injective and V
is finite dimensional, then U is finite dimensional. Whenever U is finite dimen-
sional and f’(x¢) is injective then a left inverse of f’(xg) is obtained by composing
the inverse of f'(x¢) : U — f/(x0)U with a projection of V on the finite dimensional
subspace f’(xo)U. This completes the proof.

7



There are other iteration methods than (2.2) which are more advantageous from
a numerical as well as a theoretical point of view, such as Newton’s method

(2.3) y— f(wr_1) = flﬂﬁk—l)(wk — Tp—1).

Note that this method assumes differentiability at every point near xy whereas
Picard’s method used in the proof of Theorem 2.1 only assumed that x — f(x) — =z
is a contraction in a neighborhood of zy. If f € C? in a neighborhood of xy and
x1, Ty are sufficiently close to xq, then

1f(x1) = f(z2) — f'(22)(x1 — 22)]]

<l — 22| sup ||f'(z2 + t(z1 — x2)) — f'(22)]| < Ol — 22,
0<t<1

which implies that
ly = f(zp)ll < Cllay — x|

Hence (2.3) with k replaced by k + 1 gives
|2k i1 — 2kl < C'llzk — zp-a|*.

If y is sufficiently close to yy we obtain a sequence x; converging very rapidly to a
solution of the equation f(z) = y.

Note that the necessity in Theorem 2.1 only refers to the existence of a continu-
ously differentiable inverse. The function f(x) = 23, for example, is bijective on R
with inverse g(y) = y3 although f’ (0) = 0. Of course, g is not differentiable at the
origin. We shall later on return to the question when the hypotheses are fulfilled
and what conclusions are otherwise possible. However, we shall first discuss some
examples starting with finite dimensional problems.

DEFINITION 2.2. Let k be an integer > 1. A subset F' of R" is called a Ck
manifold of dimension v if for every zy € F there is a C* map &, called a local
parametrisation, from an open neighborhood w C R" of a point {5 € R” where

K (to) is injective, such that every neighborhood C w of ¢y is mapped on a neigh-
borhood of xqg in F.

According to b) in Theorem 2.1 we can find a map g € C* from a neighborhood
of g in R™ to a neighborhood of t5 in R” such that g o x = Id in a neighborhood
of tg. Hence there is an open neighborhood wy C w of tyg where & is injective. If
k1 is another local parametrisation, defined in a neighborhood of sg € R¥ with
k1(s0) = mp, we can therefore write k1 = Kk o 1) where 1 is continuous at sy and
Y (s9) = tg. Composition with g gives 1) = go x; € C*. In the same way we
find that ¢! € C*, so ¢ is a local diffecomorphism. Conversely, if v is a local
diffeomorphism from a neighborhood of sy to a neighborhood of %y, then k o 1) is
a local parametrisation of F'; thus local parametrisations can only differ by a local
diffeomorphism. Since the equation k o ¢ = k; implies &} (so) = K'(¥(s0))¥'(s0)
and ' (sg) is bijective, it follows that the vector spaces k) (so)R” and k'(tg)R”
are equal. This subspace of R™ of dimension v is called the tangent plane of F' at
o = /i(to).

If h is a C* map from a neighborhood of ¢ with values in R and h’(xo)r’(to)
is bijective, then ¢ = h o x is a C* local diffeomorphism and # = x o 9)~! becomes

8



a local parametrisation with h o £ = Id. In particular, we can always choose h as
the projection

R" > (21,...,25) — (21,...,2,) € RY
if the coordinates have been labelled so that det(0k;/0t;);i=1,...., 7# 0 at to. Then
K represents I’ in a neighborhood of zq as

i =pi(x1,...,3,), j=v+1,...,n,

where ; € C*. Thus F can be defined in a neighborhood of z( as the inverse
image of 0 under the map

R"3 (z1,...,20) = (Toy1 — @or1(X1, - s Z0)s e ooy Ty — P21, ..., x,)) € R,
which has surjective differential at xy. Conversely, we have:

THEOREM 2.3. Let f be a C* function, k > 1, defined in a neighborhood of xo €
R"™ with values in R* such that f'(zq) is surjective. Then {x € Q; f(z) = f(xo)}
is a C* manifold of dimension n — u if Q is a sufficiently small open neighborhood
of xg.

PROOF. Set v = n — p and choose a C¥ map 1 : R® — RY, for example the
projection on a suitable coordinate plane, such that the linear map f'(xo) &9’ (xo) :
R"™ — R" is bijective. From c) in Theorem 2.1 it follows that the map > z
(f(x),%(z)) € R™ has a C* inverse F, defined in a neighborhood of ( (), % (z0))
if 2 is small enough. Then ¢ — F'(f(xg),t) gives a local parametrisation.

REMARK. The proof also shows that if fq,..., f, € C* have linearly independent
differentials at o, then we can choose f,y1,...,fn € C* so that f = (f1,..., fn)
is a local diffeomorphism at x.

The hypothesis in Theorem 2.3 that f’(xg) is surjective implies that the rank
of f'(x) is equal to p for every z in a neighborhood of zy. Hence the following
theorem contains Theorem 2.3.

THEOREM 2.4. Let f be a C* function from a neighborhood of xo € R™ to R*
such that the rank of f'(x) is equal to r for every x in a neighborhood of xog. Then
it follows that M = {x € Q; f(x) = f(xo)} is a manifold of dimension n—r if Q is
a sufficiently small neighborhood of xo, and f(M) is a manifold of dimension r.

PROOF. We can label the coordinates so that f = (f1,...,f,) and f1,..., fr
have linearly independent differentials at zy. By the remark after Theorem 2.3 we
can then choose g,41,...,gn € C¥ so that

T = (f1<x)7 . ~7f7"(x)79r+1(x)7 . '7971('13))

is a local diffeomorphism at xy. Since the statement of the theorem is invariant
under local diffeomorphisms we can compose with the inverse which reduces the
proof to the case where

h@) =, fr(2) = 20
Since 0f(x)/0x has rank r it follows that 0f;(z)/0x; = 0 in a ball with center

at xo if j > r, and we conclude that fi(x) = fi(z1,...,2,) there. Hence the
equation f(z) = f(xo) is there equivalent to x; = xo; for j = 1,...,7, a linear
manifold of codimension r. The range of f is defined by =y = fx(z1,...,2,) when
k=r+1,...,u, which is a manifold of dimension r.

The statement and proof of Theorem 2.3 are very close to the following:
9



THEOREM 2.5 (THE IMPLICIT FUNCTION THEOREM). Let f be a C* function,
k > 1, with values in R? defined in a neighborhood of (zg,y0) € R™ @ R™, such
that f(zo,y0) = 0 and fy(wo,yo0) is surjective. Here f, denotes the differential of
y — f(xo,y). Then there is a C* function ¢ from a neighborhood of x¢ to R™ such
that ¢(xo) = yo and f(x,¢(x)) = 0. If f,(wo,y0) is bijective, then ¢ is uniquely
determined and the equation f(x,y) = 0 is equivalent to y = p(x) when (x,y) is
sufficiently close to (xo,yo).

PrROOF. The map F(z,y) = (z, f(x,y)) from a neighborhood of (xg,yo) to
R"™ @ RP? has surjective (resp. bijective) differential at (zg,y0). Hence it follows
from Theorem 2.1 that there is a C* map G from a neighborhood of (z¢,0) €
R™ @ RP? to a neighborhood of (xg,y) such that F' o G = Id near (xg,0). Thus
G(z,z) = (x,9(x,2)) and f(x,g(x,2)) = z, so p(x) = g(x,0) satisfies the condi-
tions f(z, p(z)) = 0 and ¢(xg) = g(xo,0) = yo. In the bijective case G is also a left
inverse, so g(z, f(x,y)) = y for (z,y) close to (zo,yo). If f(z,y) = 0 this implies
that y = g(x,0) = (), which completes the proof.

EXERCISE 2.6. Prove that if f € C*(Q,V) where k > 1, Q is a neighborhood
of xp in a Banach space U and V is another Banach space, and if condition a)
in Theorem 2.1 is fulfilled, then there is a C* map from a neighborhood of 0 in
Ker f’(xp) to a neighborhood of z( satisfying condition b) in Theorem 2.1 and with
range equal to {z; f(z) = f(x¢)} in a neighborhood of xg.

We shall now study maps f at points where the hypotheses of Theorem 2.3 are
not fulfilled.

DEFINITION 2.7. If f € C1(Q, R™) where ) is a neighborhood of z € R™, then
x is called a critical point and f(x) is called a critical value if f'(x) is not surjective.
If y is not a critical value then y is called a regular value.

The following theorem describes the structure of the simplest kind of critical
point for a scalar valued function:

THEOREM 2.8 (MORSE). Let f € C*(Q,R), k > 2, where Q is a neighborhood
of xg € R™, and assume that f'(xg) = 0 but det f”(xg) # 0. Then there is a local
C*F=2 diffeomorphism of a neighborhood of 0 € R™ to a neighborhood of xo such
that ¥ (0) = xo, ¥'(0) = 1d and

fow(t) = f(zo) + 5.f"(z0)(t,1).

Proor. By Taylor’s formula we have

f(wo +x) = f(x0) + /O (1= 5)f" (w0 + sz)(x,x) ds = f(z0) + 3(B(x)z, ),

where B is the symmetric matrix
1
B(z) = 2/ (1—5)f"(xo + sx)ds € C*¥2.
0

Set ¢(t) = xo + R(t)t where R is a matrix to be determined so that R(0) = Id,
R e C*2 and
R*B(Rt)R = B(0) = f" (o).
10



For t = 0 and R = Id, the differential of the map R +— R*B(Rt)R is equal to
R+ R*B(0) + B(0)R.

This is a surjective map from the linear space of n x n matrices to the linear space of
symmetric n x n matrices, for if C' is a symmetric matrix we have R*B(0)+B(0)R =
C if R = 1B(0)7'C. The existence of the function R(t) is now a consequence of
the implicit function theorem applied to the function F'(¢, R) = R*B(Rt)R — B(0)
with values in the space of symmetric n x n matrices. The proof is complete.

EXERCISE 2.9. Prove that if f € C¥(Q,R), k > 2, where Q is a neighbor-
hood of xy in R™ and f’(zg) = 0, then there is a C*~2 diffeomorphism ¢ from a
neighborhood of 0 to xy such that

fou(t) = A(t') +g(t")

where A is a non-degenerate quadratic form in ¢ = (t1,...,t;) and g is a C*
function of t" = (t;11,...,t,) with ¢’(0) = ¢”(0) = 0.

We shall now give a result on existence of solutions of a system of nonlinear
equations where the implicit function theorem is not immediately applicable since
second derivatives play an important role.

THEOREM 2.10. Let f € C¥(Q,R™), where k > 2 and Q is a neighborhood of
xo in R™. For the existence of a function z(t) from R to R™ with x(0) = =z,
2'(0) = X and f(x(t)) = 0 it is then necessary that

(2.4) f(xo) =0, [fl(z0)X =0, [f"(20)(X,X) € Im f'(z0),
and sufficient that in addition
(2.5) Ker f'(x9) Y = qf"(x0)(X,Y) € Coker f'(x0)

is surjective, if q is the natural map from R™ to Coker f'(xq).

Proor. The differential of go f at zg is equal to 0, so the comments at the end of
Chapter I prove that the conditions (2.4), (2.5) are invariant under composition with
a diffeomorphism in R™. The necessity of (2.4) follows at once by differentiation
of the equation f(x(t)) = 0. To prove the sufficiency of (2.4), (2.5) we can by
composition with a diffeomorphism in R™ and a linear transformation in R achieve
that with a splitting of the coordinates x = (y, z) in R™ we have xo = (0,0) and
f(x) = (y,9(y, 2)) where ¢’(0,0) = 0. Then the condition (2.4) means that

9(070>:07 X:(O,Z), g,/z/z(070)(sz):07

and (2.5) means that Z — ¢7.(0,0)(Z, Z) is surjective. The equation f(z(t)) =
0 means that z(t) = (0,2(t)) and that g(0,2(t)) = 0. To solve the equation
9(0,2(t)) = 0 we set z(t) = tw(t) Then the condition z'(0) = X becomes w(0) = Z.
We have

g(0, tw) /t* = h(w, 1)

where h € C*~2 by Taylor’s formula (see the proof of Theorem 2.8), and

h(w,0) = 392.(0,0)(w, w).
11



The differential at Z is w +— ¢7,(0,0)(Z, w) which is surjective. For the equation
h(w,t) = 0 the hypotheses of the implicit function theorem are thus fulfilled at
(Z,0), which completes the proof.

REMARK. By (2.4) X € Ker f'(z9), and in (2.5) X is mapped to 0 in
Coker f'(z¢), by the last condition (2.4). If v = dim Ker f’(xg), thus m — (n —v) =
dim Coker f'(xg), it follows that (2.5) requires that m — (n—v) < v, that is, m < n.
When examining (2.5) one can also restrict ¥ to a hyperplane transversal to X.
This observation is useful in the following exercise.

EXERCISE 2.11. Let F' be a C* function defined in a neighborhood of (xg, yo) €
R @ R™. Assume that F(zg,y9) = 0, that Z € R satisfies the conditions
Fy(z0,y0) + F,(z0,90)Z = 0 and

Fai«/m(xo, Yo) + 2Fa§;($o, Yo)Z + Fg;/y(x()a Yo)(Z,Z) € Imng(ﬂfo, Yo),

and that Fy (z0,%0) + Fy,(7o,y0)Z induces a bijection Ker F)(xo,y0) —
Coker F} (z0,y0). Prove that the equation F(x,y) = 0 has a ' solution y(x)
with y(xo) = yo and y'(z¢) = Z.

EXERCISE 2.12. Let f € C*(Q,R™) where k > 2 and 2 is a neighborhood of
xo € R™TL. Assume that f(xo) = 0, that dim Ker f’(x¢) = 2, and that the map

Ker f'(z0) 3 X — ¢f"(20)(X, X),

where ¢ is the natural map R™ — Coker f’(x), is an indefinite quadratic form.
(Note that dim Coker f'(xg) = m — rank f'(xg) = m — (m +1—2) = 1.) Then
there are precisely two C*¥=2 curves t +— x;(t) with z;(0) = zo and f(x;(t)) = 0
which together give all solutions of the equation f(x) = 0 in a neighborhood of xg.
(Bifurcations of the solution xg.)

EXAMPLE 2.13. Consider the nonlinear eigenvalue problem to find u € C?([0, ])
with
u'+ M+ K\ u,u') =0, u(0)=u(r)=0,

where K € C3 in a neighborhood of R x {0} x {0} and K(\,&,n) = O(£2 + n?)
when (&,17) — 0. The Cauchy problem with initial data u(0) = 0, v/(0) = h has
for sufficiently small h a unique solution u(z, A, h) in C2, and if we set f(\, h) =
u(m, A\, h) the eigenvalue problem is equivalent to f(A,h) = 0. By the uniqueness
theorem for the Cauchy problem we have f(A,0) = 0, and 9f(\,0)/0h = v(mw, \)
where v(z, A) = u(x, \,0)/0h satisfies

V" + =0, v(0)=0, 2'(0)=1.

Hence v(z, ) = (sinvAz)/vX and 9f(\,0)/0h = sin(v/Ar)/vX = 0 if and only
if A\ = n? where n is a positive integer. In that case 92f(),0)/0)? = 0 and
02 f(X,0)/0hON = w(—1)"/2) # 0, so the hypotheses in Exercise 2.12 are fulfilled.
Near h = 0 the solutions of the equation f(A,h) = 0 therefore consist of the line
h = 0 together with a C! curve intersecting the line transversally at (n2,0), for
every positive integer n. Thus we have determined all solutions close to the zero
solution.

As a simple example of the infinite dimensional case of Theorem 2.1 we shall now
prove the existence theorem for ordinary differential equations assuming continuous
differentiability instead of just a Lipschitz condition.

12



THEOREM 2.14. Let A(x,y) be a function with values in R™ defined in a neigh-
borhood of (xo,y0) € R ® R™, such that A(z,y) is differentiable with respect to y
for Zzed x and A and A} are continuous. For y sufficiently close to yo the Cauchy
problem

(2.6) df(z)/dx = A(z, f(2)), [(z0) =y,
has one and only one solution in a neighborhood of x.

PROOF. If we make the change of variables © = zo + et and set f(z) = g(t), the
equations become

dg(t)/dt = eA(zo + €t, g(t)), g(0) =y.

We shall prove that for sufficiently small e there is a unique solution g € C'(I, R™)
where I = [—1,1]. To do so we consider the map

CHI,LR™ @R 3 (g,¢) ~ (dg/dt —eA(xg +¢-,9),9(0),e) € C°(I,R™) ©R™ @ R.
It maps (g,¢) = (yo,0) to (0,y0,0), and the differential at (yg,0) is (see Exercise
1.5)

(97 6) = (dg/dt o gA('CCO? y0)7 9(0)7 6)'
It is bijective, for dg/dt — eA(xo,y0) = h € CY means that

9(t) = g(0) + et A(zo, yo) + / h(s)ds € C*.

Hence the map has a C! inverse near (0, o, 0), and it maps (0, %, ) to the unique
solution of the Cauchy problem.

From Theorem 2.14 it follows that (2.6) has a solution f with |f(x) — yo| <
M|z — x|, |z — x| < a, provided that A(z,y) and 0A(z,y)/dy are continuous
when |z — 9| < a and |y — yo| < b, that |A(x,y)| < M, and that b > Ma. In fact,
(2.6) implies that |f'(z)] < M so |f(x) —yo| < M|z — x| for |x — z¢| < a if ais so
small that the solution exists then. Let ag be the supremum of such «. Then f is
continuous when |z — z¢| < ag, hence f is continuously differentiable and satisfies
(2.6) then. If ap < a then Theorem 2.14 proves that a( is not maximal, so ag = a.
— The differentiability hypothesis in Theorem 2.14 can be removed without loss of
the existence statement:

THEOREM 2.15 (PEANO). If A is continuous and |A| < M in R = {(z,y); |z —
xo| < a, |y —yo| < b}, and b > Ma, then the equation (2.6) has a solution when
|z — zo| < a with |f(x) — yo| < M|z — x0|.

PROOF. Decreasing a slightly we may assume that b > Ma. The regularisation

1 €
Ada) = [ Ay etydt= [ Ay o

|CE—ZEO|§6L, |y_y0|§b_€7 €>O7

has a continuous derivative 0A.(z,y)/0y = A(x,y+¢)/e — A-(x,y)/e with respect
to y. When ¢ is so small that Ma < b—e, we conclude that there exists a solution f.
of the equation f!(z) = A.(z, f-(x)) when |z—z¢| < a, with |f-(x)—yo| < M|z—x0|.
Since |fo(x) — fo(2")| < M|z — 2’| we can choose a sequence ; — 0 such that f.,
converges uniformly to a continuous function f(x). Since A. — A uniformly it
follows that f. (z) — A(, f(x)) uniformly, so f € C' and (2.6) holds.
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EXERCISE 2.16. Prove that the solution in Theorem 2.15 is unique if A is Lip-
schitz continuous with respect to y.

Notes. Theorem 2.10 can be found in slightly less generality in [F], where also
applications to the existence of periodic solutions of differential equations can be
found. Exercise 2.12 can be extended to the infinite dimensional case; the result
is called bifurcation theory. (See e.g. [CR].) The rapid convergence of the Newton
method (2.3) can be used to give important improvements of the implicit function
theorem where the hypotheses on the inverse of f’ are weakened (see [M], [S] and
[H]). One can also consult [S] for the material in the following two chapters.
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CHAPTER III

THE MORSE-SARD THEOREM

The usefulness of the implicit function theorem is due to the fact that the hy-
potheses it makes on the differential are “usually” satisfied:

THEOREM 3.1 (MORSE-SARD). Let f € C>(2,R™) where Q is an open set in

R"™. Then the set of critical values assumed by f in  has Lebesgue measure 0 in
R™.

REMARK 1. A somewhat more complicated proof shows that it suffices to assume
that f € C*(Q, R™) where k > max(0,n —m), and an example constructed in [W]
proves that this smoothness assumption cannot be weakened.

REMARK 2. If K is a compact subset of €2, then the critical points in K form
a compact set. It is mapped by f on a compact set, with Lebesgue measure 0 by
Theorem 3.1. Thus it has even Jordan measure 0. The critical set is a countable
union of such compact sets of measure 0, hence of the first category. However, it is
convenient in the proof to use Lebesgue measure.

Proor OoF THEOREM 3.1. The proof is by induction so we assume that the
theorem has already been proved with n replaced by n — 1 if n > 1. We set

Ci={xecf(x)=0,...,fD@) =0}, j=12...,
and prove first that
(3.1) m(f(C;)) =0 if (j+1)m>n.

It is sufficient to prove that m(f(K NC})) = 0 when K is a compact cube contained
in €, with side A, say. If we divide the edges of the cube in v equal parts we obtain
v"™ cubes with side e = A/v. Let Iy,...,Ix denote the cubes so obtained which
intersect C}, and choose xj, € I;; N C;. By Taylor’s formula and the definition of C;

1f (@ +x) = flaw)| < Bllal|* < B, if o+ ap € I,
and when (j + 1)m > n this implies that

m(f(I)) < BmeUTUm < 0™t — Om(1,)e.

Hence
N N
m(f(KNCy) <> m(f(Ix) <CY m(I)e < CA”,
1 1

Typeset by ApS-TEX
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which proves that m(f(K NC;)) =0.

The next step is to note that Ey = Cj \ Ck41 is contained in a manifold S of
dimension n — 1 in a neighborhood V' of any point in zg € Fj, for there is some
component g of f*) with ¢’(xg) # 0. If f has a critical point z € S then x is also
a critical point of the restriction of f to S, which has therefore at least as many
critical values. If the theorem is known with n replaced by n — 1 it follows that

(32) m(f(Cr \ Ck11)) =0,

for we can cover Ej, with countably many neighborhoods V. When n = 1 then S
is discrete and the same conclusion is obvious.

It remains to prove that m(f(C \ C1)) = 0 if C is the set of all critical points.
By the chain rule the critical set is not changed if we replace f by f o where
¥ is a local diffeomorphism; as above we can work locally. At a point in C'\ Cy
where 0f;/0z1 # 0, for example, we can choose v as the inverse of the map
x +— (fi(x),z2,...,x,) and obtain that f o (t) = (t1,9(t)) where g takes values
in R™~!. If n = 1 and m = 1 then f o4(t) = t; has no critical point, and when
n = 1 and m > 1 then the range of f o(t) = (t1,9(t)) is a curve, of measure
0 in R™. We may therefore assume that n > 1. It is then clear that f o has
a critical point at t = (t,t') if and only if ¢’ + g(t1,t') € R™! has a critical
point. For fixed t; the critical values of f o1 are therefore a set of measure 0 in the
plane {t;} x R™~1. The set of critical values is a countable union of compact sets,
hence Lebesgue measurable, so it follows from the Lebesgue-Fubini theorem that
m(f((C\ C1) NV)) =0 for some neighborhood V of an arbitrary point in C'\ Cf.
The proof is complete.

EXERCISE 3.2. Prove that if f € C*°(Q2,R) where (2 is an open subset of R",
then the critical points of f,(z) = f(z) — (x, h) are non-degenerate for almost all
h e R™.

Notes. The original proofs of the Morse-Sard theorem, with minimal smooth-
ness assumptions, can be found in [M] and [S]. A somewhat different proof is given
in [St].
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CHAPTER IV

THE DEGREE OF MAPPING

In this chapter we shall give sufficient conditions for solvability of an equation
f(x) = y where f is a continuous map between two Banach spaces. The method
depends on approximation by infinitely differentiable functions between finite di-
mensional spaces where the Morse-Sard theorem will allow us to apply the implicit
function theorem.

Let f € C°(R™,R") and let 2 be an open, bounded subset of R"™, with closure
Q and boundary 99Q. By the Morse-Sard theorem

C={f(x);z € Q,det f'(x) =0}

is a closed null set. If y ¢ C'U f(09€2), then the equation f(x) = y can only have a
finite number of solutions = € €2, and det f’(z) # 0 for each of them. In fact, by the
inverse function theorem the solutions in Q are isolated and there are no solutions
in 0 by assumption. We can therefore count the number of solutions with sign

(4.1) d(f,Q,y) = Z signdet f'(x), y¢& CU f(ON).

fx)=y,z€Q

The implicit function theorem implies also that d(f,€2,y) is constant in a neigh-
borhood of any point ¢ C'U f(0f2), hence it is constant in any component of the
complement of C'U f(992). To be able to extend the definition to more general f
and y we must prove that this number is stable under perturbations of f and y.
The following lemma is the most important step:

LEMMA 4.1. Let F € C*(R"™ x I,R"™) where I is an open interval C R con-
taining [0, 1], and set fj(x) = F(z,j), j = 0,1. Ify ¢ F(0Q x [0,1]) and y is a
reqular value for fo and for fi, then

(4.2) d(fo, %, y) = d(f1,9,y).

ProOF. Without changing either side of (4.2) we can replace y by a point nearby
which is not in F(99 x [0,1]) and is not a critical value for F in Q x [0,1]. Then

E={(z,t);0<t<1lzeQ F(zt) =y}

is a C'° manifold of dimension 1 which is a subset of Q x [0,1]. If s is a local
parameter on F then

OFj dt OF dzy -
Ot ds Zaxk ds 0,
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so Cramer’s rule gives that (dt/ds,dz/ds) = ¢(s)G(s) where ¢(s) # 0 and

GO = detFé,
Gj = —det(@F/Ba:l,...,6F/6xj_1,6F/6t,6F/69:j+1,...,6F/6xn), j = 1,...,n.

Replacing s by a primitive function of ¢(s) we can make the constant factor equal
to 1, which determines the parameter up to an additive constant. It is now easy to
see that every component of F is either

a) a closed curve on which 0 <t < 1; or

b) an arc which begins when ¢ = 0 (resp. ¢ = 1) and ends when ¢ = 1 (resp.
t =0); or

c) an arc which begins and ends when ¢ = 0 (resp. t = 1).

In fact, F is the union of finitely many arcs which do not contain more than one
point where t = 0 or t = 1 since y is not a critical value for fy or f;. On two
overlapping arcs one can make the parameters agree and then join them. After a
finite number of such steps one obtains either a closed curve (case a)) or an arc
with end points where t = 0 or ¢t = 1, that is, cases b) or ¢). The details are left
for the reader. (See also [M]; another more analytical proof of Lemma 4.1 will be
given in Chapter VIII.) Now recall that dt/ds = det F, on the curves. In case b) it
follows that det F has the same sign at both end points of the arc, and in case c) it
follows that the signs are opposite. In the sums defining d( fo, 2, y) resp. d(f1,9,y)
the contributions from points joined by arcs of the type ¢) must therefore cancel,
and the remaining terms are then equal when paired by the arcs of type b). This
proves the lemma.

EXAMPLE. Let Q = (—=2,2) and F(z,t) = 22> + 1 —2t, y = 0. The equation
F(x,t) = 0 defines a parabola connecting the solutions x = 41 of the equation
F(x,1) =0, and it is clear that these have opposite signs.

We can now prove that d(f,(2,y) has the same value for all regular points y
in the same component of [f(99). To do so we choose ¢ > 0 smaller than the
distance from y to f(0N2) and let 3’ be a regular value of f with |y — /| < e.
Then the hypotheses of Lemma 4.1 are satisfied by F(z,t) = f(z) — t(y' — y), for
F(x,1) = y means precisely that f(z) = y’, which by hypothesis is a regular value
for f = F(-,1). Hence d(f,Q,y) = d(f,Q,y’). We can join any two regular points
in the same component of f(09Q) by a polygon such that the vertices are regular
values of f and the edges are smaller than the distance from the polygon to f(0€).
In fact, if we choose a polygon with these properties apart from the regularity of
the vertices it follows from the Morse-Sard theorem that we can replace the vertices
by regular values which are arbitrarily close.

Thus we can extend the definition of d(f,2,y) uniquely to all y € Cf(99) so
that the value is constant in each component. We note the following important
properties of d:

(i) d(f,Q,y) is defined in Cf(09) and is equal to an integer d(f,,U) in every
component U of Cf(99).
(ii) d(f,Q,y) # 0 implies that y = f(x) for some x € Q.
(iii) If FF € C°(R™ x I,R™) for a neighborhood of I = [0,1] and y ¢ F (99 x
[0,1]) then d(F(-,t),,y) does not depend on t € [0, 1].
18



Using the stability property (iii) we shall now weaken the hypothesis that f € C'>
to just continuity. More precisely, we now assume that f € C(Q, R") where 2 as
before is open and bounded. For a given € > 0 we can choose a finite open covering
O1,...,0p of Q such that ||f(z) — f(z)|| < ¢ if z,2" € O; N Q for some i. Let
©1,...,pN be a corresponding partition of unity, that is, ¢; € C§°(0;), ¢; > 0,
Zf] ¢; < 1 with equality in Q. Choose z; € 2N O; and set f; = Zf} @, f(x;).
Then f; € C*°(R",R") and

(4.3) If(z) = fi(@)] <&, zeQ,

for f(x) — fi(x) = Ziv wi()(f(z) — f(x;)). If the distance from y to f(0N2) is
larger than e then y ¢ f1(992), and we set

(4.4) D(f,Q,y) = d(f1, 2, y).

This definition is independent of the choice of fi, for if (4.3) is fulfilled with f;
replaced by fo € C*(R",R"), then (4.3) is satisfied by tf; + (1 — t)fo when
0 <t <1, soit follows from (iii) that

d(fO7Q7y) = d(fh Q7y)

When ¢ — 0 it follows that the properties (i)—(iii) are inherited by D, so we obtain:

THEOREM 4.2. For every f € C(Q,R") an integer D(f,$,y), called the degree
of f inQ aty, is uniquely defined when y ¢ f(0Q) by (4.4) where f; € C*°(R"™, R™)
satisfies (4.3) with € smaller than the distance from y to f(0S2). We have

(i) D(f,Q,y) is a fized integer D(f,Q,U) in every component U of Cf(0€).

(ii) D(f,Q,y) # 0 implies that y = f(x) for some x € Q.

(iii) If F € C(Q x [0,1],R") and y ¢ F(9Q x [0,1]) then D(F(-,t),Q,y) is

independent of t € [0, 1].

Note in particular that (iii) implies that D(f,Q,y) = D(g,Q,y) if f = g on 0,
for we can then take F(x,t) = tf(z) + (1 — t)g(x) which is independent of ¢ when
x € oS

COROLLARY 4.3. If f € C(,R™) and f(z) = x when z € 09, then Q C f(Q).
More generally, if g : R" — R"™ is a homeomorphism and f(x) = g(x) when
x € 99, then g(Q) C ().

ProOOF. If f(x) = x when x € 992 then D(f, (), y) is defined when y ¢ 92 and is
not changed if f is replaced by the identity map, so D(f,,y) =1 if y € Q. Thus
the first statement follows from (ii) in Theorem 4.2. To prove the second statement
we note that g~ ' o f : Q@ — R™ is equal to the identity on 99, so Q C g7 o f(Q)
by the first statement, hence g(2) C £(€).

COROLLARY 4.4 (THE BROUWER FIXED POINT THEOREM). If B is a compact
convex subset of R", then every continuous map f : B — B has a fived point, that
is, f(x) =z for some x € B.

PRrROOF. First assume that B is the Euclidean unit ball. If f has no fixed point
we define g(x) =  when z € 0B and if € B\ 0B we let g(x) be the intersection of
0B with the line through = and f(z) such that x lies between g(x) and f(z). This
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makes ¢g a continuous map from B to 0B which leaves every point on 0B fixed,
which contradicts Corollary 4.3 and proves that f must have a fixed point. For a
general B we can assume that 0 is an interior point in B and define ¢ : R® — R"
so that ¢(z) = q(z)z with ¢(tx) = q(x) for t > 0 and ¢(z) = 1/||x|| when z € IB,
where || - || is the Euclidean norm. Then ¢ is a homeomorphism of B on the
Euclidean unit ball, so ¢ o f o ¢! must have a fixed point in the unit ball, which
means that f has a fixed point in B.

Note that Brower’s fixed point theorem is a natural extension of the elementary
fact that a continuous real valued function in an interval [a, b] assumes all values in
[f(a), f(b)]. This follows from the case where a = f(a) and b = f(b) which is the
special case of Corollary 4.4 with n = 1. (It is an instructive exercise to determine
D(f,(a,b),y) when y ¢ {a,b}.)

Brouwer’s fixed point theorem states that the graph of f must intersect the
diagonal in B x B. The result remains valid for more general sets than graphs:

COROLLARY 4.4’ (KAKUTANI’S FIXED POINT THEOREM. Let B be a compact
convez subset of R™, and let ' C B X B be a compact set such that F(x) = {y €
B;(x,y) € F} is conver and not empty for every x € B. Then there is a point
x € B with x € F(x), that is, (x,z) € F.

Proor. We may assume that B has interior points. For any £ > 0 we can choose
a partition of unity {45}, j =1,..., N., in B such that the diameter of supp ¢ is
smaller than e for every j. Choose 25 € B Nsupp ¢5 and y; € F(z5), and set

Ne
fa(x> = Z ng(l’)yj

Then f. is a continuous map B — B, since B is convex, so by Brouwer’s fixed
point theorem there is a fixed point z. € B. The proof will be finished if we prove
that all limit points of (z.,x.) as ¢ — 0 are in F'. To do so we choose a point
(2°,94°) € Bx B\ F. Since F(2") is convex, there is an open half space H C R"
with y° € H and H N F(2°) = (. Since F is closed it follows that H N F(x) = ()
when ||z — 2°|| < 26, for some § > 0. If ||z — 2°|| < § and € < § it follows that
y; € OH when @;(x) # 0, for |25 — 2% < 6 + ¢ < 26; hence f.(x) € CH. If
fo(x.) = x. and ||z, —2°|| < 6 it follows that 2. € CH, so (2, y°) cannot be a limit
point of (z,z.) as € — 0. The proof is complete.

After these applications we shall prove further properties of the function D de-
fined in Theorem 4.2.

THEOREM 4.5. If f € C(Q,R") and Q1, Qa, ... are disjoint open subsets of (,
then

(iv) D(f,Qy)=>_ D(f Q,y), ify¢ fFQ\UQ),

where only finitely many terms in the sum are # 0.

PROOF. The terms in the sum are defined, for if z € 99, then z € Q\ UQg, so

y # f(2) by assumption. If D(f,Q,,y) # 0 then y € f(Q,), that is f(zs) =y for

some x, € §2,. Such points can only exist for finitely many values of «, for in a
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limit point x € Q we would have f(z) = y, hence = € Q, for some a, and Q,, is
then a neighborhood of x. Hence it suffices to prove (iv) for finitely many Q, and
then the statement follows at once if we approximate f in by a C*° function and
replace y by a regular value nearby.

Before proceeding we shall relax the hypothesis that €2 is bounded since we also
want to discuss neighborhoods of infinity. From now on we just assume that € is
open and that f € C(Q, R") is proper, that is, that || f(z)|| — co as & — co. This
is sufficient to guarantee that f(0f?) is closed. The properties (i)—(iv) of D remain
valid with no change if we define D(f,€),y) when y ¢ f(0Q) as D(f,1,y) where
the open bounded set Q1 C € is chosen so large that y ¢ f(Q\ ©1). By Theorem
4.5 this definition is then independent of the choice of €;.

THEOREM 4.6. Let f and g be proper continuous maps R"™ — R"™, and let w,
be the components of Cf(0Q). If y & (go f)(09) then

(v) D(go f,Q,y) =>_ D(f,92,wa)D(g,wa, ),

where D(g,wq,y) # 0 only for finitely many c.

PROOF. Since dw, C f(092) we have y ¢ g(Ow,) so the terms in the right-hand
side are defined. If D(g,wqs,y) # 0 then g(z,) = y for some z, € w,, and all
T, belong to a compact set since g is proper. A limit point of such points would
belong to f(99), and since g(z) = y this would contradict the hypothesis that
y & go f(09), which proves the last statement. In the same way we see that y has a
neighborhood V,, which only intersects g(wq) for finitely many a;, ..., a;. Choose
now relatively compact open subsets w} of w,; so that V, N g(wa, \ w}) = 0. The
right-hand side of (v) is then equal to

k
S D(f.2,)D(g, ),
1

by property (iv) of D. Approximating f and g by C° proper maps on a large
compact set we conclude that it suffices to prove the theorem for such f and g
when y is a regular value for g and for g o f. Then there are finitely many z; with
g(zj) = y, and we have z; ¢ Cf(99), det g’(2;) # 0. For every j there are finitely
many z;; € Q with f(z,i) = z;, we have det f'(z;x) # 0, and

signdet(g o f)'(x;x) = signdet ¢’ (z;) signdet f'(xx)
by the chain rule. Hence

d(go f,Q,y) Z&gnde’cg 2 Z&gndetf Tjk) Z&gndetg (z)d(f, 2, z5).

Summation over all j with z; € w, yields (v).

The Jordan-Brouwer theorem is an important consequence of Theorem 4.6:
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THEOREM 4.7. Let K and K’ be compact subsets of R™ such that there exists a
homeomorphism f : K — K'. Then CK and CK' have equally many components.
In particular there are two components if K = S™1.

PROOF. We can extend f to a proper map F' € C(R™,R"), and we can also
choose a proper extension G of f~!. Then GoF and F oG are equal to the identity
on K and on K’ respectively. Let D, (resp. D) be the components of CK (resp.
CK’). Then the matrices D(F, D,, Dj) and D(G, Dy, D) are well defined, they
have only finitely many elements # 0 in each column, and they are inverse to each
other. The matrices are defined since 9D, C K, hence F(0D,,) C F(K) = K’ and
similarly G(0D!,) C K. The finiteness follows from Theorem 4.6. If w; are the
components of CF(0D,,) then

D(GOF,Da,y):ZD(F,DQ,WJ>D(G,Wj,y), yEDﬁ,
J

by property (v). Since F(0D,) C K’ we have D! C w; for some j, and

w;\ U D!, C K', hencey ¢ G(w; \ U D).

D£/ij D’/chj

We can therefore use property (iv) and conclude since G o F' is the identity on 0D,
that

(4.5) Sap = Y D(F, Do, D,)D(G, D.,, Dg),

~

where 0,5 is the Kronecker symbol. For reasons of symmetry we can let the two
matrices change places. If either the number of components D, or the number
of components D7 is finite, then the finiteness of the columns proves that one of
the matrices has finite rank, and then they must both be finite, quadratic inverse
matrices. This proves the theorem.

From (4.5) with o = 3 it follows that for every « there is some v with F'(D,) D
D’ for D(F, Dq, D)) # 0 for some ~. This leads to another theorem of Brouwer:

THEOREM 4.8 (INVARIANCE OF DOMAIN). Let Q be an open subset of R"™ and
let f:Q — R™ be continuous and injective. Then it follows that f(2) is open and
that f is a homeomorphism.

PROOF. Let B be an open ball with B C Q. Then f restricted to B is a
homeomorphism B — f(B), and f(B) must contain a component of Cf (9B). Since
B is connected it follows that f(B), which is disjoint with f(0B), is also connected
which proves that f(B) is equal to a component of Cf(0B), hence connected. This
proves the theorem.

We shall now prove that the degree can also be defined for suitable maps in a
Banach space B (or even in a Fréchet space). Let ¢ : B — B be a continuous map
such that ¢(B) is contained in a compact set, and set ®(x) = z — p(x). Then we

have:
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LEMMA 4.9. ®(F) is closed if F is closed, and ®~1(C) is compact if C is com-
pact.

PROOF. Let z; € F and ®(z;) = z; — ¢(z;) — y. We can then choose a
subsequence for which ¢(z;) converges. The corresponding sequence z; is then
convergent, and if x is the limit we have ®(z) = x — ¢(z) = y since ¢ is continuous.
If ®(x;) = x; — p(x;) € C then we can choose a subsequence for which ¢(z;)
and z; — ¢(x;) converge, which implies convergence of z; and proves the second
statement.

LEMMA 4.10. Let K be a compact subset of the Banach space B, and let ¢ > 0.
Then there exists a continuous map v : K — B1 where By is a finite dimensional
subspace of B, such that

[¥(z) —zll <e, €K,
and the range of 1 is contained in the convex hull of K.

PROOF. By the Borel-Lebesgue lemma we can find finitely many z; € K such
that K is covered by the balls {z € B;|lz — z;|| < 3¢}. Let x be a continuous
non-negative function on R with x(¢) =1 for |t| < 1 and x(¢) = 0 for |t| > 1, and
set for v € K

pi(x) = x(llz — z;(l/e)/®(x), @(x) = ZX(II@" —zj/e).

Since ®(z) > 0 when z € K it is clear that ¢; is continuous on K, and } ; ¢;(z) =
1, z € K. We have ¢;(z) =0 when |z — z,|| > €. The range of

Y(x) = ngj(x)xj, r e K,

is contained in the convex hull of {z;}, hence in the finite dimensional vector space
spanned by {z;}, and since

Y(r) —x = Zgoj(x)(xj —xz), z€K,

it follows that [|¢(z) — z[| < 32, ¢j(z)e = ¢ when x € K. The lemma is proved.

We can now return to the continuous map ¢ with ¢(B) C K. Recall that
®(z) = = — ¢(x). With ¢ chosen according to Lemma 4.10 we set ¢ = 1 o ¢ and
obtain ||p1(z) — ¢(x)|| < e for every x. The range of ¢; is contained in a finite
dimensional vector space By C B. If now (2 is an open subset of B and y ¢ ®(02),
which is a closed set by Lemma 4.9, then we can choose € > 0 smaller than the
distance from y to ®(952), which implies that y ¢ ®1(99Q) if ®1(x) =z — ¢1(z). If
B has been chosen so that y € By, we can define

(46> D(@,Q,y)zD(@l,QﬂBl,y),

but we have to prove that the definition is independent of the choice of ®; and of
Bi. Let ®; and By be another choice, and let B’ be a finite dimensional vector
space D Bi U By. Then we have

(4.7) D(®1,QN By,y) = D(®1,QN B, y).
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For the proof we first assume that @, restricted to B’ is in C*° and that y is a regular
value for ®; on QN By. If z € B’ and ®;(x) =y € By then z = y+;(x) € By since
¢1(B’) C B;. The determinant of ®/(x), taken with respect to all the variables
in B’, is equal to the determinant when the differential is taken with respect to
the variables in By, for @/ (z) induces the identity in the quotient between the two
tangent spaces. This proves (4.7), for the property ¢1(B’) C B; which we have
used is preserved by the approximation with C'°® functions used in the definition of
D in Theorem 4.2. The equality (4.7) is also valid for ®y. Now &, = t®1 + (1 —1)Pg
is a homotopy with y ¢ ®,(992), 0 <t < 1, so it follows from the property (iii) of
the degree that

(4.8) D(®1,QN B, y) = D(®o, 2N B, y).

Now (4.6) follows by combination of (4.8) with (4.7), also with ®; and B; replaced
by ®y and By. This completes the definition of D(®,€2,y) when ®(z) =z — ¢(x)
and ¢ is continuous with compact range, y ¢ ®(92). We leave as a simple but
tedious exercise for the reader to verify that the properties (i)—(v) in Theorems 4.2,
4.5 and 4.6 are preserved by this extension. (In property (iii) it is assumed that
the range of F'(z,t) — F(z,0) when z € 9 and t € [0, 1] is compact.)

The proofs of Theorems 4.7 and 4.8 can now be repeated, which gives:

THEOREM 4.7'. Let F and F' be closed subsets of B, and assume that there
exists a homeomorphism ® : F — F' such that {®(x) — x;z € F} is relatively
compact. Then it follows that CF and CF' have equally many components.

THEOREM 4.8'. Let Q C B be open, let ® : Q — B be continuous and injective,
and assume that {®(x) —x;x € Q} is relatively compact. Then it follows that ®(€2)
1s open and that ® is a homeomorphism.

The proof of Theorem 4.7’ is just a repetition of that of Theorem 4.7 since the
extension of the maps f and f~! there can be made using the following lemma.

LEMMA 4.11. If ¢ is a continuous map from a closed set F' C B to a compact
set K C B, then there is another compact set K C B and a continuous extension
@ of v to B such that (B) C K.

PROOF. By composing ¢ with a map given by Lemma 4.10 with ¢ = 277 we
can find a continuous map x; from F' to a compact subset of a finite dimensional
subspace B; of B such that

Ix;(@) = p(@)]| <277, zeF.

x1(z) and ¢j;(x) = xj(z) — xj—1(x) when j > 1. Then we have

Set ¢1(z) =
<2277 when j > 1 and 2 € F, and

s ()]
plz) = pjl), z€F

Let [|¢1(x)|| < A, x € F. By Urysohn’s theorem there is a continuous extension ¢,
of ¢; to B such that ¢;(B) C B; and ||¢;(z)|| < 2277 when j > 1 and z € B, and
|@1(z)]| < A when z € B. Now ¢(x) = Y_1° ¢;(z) has the required properties, for
~ oo .
K ={> tyit; € By llt;|| <277 if j > 1, |[ta]| < A}
1
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is compact. In fact, from a sequence Z;; 7 in K we can use the Cantor diagonal
procedure to select a subsequence such that lim, _,o 7 = ¢; exists for every j, and

this implies that the sum converges in norm to »_ [° ¢;.

PrROOF OF THEOREM 4.8’. If F' is a closed ball contained in €2, then ® is
a homeomorphism F' — @®(F). In fact, if ; € F and ®(x;) — y there is a
subsequence such that z; — ®(x;) has a limit, hence x; has a limit # € F. Then
we have ®(x) = y, which by hypothesis determines x uniquely. Hence the full
sequence x; converges to x, for otherwise there would exist a subsequence such
that || — ;|| > 6 > 0, which is a contradiction. The rest of the proof is now a
repetition of that of Theorem 4.8.

The following key result in the linear Fredholm theory is a special case of Theo-
rem 4.8:

THEOREM 4.12. Let T : B — B be a compact linear map, that is, T maps
bounded sets to relatively compact sets. If ®(x) = x — Tz # 0 when 0 # x € B,
then ® is invertible.

PROOF. By hypothesis TQ is relatively compact when Q = {x € B;||z| < 1} is
the unit ball. By Theorem 4.8 it follows that ®(Q2) is a neighborhood of the origin,
which proves the theorem.

Before developing the linear Fredholm theory further by means of Theorem 4.12
and connecting it to the degree of mappings we shall prove two important fixed
point theorems. The first of them depends only on the method used to define the
degree.

THEOREM 4.13 (SCHAUDER’S FIXED POINT THEOREM). Let K be a convex com-
pact subset of B, and let ® : K — K be a continuous map. Then ® has a fired
point, that is, ®(x) = = for some x € K.

PRrROOF. If there is no fixed point we can choose € > 0 so that ||®(z) —z| > ¢
when = € K. Choose v according to Lemma 4.10 with ¢)(K) C K, and consider the
map Yo®: BiNK — BN K. By Corollary 4.4 there exists some x € B; N K with
Y(P(x)) —x =0, hence ||®(x) —z| = ||®(x) —(P(z))| < e. This is a contradiction
which proves the theorem.

THEOREM 4.14 (LERAY-SCHAUDER’S FIXED POINT THEOREM). Assume that
the continuous map ¢ : B — B maps every bounded set to a relatively compact set,
and set

Oy (z) = = — to(x).
If ®4(x) = 0 implies ||z]] < C when 0 <t <1, then the equation ®¢(x) = 0 has a
solution for every t € [0, 1].

PrROOF. Let Q = {x;||z|| < C + 1}, define

() = { o(x), if x € Q,
e(x(C+1)/|[z]]), ifz¢Q,

and set ®,(z) = = — t3(x). Then @G(B) is relatively compact, 0 ¢ ®,(9) when
t € [0,1], and since ®o(x) = x we have D(P¢,2,0) = 1. Hence it follows from
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property (iii) of the degree that D(&Dt, 2,0) = 1 for every t € [0, 1], and the theorem
follows from property (ii) of the degree.

In Chapter V we shall use Theorem 4.14 to prove existence of solutions of the
stationary Navier-Stokes equations, but first we return to the linear Fredholm the-
ory. Again we let T' be a compact linear operator, that is, an operator mapping the
unit ball to a relatively compact set. However, we no longer assume as in Theorem
4.12 that I — T is injective when I = Id is the identity operator in B. To study the
kernel we need the following classical lemma of F. Riesz:

LEMMA 4.15. Let By C By C ... be a sequence of finite dimensional subspaces
of B such that (I — T)By C Bx_1, k > 1. Then there exists some m such that
B; = B,,, when j > m.

ProOOF. If all B; are different we can for j > 1 choose x; € B; with ||z;|| =1
and ||z; — x| > 1 when € B;_;. In fact, if X € B; \ Bj_; and Y € B;_; isa a
point which minimizes || X —Y'|| we can take 2; = (X —Y)/|| X = Y||. When j > k
we have

Te;—Tay=x;+ (T — 1)z —Txy =2x; mod Bj_q,

which implies that | Tx; — T'zi|| > 1. Hence the sequence T'z; does not have any
convergent subsequence which is a contradiction proving the lemma.

A first consequence of the lemma is that the vector space
Ny ={z e B;(I-T)"z =0}

is finite dimensional, for (I — T)* = I — T}, where T} is also compact. Since
(I — T)N, C Ni_1 we can also conclude that there is an integer m such that
N; = Ny, when j > m. Thus the finite dimensional subspace N,,, of B contains all
generalized eigenvectors of T' with the eigenvalue 1. Moreover, (I —T)"B = B,, is
a closed subspace. To prove this it suffices to prove that for some constant C'

lzll5/N,, < CII(I =T)"xl|, =€ B.
If this were not true we could find a sequence x; with
lz; | = llz5llB/N,, =1, (L =T)"x;|| =0 as j — oo.

We can pass to a subsequence such that T'z; converges which implies that z; has a
limit zg. Then we have (I — T)™zy = 0, that is, xg € N,,, which contradicts that
the distance from z; to N,, is > 1.
We shall now prove that
B =B, ® Nm7

that is, that every x € B has a unique decomposition x = y + z with y € B,,,
z € Np,, and |ly|| + ||z|| < C||z||. For any such decompsotion we must have

(I—T)"z = (I-T)y.

Now (I — T)™ = I — T,, restricts to an injective mapping B,,, — B,,, which has a
continuous inverse S : B, — B,, by Theorem 4.12. Thus

y=SUI-T)"z, z=x-S{I-T)"x.
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Conversely, if y and z are defined in this way then y € B, and (I —T)™z =
(I-T)"x—(I-T)"S(I—-T)"x =0, so z € Ny, which proves the statement.
Summing up, B has a direct sum decomposition B = B,,, ® N,, such that

a) The restriction of (I —T') to B,, is invertible.

b) N,, is a finite dimensional subspace with T'N,,, C N,, and (I —T)™N,,, = 0.
For all A in a neighborhood of 1 it follows that the restriction of I — \T" to B,, is
invertible while the determinant of the restriction to N,, is equal to (1 — \)” where
v = dim N,,. If Q is an open bounded neighborhood of 0 we conclude when A — 1
is sufficiently small but not 0 that

(4.9) DI —\T,9Q,0) =D - \T,QN B,,,0)D(I — \T, 2N N,,, 0)
= D(I — \T,92N By, 0)(sign(1 — X))".
Here we have used the extension to the continuous case of the obvious formula

D(f1 x fa, 0 x Q2, (y1,92)) = D(f1, 1, y1) D(f2, Q2,y2),
where f; € C*(R",R"), fo € C*(R™,R™), Q1 C R", O C R™ and y; ¢
f;(0€;). The formula (4.9) means that D(I — AT, (2,0) is defined and constant
except when A\ passes the isolated points for which I — AT is not injective. It is
then multiplied by (—1)” where v is the dimension of the corresponding space of
generalized eigenvectors. When A is sufficiently small the degree is equal to 1.
Hence we have

THEOREM 4.16. IfT is a compact operator in B and I —T is injective, we have
for every bounded open neighborhood € of 0O
D(I-T,Q,0)=(-1)"
where v is the dimension of the space spanned by all solutions of (I — NT)Fx = 0

when 0 < A <1 and k is a positive integer.

Using Theorem 4.16 we can connect the degree of maps in Banach spaces to the
definition which was our starting point in the smooth finite dimensional case.

THEOREM 4.17. Let ® : B — B be continuous and assume that {x — ®(x);z €
B} is relatively compact. Assume that ® is differentiable at xo, that ®'(xg) is
injective, and that I — ®'(xg) is compact. If  is a sufficiently small neighborhood
of xo then

D(¢7 Q7 @({130)) = D((I),(.’L‘O), QO7 O)

where Qg is a bounded open neighborhood of 0.
ProoOF. The differentiability means that
@ () — ®(x0) — @' (20)(z — 2o)l| = o(||z — wol])-
If @(x) =tP(x) + (1 —t)(P(x0) + D' (x0)(x — 20)) it follows that
@4 (2) — ®(x0) — '(20)(x — @0)|| = o([|lz — x0ll), ¢ €[0,1],

and since ®'(z() is invertible it follows that ®;(z) # ®(x) when t € [0,1] and
0 < [[z—x0|| < 0. Hence D(®1,Q, ®(z0)) = D(Po, 2, P(x0)) when Q is a sufficiently
small open neighborhood of xg, which proves the theorem.

Notes. The presentation of degree theory in this chapter has mainly followed
[L]. However, references to algebraic topology in [L] have been replaced by differ-
ential calculus. The proof of the key Lemma 4.1 has been taken from [M].
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CHAPTER V

STATIONARY SOLUTIONS OF
THE NAVIER-STOKES EQUATIONS

As an application of the Leray-Schauder fixed point theorem we shall now sketch
an existence proof for stationary solutions of the Navier-Stokes equations. We
shall omit some technical details and will anticipate results from integration theory
proved later on.

The physical problem is as follows. A bounded stationary obstacle K C R3 with
C? boundary is immersed in a liquid with viscosity coefficient » which moves with
a prescribed speed a = (a1, as, as) at infinity. One wants to determine the velocity
v(z) = (vi(z),va(z), v3(x)) and the pressure p(x) when = ¢ K so that

—vAv + (v,0)v = —gradp, dive =0,
with the boundary conditions
v=0 ondK, v(r)—a aszx— .

(Here (v, @)v means v’(v) with the notation in Chapter 1.) We simplify the problem
technically by taking a large open ball B containing K and look for a solution of
the differential equations in the bounded open set {2 = B\ K such that

v=0 ondK, v=a onJB.

Assume that we have a solution with v € C?(Q) and p € CY(Q). If ¢ =
(¢1,¢2, p3) belongs to the space H () of C! vector fields with

(5.1) divep=0 inQ, =0 on 0,

then we obtain after scalar multiplication with ¢ and integration by parts

3 3
(5.2) v Z Oy /0x;0vy [0z ; dx —/ Z VU0 /0zjdr =0, ¢ e H(Q).
€ k=1

Q k=1

The pressure p drops out since divy = 0 and another term where ¢ is not dif-
ferentiated drops out since dive = 0. Conversely, if v € C?(Q) satisfies (5.2) and

dive = 0, then —vAv + (v,0)v = P where P is continuous in Q with values in R3
and

/(P, v) =0 when ¢ € H(Q).
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This implies that P = — grad p for some p € C(Q2). To prove this we just have
to prove that if [0,1] > ¢t — z(t) is a closed polygonal curve contained in €2, then

fo ), dz(t)) = 0. It suffices to prove that if ¢ € C§°(R?) has support in the
unit ball and [ (y)dy =1, then

/ be(®) / (P(a(t) + ), de() = 0, e(y) = b(y/e)/e"

if € is smaller than the distance from the curve to CS, for the integral converges to
f01<P(a;(t)), dx(t)) as € — 0. The double integral can be written

//0<t<1 (1)) e(y — x(t)) dy = /<P(y),%(y)>dy,

1
- / bely — 2(t))da(t).

Since supp ¢. is at distance < ¢ from the curve, we have ¢, € C§°(Q2), and

div . (y) = / WLy — o(8)), de(t)) = - / ey — 2(t)) = 0

the claim has been proved. Thus it is reasonable to accept (5.2) and the condition
divev = 0 as a restatement of the original differential equations, with the pressure
term removed.

If A is a vector field with A = 0 near 0K and A = a near 0B, then the boundary
conditions mean that v — A = 0 on 9. It is easy to construct C'*° vector fields
A(z) with div A = 0 such that A = 0 near 0K and A = a near dB. In fact,

3
ZB arxj — ajry)/0x;, k=1,2,3,

Jj=1

N[

so if ¢ € C'*° is equal to 0 in a neighborhood of K and equal to % in a neighborhood
of CB then

3
Ap(z) =) Op(x)(ara; — ajax))/Ox;, k=1,2,3

j=1

is a vector field with the desired properties. Note that for small § > 0 we can choose
¢ equal to 0 at distance > § from 9B and ¢’ = O(5~1), which yields a vector field
A% with the desired properties such that A° = 0 at distance > ¢ from 0B and
A% = O(671). This will be needed later on.

We shall now extend the notion of solution somewhat. We make H(£2) into a
prehilbert space by introducing the norm

ol = [ 10pu/om, s

7,k=1
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Since

3 3 3 X
S [lafdo =~ [ S audleul/om.dn < Clelu (Y [ lorf? do)
k=179 Q=1 k=179

we obtain

(5-3) lellze < Cllella, ¢ € HQ).

The completion H () of H(£2) can therefore be regarded as a subset of L?(£2, R3).
Our final formulation of the existence problem is now to find v with v — A € H()
so that (5.2) is valid for every ¢ € H(2). The condition v — A € H(S?) implies
dive = 0 in the sense of distribution theory, and it is independent of the choice
of A} The equation (5.2) makes sense and is then true for all ¢ € H(f) since
Sobolev’s inequalities give a stronger version of (5.3),

(5.4) lellze < Cllela,  we H(Q),

which guarantees that the second term in (5.2) is a continuous function of ¢ € H(Q2)
when v — A € H(Q). If we introduce u = v — A, the condition (5.2) can also be
written

(5.5) v / > (Oun/dx; + 0A)0x;) 00k 0 da
Q

J.k=1

- / > (uj + Aj)(uk + Ap)dr /0 da =0, ¢ € H(Q).
Q

Jk=1

If b € L?(Q, M3) where M is the space of real 3 x 3 matrices, we can define the
projection Pb € H(Q2) by

3
(5.6) m%mj/Z&W%%M,%H®~
Q k=1

In fact, the right-hand side can be estimated by ||¢||g||b]|r2 and can therefore be

written as the scalar product with a uniquely defined element Pb € H. The linear

operator P : L? — H is continuous with norm 1, and Pda/dz = a if a € H(L).
We can now rewrite (5.5) in the form

(5.7) v(u+ POA/Ox) —Tu =0, ue H(Q),
where T is the composition

HQ) - LY, R?) "™ 120, M3) 25 H(Q).

I'When 09 is sufficiently smooth one can prove that a solution in this sense is also smooth, so
that it is a solution in the classical sense.
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Here (u + A)? denotes the matrix (uj + A;)(ux + Ax), j,k = 1,2,3, when u €
L*(Q,R3). Each of the operators is continuous, and since H(Q) — L?(Q) is com-
pact while H(Q) — L5(£2) is continuous, the embedding H () — L*(£2) is compact,
for a sequence which is bounded in L°(Q) and converges to 0 in L?(2) must converge
to 0 in LP(Q2) for 2 < p < 6.

We shall apply the Leray-Schauder fixed point theorem (Theorem 4.14) to the
equation (5.7). This theorem guarantees the existence of a solution provided that
there is a constant M such that

(5.8) ue H(Q), te€l0,1], u+ POA/Ox —tTu/v =0 = ||ju||lg < M.

The equation v + POA/0x — tTu/v = 0 means that (5.5) is valid with a factor ¢ in
front of the last term. We take ¢ = w in the so modified equation (5.5) and note
that

/ Z (A; + uj)upOuy/0x; dz = 5 / Z (Aj + u;)0u; /O ; dx = 0

7,k=1 7,k=1

since this is true for all u € H(2). For all u satisfying the hypotheses in (5.8) it
follows that

3
(5.9) vllull% < Callull s + )/Q Sy Apduy /O da|.
G k=1

Assume now that (5.8) is not valid for any constant M. Then there is a se-
quence u(™, ¢t satisfying the hypotheses of (5.8) while ||u(™]| g — oo. Set
w™® = u™ /|u™ | 5. The bounded sequence w(™ has a subsequence converg-
ing weakly to a limit w € H (), which implies that it converges to w in L? norm.
If we divide (5.9) by |Jul|% and take u = u(™), it follows when n — oo through a
subsequence that

3
(5.10) v < ’/ Z w; ApOwy /0x; dx|.
Q k=1

We could from the beginning have worked with another divergence free vector
field A with the appropriate boundary values; then A — Ais an arbitrary element
in H(Q). Since P(QA/dx — dA/0x) = A — A it follows that (5.7) implies the
corresponding equation with A replaced by A (which affects the definition of T),
provided that wu is replaced by % and i+ A= u+ A, for then we have u—f—P@A/@x =
u + POA/dx. For a sequence u(™ such that ||u(™| g — co we have ||a™ ||z — oo
for the corresponding sequence, so we conclude that A may be replaced by A in
(5.10). Since the right-hand side of (5.10) must not vanish for any A this means in
particular that

/ Z wjarOwy/0x;de =0, a€ H(Q).

J,k=1
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Assume for a moment that w is smooth in Q. Then it follows that there is a function
p such that

3
ijﬁwk/axj = —0p/0xy, k=1,23.
j=1
Since w = 0 on 02 this implies that gradp = 0 on 92, hence that p is constant on
0B. Hence

3
/ Z w; Apowy 0z, de = — /ZAkﬁp/Bxk dx
k=1

7,k=1
—/ div(pA) dz = —/ p(A,n)dS =0
Q OB

since p is constant on B and [,,(A,n)dS = [, (A,n)dS = 0 by the Gauss-
Green formula. This contradiction with (5.10) means from the point of view of
physics that the Navier-Stokes equations with zero viscosity cannot be solved with
the given boundary conditions.

To give a strict proof of a contradiction without any unjustified regularity as-
sumptions we choose in (5.10) for A the vector fields A° constructed above. Let
B ={x € R3;|z| < R} and set Bs = {x € R, R—§ < |z| < R}. Then (5.10) gives
for small &

(5.11) v < O Hw|| p2(py)l| 0w/ 0z 2(5y)-
If feCl(Q )andf—Oon(?Bwehave

f2dr < %R(;Q/ f? Za@@(\xﬁ — R3)/0x; dx

Bs Bs i
3

—%Rgz/B (|z)? - Z x]fQ )/0x; dx
5

S R*R35%3| fll 28,10 f /02 L2(55),
where Rs = R — 9, and if § < %R this implies

[ fllz2(Bs) < 46|0f /0| 12(Bs)-

We can apply this estimate to all w € H(€2), hence to all w € H(Q), and using
(5.11) we then obtain

(5.12) v <A4C|0w/dx||72(p,)-

This gives a contradiction when § — 0 since the right-hand side converges to 0
then. This completes the proof of the existence of a solution of the stationary
Navier-Stokes equation.

Notes. For a much more thorough discussion of the Navier-Stokes equations
using the Leray-Schauder fixed point theorem we refer to [L], which we have followed
here apart from the correction of a minor error. These methods can also be used to
prove the existence of several solutions of the stationary Navier-Stokes equations
under suitable conditions. The idea is to use Theorem 4.16 to determine the degree
(index) of an isolated solution and prove that it is not equal to the total degree
which is determined by means of a homotopy. Such results can be found in [V].
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CHAPTER VI

INTEGRATION IN A VECTOR SPACE

We assume that the reader is familiar with the basic properties of the Riemann
integral; in particular that the integral [ fdz is defined for all f € Co(R™), the
space of continuous functions with compact support, and that

/(af—l—bg)dx:a/fdx-i—b/gdx, fig€Co, a,beR
(6.1)

/fd:cZO, 0< feCy,

(6.2) /f(:c —h)de = /f(:c) de, feCo, heR™

These properties characterize the integral apart from a multiplicative constant
which is determined by the condition that the volume of the unit cube shall be
equal to 1. If A: R™ — R" is a linear bijection and we set A*f(x) = f(Azx), then

(6.3) /fda; = | det A| /A*fda:, f € Co(R™).

In fact, the right-hand side has the properties (6.1) and (6.2) so it must be a constant
depending on A times the left-hand side. This constant must be a multiplicative
function of A which is equal to 1 for diagonal matrices and for orthogonal matrices,
hence for all A.

We shall use the essential uniqueness to calculate some important integrals. First
we note that if z — ||z|| is an arbitrary norm in R"™ then there is a constant C' such
that

(6.4) flelyas=c [ T HOrtd f e GoR).
R” 0

In the proof we may assume that f = 0 in a neighborhood of 0 and rewrite (6.4)
using the notation f(¢)t" = g(logt),

64y [ gloglalllal e =C [ gogtr e g€ CoR)

Since the substitutions x — e%x and t — e“t show that both sides are unchanged

if g is replaced by ¢(- + a), a € R, the two sides are functions of g satisfying (6.1)

and (6.2), hence proportional. If we let f approach the characteristic function for
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[0, 1] from above and below we conclude that C'/n is the volume of the unit ball.
With f(t) = e~ we also obtain
(6.5)

/ e~all=l® gy = C/ emat gl gy = %C’/ e~ 521 g = %C’a_%”f‘( n)
n 0 0
where the I' function is defined by
(6.6) I'(z) = / e *s" tds, s>0.
0

Partial integration gives
(6.7) 2l(x) =T(zx+1), x>0,

hence
Fv)=w-1)!, Twv-3)=w-2r-2)...

N[
—
—~~

N[
SN—

when v is a positive integer.
Now we let [|z]| = (22 +--+22)2 be the Euclidean norm. When n = 2 it follows
from (6.5) that

/ eallzl® gz = 27 /2a = 7/a,
R?2

for C/n = C/2 = w. Hence

(6.8) /R - ezl gz = (n/a)",

which implies that

(6.9) / eIl gz = (w/a)3,

for the square of the left-hand side is the left-hand side of (6.8) since we can integrate
over n variables at a time in (6.8). With n =1 in (6.5) we now obtain

Vr/a=T(3)/Va,

hence I'(3) = /7. If we denote the volume of the unit ball in R™ by C), and replace
C'in (6.5) by nC,, it follows from (6.9) that

(6.10) Coy =77 /V),  Copyq =2"T11" /(20 4+ I

For every vector space V over R of dimension n there exist linear forms Cy(V') >
f— I(f) with the properties (6.1), (6.2), and they differ only by a constant factor.
For if ¢ : R® — V is a linear bijection we can choose I(f) = [¢*fdx where
v*f = for € Ch(R™), and the uniqueness apart from a constant factor follows
from the same fact for R". To fix the constant one needs some additional structure
in V such as a bilinear form B on V x V. Note that if v : W — V is a linear
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bijection then a bilinear form B on V induces another bilinear form ¥*B on W
defined by

(V" B)(w,y) = B(ya,vy), z,y€W.

A bilinear form on R™ can always be written

Jrk=1

and we associate with it the number det B = det(Bj,). If ¢ : R® — R" is a linear
bijection then
det 1)*B = (det1))? det B

since the matrix of ¢* B is “¢)(B,)1. Hence it follows from (6.3) that

(6.11) \detB|%/fdx:|det¢*B\%/zp*fdx, f € Co(R™).

Let now V be a finite dimensional vector space with a given bilinear form B,
and set with a linear bijection ¢ : R* — V

(6.12) I5(f) = | det " B|} / G fda, | e Co(V).

This definition is independent of the choice of v, for if 1, is another choice then
Y1 = Y o1y where 1y : R — R". If ©*f = g we obtain ¢]f = 3¢9, and if
Y*B = C then B = ¢3C, so (6.11) gives

|det¢*B|%/¢*fdx=|det0|%/gdx
— |detusCl} [ wsgde = |detviBl} [uigds,

which proves the statement. If W is another n dimensional vector space and v is
a linear bijection W — V| then the definition implies that

(6.13) Ig(f) =1y-(¥7f), [ € Co(V).

The form Ip is of course identically 0 if B is degenerate, that is, if there is some
x # 0in V with B(z,V) = 0 (or B(V,z) = 0). This does not happen if V is
a Euclidean space, that is, V' is provided with a positive definite quadratic form.
Then we take for B the corresponding symmetric bilinear form with B(xz, z) = ||z||?,
for B(x,z) > 0 when z # 0. The normalisation of Ip is then also clear from the
fact that by (6.9) and (6.13)

(6.14) Ip(e ™Iy =1,

for we can find a map ¢ : R” — V such that ¢* B is the standard Euclidean scalar
product.
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Starting from (6.14) one can also define the Gaussian measure

o Ip(fe IR

when V' is an arbitrary Hilbert space. For let C(V') denote the set of all cylindrical
functions u, that is, bounded continuous functions u such that there is a closed
subspace I of finite codimension with u(x) = u(y) when x —y € F. These functions
form an algebra, for the intersection of subspaces of finite codimension has finite
codimension. For f € C(V) we can define I(fe™I'l*) as the integral over the
orthogonal complement F+ of F. This does not depend on the choice of F. In
fact, if F} is another possible choice then G = F N F} has finite codimension and
it is obviously sufficient to prove that the integrals over F+ and G+ are equal.
But G+ = F+ @ H where H C F so that f is constant along H. This proves
the statement since the integral of e=mI'* over H is equal to 1. For the Gaussian
measure now defined in C(V') we have (6.1) and

115 (f)| < sup [f]-

One can now extend the domain of definition of Iz by the standard methods of
Lebesgue (Daniell) integration theory, but we shall not pursue this direction further.
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CHAPTER VII

THE EUCLIDEAN VOLUME ELEMENT
ON A SUBMANIFOLD OF R™

In Chapter VI we only had to use linear changes of variables, but we shall now
need a general result, which is proved by approximation with linear changes of
variables:

THEOREM 7.1. Let O, Qs be open subsets of R™ and let 1) : Q1 — Qs be a C*
diffeomorphism, that is, a C* bijection with C' inverse. Then we have

/udas:/ (*u)| det’| dz, u € Co(Qa).
Qs o

We shall now define the Euclidean volume element on a C! manifold F C R™ of
dimension n (see Definition 2.2). For every xy € F we can choose a C' map from
an open set w C R™ parametrising F' in an open neighborhood €2 of zg in F. If
u € Cp(§2) we would like to define

(7.1) I(u) = / VAET DT OV ult) dt,

for if v and therefore F' is linear we have seen in Chapter VI that this gives the
integral of u with respect to the Euclidean metric in R™, restricted to F'. To justify
(7.1) we first note that if ¢; : w; — F is another parametrisation and the support
of u is contained in ¥ (w;1) N1 (w), then

(7.2) / /et (94 ()04 (5) )b ds = / Vet (o (0 () u dt.

In fact, ¥; = 1po1)y defines a diffeomorphism ), from a neighborhood of 11 1 (supp u)
in R™ to a neighborhood of ¥ ~!(suppu) in R™, and ¢ju = ¥iv where v = 9*u,
hence

[ VaeEr@am e e = [ fus devron) et s juiuds.
By the chain rule

det (‘91 ()11 (s)) = det ("5 (s) P’ (¥2(s))1" (¥2(s)) 15 (s))

(7'3) 2 tog o0
= (det ¥5(s)) 93 det("y'y"),

which proves (7.2).
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Now we generalise (7.1) further by writing

(7.4) I(u) =) Ii(uy), ifu=> uj

where the sum is finite, u; is continuous with support covered by a local parametri-
sation 1;, and I; is defined by (7.1) with ¢ = ;. Our next goal is to prove that
(7.4) defines I(u) uniquely for all u € Cy(F'). We can choose a partition of unity
1 =" ¢k in a neighborhood of supp u so that the support of ¢, € Co(F) is covered
by a local parametrisation @Zk Then u = > @xu is a decomposition for which we
can apply (7.4). Given any decomposition as in (7.4) we can choose ¢ as above
with ) ¢, =1 in a neighborhood of Usupp u; and obtain

SoLiw) =Y Lilowws) =YY Tn(ewuy) = Y Te(pru)
i ik ko P

where Ij, is defined by means of the parametrisation 1;. This proves that (7.4)
gives a unique definition of I(u). It is obvious that I depends linearly on u and
that I(u) > 0 when uw > 0. Thus I(u) is a positive measure on F; it is called
the Euclidean volume measure (or area measure or arc measure depending on the
dimension), and is often denoted by dS or do. Thus we write

I(u):/uda, u € Cy(F).

Let us now examine more closely what made it possible to obtain a unique global
definition starting from (7.1). Assume that we are given a continuous function U
on F' x L(R™ R™) with support in K x L(R"™, R™), where K is a compact subset
of ¥(w) and L(R"™,R™) is the space of linear maps R™ — R™. The integral

(7.5) / U (8, 0/ (1)) dt

reduces to (7.1) if U(z, A) = \/det(!tAA)u(x). We can repeat the calculation which
led to (7.2) to see if (7.5) is also independent of the choice of parametrisation. With
the notation used in the proof of (7.2) this requires that

U(ih1(s), ¥ (¢a(s)))] det by (s)| = U1 (s), ¥ (1h2(s)) 5 (s)),

or with a change of notation
(7.6) U(x,A)|detB|=U(z,AB); z€F, Ac LR",R™), Be L(R",R").

If we could restrict ourselves to parametrisations for which det ¢4(s) > 0 then it
would suffice to assume (7.6) when det B > 0. It is geometrically plausible that this
means using only parametrisations giving a consistent orientation. We shall give a
precise meaning to this later on. Here we just note that with this reservation the
integral (7.5) can be defined globally in a unique way if

(7.7)  U(z,A)det B=U(z,AB); z€F, Ac L(R",R™), B € L(R",R").

An obvious advantage of this condition compared to (7.6) is that in (7.7) U can be
a polynomial. We shall analyse the meaning of (7.7) in the following chapter.
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CHAPTER VIII

EXTERIOR DIFFERENTIAL FORMS

Let V be a finite dimensional vector space. As a first step in the discussion of
(7.7) we shall determine all real valued polynomials U defined in £L(R", V) such
that

(8.1) U(AB)=U(A)det B; A€ LR, V), Be L(R",R").

Writing
n
Ar = Za:jvj, r=(x1,...,2,) € R",
1

where v; € V, we can identify L(R",V) with V' x --- x V and consider U as a
function w(vi,...,v,), v; € V. Then the condition (8.1) becomes

(8.2) u( Z B 10k, s - Z Bknnvkn> = u(vy,...,v,)det B.
kn=1

ki1=1

When B is specialized to diagonal matrices we conclude that u(vy,...,v,) must be
homogeneous of degree 1 in every v;, and since a homogeneous polynomial of degree
1 is linear, it follows that w is linear in every vj;, that is, u € L™(V), the set of all
real valued n linear forms on V. If 7 : {1,...,n} — {1,...,n} is a permutation
and we set B, =1 for j = w(k) and Bj, = 0 for j # m(k) then (8.2) implies

(8.3) W(Vr(1), -+ Vn(n)) = w(V1,...,0,)8g0T.

Thus w is an alternating multilinear form. Conversely, it follows from (8.3) and the
multilinearity that the left-hand side of (8.2) is equal to

n

1...

E u("ul,...,vn)sgn (l{; Z )Bkll"'Bknn:u(vl7"'7vn)detB~
1...-Kn

k17"-7kn:1

For a polynomial u the condition (8.2) is therefore equivalent to u € L (V,R), the
space of alternating n linear real valued forms on V. For n = 1 this is of course
equal to the dual space V* of V.

ExXAMPLE 8.1. Let 601,...,60, € V*. Then an element in £7(V,R) is defined by

(8.4) (v1, ..y vn) > det(ug, 05)7 -
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We shall now prove that (8.4) is not just an example but that the vector space
L7(V,R) is spanned by elements of this form. For the proof we select a basis {e;}
in V' and a dual basis {#;} in V*, thus

<6¢,9k>:(5i]‘, i,j:1,...,dimv,

and v =) (v,0;)e; if v e V. If u e L3(V,R) we can now write

w(vy, ..., vp) = u(Z(vl,Hjl)ejl, e Z(vn, Hjn)ejn>

J1 In
(8-5> - Z u(ejl""7ejn><vl70j1>"'<Un79jn>
jl’“':jn

1 n
== Z u(ejy, .- ej,) det(ug, 05,5 =1

.jlv---ajn

The last equality follows since the last expression is equal to

Z Z u(ejy,---,€5,) Sgnw(vl,ejﬂ(& . (vn,ejﬂ(n)>

ofn T
E E 63 (1),...,ejﬂ(n))(vl,Qjﬂ(l))...<vn,9jﬂ(n)),
7]’)1 ™
where 7 varies over all permutations of 1,...,n. We can also write (8.5) in the

form
w(vy, ..., vp) = Z u(ej, ;.. -, ej,) det(ue, 05,)% =1

J1<<Jn
Conversely, if we set
(8.6) w(v1, ..., 0,) = Z ajy...j, det{vg, 05) % =1,
J1<-<jn
then
u(eil,...,ein)zailmin i <<y

This proves that £} (V') is a vector space of dimension (dim V), and a basis is dis-
played by (8.6).

It is natural to view the element in L' defined by (8.4) as a product of the
linear forms 64, ...,60,,. We shall denote it by 6, A --- A6, and we shall prove that
there is one and only one way in which one can define a bilinear multiplication

A LMV) x L7(V) — L™ (V) so that
(LN NO)N(GL AN ANo) =01 A ANOy Aoy A+ Ao,

for all 61,...,0,,01,...,0, € V*. The uniqueness is clear since this defines the
multiplication of basis elements in £} and L]*. Set f = 0, A--- A0, and g =
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o1 A+ ANoy,. Then

(v1,601) - (Vntm, 01)

o ) e (e 6)
(f/\g)(vl7---7vn+m> = det <Ui,(71> <vnim70-1>
(V1,0m) o (Untm,Om)

1
= m Z f(vﬂ'(l)7 SR Uﬂ(n))Q(”ﬂ(n—l—l)? s Uﬂ'(m—l—n)) sSgn T,

where 7 varies over all permutations of 1, ..., n+m. The division by n!m! is required
since we sum over ordered groups of columns and not over subsets of columns as in
the standard Laplace expansion of determinants. Alternatively we could sum over
permutations with 7(1) < --- < mw(n) and 71(n+1) < --- < 7(n+m) and avoid this
division. Thus multiplication of general f € L and g € L' must be defined by

1
(fAG (1, Vngm) = o > FWr@)s - V() I Vn(nt1)s - - > V() ) SENT.

The multiplication becomes associative since this is true when one just multiplies
basis elements of the form (8.4).

Since L7}(V') is spanned by wedge products (exterior products) of elements in V*
we shall write

Lr(V) = A"V*,

The direct sum
dimV

@ APV *
n=0

is therefore an algebra of dimension Zgim v (dirg V) = 24mV Tt is called the exterior

algebra over V*. It is not commutative, for we have
fAg=(=1)""gNf, if feAN"V* ge AN"V".

We shall now return to (7.7) which requires us to study elements in the exterior
algebra which may depend on a variable point. If {2 C V is open and k is an integer
> 0, we shall consider the space C* (2, A"V*). If 1, ..., 2y is a coordinate system
in V, thus ; = (z,6;) where §; is a basis in V*, then we can write every element
u € CF(Q, A"V*) in the form

T Z’uj(aj)Qh A NOr
I

where u; € C*(Q) and I; < --- < I, in the sum. Now §; = dx; so the sum can
also be written in the conventional form

Z’uj(aj)dajh Ao Ndxg,.
I
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This is called an exterior differential form. For the interpretation as n linear form
one must of course always use (8.4).

If V; is another vector space and Q; C Vj is an open set, f € C*T1(Q;, V) and
f(Q1) C Q, then f’ is a map ©Q; x Vi — Q x V which is linear along V;. Since
an element in C*(Q, A"V*) can be viewed as a C¥ map from Q x V x --- x V to
R which is multilinear and alternating in the arguments from V, it is clear that
composition with f’ gives a map

f5: CFQAMVF) = CF (0, AVY);
explicitly it is given by
(f*U)(Z';’Ul, s 7vn) = U(f(.’lﬂ'), f/(fl'/')’Ul, RN f,(fl'/')’Un), HARS Ql: (] S ‘/1

(The notation f’* might be more adequate but the traditional notation is just f*.)
In particular, if v is an n form on Q and ¥ € C**1(R"™, Q) then

b = u(p(t); 0Oty ..., 00 /dt,) dtr A -+ A dty.

It is clear that f*(u Av) = (f*u) A (f*v) and that (f o g)* = ¢* o f* when the
composition is defined. The invariance of the differential implies that

ffdu =df*u

when u is a 0 form, that is, a smooth function.

We shall now define the differential of a differential form. To simplify notation
we just consider C*° forms and write A"(Q2) = C°(Q, A"V*). The differential of
functions can be viewed as a linear map d : \°(Q) — A(Q). If f: Qy — Qisa O
map from an open set {7 in another vector space V7, the chain rule (the invariance
of the differential) gives as already mentioned a commutative diagram

Q) —L 5 AL(Q)

| el
A1) —L s AL()

We shall now prove that it is possible to extend the definition of d to a linear
operator A"(Q) — A"*1(Q) for all Q and n so that the diagram

Q) —L A(Q) —% 22 —2 ..

(8.7) f*l f*l f*l
A0(Qr) —E o AL(Q)) —L 22(y) —L ...
is always commutative. Moreover we shall prove that this determines d uniquely

apart from a constant factor, depending on n, which is fixed if in addition we require
Leibniz’ rule

(8.8) duAv) = (du) ANv+uAdo, ifuel’(Q), ve(Q).
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Finally we shall prove that
(8.9) d*u=0, dunv)=(du)Av+(=1)"uAdv, ifuecI\"(Q), ve\"(Q).

Assume at first only that d is defined and that (8.7) is always commutative.
Then it follows that

(i) d(dxy A---ANdzx,) =01in R™.
(i) d(z1dza A -+ ANdryy1) = Cpdxy A -+ Adoyy g in R

(i) is obvious since every n+ 1 form in R™ is equal to 0. To prove (ii) we note that
d(xrdxy A+ Ndxpiq) =u(z)dey A+ ANdxpiq

with u € C°(R"1), for every n + 1 form in R"™! can be written in this way. If
T, i + x + a is a translation in R™*! we get from (8.7) and (i) that

u(x+a)dzy A ANdxpir =d((x1 +a)deg A+ Ndepyr) = d(zrdeg A - Adxp4q).

Hence u(z + a) = u(z), that is, u(x) = C,,. If (8.8) holds then C,, = 1.
If now u € \"(Q2) where 2 is an open subset of V', and z1, ..., zy is a coordinate
system in V', we can write

u(zx) = Zuj(a;)dajh A---Ndzg,
I

where u € C°(Q). If we apply the commutative diagram (8.7) to the map >
x— (ur(z),zr,,...,25,) € R"L it follows from (ii) that

d(ufdxfl VANCIEIVAN dl‘jn> = C’ndu] /\dl"[1 VASEERIAY dl‘[n,
and if C,, = 1 we obtain

(8.10) du = "du; Ndxy, ANy,
I

This proves the uniqueness which we have claimed.
Let us now with a fixed coordinate system define du by (8.10). Then we have

d*u = dZ@uI/axjdajj Ndxp N---Ndzg,
I’j

= Z 82u1/61’j6$kd1’k Ndzj Ndxr, A---Ndxg, =0,
1,5,k

for 0%ur/0x;j0xy, = 0%us/dzy0x;. If v = Y vgdxy, A---Adxy, then it follows

from the elementary product rule that (8.9) is valid, for moving the differential

dvy to the right of the differentials dxy,, ..., dz;, introduces a factor (—1)". But

conversely (8.9) implies that du must be given by (8.10). Since (8.9) does not

depend on the choice of coordinates we conclude that (8.10) is also independent of

how they are chosen. We also see from (8.9) that (8.10) is valid for arbitrary C*°
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functions x;, whether they form a part of a coordinate system or not. To prove the
commutativity of (8.7) it is now sufficient to note that

Fru=>Y" frugdfr, Ao Ndf,,
I

so it follows from the chain rule that

df*u=">Y (f*dur) Adfr, A--- Ndfy, = f*du.

1

Summing up, we have now defined a first order differential operator d from n
forms to n + 1 forms and proved that (8.9) is valid and that (8.7) is commutative
for every C* map f. Of course it suffices to assume that f and u have one or two
continuous derivatives, for this is all that these identities involve.

The first property in (8.9) gives important information about the equation

(8.11) du = v,

where v is given in A"*1(Q) and the unknown u is in A" (Q): the equation dv = 0
is a necessary condition for solvability. When n = 0, for example, then (8.11) is
equivalent to the system du/0x; = v;, j = 1,...,N, and dv = 0 is equivalent to
0v;j/0x), — Ovg/O0xj = 0 for j,k = 1,...,N. We shall prove that the converse is
true locally. Later on we shall see that the question whether the condition dv = 0
is sufficient also globally leads to basic notions of algebraic topology.

THEOREM 8.1 (POINCARE’S LEMMA). Let v be an+1 form with C* coefficients,
k > 1, in the open convex set Q2 C V. If dv = 0 then there exists an n form u in )
with C* coefficients such that du = v in .

PrROOF. We may assume that 0 € 2. Then it follows that
Q= {(z,t) € V x R;tz € Q}
is an open neighborhood of €2 x [0, 1]. With f(z,t) = fi(z) = tz we form
ffo=flo+dt Nwy

where f; is defined by regarding ¢ as a parameter so that ffv just as w; is a
differential form which contains no factor dt but only differentials of the coordinates
in €. Since df*v = f*dv = 0 we have

0= dt A(O(frv)/dt — dywy) + R

where R is a form which does not contain dt and d,w; denotes the differential of w
when t is regarded as a parameter. Hence

O(ffv) /ot = dywy,
and integration from ¢ = 0 to t = 1 gives now

1
fiv— fiv=du, u:/ wy dt.
0
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But f; is the identity and fy maps 2 to 0 so this means that v = du and the
theorem is proved.

In this section we started from the problem of finding objects which allow integra-
tion over n dimensional submanifolds of a vector space V. If we look back at the ar-
guments we are led to define the integral of a differential form u = u(z)dz1 A- - -Adz,

in R™ by
/u: /u(m)daj

where the integral in the right-hand side is the standard Riemann (or Lebesgue)
integral. For an n form in V and a C! local parametrisation R D w >t — ¢(t) € V
of an n dimensional submanifold F' of V' we define

e o

when F'supp u is a compact subset of ¥(w). If w; 3 s — 11(s) is another parametri-
sation in a neighborhood of F'Nsupp u and if det(¢"1o1)1)" > 0, then the definition
is not changed if we replace 1 by 1, but the sign is changed if det(y) =1 ov)’ < 0. If
F'is oriented, that is, F' is provided with a system of parametrisations ¢; covering F'
such that @Dj_lwk has a positive functional determinant for arbitrary j, k£ where it is
defined, then the discussion in Chapter VII shows that [ 7w can be uniquely defined
for every n form w such that F'Nsupp u is compact, if we only use parametrisations
¢ with positive functional determinant for ¢»~'1;, for every j. We shall return to
this point and add greater precision and generality after introducing the general
notion of a manifold.

As an application of the calculus of differential forms we shall end this section

by giving an alternative derivation of the basic properties of the degree of mapping
in Chapter IV.

THEOREM 8.2. Let f € C°(R",R"), and let Q be an open bounded subset of
R". Ify ¢ f(0R) is a regular value for f and O is the component of y in Cf(082),
then

(8.12) [ ru=ie [ iuexso),

that is, u is an n form with compact support in O. Here d(f,Q,y) is defined by
(4.1).

In particular it follows that d(f, (2, y) is independent of y € €2, so we have a new
proof of property (i) of d, which was an essential first step in the definition of the
degree.

ProoF. If u = u(x)dzy A --- A dz, is a continuous n form with support in a
sufficiently small neighborhood of y, then QNsupp f*u is contained in neighborhoods
of the finitely many points x € Q with f(z) = y where f is a diffeomorphism. By
Theorem 7.1 we therefore obtain

/Q fru = /Q (@) det /(@) do = d(£.9) [ u(w)dz = d(£,29) [
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Thus there are n forms with [ u # 0 for which (8.12) is valid.
In the general proof of (8.12) we shall use that if v is an n — 1 form in C! with
compact support and dv = u, then

(8.13) /u _

The proof is obvious: we have

where d/a; means that dz; should be omitted, and this gives

u=dv= Z(—l)j_lﬁvj/axjdxl A Ndxy,

1

so (8.13) follows immediately by integration. ((8.13) is a special case of Stokes’
formula which will be discussed later on. Conversely, there is an addition to The-
orem 8.1 (see Theorem 12.2 below) which states that (8.13) is sufficient for the
existence of v with the stated properties. However, we shall at this time avoid
the complete proof of this fact.) Since dv = w implies f*u = f*dv = d(f*v) and
supp f*v C f~(suppv), which is a closed set which does not intersect 92, we also
obtain

(8.14) /Qf*u dr = 0.

Let ¢ € C}(R™) have support in a small neighborhood of 0, and assume that
0<¢pand [@dr=1. Set for a € R"

©q = @(x —a)dry A -+ Adx,.

Then [, =1, and [, f*¢q, is independent of a in {a;supp ¢, C Cf(9Q)}. In fact,
the derivative of ¢, with respect to a; is

—0¢(x — a)/0zjdxy A -+ Ndxy, = (=1)7d((p(z — a)dzy A .. d/:(:\‘7 A Ndxy),

so it follows that

/8g0a/8aj = O, / f*@goa/ﬁaj =0.
Q

If K is a compact subset of O and supp ¢ is sufficiently close to the origin we
therefore obtain

/f*SOa:d(f,Q,y), acK.

If w is a continuous function with support in K we obtain by multiplication with
u(a) and integration that

/Q 7 / Uatp da) = d(.2y) / u(a) da.
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Here

/u(a)goa da = (/u(a)go(aj —a) da)dajl A ANday,.

When the support of ¢ tends to {0} the integral in the right-hand side converges
uniformly to u(z). This completes the general proof of (8.12).

REMARK. The deeper reason behind this proof is the homotopy invariance which
will be proved in Chapter 11 (see Theorem 11.4).

Lemma 4.1 is an immediate consequence of Theorem 8.2. In fact, if we choose u
with [wdz =1 and support in the component of y in CF(9$2 x [0, 1]) then

d(fu Q) = /Q fru

where fi(xz) = F(x,t). Here the left-hand side is an integer and the right-hand side
is a continuous function of ¢ € [0, 1], so it must be a constant. The geometrical
arguments in Lemma 4.1 have now been completely replaced by analytical proofs.
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CHAPTER IX

MANIFOLDS AND VECTOR BUNDLES, STOKES’ FORMULA

So far we have only considered submanifolds of a finite dimensional vector space.
According to Definition 2.2 they are characterized by the existence of parametri-
sations. By isolating the properties of parametrisations which are independent of
those of the embedding space we shall now define the general notion of manifold.

DEFINITION 9.1. A C* atlas, k > 1, in a topological space X is a countable
covering of X with open subsets X; and for every i a homeomorphism ¢, : X! — X;
where X/ is open in R™, such that

(9.1) Uit othy € CF(; (XN X;), R for all i and j.
If U is open in X, then a function f: U — R is said to be in C*(U) if
fo; € CF(w7H(UNX;)) for every i.

Two different atlases give rise to the same definition of C*(U,R) for every U if
and only if their union is an atlas. Then they are said to be equivalent, and an
equivalence class of atlases is called a C* structure on X. Their union is the
maximal atlas defining the structure.

The difference between this definition and the definition of a C* submanifold
of RY is that now it is a priori meaningless to talk about differentiability of the
parametrisations ;. However, it is possible to keep the condition that the maps
(o 17,[1j comparing different parametrisations shall be in C*. Later on we shall
prove that every manifold can be realised as a manifold embedded in some RY, so
the general notion of manifold is not really a generalisation but consists rather in
disregarding the embedding.

Every C* structure defines a C7 structure when j < k. For the sake of simplicity
we shall usually consider C'*° structures. The corresponding manifold is then said
to be a(n infinitely) differentiable manifold.

If X and Y are two differentiable manifolds then we can define C*(X,Y) as the
set of maps f : X — Y such that ?,ZJ]-_l o f op; € C* where it is defined, Y and @;
denoting the parametrices in an atlas of Y and one of X.

The tangent space of an embedded manifold was defined in Chapter II as the
image of R™ under the differential of the parametrisation. The definition has to
be modified for a general manifold since we only have the differentials of the maps
(9.1) available while the differential of v; has no sense as yet. Denote the map (9.1)
by 1;;. We can regard @ng as a C'°° map

;N (XN X;) x R® — 4 (X N X;) x R”
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which is linear in the variable in R"™. Equivalently we can regard this as a map
gij + (Xi N X;) x R™ 3 (x,1) = (¢, ¢f; (5 (2)t) € (XiN X;) x R™.

Since 1, = 1i; o 1 where the right-hand side is defined, we have by the chain
rule ¢}, = gj o w;k, or more precisely

gik = gij95% 1n (X; NX;NXE) xR™

We can therefore collect the parametrised vector spaces X; x R™ to a vector bundle
in the following way: In the set {(i,z,v);x € X;,v € R"} we set

(t,z,v) ~ (Jyy,w) fz=yeX;NX,and v =g;x)w.

This is an equivalence relation. The set E of equivalence classes obtains a C'*°
structure from the atlas X! x R" — X; x R® — E. By the definition of the
equivalence relation we also have a C'>° map p : £ — X, for equivalence of two
triples requires that the two elements in X which occur are equal. Moreover,
E, = p~(z) is for every x € X a vector space of dimension n, for all g;; are
linear in the R™ variables. One calls E the tangent bundle of X, and one writes
E =T(X), E, = T,(X). This is a vector bundle in the sense of the following
general definition:

DEFINITION 9.2. If X is a C*° manifold then a C'*° vector bundle over X with
fiber of type R is a C°*° manifold F with a C"*° map p: E — X such that

(i) p~!(x) = E, has a structure of n dimensional vector space over R if z € X,

(ii) every z € X has a neighborhood U such that there is a diffeomorphism
p~1(U) — U x R™ which is linear on each fiber and commutes with the
projections.

For an embedded manifold X one can of course identify the tangent bundle T'(X)
just defined with the tangent space introduced in Chapter II. We shall also give
an alternative definition of T'(X) which only depends on the class of C*° functions
on X; this will confirm that the construction gives equivalent results for equivalent
atlases. The new definition depends on the observation that when U C R™ is open
and x € U, v € R", then the map

(9:2) C=(U) 3 ¢ = (v, dp) = ¢'(v) = L)

is a linear form in ¢ such that

(9.3) Lgy) = o(x)L(v) + L(p)y ().

Conversely, every linear form L satisfying (9.3) is of the form (9.2). In fact, by (9.3)

we have L(1) = 2L(1), hence L(1) =0, and L(y) = 0 if ¢ vanishes of second order
at x, for then we can use Taylor’s formula to write



where @;, € C°°, and it follows from (9.3) that L(x) = 0 if x is the product
of two C°° functions vanishing at z. Hence L(¢) = L(y1) if v1(y) = > 1 (y; —
xj)0p(x)/0z, which proves the claim. The same conclusion is valid if we have a
derivation, that is, a map satisfying (9.3), which is only defined on C3°(U). The
notion of derivation is also well defined at a point x in a manifold M, and since
C>*(M) D> C5(U) if U is an open neighborhood of z € M, it follows that we can
identify T(X) with the space of all derivations; T,.(X) is the space of derivations
at .

Starting from any one of these definitions of T'(X) it is also clear that if f : X —
Y is a C! map then the differential f’ maps T'(X) to T(Y), and f’(z) maps T, (X)
linearly to T'¢(;)(Y) for every x € X. Here the differential f’ is defined using local
coordinates as in Chapter I.

By a C'*° section of a vector bundle E over X one means a C*° map s: X — F
such that p o s is the identity in X, that is, s, = s(z) € E, for every z. Let in
particular s be a section of T'(X). If u € C°°(X) then s — s u(x) is by our second
interpretation of T'(X) a function defined in X. In local coordinates of an atlas s
corresponds to functions s* € C*°(X;, R"), and if u o v; = u; € C°°(X!) then

9.4 Spitt = ul(s") in X,
P i i

which proves that = +— s,u is in C*°(X). That the right-hand side of (9.4) is a
function in X expressed in the local coordinates is also clear since u; = u; o %;; in
’QDJ_I(XZ N Xj), and

wj(s7) = wi(viy) (¥y;87) = uils') o iy

We can now also define a vector bundle 7*(X) with fibers T (X) equal to the
dual spaces of the fibers T, (X) of T(X). To do so we just replace the maps g;;
above by the maps (*g;;)~', that is, more explicitly

(Xz ij) x R" > (33,5) — (33, t@bgl(@bz(l‘))f) S (Xl ij) x R".

We leave as an exercise to prove the necessary transitivity conditions and to prove
that the scalar product in R™ defines invariantly a scalar product of elements in
T,(X) and T} (X). If u € C>®°(X) then du becomes a section of T*(X). More
generally, we define the vector bundle \*T*(X) for k = 0,...,n by replacing R"
with A*R™ above. The sections of A*T*(X) are then in every local coordinate
system precisely the differential forms in the local coordinates. Thus a section
u of A*T*(X) corresponds to a differential form ! in X/ for every i such that
Yiwi = uj in wj_l(XZ- N X;) for all ¢,j. Conversely, such differential forms in X/
define uniquely a differential form in X. (The advantage of the notion of vector
bundle is essentially that we do not have to write down these transformation rules
explicitly all the time.) The exterior differential d maps C™ sections of \¥(T*(X))
to sections of A¥*1(T*(X)). (Analogous statements are of course true for manifolds
which are differentiable of finite order but we leave for the reader to consider how
they should be formulated.)
We shall now return to the definition of integration of a differential forms on a
manifold. First we need another definition:
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DEFINITION 9.3. A manifold is called oriented if it is provided with an atlas such
that all the maps (9.1) have a positive functional determinant (that is, preserve the
orientation).

If X is an oriented manifold of dimension n, u is a continuous n form in X, and
K is a compact subset of X, then the discussion in Chapters VII and VIII proves
that [, u is uniquely defined.

An orientation of a manifold X of dimension n is often specified by giving a
continuous n form a on X which is # 0 at every point. If ¢; : X! — X; belongs
to an atlas and X is connected, then v} a is either positive in X! or else negative
in X/. (We say that a n form f in an open subset of R" is positive if it can be
written f(xz)dxy A --- Adz, with f > 0.) In the second case we replace v; by the
composition with the reflection in the plane x; = 0, for example. This gives a new
atlas such that v a is always positive. But then it defines an orientation for X;
one says that X is oriented by a > 0. Conversely, if X is an oriented manifold it is
easy to use a partition of unity to construct a n form a which is nowhere 0 so that
the same orientation is defined by a.

A submanifold Y of a manifold is defined precisely as we defined a submanifold
of RN. Tt is clear that Y itself is then a manifold. The embedding i : Y — X is
injective and has injective differential, and the range is locally closed, that is, it has
a closed intersection with some neighborhood of every point in Y. If Y is oriented
and of dimension n and u is an n form in X, we can now for a compact subset K

of Y define
/u:/ .
K K

If u is a k form with k # n we define [, u = 0.

We can now state and prove Stokes’ formula. Let X be a manifold and Y an
oriented submanifold of dimension n. We assume given in Y a C*° function y
such that x = 0 implies that dxy # 0, and Y_ = {u € Y;x(y) < 0} is compact.
Then the boundary 9Y_ = {y € Y;x(y) = 0} is also a C! manifold which can be
oriented as follows: For every yy € OY_ there is a neighborhood where we can find
a parametrisation R” D w 3 9(t) — 9(t) of Y such that x(¢(t)) = t1. This is
attained by taking an arbitrary parametrisation and replacing a suitable coordinate
with x, making sure that the functional determinant of the change of variables is
not 0 at the point corresponding to yo. To avoid a trivial exceptional case we
assume that n > 1. If we choose 1 so that ¢ is in the maximal atlas belonging
to the orientation of Y, then the map t' = (to,...,t,) — ¥(0,t") belongs to the
mnaximal atlas defining OY_. If ¢y is another parametrisation with y(¢1(s)) = s1
then

Pyt op(t) = (t1,g(t))

where g(t) € R"™! and det 9g/0t' # 0. Thus the maps t' — (0,t') define an
atlas for 9Y_ which orients Y_. The preceding calculation also proves that the
orientation is independent of the choice of y. Informally we can say that 0Y_ is
oriented by choosing positively oriented coordinate systems for Y which begin with
x and restricting them to dY_. We can now prove

THEOREM 9.4 (STOKES’ FORMULA). IfY is an oriented submanifold of X and
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u is a C' n form in a neighborhood of Y_ in X then

(9.5) /8 - / du

PrOOF. By a partition of unity the proof is reduced to the case where the
intersection of Y and supp v is contained in a coordinate patch of the form used to
orient dY7 or a coordinate patch with closure contained in Y_ \ 9Y_. Let v = ¢)*u
where 1 is the corresponding parametrisation. Since ¥*du = d(¢*u) = dv we only
have to prove that if v is a C' form of degree n — 1 in R"™ with compact support

then
/ dv =0, / dv = / .
n {zeR™;z1 <0} {zeR"™;z1=0}
Writing
v=" (1)t (@)dey A~ Adag A Adzy,
1
we have

dv = Zavj/ﬁxjdxl A---ANdx,,.
1

The integral of Qv;/0x; with respect to x; over R is equal to 0, and the integral of
Ovy/0x1 when x1 < 0 is equal to v1(0, ), so we obtain

/ dv:/vl(O,azg,...,xn)dxg...da:n:/ v
x1<0 x1=0

with the induced orientation. This completes the proof.

We shall now discuss some special cases. First we take X =Y = R"” and let
0 C R" be open and bounded with 92 € C°°. Then the preceding calculation
gives if v as above is a C! form of degree n — 1 in a neighborhood of €2

/Z@vj/(?xjda::/ v.
Qg o0

To give the right-hand side a more familiar look we assume again that the support
of v is contained in a neighborhood of a boundary point where we can introduce
local parameters © = x(ty,...,t,) with t; = x(x). If we set t’ = (to,...,t,) and
Y(t') = x(0,t’) then

-----

The definition of N means that

(N,w) = det(w, 0 /dts, ..., 00 /0t,), weR",
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which proves that N is a Euclidean normal of 9€). Taking w = N we obtain
|NV||? = det(N, 0v/dts, ..., 00/dt,), hence

1 = et (N o ony ) = IV et (002,

which means that

(9.6) INI* = det("y' ()" (t')).

To determine the direction of N we note that since t is a positively oriented coor-
dinate system we have

0 < det(dz/0t) = ZN 0/ 0t
and that differentiation of the equation t; = x(z) with respect to t; gives

1= 0x/0x;0,/0t;.
1

Since grad  is also a normal vector of 02 it has also the same direction as NV, which
proves that N has the direction of the exterior normal. If v = N/||N|| denotes the
exterior unit normal we obtain

/m”: / > wjviy/det () ()¢ () dt .

Recalling the definition of the Euclidean surface measure do in Chapter VII we
have now proved that Stokes’ formula contains the Gauss-Green formula

(9.7) /divvda::/zavjﬁxjdaj:/ (v,v)do, ve CHQ,R™).
Q Qg o0

When n = 3 we shall now also derive the classical Stokes’ formula. Let S be an
oriented smooth surface in R? and let Y be a relatively compact open subset of S
with C*° boundary dY, which is thus an oriented curve. If v = Zi’ vidz; is a C!
one form near Y then

3
dv = Z dvj Ndx; = widro A dxs — wadxy A dxs + wizdrs A dxs, where
1
= 8@3/61‘2 - 8112/8333, W9 = 6111/8333 — 6@3/61’1, w3 = 6112/61’1 — 61)1/8332.

We can view (w1, ws,ws) as a vector field, denoted by rotv. Then Stokes’ formula
(9.5) yields

(9.8) /a Zv] drj = /{W v,t) dSZ/Y<rotv,y> do.

Y
55



Here t is the unit tangent of the oriented curve 9Y, ds is the arc measure on JY,
v is the outer unit normal of S, and do is the Euclidean surface measure on S.
This follows at once from the calculations which led to (9.7). Formula (9.8) is the
classical Stokes’ formula.

Finally we shall use Stokes’ formula to show how the degree of mapping can be
expressed in terms of the Kronecker form

w=w/(wlz") nR"\{0}.
Here ,, is the area of the Euclidean unit sphere {x € R";||z| = 1}, and

n
W= Z(—l)j_la:jdxl N Ndxg N A day,
1

sow isan—1form in R™\ {0}. If g is a C*° function then
ZB x)x;)/0x;dxi N\ - -Ndxy, = +Z x;0g(x)/0x;)dxi N\ - -Adxy,.

When g(z) = 1/(yn]|z]|™) we conclude that dw = 0 in R™ \ {0}. When g = 1/,
we obtain by Stokes’ formula that

1
(9.9) / w=— o= dey A Aday, = 1.
lel=t Y Jjzi=t W e

More generally let T': R™ — R” be a linear bijection. Then T*w is closed in R™\ 0,
so two applications of Stokes’ formula give for € > 0

/ T w = / T w = / T*@ [y, = / T*dw [ vn
llzll=e I Tx]|=1 I Tz||=1 [Tz||<1

— det T / dry N\ Ndx, =detT/|det T| = signdet T.
Tz||<1

It is now easy to prove

THEOREM 9.5. Let f € C°(R™,R"™) and let Q be an open bounded subset of
R"™ with smooth boundary. If 0 ¢ f(0N2) is a reqular value of f, then

(9.10) Frw = d(f,9,0).
o0

PROOF. Since 2 is compact we can then choose a C* function y in R™ such
that x < 0in Q, x = 0 and grad x # 0 on 992. The orientation of 92 in (9.10) is
defined as in Stokes’ formula. Let now z!, ...,z be the finitely many solutions in
Q2 of the equation f(xz) = 0, and let U; be a ball of small radius € with center at

z;. Since d(f*w) = f*(dw) = 0 in O\ (UNU;), we obtain from Stokes’ formula for

small e
N
ffw= ffw
o0 21: oU
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By Taylor’s formula f(z) = f/(x;)(x — z;) + O(¢?) and f'(z) = f'(z;) + O(e) on
0U;, so it follows that

/ f*w — signdet f'(z;) when ¢ — 0,
oU;

which proves the theorem.

REMARK. In Chapter XI we shall prove that the left-hand side of (9.10) only
depends on the homotopy class of f which implies that it can also be defined for
continuous maps f. Thus (9.10) holds for such f with D(f,,0) in the right-hand
side.
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CHAPTER X

EMBEDDING OF A MANIFOLD

Immediately after Definition 9.1 we pointed out that every manifold can be
realised as a submanifold of RY for some N. In this chapter we shall supply the
proof of this statement.

Let X be a C° manifold of dimension n. Recall that a map f : X — R¥ is
called proper if for every compact set K C R” the inverse image

fUE) ={z e X;f(z) € K}

is compact. It is clear that f(X) is closed if f is continuous and proper. Assume
now that f € C°(X,R"). One calls f an immersion if f'(z) is injective for every
x € X. By the implicit function theorem this implies that a neighborhood of z
in X is mapped bijectively on a submanifold of R" of dimension n. One calls f
a proper embedding if f is a proper injective immersion. The range f(X) is then
a closed C* submanifold of RV, and f : X — f(X) is a diffeomorphism which
identifies the abstract manifold X with the closed submanifold f(X) of RY. Our
goal in this chapter is to prove the existence of a proper embedding f of X.

LEMMA 10.1. For arbitrary N > 1 there exist proper maps f € C®(X,RN).

ProoOF. We may assume that NV = 1. Choose countably many parametrisations
Y X! — X; C X where X/ C R", and compact sets K; C X; such that X = UK.
(We can repeat each parametrisation in an atlas countably many times and use that
every open set in R™ is the union of countably many compact sets.) Now choose
Xi € C§°(X;) such that 0 < x; <1 and x; = 1 in a neighborhood of K;. This can
be done by taking a function in C§°(X/) equal to 1 in a neighborhood of ;! (K;),
composing it with ;- ! and extending it by 0 in X \ X;. Now

@; = x;(1—xj-1)..-(1—x1) € C5°(X),
suppp; C X, ¢; =0close to KjU---UK,;_;.

(We define ¢ = x1.) Every point in X has then a neighborhood where ¢; = 0
except for finitely many j, and ) ¢; = 1. Hence

f=Y ivj€ C*(X,R),
1

and f has the required properties, for f(z) < M implies that ¢;(z) # 0 for some
j < M, hence that z € U} supp ;-

To construct embeddings we first study the semiglobal problem to embed com-
pact subsets of X. We keep the notation in the preceding proof and write M; =
KiU---UKj.
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LEMMA 10.2. For every j one can find an integer N and g € C5°(X,RY) so
that g is an injective immersion in a neighborhood of M.

PROOF. Since v; : XJ’~ — X is a parametrisation of X, the inverse wj_l is an
embedding of X; in R"™. Set

gj = (ijpj—l,xj) cR"in X;, g¢;=0in X\ X,

where x; is defined as in the proof of Lemma 10.1. Then g; is an injective immersion
of a neighborhood of K; in R"*!, and

g=9g1D---Dyj
is an injective immersion of M, in R(+1)7,

REMARK. Note that if K C X is compact and K N M; = () then all y; can be
chosen equal to 0 in K, so one can choose g =0 in K.

The weakness of Lemma 10.2 is that it gives no bound for the dimension N of
the embedding space when j increases. To remove this flaw we shall now discuss
how one can decrease the dimension of the embedding space. For a € RV ™! we
shall denote by 7, the projection

RY >z mux = (r1 — a1ZN, ..., TN—1 — AN—-1ZN),
that is, the projection on the hyperplane where x = 0 along the vector (a, 1).

LEMMA 10.3. If f € C°(X,RY) is an immersion of the compact set K C X
and N > 2n, then 7, f is also an immersion of K except when a belongs to a closed
null set in RN~1,

PROOF. It is sufficient to prove the statement when K is contained in a coordi-
nate patch, for every K can be written as a union of finitely many such compact
sets. It is therefore no restriction to assume that X C R". Let E be the set of all

a € RV~ such that 7, f is not an immersion on K. That a € E means that for
some x € K and A € R" with [A\| =1

(10.1) > Me(0f;/0xk — a;0fn/0x) =0, j=1,...,N—1.

k=1

These equations define a closed subset of {(z,\,a) € K x R®" x R¥~1 |\| = 1}, so
the projection F in RV ™! is closed since it is proper. If we set u = >, A0 fn/0xy
and ay = 1, then (10.1) can also be written

(10.2) > Nedfj(x) )0z, = paj, j=1,...,N,
k=1

which means that (a,1) is a tangent of f(X) at f(z). Since f is an immersion it
follows from (10.2) that u # 0, so (a, 1) is in the range of the map

(10.3) R" x K 3 (\z) zn:)\kaf(x)/aa:k eRVN.
1

By a rather trivial case of the Morse-Sard theorem (Theorem 3.1) the range is a
null set when N > 2n, and since the intersection with the planes {a € RY;ay = u}
where p # 0 are homothetic they are all null sets by the Lebesgue-Fubini theorem.
Hence E' is a closed null set.
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LEMMA 10.4. If f € O (X,RY) is an injective immersion on the compact set
K and N > 2n + 1 then m,f is also an injective immersion on K except when a
belongs to a closed null set in RV 1.

PRrROOF. From Lemma 10.3 we already know that 7, f is an immersion except
when a belongs to a closed null set E. Let E’ be the set of all @ € RV ~! such that
7o f is not injective on K. To prove that E U E’ is closed we consider a sequence
aj € E', aj — a. Then we can find 2} # 7 in K with 7., f(z}) = 74, f(z])
for j = 1,2,.... Replacing the sequence by a subsequence we may assume that
z; — 2’ and that z7] — z” for some 2’,2” € K. If a ¢ E then 7, f is by the
inverse function theorem an injective immersion on a fixed neighborhood of 7’ if
Jj is sufficiently large, so we have =’ # z”, and since m, f(z') = m, f(z”) it follows

that a € E'. Hence E'U E’ is closed. That a € E’ means explicitly that

(10.1)’ fi@) —ajfn(a) = fi(2") —a;fn(2"), j=1,....N—1,

for some 2/, 2" € K with ' # 2. With ay =1 and p = fy(2') — fn(2”) we can
write (10.1)" in the form

(10.2) f(@') — f(2") = pa.
Since f is injective on K we have p # 0, so (a, 1) belongs to the range of the map
(10.3)’ R" x K x K > (t,2',2") = t(f(«') — f(2)) € RV,

Since N > 2n + 1 the range of this map is a null set in RY, by Theorem 3.1, and
by the homogeneity the intersection with the plane ay = 1 is also a null set there.
The lemma is proved.

Note that in Lemma 10.3 we just avoided projecting along a tangent of f(K)
whereas in Lemma 10.4 we also avoided projecting along chords. The set of forbid-
den directions depends on 2n —1 and on 2n parameters respectively which explains
the assumptions on the dimensions. We can now prove the main result in this
chapter:

THEOREM 10.5. Let f € C(X,RY) be a proper map with N > 2n + 1 where
n 1s the dimension of X. For every positive continuous function € on X there is a
proper embedding g € C°(X,RY) such that

(10.4) lg(x) = fz)] <e(x), zeX.

PROOF. We may assume that ¢ is so small that z — |f(x)] —e(z) € R is
proper and positive outside a compact set. Then (10.4) implies that g is proper.
Let M;, Ms,,... be a sequence of compact subsets of X, each contained in the
interior of the following one, such that UM; = X. We shall successively construct
g; € C*(X,R") so that go(z) = f(z) and

(10.5) 19j(x) = gj1(z)| < e(x)/2?, j=1,2,..., z€ X,
Moreover g; shall be an injective immersion on M; and g; = g;—1 on M;_;. Suppose

that g;_; has already been chosen and that j > 1. By Lemma 10.2 we can choose
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h € C§°(X,R") for suitable v so that g;_; @ h is an injective immersion of M; in
RNT. By the remark after the proof of Lemma 10.2 we can take h = 0 on M;_;. In
fact, there is a neighborhood w of M;_; where g;_; is an injective immersion, and
we just have to choose h as an injective immersion in M; \ w, which is a compact
set disjoint with M;_;. By repeated use of Lemma 10.4 we conclude that there
exist linear transformations 7' : R — R with arbitrarily small norm such that

gj =9j—1+Th

is an injective immersion on M;. If ||T'|| is small enough then (10.5) follows so g,
has all the desired properties.

It is now obvious that g = lim;_, g; exists, and that g € C*°(X,RY). Since
g = g; on M; and g; is an injective immersion on Mj, it follows that g is an injective
immersion, and (10.5) implies (10.4). The proof is complete.

As an application of Theorem 10.5 we shall now discuss how one can approximate
maps into X with C°° maps. We also have to prove that nearby maps fo and f;
into X are homotopic. If X is realised as a closed submanifold of R it is natural
to connect fo and f; by means of the linear homotopy tf; + (1 —t)fy, 0 <t < 1.
However, this does not stay in X so we need a C*° map from a neighborhood of
X back to X which leaves X invariant (a retraction). We shall now construct a
retraction by studying the neighborhood of a closed submanifold X of RY.

The tangent space of a closed submanifold X of RY can be identified with
T(X)={(z,w) € X € RY;w € Imy’(t)} where 1 is a local parametrisation in a
neighborhood of x = ¢ (t). (See Chapter IX.) We define the normal bundle

N(X) = {(z,w) € X x RY; (w,w') =0 if (z,w) € T(X)}.

If 1 is a local parametrisation then the condition on w is that ‘¢’ (t)w = 0, which
defines n coordinates of w as linear functions of the other N —n coordinates. Thus
the manifold N (X) has dimension n + N —n = N. The map

(10.6) F:N(X)> (z,w) — 2z +weRY

is a proper injection of Ny = {(z,0);x € X} C N(X) and has bijective differential
at every point there. In fact, the range of the differential of F' at (x,0) contains
the range of the restriction to Ny, which is T,,(X), and it also contains the range of
the restriction to the fiber N,, which is mapped linearly on the orthogonal space
of T,(X). This implies that Ny has an open neighborhood € C N(X) which is

mapped diffeomorphically on a neighborhood Q of X in RY:

THEOREM 10.6. If X is a closed submanifold of RY, then there is an open
neighborhood @ C N(X) of the zero section in the normal bundle and an open

neighborhood 0 of X in RN such that (10.6) is a diffeomorphism € — Q.

The proof is left as an exercise in the following more general form:

EXERCISE 10.7. Let X and Y be two C'°° manifolds of the same dimension, and
assume that f € C°°(X,Y) has bijective differential at every point in a closed subset
F of X. Prove that if f|p is proper and injective then there are open neighborhoods
Qx and Qy of F and f(F) such that f is a diffeomorphism Qx — Qy-.
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COROLLARY 10.8. For every closed C* submanifold X of RN there is a positive
continuous function € on X such that for every C° manifold Y and arbitrary

f e ClY,X) and fo, fr € C°(Y,X) with |f; — f| < f*e there exists a function
ge C>™(Y x[0,1], X) with g(-,t) = fi whent=0,1.

Proor. With the notation in Theorem 10.6 we set
e(z) =sup{g;0<e<l|r—2/|<e = 2/ €Q}, ze€X.
If | fi(y) — f(y)] <e(f(y)) it follows that

fly.t) =th(y) + (1 -t)foly) €0, 0<t<1.
With F' defined by (}0.6) and p equal to the projection N(X) — X we can therefore
take g =po F~ 1o f.
We can also prove the existence of differentiable approximations:

COROLLARY 10.9. Let X be a closed C™ submanifold of RN. IfY is a C®
manifold and f € C(Y,X) one can for every positive continuous function on X
find g € C*(Y, X) such that |f(y) —g(y)| <e(f(y), y €Y.

PROOF. We may assume that Y is a closed submanifold of RY'. By Theorem
10.6 there exist open neighborhoods Qx and Qy of X and Y in RY and RV " and
C retractions Rx : Qx — X and Ry : Qy — Y. (With the notation in the
proof of Corollary 10.8 we can take Rx = po F~1.) Choose a positive continuous
function £; on X such that

reX, s’ cRY |z —2| <ei(x) = 2/ €Qx and |Rxa’ — 2| < e(x),

and set f = fo Ry, which is a continuous extension of f to Qy. There is a positive
C*° function ¢ on Y such that

yeY, y eRY, jy—y|<dly) = v €Qy and [f(y) — f(y)] <1 (F ().

This is clear with a constant d on any compact subset of Y, and we can use the
proof of Lemma 10.1 to find 1/0 increasing so rapidly that this is true. Choose
p € C(RN) with ¢ >0, [ ¢(y)dy =1 and ¢(y) = 0 when |y| > L. Then

g(y) = Rx (h(w)), h(y) = 5(s)~"" / F)ol(y — v')/6(y))dy!

has the required properties.
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CHAPTER XI

DE RHAM COHOMOLOGY

Let X be a C*° manifold. In Chapter IX we defined the vector bundle \P(T™(X)).
For the sake of brevity we shall use the notation \P(X) for its C'™ sections, the
C* p forms on X. For every p the exterior differential gives a map

d: M\P(X) — ANPHH(X),

and for every C*° map f : X — Y where Y is another C"*° manifold we have a
pullback map f*: AP(Y) — AP(X) commuting with d. Thus the diagram

AP(Y) — APHL(Y)
(11.1) f»«l f*l
W(X) —2 aH(X)

is commutative. This was already discussed in Chapter VIII when X and Y are
open subsets of R™ and R". In view of (11.1) we can immediately take over the
definitions from local coordinate systems. When X C R”™ we have proved that
d? = 0 for every p, and this remains valid for a manifold X.

Let us now recall some elementary definitions from algebra. Let Ag,..., A, be
vector spaces, and assume that for j = 0,...,n — 1 we are given a map d; : A; —
Ajiq sothat d;j11d; = 0. (We shall drop the subscript of d when it is obvious from
the context.) Then we have a complex of vector spaces. By adding spaces A; = {0}
when j < 0 or j > n with d; = 0 when j < 0 or j > n we may assume that A; is
defined for every j which is notationally convenient.

The hypothesis that we have a complex means precisely that the range R; of
d;j_1 is a subspace of the kernel IN; of d;. If there is equality the complex is said to
be ezact at A;. Thus exactness means that the range of d;_; is described precisely
as the kernel of d;. This is usually not the case, and as a measure of how close the
range I; of d;_; is to the kernel N; of d; one introduces the quotient space

H' = N;/R;,
which is called the (co)homology of the complex at A;, or of degree j. When j =0
we obtain Hy = Ny while H,, = A,,/R,, is the cokernel of d,,_1.
Let us also consider purely algebraically a situation similar to (11.1) where we

have two complexes A and B and a homomorhism between them, that is, a linear
map 7T; : A; — B; for each 7, such that the following diagram is commutative:

Ao > Aq Ay Ay —— ...
Tol Tll Tgl Tgl
By By > By y By — ...




Then it follows that the kernel of the operator d; : A; — A;;, is mapped by T}
into the kernel of the operator d; : B; — Bj 1, and similarly for the range of d;_;.
Hence a map Tj : H(A) — H7(B) is induced by T}. If we have a third complex
C and a map B — C of the same kind then the composition H’(A) — H’(B) —
H’(C) is equal to the map induced by the composition 4 — C.

If we apply the preceding discussion to the complex of p forms (called the de
Rham complezr) and the maps f* defined by C* maps f : X — Y, we obtain the
following situation:

DerINITION 11.1. If X is a C'°*° manifold then the de Rham cohomology groups

HP?(X) of X are the cohomology groups of the de Rham complex on X. We write
H*(X) for the direct sum of all HP(X).

The groups HP(X) are of course vector spaces but the term group is used to
accomodate related constructions.

THEOREM 11.2. For every C*° map f : X — Y the pullback of differential
forms induces a linear map f* : HP(Y) - HP(X). If g: Y — Z and h = g o f,
then the diagram

HP(Z) L5 HP(Y)
= Iz
HP(X)
15 commutative.
In Chapter VIII we also introduced a multiplication in \*(X) = @,>0AP(X)
which makes it a ring with

uNv=(=DPvAu, uel vell

From (8.9) it follows that d(u A v) =0 if du = 0 and dv = 0. The class of u A v in
HPT(X) depends only on the classes of u and of v, for if the classes of uy and wvg
are 0, that is, ug = duy and vy = dvq, then

(u+up) AN (v+v9) =uAv~+ugA(v+uvy) +uA vy
=uAv+du A (v+v)) + (—1)Pd(u A wvy).

Thus we obtain a multiplication
HP(X) x HY(X) — HPT(X)

which traditionally is denoted by U and called the cup product. With this multi-
plication H*(X) is a ring with the same anticommutativity of the multiplication
in H*(X) as in A*(X). The following theorem is now trivial but quite important
anyway:

THEOREM 11.3. If f : X — Y is a C*™ map then the induced map f* : H*(Y) —
H*(X) is a ring homomorphism.

The map f* is stable under homotopic changes of f:
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THEOREM 11.4. Let F': X x [0,1] = Y be a C* map, and set fi(x) = F(x,t)
when 0 <t < 1. Then f; is independent of t.

PROOF. Let u be a differential form on Y with du = 0. We can write
Fru=Uy+dtNU;

where Uy and U; are differential forms in X depending on ¢; we have of course
Uo = ffu. That dF*u = F*du = 0 means in particular that “the coefficient of
dt” is equal to 0, that is, that 0Uy/0t — dxU; = 0 where dx denotes the exterior
differential operator in X acting on U; as a form in X depending on the parameter

t. Hence
1

1
ffu—fgu:U()(l)—Uo(O):/ deldt:dx/ Uldt.
0 0

The right-hand side is the differential of a form in X, which proves the statement.
(The proof is of course essentially a repetition of that of Theorem 8.1.)

Using the approximation method in Corollary 10.9 we can now conclude that
f* can be defined uniquely for an arbitrary continuous map f : X — Y, for all
sufficiently close C'*° approximations g are homotopic by Corollary 10.8 so we can
define f* = g¢g*. This extended definition of f* is also invariant for continuous
homotopies, for a continuous homotopy F : X x [0,1] — Y can first be extended
to all of X x R so that it is constant for ¢ < 0 and for ¢ > 1 and then it can be
approximated by C'*° homotopies. Hence we have

THEOREM 11.5. FEwery continuous map f : X — Y defines a ring homomor-
phism f* : H*(Y) — H*(X) with the properties in Theorem 11.3, and Theorem
11.4 remains valid for continuous homotopies.

COROLLARY 11.6. If the continuous map f : X — Y is a homotopy equivalence,
that is, if there exists a continuous map g : Y — X such that fog and go f are
homotopic to the identity in'Y and X respectively, then f* is a ring isomorphism.

The map f* : AP(Y) — AP(X) is in general neither injective nor surjective. When
p = 0, for example, surjectivity requires that f is a proper embedding so that f(X)
can be regarded as a closed submanifold of Y. This is sufficient for any p:

LEMMA 11.7. If f : X = Y is a C proper embedding then f* : \*(Y) — A*(X)
18 surjective.

PROOF. We may assume that Y is a closed submanifold of RY. Then f(X) is
also a closed submanifold of R™. We identify X with f(X) and can then regard f
as the natural injection 7 : X — Y. The lemma states that every smooth differential
form on X is then the restriction of a smooth form on Y. By Theorem 10.6 we
can choose an open neighborhood Q of X in R and a C™ retraction R : ) — X,
thus R(z) = x when z € X. Let ¢ € C*°(R") be equal to 1 on X and equal to 0
in a neighborhood of CQ. Then @R*u, defined as 0 in CQ is a form in RN which
restricted to X is equal to u, so the restriction to Y has the required property.

Under the assumptions of Lemma 11.7 the de Rham complexes in Y and X give
a commutative diagram

0 > A y Aq Aq > oL
| | | ’
0 By B By




where the vertical maps are surjective. If we denote their kernels by C; we therefore
obtain a commutative diagram with exact columns

0 0 0
0 Co Cy > Oy
0 > Ao > Ay Ay > )
0 > Bg > By By >

0 0 0

where the maps C; — Cj;1 are determined by the commutativity: If we go from
Cj to Aj to Aj1 we obtain an element in C4, for the image in B;; is equal to
0 since we could also have gone from A; to Bj;; via B;. Hence we obtain maps

HI(C) — H/(A) — HY(B)

with composition 0. This complex is in fact exact. For let a € A; represent a class in
HI(A) mapped to 0. This means that the image of a; in B; comes from an element
in B;_1. By the assumed surjectivity it can be lifted to an element a;_;1 € A;_1,
and the commutativity implies that da;_; and a; have the same image in B;. Hence
aj—daj_; € Cj, which means that the class in H J(A) represented by a; is the image
of a class in H’(C).

We shall now determine the range of the map H7(A) — H/(B). Let b; € B,
db; = 0. Then b; is the image of an element a; € A;, and da; is mapped to 0 in
Bjt1, so daj € Cj+1. We claim that the class of da; in H'T1(C) only depends on
the class of b; in H’(B). To prove this consider the case where the class of b; is 0,
that is, b; = db;_;. Then we can lift b;_; to an element a;_; € A;_; and obtain
aj —daj—1 = ¢; € C;j. Hence da; = dc;, so da; defines the 0 class in H/T1(C).
Thus we have defined a map

6; : HI(B) — HTY(C).
We shall usually drop the subscript j. The sequence
HI(A) —s HI(B) 25 HIT1(0)

now obtained is also an exact complex. In fact, the composition is 0 for if a class
in H7(B) is the image of a class in H/(A) then one can choose a; so that da; = 0
with the notation above. On the other hand, if the class of b; is mapped to 0 then
daj = dc; for some c; € Cj, so the element a; — c; € A; defines a class in H7(A)
mapped to the class of b;.
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Finally we claim that the sequence
HY(B) s HIYY(C) = HI*L(A)

is an exact complex. That the composition is 0 follows at once from the definition
of §;.0n the other hand, consider an element in H/™!(C') with image 0 in H/ "1 (A),
thus an element c;11 € Cj41 with ¢j41 = da; for some a; € A;. If b; is the image
of a; in Bj then ¢; maps the class of b; to the class of ¢;;1. Summing up, we have
proved that

0— H°(C) — H°(A) — H°(B) — H'(O)
— HY(A) — HY(B) — H*(C) — ...

is an exact complex.

REMARK. In the proof we never used that our objects are vector spaces. The
arguments are therefore also valid for modules over a commutative ring.

We shall now apply the results to the inclusion 7 : X — Y of a closed submanifold
X of Y. Thus we take A; = M (Y), B; = M(X), and have to introduce

C; = {u;u e N (Y), i*u=0}.
However, it is better to use instead the subcomplex
C’;) = {u € M(Y);u = 0 in a neighborhood of X}.

We claim that the map H7(C°) — H’(C) is an isomorphism. For the proof we
introduce the quotients C;/ C’JQ and obtain the same algebraic situation as above,
hence an exact sequence

0 — H(C®) — H(C) — H°(C/C")
— HY(C%) — H'(C) — HY(C/C%) — .. ..

This proves that the claim is equivalent to H7(C/C°%) = 0 for every j. To prove
this we take u € C; with du € C’?H. In a tubular neighborhood 7' of X where
du = 0 we have a projection p : T' — X which is homotopic to the identity on T
(see Theorem 10.6), so it follows from Theorem 11.4 that u — p*u = dv in T where
vis a form in T. Now p =iop, so p*u = p*i*u =0 for u € C;. If p € C>®(Y) is
equal to 1 in a neighborhood of X and equal to 0 in a neighborhood of CT, then
u — d(pv) € C;.). The proof of Theorem 11.4 shows that we can choose v with
i*v = 0, so it follows that the class of u in H’7(C/Cy) is equal to 0.

DEFINITION 11.8. If M is a C*° manifold then the de Rham cohomology groups
HP?(M) with compact support are defined as the cohomology of the complex of p
forms of compact support. If X is a compact C'*° submanifold of a compact C'*
manifold Y we shall also write HP(Y, X)) instead of HP(Y \ X) and refer to this as
the relative cohomology group.

With this terminology we have now proved:
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THEOREM 11.9. If X is a compact C* submanifold of a compact C*>° manifold
Y andi: X — Y denotes the inclusion of X in'Y, then we have an exact sequence

0 — HO(Y,X) — H(Y) “= HO(X) -5 HY(Y, X)
S HY(Y) S HY(X) -5 H2(Y, X) — ...

Here the map H*(Y, X) is defined by the inclusion of differential forms with compact
support in Y \ X among arbitrary differential forms on Y while § : H*(X) —
H**Y(Y, X) maps the class of i*u to the class of du if u is a form on'Y with du = 0
i a neighborhood of X .

We give a simple but important application:

THEOREM 11.10. If X is a compact C°° submanifold of a compact C'°° manifold
Y and X is a retract of Y, that is, there exists a continuous map f :Y — X with
f(x) =z when v € X, then

0— H(Y,X) — H(Y) — HI(X) — 0

is exact for every j. We can therefore view H’ (Y, X) as a subspace of H?(Y), and
the quotient H7(Y)/H’ (Y, X) is isomorphic to H(X).

ProoF. f*: H*(X) — H*(Y) is a right inverse of i* for i*f* = (fi)* is the
identity on H*(X). Hence H/(Y) — H’(X) is surjective for every j, so the exact
sequence in Theorem 11.9 gives that H/T1(Y, X) — H/*1(Y) is injective.

Using Theorem 11.9 we shall calculate H*(X) in Chapter XII for some important
spaces X. We end the preparations here by a few comments on the cohomology
H}(X) with compact support. Let f € C*°(X,Y). (We no longer assume that X
and Y are compact.) If u is a form with compact support in Y, then supp f*u C
{z; f(x) € suppu}, but this is not necessarily a compact set. An example is a
constant map f when X is not compact.

If f e C>®(X,Y) is a proper map it is clear that f*u has compact support, so
then we get a map f*: HX(Y) — H!(X). As before we can extend the definition
to every continuous proper f. The map is not changed by a proper homotopy, that
is, a proper map X x [0,1] —» Y.

Note that H}(X) is not only a ring but even a H*(X ) module, for the product of
two forms has compact support if one of the forms has compact support. The ring
structure is obtained from the module structure and the map H}(X) — H*(X).
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CHAPTER XII

THE DE RHAM COHOMOLOGY FOR
SOME IMPORTANT MANIFOLDS

We shall first calculate the cohomology of R™. In doing so we include the case
n = 0, noting that the results of Chapter XI remain valid also in that case if we
interpret RY as a single point. In that case the constants are the only differential
forms; thus H*(R’) = 0 when k # 0 and H°(R") = R. (By 0 we denote the vector
space containing only the origin.)

THEOREM 12.1. H*(R™) is for every m the ring of real numbers, that is,
H*(R™) =0 when k # 0 and H(R") = R.

PRrOOF. For the map i : R — R™ mapping R to the origin and the map
p: R™ — R the composition p o1 is the identity while i o p is the projection from
R” to the origin. It is homotopic to the identity by the homotopy R™ x [0,1] >
(x,t) — tx. Hence i,p is a homotopy equivalence, so H*(R"™) is isomorphic to
H*(R) (Corollary 11.6). — Note that the theorem is equivalent to Poincaré’s
lemma (Theorem 8.1), and the proof here is basically the same.

THEOREM 12.2. HF(R™) = 0 when k # n, and
AM(R") > u— /u

induces an isomorphism between H(R™) and R.

By the theorem the product of arbitrary elements in H}(R") is equal to 0, if
n # 0.

PROOF. We can assume that n > 0. The statement is obvious when k = 0 since
a closed 0 form is a constant which must be 0 if the support is compact. If n =1
and u = v(z) dz € AL(R) then u = dw where w € A\J(R) means that

and w has compact support if and only if va(t) dt = [u=0. Forn > 11t is
convenient to combine the proof with the proof of the following:

THEOREM 12.3. For the sphere S™ C R ! we have H*(S™) = 0 when 0 < k <
n, while H°(S™) =2 R as a ring and the map

A"(S™) s> u— u
S?L
69



induces an isomorphism H"(S™) = R.

PrROOF. If P is a point in S™ then P is a retract of S™, and since S™ \ P is
diffeomorphic to R™ we obtain from Theorem 11.10 an exact sequence

0 — HJ(R") — H/(S™) — H?(P) — 0.

Hence it follows from Theorem 12.1 that Theorems 12.2 and 12.3 are equivalent, so
they are proved for n = 1. Assume now that n > 1 and that they are proved for
lower dimensions. Stokes’ formula implies that | gn = 0if u is an exact differential
form on S™, so A"(S™) 3 u — [, u induces a linear form on H™(S™) which is not
identically 0. For example, the value is 1 on the Kronecker form discussed at the
end of Chapter IX. Hence the dimension ¢ of H™(S™) is at least equal to 1. Now
the intersection between S™ C R"*! and a hyperplane in R"*! is equal to S,
and S™\ S™~! has two components diffeomorphic to R™. This implies that

HI(S™\s"7") = HI(R") @ HI(R") = H'(S") @ H'(S"), j > 0.
Hence the exact cohomology sequence in Theorem 11.9 gives the exact sequence
H" Y (S — H™(S™) @ H™(S™) — H"(S") — 0.

The range of the first map is of dimension p < 1 by the inductive hypothesis, and
the exactness implies that 2¢ — p = ¢, hence ¢ = p. Since p <1 < q it follows that
p=gq=1,s0 H"(S") =2 R and the preceding map from H"~1(S"71) is injective
so the map H"~1(S") @ H"~V(S") — H"1(S") is surjective. From the exact
cohomology sequence and the inductive hypothesis we now obtain the exactness of

0— H/(S™)® H/(S™) — H!(S") — 0, 1<j<n-1,

where for j = 1 we also use that H°(S") — H°(S™™!) is surjective. Hence
HI(S™) =0 for 0 < j < n which completes the proof.

The second part of the theorem is valid in much greater generality:

THEOREM 12.4. If X is a compact connected C*° manifold of dimension n then
H™(X) =R if X is orientable and H™(X) = 0 if X is not orientable. In the first
case the isomorphism is induced by \"(X) 3 u — [, u with an orientation chosen
for X.

PROOF. Assume first that X is oriented. We can write X = U{ X; where every
X, is diffeomorphic with R™. Let 1 = 21‘] @; where p; € Cg°(X;). If u e \"(X)
and

/goju:O, g=1,...,J,

then it follows from Theorem 12.2 that pju = dv; where v; € A?~!(X}); hence u =
d(Z{ v;). If V is the linear subspace of R” consisting of all ([ ¢1dv, ..., [y psdv)
where v € A""}(X), then it follows that u = dv if and only if the vector

(Jx p1s -, [y pnu) € V. Now V is defined by orthogonality to finitely many
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vectors ¢ = (c1,...,¢y5). Thus u is exact if and only if u satisfies finitely many

equations of the form
J
/ (Zc]«pj)u = 0.
X

Such an equation must always hold when u = dv with v € A""!(X). In every
coordinate patch  diffeomorphic with R™ we conclude using Theorem 12.2 that
Zf cjp; is a constant, for if suppu C ) then the relation must be a consequence

of the equation [u = 0. Since X is connected it follows that Zf cjp; is a constant
C in all of X. Hence u is exact if (and only if) [, u = 0.

Assuming now that X is not orientable we introduce the double cover X of X
consisting of points x € X with a chosen direction in the 1 dimensional fiber of
A"T*(X) at z, that is, an n form # 0 there. Over every coordinate patch in X
diffeomorphic to R™ we have two identical coordinate patches in X , SO it is clear
that X is a manifold. The natural map p : X — X is a local diffeomorphism such
that p~!(z) consists of two points in X for every x € X. For a component X,
of X the set of points in X such that X; N p~!(x) consists of precisely j points
must be open, and since X is connected it must be the empty set or X. If X is
not connected it follows that some component X; has exactly one point over every
point in X, but this is a contradiction since it would define an orientation in X.
Hence X is connected.

Let 7 : X — X be the map exchanging the two points in p~!(z) for every z € X.
If w € \¥(X) and U = p*u then r*U = U since por = r. Conversely, every
U € AF(X) with r*U = U is equal to p*u where u € A¥(X) is obtained by pulling
U back locally by a smooth map s : X — X with po s equal to the identity; the
pullback does not change if s is replaced by ros. If u € A"(X) and U = p*u then
1l 5 U = 0 since the integral over the two coordinate patches over a coordinate patch
in X differ by a factor —1. Hence it follows from the first part of the theorem that
U=dV =d(r*V) =dW where W = (V +r*V), for U = r*U = d(r*V). Since
r or is the identity we have »*W = W. Now W = p*w where w € A" 1(X) and
we obtain p*(u — dw) = 0, hence u = dw since p is a local diffeomorphism. The
theorem is proved.

If X and Y are compact, orientable, connected and have the same dimension n,
and if f: X — Y is a continuous map, then the corresponding map f*: H"(Y) —
H™(X) can be viewed as a linear map R — R, that is, multiplication by a number
D e R. If f € C(X,Y) this means that

/Xf*u:D/Yu, ueN"(Y).

D is an integer called the degree of f. The reason is clear: if we choose f; €
C*>*(X,Y) in the homotopy class of f and take u with suppu close to a regular
value y € Y for f, then D is the number of points x € X with f(z) = y counted as
+1 or —1 depending on whether f maps the orientation of X at x to the orientation
of Y at y or the opposite one. We leave the details as an exercise for the reader,
and as another exercise to prove that if  C R"™ is open and bounded with C'*°
boundary, y ¢ 9f(2), then D(f,<,y), defined in Section 4, is the sum of the degrees
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of the map = — (f(x) —y)/|f(x) — f(y)| € S"~! on the different components of
01}, oriented as the boundary of 9. (Cf. Chapter IX.)

Now that we know the cohomology of S™ we can turn the proof of Theorem 12.3
around:

THEOREM 12.5 (THE ALEXANDER DUALITY THEOREM). Let X be a C* com-
pact submanifold of the sphere S™. Then there are isomorphisms

HY(X)= HFS™ X), 1<k<n,
and for n > 1 there is an exact sequence
0— H"YX) — H"(S",X) — R — 0,

which implies that diim H™(S™, X) = 1 + dim H"1(X).

PROOF. In the exact sequence
H* (") — HFY(X) — H*(S", X) — H"(S™)

the first and last spaces are 0 if 1 < k£ < n, by Theorem 12.3, which proves the first
statement. We have H"(X) = 0 since dim X < n. Hence the second statement
follows if we take k = n and continue the sequence with — H"(X).

If X is an orientable connected compact submanifold of S™ of dimension n — 1,
then dim H"~1(X) = 1, hence dim H"(S™, X) = 2. From duality theorems proved
later on we may then conclude that S™ \ X has two components, so we have again
proved the Jordan-Brouwer theorem (Theorem 4.7) although only in a very regular
case.

We shall now study the real projective space Pg, defined as the set of equivalence
classes in R"*1\ {0} if one identifies points which differ only by a real factor. For
equivalence classes of points z € R" ™! with z; # 0 we can use z;/x;, 1 <j <n+1,
J # 1, as local coordinates and conclude at once that Pg is a C'™ manifold. We
shall drop the subscript R for a moment.

The definition of P™ shows that we have a surjective map p : S™ — P" such
that p~1(z) consists of two points in S™ for every x € P™. If r is the antipodal
map x — —x on S™ then por = p. If u is a differential form on P™ then U = p*u
is a form on S™, and we have

r*U =r*"p*u=(por)u=pu="U.

Conversely, if U is a form on S™ with »*U = U then there is a form u on P"
with U = p*u. The argument is the same as at the end of the proof of Theorem
12.4: Every point in P™ has a neighborhood €2 such that there is a smooth map
s: Q) — S™ with p o s equal to the identity in 2. There are two such maps, the
other one is 7 o s. We can therefore define u = s*U = (r 0 s)*U in 2 and obtain a
globally defined form u on P™ with p*u = U.

If u is a closed k form on P™ with 0 < £ < n then we know from Theorem 12.3
that p*u = U = dV where V is a k—1 form on S™. We have also U = r*U = dr*V,
hence U = dV; where V] = %(V + r*V') has the property r*V; = Vi, since r o r is
the identity. This means that V; = p*v where v is a k — 1 form on P"™ with dv = u,
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which proves that H*(P") = 0 when 0 < k < n. For k = 0 we obtain H°(P") = R
since P™ is connected. To determine H™(P™) we first consider the Kronecker form

n+1
w = Z(—l)j_lxjda:l N ANdxj N Ndxg g
j=1

on S". We have r*w = (—1)""'w, dw = 0 and [, w # 0 by (9.9), so the class of w
generates H™(S™). Hence the cohomology class of r*U is equal to (—1)"*! times
the cohomology class of U if U is a (closed) n form on S™. But if »r*U = U this
implies that the cohomology class of U is 0 if n is even, and then it follows as above
that H"(P™) = 0. If n is odd then w = p*u where u is a (closed) n form on P"
with cohomology class # 0 since the class of w is not 0. By the arguments above it
follows that H™(P™) = R, so we have proved

THEOREM 12.6. H*(PR) =0 when0 < k <n, H'(PR) =R, and H*(P%) =R
when n is odd, H"(Pg) = 0 when n is even. Thus Py is orientable if and only if
n s odd.

The preceding theorem is disappointing in the sense that it does not allow one
to distinguish Pg from spheres and Euclidean spaces for all n. More satisfactory
results are obtained by different definitions of cohomology which do not allow divi-
sion by 2, which was essential above. However, the de Rham cohomology is quite
satisfactory for complex projective spaces which we shall now discuss.

The complex projective space PZ is defined as P but with real numbers replaced
by complex numbers. Thus it is the quotient of C"*1\ {0} when elements differing
by a complex factor are identified. The dimension of P& as a real manifold is 2n.
When n = 1 it is equal to S? so we know the cohomology in that case already.

THEOREM 12.7. H¥(P&) = 0 when k is odd and H*(P&) = R when k is even,
0 < k < 2n. More precisely: If 0 # x € H*(P&) then every element in H*(P&) can
be written in a unique way as a polynomial

n

E o
a;x

0

) correspond to the

in x with real coefficients aj. The ring operations in H*(P,
= 0; thus H*(Pg&) is a

operations in the polynomial ring with the relation xz"t!
truncated polynomial ring.

Q3

ProOOF. We have already proved the theorem for n = 1. We shall prove it in
general by induction. Note that Pg_l is embedded in P& by the map

C"\ {0} 3> (21,...,2n) — (21,...,20,0) € C"T1\ {0}.
Then PG \Pg_1 consists of points with homogeneous coordinates such that z,11 #

0. They can be uniquely represented by points for which z,+; = 1 which proves
that P&\ P&~ ! is diffoomorphic to C™ 2 R?". Hence we have an exact sequence

HF®R*™) — H*(PE) — H*(PL') — HFFY(R™).
73



When k < 2n — 1 the first and last spaces are 0, hence H*(Pg) = H*(P& ") then.
When k = 2n—1 the first and the third space are equal to 0, hence H*"~1(Pg) = 0.
When k = 2n we obtain by adding H?>"~1(P&™") — to the left that H?"(Pg) =
H?>"(R?") = R, which completes the proof of the first part of the theorem. To prove
the second one we shall write down explicitly a form defining x and verify that x”
defines an element # 0 in H?"(Pg&). This implies that 27 # 0 when 1 < j < n
which will complete the proof,

At this point it is convenient to make a digression concerning analytic functions
and analytic manifolds.! If U and V are two vector spaces over C, then a complex
linear map T : U — V is of course also a linear map between U and V considered
as vector spaces over R. However, if T is linear with respect to real scalars then T'
is not complex linear unless T'(ix) = ¢TIz for every z € U. For a general real linear
T:U —V we can write T = T + 15 where

Tvx = 5(Tx —iT(ix)), Tox = 5(Tz +iT(iz)).
Here Ty (ix) = iTyx but Ty(ix) = —iTsx, that is,
Ti(azx) = aTiz, Ts(ax)=alsx, x€U, acC.

The decomposition is obviously unique; one calls 7} complex linear and 75 antilin-
ear.

Now consider the case where U =V = C™. If T' is complex linear we can form
the determinant detc 7" of the n x n complex matrix for 7. We can also consider T’
as a map R?" — R?" with a 2n x 2n real matrix and form its determinant detg 7.
Then

(12.1) detr T = | detc T

Since every T' can be written Uy DU, where U; are unitary and D has a diagonal
matrix it suffices to prove the formula for the unitary and the diagonal case. It
is obvious in the unitary case for both sides are then equal to 1. (The unitary
group is connected so its elements considered as orthogonal transformations must
have the determinant +1.) When 7T has a diagonal matrix it suffices to consider
the case n = 1, thus Tz = ax, x € C. Complex multiplication by a = a; + ias
a;y —a9
as a1
particular (12.1) implies that detg 7" > 0 if T" is a bijection. This proves that in a
complex vector space there is a natural orientation, corresponding to orienting C"
with complex coordinates z; = xo;_1 + tx9;, 7 = 1,...,n, by dz1 A--- Adxa, > 0.

If now f € C1(U, V) where Q is open in a finite dimensional complex vector space
U, then f is called analytic if f’ is complex linear. Then it follows that f € C*°.
We can now define the notion of analytic manifold by demanding in Definition 9.1
that X] C C™ and that the maps (9.1) are analytic. By the observations above
every analytic manifold has a natural orientation.

corresponds to the real matrix ( ) with determinant a? + a2 = |al?. In

!For more details we refer to [C] and to [H].

74



The differential of any function f € C'(£2, C) where  is an open subset of C”
can be split into a complex linear term 0f and an antilinear term O f,

Of =) 0f/0zdz;, Of = 0f/0z;dz;, where
1 1
8/82:] = %(8/8:(:2];1 — i@/@xgj), 8/8% = %(8/8:1:2];1 + 28/(9.’132])

The chain rule remains valid for analytic maps since they have complex linear
differentials. Thus 0f*u = f*Ou and 0f*u = f*Ou when f is analytic.

Every differential form in € of degree k has a unique decomposition as a sum of
forms of bidegree p, q where p + ¢ = k, that is, forms which can be written

(12.2) > uggdz’ AdE
|1|=p,|J|=q

The decomposition is invariant under pullback by analytic maps. The differential
du of a form of bidegree p, q is the sum of a form Ou of bidegree p+ 1, ¢ and a form
Ou of bidegree p, ¢ + 1, obtained by applying 0 and 9 to the coefficients in (12.2).
Since d? = (0 + 0)? = 0 we have

P =0 0*°=0, 00+00=0.

Note that it follows that i00u is a real two form if u is a real valued C? function.

END OF PROOF OF THEOREM 12.7. Let p be the natural map C" ™1\ {0} — P&.
We shall prove that there is a real two form u on Pg such that

p*u = (i/2m)00log |z|*.

It is obvious that this defines u uniquely. Set F;(p(z)) = log |z/2;|* when z € C"*1
and z; # 0. This makes F; well defined in the open subset U; of P& where z; # 0 for
the homogeneous coordinates. Since p*F; = log|z|? — log |z;|? and 00 log |2;|?> = 0
when z; # 0 we have when z; #£ 0

90 log |z|* = 00p* F; = p*00F;.

In U; NU; we have F; — F; = log|zj/2:|?, and since z;/z; is analytic in U; N Uj it
follows that ~ ~
88FZ = 86}7’] in Uz N Uj.

Hence a closed real two form u is defined in P& by
u = (i/27)00F; in U,

and we have p*u = (i/27)001og |z|%.

We shall now calculate f u™ over P&. Since P&\ U,41 is a null set, it is equal
to the integral over U, 11, and the map C™ 3> z — p(z,1) is an analytic bijection
C" — Up41. The pullback of v under this map is i/27 times

20log(1 + |z*) = (1 + |2]?) 1Zdzj ANdz; — (14 |2%) Qszdzk/\szdzj
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Since differential forms of even degree commute, we can calculate the nth power
using the binomial theorem. The square of the second term is 0, so we can drop
terms where it occurs to a power greater than 1. Since dz; is everywhere else paired
with dz; we may also replace the second term by (1 + [z]?)72 > 7 |z|%dz; A dz;
without changing the nth power. Hence the pullback of u™ to C™ is
(i/2m)" (nl(1+]2]*) 7" = n(n = UL+ [2[) 721+ )77
= (i/2m)"n)(1+ |2|2)"" "', T =dz AdZ A Adz, A dE,.

We integrate over C" by replacing each complex coordinate by polar coordinates,
noting that dz; A dz; = —2idxe;_1 N dxoj, which gives

/u” = n!w_"/ (1+ |z " tday A+ Adzay
R2n
= n!w_"/ . / L4724+ 2y " Yd(mr?) . d(nr?) = 1.
0 0

This completes the proof of Theorem 12.7. At the same time we have proved:

THEOREM 12.8. IfU is the differential form on P& which pulled back to C™1\0
is the form

n+1 n+1 n+1

(i/2m) (12172 dzy Adzy — |2 zdz > zdz),
1 1 1

for every subspace P* of dimension k. Here § is the Kronecker delta.

then

ProOF. The homotopy invariance shows that it suffices to prove this for the
coordinate planes, and then it is a consequence of what we have just verified.

REMARK. Theorems 12.7 and 12.8 prove that every closed differential form v on
P¢& is cohomologous to

n
E arU"  where ay, :/ .
0 pk
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CHAPTER XIII

DE RHAM’S THEOREM AND POINCARE DUALITY

The de Rham cohomology is defined as the quotient of two infinite dimensional
spaces. Nevertheless we found in Chapter XII that it is finite dimensional in all
the cases discussed there. We shall now give a general method for computing the
cohomology which will prove that this is a quite general fact.

Let X be a compact C'*° manifold. We want to give a constructive method for
deciding if a form u € A*(X) is exact, that is, if u = dv for some v. A necessary
condition is that w is closed, that is, that du = 0. As a motivation we first consider
the case where u € A}(X) is a closed form. Let U;, i € I, be open connected and
simply connected subsets of X which cover X. Then there is in each U; a function
v; with dv; = u, obtained by integrating u from a fixed point in U;. In U; N U; we
have d(v; —v;) = 0. If U; NUj is connected and # 0 it follows that v; — v; = ¢;; in
U; NU;, where c¢;; are constants with

(13.1) Cij-i-Cjk-l-Cki:O if UiﬁUjﬁUk #@, Cij = —Cj; if UiﬁUj #@

Assume now that there exists a function v with dv = u. Then v —v; = ¢; in U;
where ¢; is a constant. Hence

(13.2) Cij = Cj —C when Ul N Uj 7£ @

Conversely, if there exist such numbers ¢; then v; 4+ ¢; = v; +¢; in U; N Uj so there
is a function v defined in X such that v = v; + ¢; in Uj for every j, which implies
that dv = u in X. Thus we have reduced the determination of H!(X) to the study
of solvability of the system of equations (13.2) when (13.1) is valid.

If one repeats the procedure for a form u € A?(X) and Poincaré’s lemma is valid
for U;, then the difference is just that c;, and ¢; become closed 1 forms in U; N Uy,
and U; respectively. If U; N U; is simply connected we can express the fact that
dc;j = 0 and dc; = 0 by writing ¢;; = dvy;; and ¢; = dry; with functions v;; and ;.
We can take 7;; = —v;; when U; N U; # () and obtain from (13.1) with constants
5ijkz that

Yij + Vik + Vei = ijk
if U; NU; N Uy is connected and # (. Moreover, we have by (13.2) that 0;; =
vij — 7Vj + v must be constant. We have

(13.1) Okl — Oikt + 0ij1 — 0i5, =0 HU; NU; NU, MU # 0,

dijk is antisymmetric in the indices, and we must find J;; antisymmetric in the
indices when U; N U; # 0 so that

(13.2)’ (Sij + 5jk + 0ri = 5ijk when U; N Uj NUy # 0.
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This is again a finite system of linear equations, and it is easy to see that it captures
everything one needs to determine H?(X).

To organize a general proof along these lines it is clear that one must introduce
suitable notation. We shall do so as soon as we have proved the existence of
coverings which satisfy all the conditions we needed in the course of the preliminary
discussion above.

LEMMA 13.1. Let X be a compact C* submanifold of RN of dimension n. If
{U;} is a covering of X formed by the intersections of X and balls in RN with
radii < €, then all intersections U;,. i, = U;, N ---NU;, are diffeomorphic to open

conver subsets of R™ if € > 0 is sufficiently small. In particular this implies that
H](Uzlzk) = 0 when j > 0.

PROOF. Let v : w — X be a local parametrisation of X where w is an open
convex subset of R™, and let w’ be a convex open relatively compact subset of w.
The inverse image in w’ of the neighborhoods in the lemma are of the form

_ . 2 2
Why r = {t €W |(t) — xo|* < 7}

where 2o € R, the norm is Euclidean, and r < . To prove that w!, o 18 convex we
first observe that if s,¢ € wy, . then |s—t[ < Mr where M is a constant independent
of r and zg. Choose a fixed t € W/ Then

[¥(s) — ol < [p(t) — wo| + [P(s) — ()| < M'r if s €', [s —t| < Mr,

and this implies that for a € R"

5 Y ajard(s) — xof*/9s;0s), = [¢'(s)al* + O(r)lal® > claf®

J.k=1
with a constant ¢ > 0, provided that r is small enough. Since

Wi r =18 €W |s —t] < Mr, |[Yh(s) — xo| <71}
it follows that w; . is a convex set. Since we can cover X by finitely many coordi-
nate patches 1(w’) with the properties above, and all U;,, ..., U;, with U;, ,;, #0
must be completely covered by some 1) (w’), the lemma is proved.

Let {U;}ic; where I is a finite set be a fixed covering of X with the properties
stated at the end of the lemma. (Such a covering is called acyclic.) Motivated by
the introductory remarks in this chapter we introduce the following notation:

a) CP(A?) where p > 0, ¢ > 0, the vector space of p cochains with values in
A4, consists of all |[I|PT! tuples ¢ = (cs) where s = (sg,...,s,) € IPT! and
cs € M(Us), Us = Ugy N --- N Uy, interpreted as 0 if Uy = (), such that

Crs = SEN T Cg

when 7 is a permutation of s. Thus it suffices to specify ¢; when sg < s1 <
-+ + < Sp; in particular ¢, = 0 when two indices are equal.
b) CP(Z19) is the set of cochains ¢ = (¢5) € CP(A?) with dcg = 0 for every s.
In particular, CP(Z°) consists of cochains with constant real coefficients.
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These definitions are clearly motivated by (13.1) and (13.1)". In view of (13.2) and
(13.2)" we also introduce

c) amap §: CP(\9) — CPTL(\9) defined by

p+1

(66)8 = Z(_l)jcso,...,é\j ..... Sp41? in US: s € I;D+2,
=0

where §; means omission of s;. (The equation is vacuous when U = (.)

It is clear that § maps CP(Z9) to CPT1(Z7). An elementary verification left for the
reader shows that ddc = 0 when ¢ € CP(\9), so we have a complex

0 — CO(\9) —2— CT(A1) —2— .

which we denote by C(A?). (In the same way we define the subcomplex C(Z9).)
The cohomology is easy to determine at CY. In fact, if ¢ = (¢;) € C°(\) and
dc =0 then ¢; —¢; = 0 in U; NU; which means that there is a form v € A?(X) with
u = ¢; in U; for every i. Hence we can identify H°(C(\?)) with \?(X). Similarly
H°(C(2%)) = {u € N(X);du = 0}.

For ¢ > 0 we now consider the commutative diagram

0 0
0 —— %29 — CY(29) — ...

0 —— ') —— ') — ..

0 — CO(Z+l) —— O (ZaH) — 5 .

0 0

The vertical maps are given by the inclusion of C(Z?) in C(A?) and the exterior

differential operator C(A?) N C(Z9t1). Since H?T1(Uy) = 0 by hypothesis the
columns are exact. Hence we obtain (see Chapter XI) an exact sequence

0 — H°(C(2%) — H°(C(\))
4, HO(C(29TY)) — HY(C(27)) — HY(C(\Y))... — H*(C(\))
Ly qR(C(29TY)) — HFYL(C(29)) — HML(C(M)) — ...

We shall prove later on:

LEMMA 13.2. For every k > 1 we have H*(C(\?)) = 0.
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Accepting the lemma without proof for a moment we conclude from the first line
in the exact sequence that

H'(C(27)) = HO(C(2%))/dH (C(\)),

and since H°(C(Z971)) can be identified with closed g+1 forms in X and H°(C(\?))
can be identified with arbitrary ¢ forms in X, we obtain

H'(C(29) = HITY(X).

This conclusion is just an elaboration of the beginning of the motivating discus-
sion at the beginning of the chapter. Furthermore we obtain for every k > 1,
corresponding to the end of that discussion,

HE(C(29Hh)) = H"(C(27)).
Hence it follows that
HTPY (X)) = HY(C(29) 2 H2(C(Z7HY)) = ... = gIH1(C(2°)), ¢ > 0.
But Z° consists of cochains with real (constant) coefficients. Hence we have proved:

THEOREM 13.3 (DE RHAM). If {U;} is an acyclic covering of the compact C'*°
manifold X then H1(X) is equal to the cohomology in degree q of the complex of
real cochains.

COROLLARY 13.4. If X is a compact C* manifold then H1(X) is a finite di-
mensional vector space.

PROOF OF LEMMA 13.2. Let ¢ = (c;) € C¥(\9) and assume that ¢ = 0. Choose
a partition of unity ¢; € C5°(Uj), thus 3, ¢; =1, and set

/I k
cy = E picjs, sel”.
J

We define ¢jc;j s as 0 outside supp ¢; which gives a smooth form in Uy since
vj € C5°(Uj), so we have defined a cochain ¢/ € C*~1(\?). For s € I*! we have

in Uy

k

(66/)5 = Z Z (pj<_1)lcj7307---,87 ----- Sk Z PjCs = Cs,
j =0

where we have used the hypothesis that dc = 0. This proves the lemma.

REMARK. Even if X is not a manifold but for example an arbitrary compact
space, and if R is an arbitrary ring, one can for open coverings {U;} of X form
the complex of cochains with values in R corresponding to the covering. When the
covering is refined indefinitely one can prove that the cohomology of this complex
converges to a ring H*(X, R) and prove that the results in Chapter XI are valid
for it with minor modifications. By suitable choice of R one can obtain more
information about X than when R = R. For example, H*(Pg,Z2) where Zy
denotes the integers mod 2 is the polynomial ring in one variable with coefficients in
Z,, truncated at degree n, in analogy to the cohomology H* (P&, R) determined in
Theorem 12.7, while the de Rham cohomology H*(Pg, R) was fairly uninteresting.
For a general discussion of cohomology we refer to [G].

We shall now return to the study of the de Rham cohomology of a compact C*>°
manifold X. The proof of Theorem 13.3 will be used to prove some important facts
on the solvability of the equation dv = u.
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THEOREM 13.4. Let X be a compact, oriented C* manifold, and let u € X*(X).
Then u = dv for some v € \*(X) if and only if

/u/\w:O for every w € \*(X) with dw = 0.

Before the proof we shall give an equivalent statement of the theorem. If u and
w are closed differential forms then [uAw only depends on the cohomology classes
a and b of u and w, for they determine the cohomology class of u Aw. Thus we can

write
/u ANw = (a,b)

where (a,b) is a bilinear form on H*(X) x H*(X). With this notation Theorem
13.4 states that if (a,b) = 0 for every b € H*(X) then a = 0, that is, the bilinear
form is non-degenerate so it establishes a duality between H*(X) and H"*(X)
for 0 < k < n. We state this as a theorem:

THEOREM 13.5 (POINCARE’S DUALITY THEOREM). Let X be a compact ori-
ented C>° manifold. Then the bilinear form

N (X) x M(X) 5 (u,w) /Xqu

induces a non-singular bilinear form on H*(X) x H*(X) which makes H*(X) and
H" k(X)) dual spaces (hence of the same dimension). If n = 2k then H* is self

dual, and {a,b) = (—1)”“2 (b,a) when a,b € H*(X). When k is even the form is thus
symmetric and when k is odd it is skew symmetric, so dim H” is even then.

EXAMPLE. If X = P& and a = > [ a;a’, b=y b;z? where z € H*(X) is the
class defined by U in Theorem 12.8, then (a,b) = > a;b,_;.

To prove Theorem 13.4 we shall verify inductively a closely related statement
which easily gives Theorem 13.4. Using the same covering as in the proof of
Theorem 13.3 we denote by CP(A!~9) the space of p cochains ¢ = (¢;) where
cs € XITUUs). If uw e CP(A?) and v € CP(A9) we define

(u,v):;/mus/\vs.

If ue CP(A971) and v € CP(A?79) then
<du7 U) = (_1>q<uv dU),

for [(dus) Avs+ (=1)77! [us Advs = [ d(us Avs) = 0. Moreover,

(6u,v) = (u,0*v), wu€ CP(\1), ve CPT(A\""1), where

(6*w)s => wj, st
J

The verification is left as an exercise. We can now formulate a variant of Theorem
13.4 which is adapted to the inductive proof of Theorem 13.3.
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THEOREM 13.4". Ifu € CP(Z9), p > 1, then u = dv for some v € CP~L(Z9) if
and only if (u,w) =0 for all cochains w € CP(A?~%) with §*w € dCP~1(An=9~1),

PROOF. The necessity is obvious, for if u = dv then (u,w) = (v,0*w). If g =0
then the sufficiency is also elementary, for u = (us) is then a real cochain and the
condition in the theorem means in view of Theorem 12.2 that

Zus/wszo

for all (w,) with [(6*w)s = 0 for every s. But this means precisely that > usWs = 0
for all real (W) such that this is true whenever u = dv.

We may now assume that 1 < ¢ < n and that the theorem has been proved for
smaller values of q. If we write w = §*w’ where w’ € CPT1(\"~9) the hypothesis
gives (du,w’) = 0, hence du = 0. Since ¢ > 0 we can by Poincaré’s lemma write
u = dv where v € CP(A?71). Then we have 0 = du = ddv, so jv € CPTH(Z971), If
w € CPHL(AP=9+) and 6*w = dW, W € CP(A7~9), then

(0v,w) = (v, 6"w) = (v, dW) = (=1)¥(dv, W) = (=1)¥(u, W).

We have dé*W = 6*6*w = 0, and since 6*W 1is a cochain of compactly sup-
ported differential forms of degree < n, it follows from Theorem 12.2 that §*W &
dCP=1(An=9=1) Hence (u, W) = 0 by hypothesis, so the inductive hypothesis
gives that dv = du’ where v/ € CP(Z971). In view of Lemma 13.2 it follows that
v—u' =6V where V € CP~1(X\971), which implies that §dV = déV = dv = u, and
since dV € CP~1(Z4), the theorem is proved.

PROOF THAT THEOREM 13.4" IMPLIES THEOREM 13.4. The proof of Theorem
13.4’ can be continued to prove that Theorem 13.4 follows from Theorem 13.4’.
The necessity is obvious in Theorem 13.4 too. If u satisfies the conditions in the
theorem we conclude that du = 0 by taking w = dw’. If v is a 0 form, this means
that v is a constant in every component of X, and since every n form is closed we
can then conclude that v = 0. Thus we may assume that u € A?(X) where ¢ > 0.
By Poincaré’s lemma there is a ¢ — 1 form v; in U; such that v = dv; in U;. These
forms define v € CY(\971), and dév = ddv = 0. We shall prove that Jv satisfies
the hypotheses of Theorem 13.4". Let ¢ € C*(A?~9%!) and assume that §*w = dW
where W € C°(A\"~9). Then we have

(0v,w) = (v, 6"w) = (v, dW) = (=1)"(dv, W) = (—1)q/u/\ > Wi

Since dW,; = Zj wj; and wj; = —w;;, we have d(>_, W;) = 0, so the hypothesis
in the theorem gives (dv,w) = 0. By Theorem 13.4" we can therefore find v’ €
C%(Z97Y) with 6u’ = 6v. But then v — u’ defines a form V € M~1(X) with
dV = u, which completes the proof.

REMARK. Note that the proof of Theorem 13.4" and the proof that Theorem 13.4
follows from Theorem 13.4" are parallel to two parts of the proof of Theorem 13.3
— the reading of the exact sequence far away and at the beginning, respectively.

In Chapter XIV we shall have to study the solvability of the equation dv = u
when u depends on parameters, and we shall now make some preparations for that.
Let w be an open subset of R¥. A form u; € \*(X) depending on the parameter
t € wissaid to be a C'*™ function of the parameter if in every local coordinate system
(1,...,2,) on X one can write uy = > ay(t,z)dz;, A---Ndx;, with ar(t,z) € C=
as a function of (¢, z).
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THEOREM 13.6. Let X be a compact C*° manifold. If uy € A (X) is a C™
function of the parametert € w C RY and if for every t € w there is a form vy such
that dvy = uy, then one can choose vy as a C*° function of t € w.

Just as in the proof of Theorem 13.4 we must first prove a related result adapted
to the inductive proof of Theorem 13.3:

THEOREM 13.6". Let X be a compact C*° manifold. If uy € CP(Z), p > 1, is
a C* function of t € w C RY, and if uy = dv; for some vy € CP~1(Z9) whent € w,
then vy can be chosen as a C™ function of t € w.

The proof requires two simple lemmas:

LEMMA 13.7. Let U be an open convex set in R™, and let uy € N1(U), q¢ > 0, be
a C*° function of the parameter t € w with duy = 0. Then u; = dv; where vy can
be chosen as a C'*° function of t € w.

PRrROOF. This follows at once from the construction of v; in the proof of Theorem
8.1.

LEMMA 13.8. Let uy € CP(A?), p > 0, be a C™ function of the parameter t € w
such that duy = 0. Then we have u; = dvy where vy € Cp_l()\q) can be chosen as a
C*> function of t € w.

PROOF OF THEOREM 13.6’. The theorem is true when ¢ = 0, forif A : V; — V4
is a linear transformation between finite dimensional vector spaces, then there exists
a linear map B : Vo — Vj such that ABu = u when u € Im A. The solution v = Bu
of the equation Av = u is then a C'*° function of u.

Now assume that ¢ > 0 and that the theorem has already been proved for smaller
values of q. By Lemma 13.7 we can write u; = dV; where V; € CP(\971) is a C*
function of ¢t € w. Since ddV; = ddV; = du; = 0 it follows that dV; is a C*° function
of t € w with values in CP*1(Z971). Since u; is cohomologous to 0 in the complex
C(27) we know from the proof of Theorem 13.3 that 0V} is also cohomologous to
0 in the complex C(Z971). By the inductive hypothesis it follows that 6V, = du,
where u, € CP(Z971) is a C* function of t € w. By Lemma 13.8 we can now write
V; — u} = 0W; where W; € CP~1(\%71) is a C* function of ¢t € w. This implies
that 0dW; = dV; = uy, so vy = dW; has the desired properties.

PROOF THAT THEOREM 13.6" IMPLIES THEOREM 13.6. We may assume that
ug € AN(X) where ¢ > 0. By Lemma 13.7 we have u, = dV;,; in U; where V; €
CO(N171) is a C°° function of t € w. As in the proof of Theorem 13.3 we obtain
using Theorem 13.6 that §V; = du, where u, € C°(Z971) is a C°° function of t € w.
This implies that V; — u} defines a form v; € A?~1(X) which is a C*° function of
t € w, and since dv; = u; this completes the proof.

REMARK. The proof gives easily that there is a linear continuous map FE :
d\*(X) — X(X) with dEf = f when f € d\*(X). However, the notation be-
comes somewhat heavier in the proof so it will not be given here.

We shall now give two supplements to the Poincaré duality theorem which de-
scribe the modifications needed for manifolds which are not compact or not ori-
entable. We shall begin with the second problem.

Let X be a compact C°° manifold. As in the proof of Theorem 12.4 we form a
new manifold X consisting of pairs (x, 0) where z € X and o is an orientation of the
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tangent space T, (X). We set p(z) = x if £ = (z,0). For a neighborhood U; as in
Lemma 13.1 we obtain for the two choices of orientation two right inverses U; — X
of p, and they define a differentiable structure in X. For the map p : X — X the set
p~(z) has precisely two points for every z € X. If X is connected and orientable
then X has two components diffeomorphic with X, but if X is connected but not
orientable then X is connected. By the definition X is oriented in any case.

Let 7 : X — X be the map corresponding to a change of the orientation. Thus
r or is the identity, por = p, and (&) # & for every & € X. If u is a differential
form on X then v = p*u is a form on X with r*v = v. Conversely, if v is a form on
X with r*v = v then v = p*u where u is a form on X which is uniquely defined.
This was explained in the proof of Theorem 12.4.

A closed form u on X is exact if and only if p*u is exact. In fact, if u = dv then
p*u = dp*v. On the other hand, if p*u = dV then p*u = r*p*u = dr*V = dV;
where V] = %(V + r*V). Since r o r is the identity we have r*V; = Vi, hence
V1 = p*v where v is a form on X with u = dv.

By Theorem 13.4 a form u on X is thus exact if and only if

/)?(p*u)/\V:O

for all closed forms V on X. Now we have

/ff@*u) S /7“*<<P*U> AV) = - /<p*u> ATV

since r reverses the orientation of X. Hence it follows that
/(p*u) ANV = /(P*U) AV' where V' = %(V —r*V), thus r*V' = -V".

For V' we therefore have a symmetry which is opposite to that for forms lifted
from X. Every form V on X can uniquely be written as V = VT + V~ where
r*VT = V¥ and r*V~ = =V, for this is equivalent to V™ = 2(V + r*V) and
V- = L(V —r*V). This decomposition commutes with the exterior differential

2
operator d since d commutes with r*.

DEFINITION 13.9. By the twisted cohomology H;(X) for X one means the
cohomology of the complex of odd forms V on X, that is, forms with »*V = —V.

There is an obvious injection Hy(X) — H*(X) so H;}(X) can be viewed as a
subset of H*(X). If u is a form on X and V is a form on X with r*V = —V then

the bilinear form
@ V)=t [y

induces a bilinear form on H*(X) x H;(X) which by the discussion above is non-
singular. If X is orientable then we can identify H; (X) with H*(X) and we have
just recovered the duality in Theorem 13.5. However, we have now proved with no
hypothesis on orientability:
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THEOREM 13.10. If X is a compact C* manifold then H*(X) and H} (X) are
dual.

Combining the result and its proof with Theorem 13.6 we obtain:

THEOREM 13.11. Let X be a compact C° manifold, and let a, ..., an be closed
forms on X such that their cohomology classes form a basis for H*(X). If us €
A (X) is a C* function of t and duy = 0 for every t, then we can write

N
up = Z&j(t)aj + dvy
1

where a; € C™ and vy € X*(X) is a C™ function of t.

ProoOF. If Ay,..., Ay are odd closed forms on X with cohomology classes in
H}(X) forming a basis which is biorthogonal to the classes of ay, ..., ay in H*(X),
then we must have

aj(t) = %/)?p*utAAj,

which is a C'*® function of t. Now u; — Ziv a;(t)a; is exact, so the theorem follows
from Theorem 13.6.

We shall now discuss the cohomology of a non-compact C'*° manifold X. For
the sake of simplicity we assume that X is oriented and leave for the reader to
state and prove an anlogue of Theorem 13.12 below for the case where X is not
oriented. The case of main interest to us is that which occurred in Theorem 11.9,
where there exists a compact C'°° manifold Y and a compct submanifold Z such
that X is diffeomorphic to Y \ Z. If T is a sufficiently small tubular neighborhood
of Z then X is also diffeomorphic to Y \ 7', by Theorem 10.6, which makes the
following theorem applicable.

THEOREM 13.12. Let X be diffeomorphic to a relatively compact open subset of
an oriented manifold M and assume that the boundary 0X is C*° and of codimen-
sion 1. Then HY(X) and H*(X) are dual with respect to the bilinear form induced
by [y uAv when u € N5(X) and v € A\*(X), du = dv = 0.

Note that Theorem 12.2 is a consequence of Theorem 12.1 and Theorem 13.12.
As just observed, the hypotheses of Theorem 13.12 are fulfilled if X =Y \ Z where
Z is a compact C'*° submanifold of a compact oriented C'*° manifold Y.

PROOF. An open neighborhood of 0X is diffeomorphic to X x (—1,1) and
we identify it with X x (—1,1). We may assume that 0X x (—1,0) C X, that
0X x 0 = 0X and that M = X U (0X x [0,1)). We form a new manifold M
consisting of two copies of M where we identify a point (£,t) € 90X x (—1,1) in
one copy with (£, —t) in the other copy. Then we obtain an oriented manifold M
where 0X is a submanifold Y and M\ Y consists of two copies X and X~ of X,
with X having the orientation of X and X~ the opposite orientation. On M we
have a map r : M — M with ror equal to the identity which maps X+ to X~ and
leaves every point in Y fixed. If p* : XT — X and p~ : X~ — X are the natural
maps then pt or = p~ and p~ or = p™. The map r reverses the orientation, so
Jipriu=— [;uforue A*(M).
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If u € X5(X) we can define a form U € \*(M) by U = p**u on X* and
U=—-p *uon X~. Then r*U = —U, U = 0 in a neighborhood of Y, and dU = 0
if du=0.If [, uAv=0 for every v € \*(X) with dv =0 then [UAV =0 for all

Ve )\*(M) with dV' = 0. By Poincaré’s duality theorem it follows that U = dV
where V is a form on M. Since

U= —r*U=—r*dV =d(-r*V)

we have also U = dV; where V] = %(V — r*V), thus r*V; = —V;. If i is the
embedding Y — M then roi = i, hence i*V} = ¢*r*V; = —i*Vp, so "V = 0. BAllt
we proved before Definition 11.8 that this implies that there is a form V5 € A\*(M)
vanishing in a neighborhood of Y such that U = dV5. The pullback v = (p*)~1*V5 is
then in \¥(X) and dv = u, so we have proved that an element in H}(X) orthogonal
to H*(X) must be 0.

Let us now consider an element in H*(X) which is orthogonal to H}(X). It is
represented by a closed form u € \*(X) with [, u Av = 0 for every v € N5(X)

with dv = 0. Let f: M — X be equal to p* in M \ (0X x (—%,3)) and define

f((y,t)) = (y,¢(t)) wheny € 0X and t € (—1,1) where ¢ € C°°(R) is an increasing
function of [¢|, and ¢(t) = [t| when [t| > 3, ¢(t) = I when [t| < 1. Then we have
for = f. Since u is a closed form on X it follows that f*u is a closed form on M,

and we claim that
(13.3) /N(f*u) AV =0
M

for every closed form V on M. Since f* is homotopic to p in X+ we know that
this is true for forms V' which vanish in a neighborhood of 0X. In view of the exact
sequence

H¥(M\ 0X) — H*(M) = H*(9X)

we only have to prove that for every closed form V on M there is a closed form V'
with i*V = i*V’ such that [77(f*u) AV’ =0, for V — V" is cohomologous to a form
which vanishes in a neighborhood of Y. Since i*V = i*r*V we have i*V’ = V if
V' =L(V +7r*V), and then it follows that

/w(f*u) ANV =~ /N(r*f*u) AT*V! = — /w(f*u) ANV’
M M M

since r reverses the orientation and f or = f. This proves (13.3), and it follows
that f*u is exact. Hence (p™~1)* f*u is exact, and since f o p* ! is homotopic to
the identity in X, it follows that u is exact. The proof is now complete.

In connection with de Rham’s theorem we shall also discuss the definition of
the Chern class of a complex line bundle. In analogy to Definition 9.2 a complex
vector bundle L over X with fiber of type C” is by definition a C°*° manifold with
a projection p : L — X such that

(i) L, =p~!(z) is for every x € X a n dimensional vector space over C;

(ii) every = € X has a neighborhood U such that there is a diffeomorphism
p~1(U) =2 U x C™ which respects the projection and the vector structure of
the fibers.
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We shall only consider complex line bundles, that is, the case n = 1.
Choose an acyclic covering {U;} of X such that for every ¢ there is a diffeomor-
phism
Vi p N Uy) = U; x C

with the properties (ii); they are called local trivialisations. The map
Yo (U;NU;) x € — (U; N U;) x C

consists of multiplication of the component in C by a function g¢;; € C*°(U; N Uj)
with no zeros. We have

9ij9ik9ki = 1 i U; NU; NUg; gij9; =1 inU;NUj; gz =1 in U;.

The functions g;; are called transition functions. To define a section of L is equiv-
alent to defining in each U; a complex valued function u; such that u; = g;;u; in
Ui N Uj for all Z,]

We shall now examine if L is isomorphic to X x C, that is, if there exists a global
trivialisation. In that case ; could be viewed as multiplication by a function g; €
C*>°(U;) without zeros, and we would have g;; = ¢;/g;. The problem is therefore
to decide when there exist such functions. Since U; N Uy is simply connected we
can choose C* functions hjj with g, = exp(—2mih;;) and hj, = —hy; when
U; N Uy # 0, and obtain

hij + hji + hiy = ciji € Z, i U; NU; N U, # 0.

If the line bundle is trivial and we write g; = exp(—2mih;) then we obtain h;; =
h; — hj + ¢;j with ¢;; € Z, if U; N U; # (), and this implies

(134) Cij + Cjk + Cki = Cijk, if U; N Uj NU, 7é 0.

This means that (c;;,)must define the 0 cohomology class in H?(C(R)). Conversely,
if this is true and we choose a solution ¢;; € R of the preceding equations then
Hij = hij — Cij satisfies

Hij +Hjp+ Hy =0, ifU;NU; N U # 0.
By Lemma 13.2 we can then write
H,;=H;—H;, itU;nNU;#0,

where H; € C*°(U;). If ¢;; € Z this means that g;;, = exp(2miH;)/ exp(2miHy), so
the line bundle is trivial. (In general we just conclude that the line bundle can be
represented with the transition functions exp(—2mic;;) which are constants with
absolute value 1.) Apart from the distinction between integer and real solutions of
(13.4) we conclude that the line bundle is trivial precisely when (c;;) defines the
class 0 in H?(C(R)). We shall now go back to the proof of de Rham’s theorem
and determine a differential form defining the corresponding cohomology class in
H?(X). It is called the Chern class of the line bundle.
87



Choose a partition of unity ¢; € C§°(U;). By the proof of Lemma 13.2 (c;x)
considered as element in C?(\°) is equal to § applied to the cochain in C*(A?)
defined by

Z@icijk c )\O(Uj N Uk)
If we apply d to this cochain we obtain the cochain in C'(Z?!)

Zcijkd‘Pi € Zl(Uj N Uk).

which defines the corresponding cohomology class in H*(C(Z!)). If we introduce
the definition of ¢;;, and use that ZZ dp; = 0, the 1 cochain becomes

Z(hij + hjk + hgi)do; = Z hiidp; — Z hjidp; € ZHU; N Uy),

(2

which is § applied to the cochain in CO(A!)
Z hjid(pi € )\1(UJ)
The differential of this cochain

S dhji Adg; € X2(U;)

is a cocycle in CY(Z2) (that is, annihilated by d), so it is a globally defined closed
two form in X. We can verify this directly, for

> (dhji — dhgi) Adp; = dhji Adp; =0 in Uy N Uy

%

since ), dp; = 0. Now we have dh;; = —dh;; = dg;;/(27mig;;), so the Chern class
is defined by the differential form

(13.5) a=(2mi)"" (dgij/gij) Adp;  in Uj.

1

The form (13.5) is defined for any covering of X by open sets U; such that L
is trivial in U; for every i. We shall now prove that the cohomology class of « is
independent of the choices of covering, trivialisations and partition of unity.

a) If {¢;} is another partition of unity and
uj = Y (i — i)dgij /(2migi;) € X (U;)

then we have

wj —u =Y (i = $i)dgr;/(2migi;) =0 in U; N Uy
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so the forms wu; define together a form u € A(X). The the definitions of
(13.5) using the two partitions of unity differ by the exact form du.

b) If we keep the covering and change the trivialisations, then they are just
multiplied by functions g; € C*°(U;) with no zeros, that is, g;; is replaced
by gijgigj_l. This means adding to (13.5)

(2mi) ™" (dgi/gi — dg;/g;) A dpi = d((270) Y —pidgi/ i)
i i
which is an exact form.
c) Finally we shall study what happens if one refines the covering but keeps
the trivialisations. Thus we take a new covering {V;} such that there is
a map j — i(j) with V; C Uy for every j. Choose a partition of unity

X; € C5°(V;). Then
Yi = Z X3

i(j)=i
is a partition of unity for the covering {U;}, and with these partitions of
unity we even get the same differential form (13.5) for the two coverings. For
two arbitrary coverings one can choose a third covering which is a refinement
of both, so the result is true for arbitrary coverings.

We have now completed the definition of the Chern class ¢(L) € H?(X), which is
defined by the form (13.5). The proof in c) above also shows that if f:Y — X is
a C°° map then ¢(f*L) = f*c(L).

EXAMPLE. On the complex projective space P& there is a natural complex line
bundle L, for every point in P& corresponds to a complex line in C"*!. For
i=1,...,n+1let U; be the set of points in P& with the homogeneous coordinate
z; # 0. The restriction to U; of L with the zero section removed can then be
identified with {z € C"*!;z; # 0}, and we trivialise L in U; by mapping it to
(p(2), 2i) where p : C"*1\ {0} — P& is the natural map. Then we obtain the
transition functions z;/z; in U;NU;. The dual bundle with the reciprocal transition
functions

gij = Zj/ZZ' in UZ N Uj

is called the Hopf bundle, and we shall calculate its Chern class.

First assume that n = 1. Then P& can be considered as C extended by a
point at infinity. A point z € C corresponds to the class of p(z, 1), and infinity to
p(1,0). Thus U; is the extended plane except 0, and U, is the finite plane. Choose
w2 € C§°(C) equal to 1 in a neighborhood of 0. We regard ¢2 as a function in
C§°(Usz) and choose 1 =1 — @2 € C5°(Uy). Then go1 = 2z = 1/g12 so the Chern
form (13.5) is given in the finite plane by

(2m8) " (dgra/g12) N dipr = (2mi) " (=dz/2) A (—dp2)
which vanishes in a neighborhood of infinity. The integral is

(2mi)~! / /C Dips ) 05dz N dZ/z = pa(0) = 1,

by Cauchy’s integral formula. This proves that the Chern class is the natural
generator of H%(P4). We can extend this conclusion as follows:
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THEOREM 13.13. The Chern class of the Hopf bundle on P& is the generator
of H*(P&) defined in Theorem 12.8.

ProoOF. The restriction to a one dimensional projective subspace is equal to the
Chern class of its Hopf bundle, and we have just proved that its integral is equal
to 1.

EXERCISE. Let X be a compact Riemann surface, that is, a compact one dimen-
sional analytic manifold. For a covering of X with local analytic coordinate patches
U; we give for every i a meromorphic function g; in U; such that g;; = g;/g; is an-
alytic in U; N Uy, hence # 0 there. Prove that the Chern class of the corresponding
line bundle is the generator of H?(X) times the number of zeros minus the number
of poles of the given functions.
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CHAPTER XIV

COHOMOLOGY OF PRODUCT AND FIBER SPACES

Let X and Y be compact C°° manifolds, not necessarily connected, but we
assume that every component of X (resp. Y') has the same dimension. If « € H*(X)
and f € H*(Y) then we can define the direct product a x € H*(X xY) by

ax f=(rxa)U(ryf)

where 7x : X XY — X and 7y : X XY — Y are the projections. Conversely we
can recover the cup product from the direct product, for if X =Y and § denotes
the diagonal map X 3 x +— (z,z) € X x X, then

0" (ax B) = ((rx 08)"a) U ((my 0 0)"f) = aUB.

THEOREM 14.1 (KUNNETH’S FORMULA). If a1,...,, is a basis for H*(X)
and B1,..., By is a basis for H*(Y), then a; x B5, i =1,...,pu, j=1,...,v, is a
basis for H*(X xY).

We postpone the proof until we have made some comments on this result. Since
(axB)U(Up)=(-1)P(aud) x (BUS)

if o/ is of degree p and (3 is of degree ¢, it follows from Theorem 14.1 that the ring
H*(X xY) is completely determined by H*(X) and H*(Y).
The Poincaré polynomial for X is defined as the polynomial

dim X

p(X,t)= > /dim HI(X).
0

The degree is dim X if and only if X has an orientable component. The coefficients
are called the Betti numbers. Theorem 14.1 implies:

COROLLARY 14.2. If X and Y are compact C* manifolds then

p(X x Y, t) = p(X,t)p(Y,t).

ExAMPLE. For the sphere S™ we have p(S™,t) = 1+ t". For a product
X=8"x...x 8"

it follows that p(X,t) = (1+t™)...(1+t"). We leave as a simple exercise for the
reader to prove that two such products X are not homeomorphic unless the factors
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are the same apart from the order. — We have p(P&,t) = 1+t + -+ + t?" =
(t2(+1) — 1) /(+? — 1), hence

k

p(PG - x Pgr ) = [ (0D — 1)/ - 1)),
1

and it is easy to see that two such products are also different unless the factors are
the same apart from the order.

By Poincaré’s duality theorem the Poincaré polynomial p(X,¢) of any orientable
compact manifold X is a reciprocal polynomial, that is,

9 X p(X, 1/t) = p(X, 1),

as we saw in examples above.

Let a; and by, be closed differential forms in the classes a; and Sy, respectively. To
prove Theorem 14.1 we must verify that every closed form on X xY is cohomologous
to a sum ) ¢;ja; A b; with constant coefficients, and also prove that ¢;; = 0 for all

X

i,j if the sum is cohomologous to 0. (If a € A*(X) and b € A*(Y) we denote by

a \'Y the exterior product mya A 7y-b. This is not a standard notation but it may
X

clarify the formulas below.) The following lemma will allow us to prove both these
facts at the same time. We use

LEMMA 14.3. Let u € X*(X X Y') and assume that
du = Z Aj />> bj
j
for some A; € \*(X). Then one can findv € \*(X xY) and A} € \*(X) such that

u:ZA;/X\bj+dv.

PROOF. We may assume that b; € AP (Y) for some p;. Let {U;} be a finite
covering of X with local coordinate patches. If x denotes the local coordinates in
U;, then we can write

u:deI/\uLm inU; xY
I

where I = (i1, ...,i) is increasing, dz! = dz;, A -+ A dz;,, and uy, is a form on
Y which is a C* function of x € U;. We shall prove the lemma inductively under
the hypothesis that the degree of ur, is < o for every U; in the covering. This
hypothesis is obviously independent of the choice of covering and local coordinates.
The statement proves the lemma when ¢ = dim Y, and it is vacuous when o = —1.
In the proof we may therefore assume that ¢ > 0 and that the statement has been
proved for lower values of o.

Let u?m be the part of uy, of degree o. If dy denotes the differential of ur,
when x is considered as a parameter then the only terms in du of degree o 4+ 1 in

the Y variables are
Z(—l)mdajl ANdyuf ..

I
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Hence dyu7 , must for fixed x be a linear combination of the forms b; of degree
o+ 1. Since their cohomology classes are linearly independent and dyuf , is exact,
the coefficients must be 0 so dyuf{’m = 0. If 0 = 0 it follows that uf . is a function
of x, hence that u is a form in X lifted to X x Y. The statement is true then, for
1 is cohomologous in Y to a linear combination of the forms b;. If o > 0 it follows
from Theorem 13.11 that

(oa E
uI,I = aI’J7IbJ + dv[7$
J

where b; is of degree o in the sum, and a;;, € R and vy, € A" }(Y) are C*

functions of x € U;. Set
vt = Z(—l)mdajI AVI gz
I

where the upper index 7 indicates that v* is a form defined in U; x Y. It is a form
of degree 0 — 1 with respect to the Y variables. Set

A; = Za[J,mdl’I.
Ji
Then the difference

u—ZA;ij—dvi eN(U'XY)
J

has degree < o — 1 with respect to the Y variables.
Let ¢; € C5°(U;) be a partition of unity, thus > . ¢; =1, and set

A=) @Al e (X)), v=) g’ € XX xY),

where as usual a product by ¢; is defined as 0 outside supp ;. Then

Uy :u—ZA;-/X\bj —dv:Z¢i(u—ZA§<<\bj —dvi)—Z(d%‘)/\vi
j i j

i
is of degree < o — 1 with respect to the Y variables. We have

duy = du— > (dAf) A

J

so u1 satisfies the hypotheses of the lemma. By the inductive hypothesis we conclude
that
Uy = ZA;/ VAN bj + dvl,

X

J

where A7 € A*(X), and this gives

u= Z(A; —|—A;’)<<\bj + d(v + v1).

J
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The proof is complete.

PrOOF OF THEOREM 14.1. If w is a closed form on X X Y it follows from
Lemma 14.3 that u is cohomologous to a sum »_; A; Ab; where A; € A*(X). Since
>_;j(dA;) Abj = 0 we have dA; = 0. But A; is cohomologous to a sum }_, ¢;;a;

X

with constant coefficients, which proves that u is cohomologous to ), j Cigai \ bj.
’ X

If ), j Cigi /\ bj = dv it follows from Lemma 14.3 that
) X

v:ZA;ij—i—dw
J

where A € A*(X) and w € A*(X x Y). Hence

dv = Z(dA;) <<\ bj = Z CijQ; <<\ bj

J ,J

which proves that dA’; =", ¢;ja;. Since {a;} is a basis for the cohomology in X it
follows that dA; = 0 and ¢;; = 0, which completes the proof.

Lemma 14.3 was clearly the main point in the proof of Theorem 14.1, and in the
proof of the lemma the spaces X and Y did not play symmetrical roles. We shall
now see that the proof can actually be used to prove a generalisation of Theorem
14.1 where X x Y is replaced by a fiber space over X. This extension will be
essential for the study of characteristic classes.

DEFINITION 14.4. Let E, X be compact C* manifolds, and let 7 : £ — X be
a C'° map. One calls F a fiber space with base X and projection 7 if the rank of
7 is everywhere equal to dim X.

The definition implies that
E,=7nY2)={ec E;re=x}, z€X,

which is called the fiber of E over z, is a manifold for every x € X. Every zg € X has
an open neighborhood U such that 7=(U) is diffeomorphic to U x 7~1(xq) under
a fiber preserving diffeomorphism 7=1(U) > e — (we, €(e)) where £(e) € 7).
In fact, it follows from Theorem 10.6 that in a neighborhood of 7= 1(xz¢) in E we
have a projection p on 7~ !(zg) with rank equal to the dimension of 7=!(zg). The
map

e (me,p(e)) € X x 7 (z0)

is therefore locally bijective since dim F = dim X + dim 7~!(x¢). Since the restric-
tion to 7 !(zg) is injective it follows that it is bijective in a neighborhood (see
Exercise 10.7), so we have

LEMMA 14.5. If E is a compact C° fiber space over the compact C'*° manifold
X, then there ewists a finite covering {U;} of X such that 7= (U;) for every i is
diffeomorphic to U; x 7~ Y(z;) where z; € U;, with a diffeomorphism preserving the
fibers.

If F is a fiber space over X with projection 7, then we have a map 7* : H*(X) —
H*(FE), so we can view H*(F) as a H*(X) module.
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THEOREM 14.6 (LERAY-HIRSCH). Let E be a C*° compact fiber space with the
C*° compact manifold X as base and projectionw : E — X. Assume that there exist
cohomology classes €1,...,ex € H*(E) such that for every fiber F = w=1(x) the
restrictions i*ey, ..., 1" en, where i is the inclusion F' — E, form a basis for H*(F).
Then it follows that H*(E) is the free H*(X) module generated by €1, ...,en. Thus
every € € H*(E) has a unique representation of the form

N
6:Z7r*aju<€j with o € H*(X), j=1,...,N.
1

COROLLARY 14.7. E and X x F have the same Poincaré polynomial if the
hypotheses of the theorem are fulfilled.

However, H*(E) and H*(X x F') may have quite different structure as rings
although the additive structures are the same. — Theorem 14.6 contains Theorem
14.1, for if E = X x Y we can take ¢; = 7y 3; where 31,..., 8y are a basis for
H*(Y) and 7y is the projection £ — Y.

It will clearly suffice to prove Theorem 14.6 when X is connected. Then it suffices
to assume that there is one point z¢g € X such that i*eq,...,7"en is a basis for
H*(F)if F = 771(20) and i is the inclusion Fy — X. In fact, let U C X be an open
connected neighborhood of zg such that there is a fiber preserving diffeomorphism
Y : U x Fy — 7 Y(U), and set &; = *c;. The maps i, : & — (z,€) from Fy to
U x Fy are homotopic when z € U, so i},é; = (1) 0 iy)*¢; is independent of x € U.
Since v o iy is a diffeomorphism Fy — 7~ !(z) we conclude that in,E>J =1,..., N,
is a basis for H*(Fp), hence that i3€;, j = 1,..., N, is a basis. This proves that the
restrictions to 7~!(z) of g5, 5 = 1,..., N, form a basis for H*(7~!(z)) for every
x € U. Since X is connected this is true for every x € X.

Decomposing each ¢; in its homogeneous parts, that is, as a sum of elements
in H*(E), n = 0,1,...,dim E, we obtain homogeneous cohomology classes £},
j=1,...,N, such that the restrictions to 7—!(z) generate H* (7~ (X)) for every
x € X. For a fixed g we can choose N of them which give a basis. From the
preceding discussion it follows that they will then give a basis for every x € X. Thus
we can replace the basis €1,...,en in the hypothesis of Theorem 14.6 by another
homogeneous basis, and this does not affect the hypothesis or the conclusion. We
may therefore assume that ¢; € H™ (E) for some n; when j =1,..., N. Then the
restrictions i*e; with n(j) = v are for every v a basis for H"(F') if i is the inclusion
ofafiber F'in E. For j =1,..., N we choose a form e; € A" (E) in the cohomology
class ;.

LEMMA 14.3". Let u € \*(E) and assume that

du = Zw*aj Nej, where aj; € \*(X).

J

Then one can find v € X*(E) and A; € X*(X) such that

u:ZW*Aj/\ej—i—dv.
J
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PROOF. Let {U;} be a finite covering of X with coordinate patches diffeomorphic
to convex subsets of R™ which is so fine that with F; = 7~ !(z;), where x; € U;,
there is a fiber preserving diffeomorphism

Vi U x Fy — = (Uy),  thus ¥;(x, &) = (x,¢(x, &) ifxcU;, €€

If the local coordinates in U; are denoted by x, then we can write

Yiu = Zde N
I

where uy , € \*(F;) is a C*° function of z. We shall prove by induction over ¢ that
the lemma is valid when the degree of uy , is < o for every U; in the covering. This
hypothesis only depends on u and not on the choice of covering, local coordinates
and trivialisations ;. For let

VU X Fy 3 (x,8) — (z,9(x,8)) € U X Fy

be a C'"*° map preserving the fibers. Then ¢ *dx; = dx; whereas for a local coor-
dinate n in Fy the pullback ¥*dn = d(n(p(x,§)) is a sum of differentials along Fy
and along U. If V is a form on U x F5 of degree < ¢ along F3 it follows that ¢¥*V
is of degree < o along F7.

When z € U; we denote the map F; > § — v;(z, &) by 1; . By hypothesis ¢} e1,

-, ¥f zen is a basis for the cohomology in F;, and by the homotopy invariance it
is independent of x. Let u be of degree < ¢ with respect to the fiber variables and
write

Yiu = Zde AUT o,
I

as in the proof of Lemma 14.3, where uj , is a form on F; which is a C*° function
of x € U;. Denote the part of us, of degree o by uf ,. Using Theorem 13.11 it
follows as in the proof of Lemma 14.3 that

o __ *
(I E arja¥r €5 + drvr .,
1<j<N,nj=0c

where v, is of form of degree < ¢ — 1 in Y which is a C*° function of z € Uj,
and ay j, € C>(U;). Now we define v’ and A; as in the proof of Lemma 14.3 and
obtain that

N
Yiu — ZW*Az- Apfe; — dpv'
j=1
is of degree < o with respect to the fiber variables. After pulling this form back to
7~1(U;) by the inverse of v; we can use a partition of unity in X as at the end of
Lemma 14.3 to complete the proof. The details are left for the reader.

PROOF OF THEOREM 14.6. The proof of Theorem 14.6 is essentially a repetition
of that of Theorem 14.1, with Lemma 14.3 replaced by Lemma 14.3', so it is left
for the reader.

As an application of Theorem 14.6 we shall now define the Chern classes of a
complex vector bundle V' of fiber dimension n over X by determining the coho-
mology of the corresponding projective bundle. By the definition of a complex
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vector bundle, given in Chapter XIII, there is an open covering X = UX; such
that V|x, is diffecomorphic to X; x C™ with a diffeomorphism respecting the fibers
and the vector operations in them. Now form the fiber space P(V') with fiber over
x € X consisting of the projective space defined by the fiber V,. Thus P(V), is
Ve \ {0} with elements differing by a complex factor identified. It is clear that
P(V)x, = X; x P&', which proves at once that P(V) is a fiber space over X.
On P(V) there is a natural line bundle H, for every element in P(V) determines
a complex line in the corresponding vector space. (In Chapter XIII we used the
dual bundle but here we prefer not do so in order to get the desired sign.) The
restriction of H to P(V), is the natural line bundle on P(V),. If ¢(H) is the Chern
class of H, it follows from Theorems 12.7 and 13.13 that ¢(H),’, 0 < j < n, is a
basis for the cohomology in P(V'),. Hence the theorem of Leray and Hirsch proves
that every element in H*(P(V')) can be written

n—1

> (p*aj)Uc(H), a; € H'(X),

where p is the projection P(V) — X, and the representation is unique. In particu-
lar, ¢(H)™ is of this form, so we have an equation

c(H)" —cre(H)" '+ + (=1)"c, =0, ¢; € HY(X),

with uniquely determined coefficients ¢;(V). The ring structure of H*(P(V)) can
be calculated by means of them. It is clear that the coefficients c¢; give important
topological information on the vector bundle V. They are called the Chern classes
of the vector bundle. For a line bundle V' we have P(V) = X and H =V, s0 ¢1(V)
is then the Chern class defined in Chapter XIII.

Notes. For a thorough discussion of Chern classes we refer to [Hi]. For the
definition of Chern classes by means of differential forms we refer to [BC] and to
[HO]. A systematic discussion of fiber bundles can be found in [Hul].
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CHAPTER XV

DIRECT IMAGES OF COHOMOLOGY CLASSES

Let X and Y be compact C°° oriented manifolds, and let f be a continuous
map X — Y. Then we have a mapf* : H*(Y) — H*(X), which only depends
on the homotopy class of f. By Theorem 13.5 (the Poincaré duality theorem) a
non-singular bilinear form (o, 5) — (a, ) on H*(X) is induced by the bilinear
form (u,v) — [, u A v when u,v € A*(X) are in the cohomology classes o and .
The bilinear form («, 5) identifies H*(X) with its dual space. Similarly we have a
non-singular bilinear form on H*(Y'). The adjoint of the map f* can therefore be
viewed as a map f, from H*(X) to H*(Y). It is defined by

(15.1) (T, B)y = (o, fiB)x, ac H'(Y), € H(X).

On the left we have the bilinear form in H*(Y) and on the right the bilinear form
in H*(X). The subscripts will often be omitted. (The notation f, is meant to
suggest that f, goes in the same direction as f while the notation f* is meant to
indicate the opposite direction.) If 3 € H7(X) it suffices to take a € HI™X—J(Y)
in (15.1), which implies that f,3 € HUmY-dimX+j(y")  (We assume tacitly that
X and Y are connected or at least that every component has the same dimension.)

ExXAMPLE 1. Let us assume that X and Y are connected of the same dimension
n. Then we have defined the degree m of f by
(ffa,1x) =mla,ly), a€ H"(Y),
where 1y (resp. ly) is the 0 form which is identically 1 in X (resp. Y). By (15.1)
this means that f,lx =m - 1y.

ExAMPLE 2. For the embedding i : Pg_k — Pg& we have i,1 = of where a
is the cohomology class of the form U in Theorem 12.8. (Here 1 is the 0 form in
Pg_k which is identically 1.) In fact, every cohomology class v on P& contains a
polynomial Zg a;U J with constant real coefficients, and we have

<7f*f77 1>Pnfk = / ZGJU] = apn—k = / ( aJU]) A Uk = <’y,0&k>Pg
c PETF T P& "o

by Theorem 12.8.

The map f, is not multiplicative, but we can translate the multiplicative prop-
erties of f* to a property of f.. To do so let o, 8 € H*(Y) and v € H*(X). Then

fr(auB) = (f*a) U (f*B), hence

(f(auB)v)x = ((ff) U(f"B),7)x Zgéf*a, (" B) Uy x = (a, f((f*B) U))y-



This implies that

(15.2) BUfoy = f((f*B)Un), BeH(Y), v e H(X).

For v = 1x we obtain in particular

If X and Y are connected manifolds of the same dimension we saw in Example 1
that fy1x = m -1y where m is the degree. Hence it follows then that

f*f*ﬁzmﬁ7 5€H*<Y)7

which proves that f* is injective and that f, is surjective if m # 0. Thus we have
proved:

THEOREM 15.1. If X and Y are compact connected oriented manifolds of the
same dimension and f : X — Y is a continuous map with degree # 0, then f* :
H*(Y) — H*(X) is injective, which implies that H*(Y) is a subring of H*(X).
In particular, the Betti numbers of Y are at most equal to those of X. If they are
equal then f* is an isomorphism. This is true in particular if there also exists a
map g :Y — X with degree # 0.

EXAMPLE 3. If Y is the sphere S™ then H*(Y) consists of all pairs (xg, z,,) € R?
with componentwise addition and the multiplication

(o, n) U (Y0, Yn) = (ZoYo, ToYn + TnYo)-

This ring is a subring of H*(X) for every connected orientable X of dimension n,
so the theorem gives no restrictions on manifolds which can be mapped with degree
= (0 into the sphere of the same dimension. In fact, there is always such a map, for
we can choose an open subset X; C X which is diffeomorphic to R", hence with
S™\ P where P is a point in S™. The diffeomorphism X; — S™\ P extended to X
by mapping X \ X; to P is a map X — S™ with degree 1.

However. if we take X = S™ in Theorem 15.1 we find that H*(Y") must be 0 for
0 <k <mn,so H*(Y) must be isomorphic to H*(S™) if S can be mapped into Y
with degree # 0. For example, S™ cannot be mapped into the torus 7" with degree
# (0 although the torus can be mapped into S™ with degree 1.

We can allow X and Y to be oriented but not necessarily compact manifolds
provided that the duality theorem 13.12 is valid for them. For every continuous
map f : X — Y we still have a linear map f* : H*(Y) — H*(X), and we can
define the adjoint map f. : H(X) — HX(Y). If f is proper we also have a map
f*: HX(Y) — HX(X) which has an adjoint map f, : H*(X) — H*(Y). The
map f, : H¥(X) — H}(Y) only depends on the homotopy class of f, and the map
fe s H*(X) — H*(Y) only depends on the proper homotopy class of f.

THEOREM 15.2. Let X andY be oriented C'° manifolds such that X is compact
and Poincaré duality is valid forY. If f : X — Y andg: Y — X define a homotopy
equivalence, then f.: H*(X) — H}(Y) is an isomorphism, and we have

(15.4) fra=(g"a)U(filx), a€ H"(X).
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PROOF. Since f og and g o f are homotopic to the identity in Y and X, re-
spectively, it follows that f*¢g* and g¢*f* are the identity in H*(X) and H*(Y)
respectively. Hence f, is an isomorphism H*(X) = H}(X) — H}(Y). We ob-
tain (15.4) by taking 8 = ¢g*« in (15.3) which remains valid under our present
hypotheses.

We shall now discuss the special case where f : X — Y is an embedding. For
every sufficiently small tubular neighborhood of X in Y the hypotheses of Theorem
15.2 are fulfilled with Y replaced by T and ¢ equal to the projection 7 : T — X.
Hence we see that H*(X) is isomorphic to H}(T'); the isomorphism is given by a
map

(15.5) H*(X)3 aw (r*a) Ue € H*(T),

where € = f,1x € H}(T). Note that if e € A}(T) is a form representing ¢, then the

definition of € means that
/ unNe= / U,
T X

when w is a closed form in T'. In the particular case where Y is a real vector bundle
— which is in fact the general case modulo diffeomorphisms — the class ¢ is called
the Euler class of the bundle, and (15.5) is called the Thom-Gysin isomorphism.

For an embedding f : X — Y we shall now study the integral of f,1x over
submanifolds of Y. Since f,1x can be represented by forms with support arbitrarily
close to X, the integral is 0 over every manifold which does not intersect X; the
integral can only depend on the intersections. (We identify X with f(X).) When
studying the intersections we shall also examine the more general case where f is
not necessarily an embedding.

DEFINITION 15.3. Let Xi, X5, Y be oriented C°° manifolds such that X; and
Xo are compact, dim X; + dim Xy = dimY, and let f; : X; — Y, j = 1,2,
be C*° maps. One calls the maps transversal if for all (x1,22) € X; x X5 with
fi(w1) = fa(w2) = y the map

fi(z1) @ fay(wa) : Toy (X1) © Ty (X2) 3 (t1,t2) = fi(z1)t1 + fo(w2)ta € Ty(Y)

is bijective. One calls (z1,z2) a positive (negative) intersection if this bijection
preserves (reverses) the orientations. (A direct sum A@® B of two finite dimensional
oriented vector spaces is oriented by letting a positive basis for A followed by a
positive basis in B be a positive basis in A @ B.)

Transversality is a very strong hypothesis:

LEMMA 15.4. Let fi1 and fo be transversal as in Definition 15.3. If f1(xz1) =
fa(z2) = y there exists an open neighborhood U; of xj, j = 1,2, and a diffeomor-
phism [ of Uy x Us on an open neighborhood of y such that

(15.6) f(x1,&2) = f2(&2), f(&1,22) = f1(&1), if&; € Uj.

In particular, if (§1,&2) € Uy x Us, then fi1(&1) = f2(§2) implies that (§1,22) =
(r1,&2), that is, & = x1 and & = x2, so (x1,x2) is the only intersection in Uy x Us.
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PrROOF. Let ¥ : R™ — Y be a coordinate system in a neighborhood of y with
¥ (0) = y. For (£1,&2) in a neighborhood of (x1,x2) we can define f by

f(1,8) =@ (f1(&) + ¥ (f2(£))).

Then (15.5) is valid, and for (&1, &2) = (21, z2) we have

Fr =" 0@ W) (fi(21) ® fi(w2)) = fi(z1) & fi(@2).

Since this is a bijection it follows from the inverse function theorem that f is a
diffeomorphism of some neighborhood U; x Us of (x1,22) on a neighborhood of y,
which proves the lemma.

THEOREM 15.5. Let Xy, Xo, Y be compact C° oriented manifolds with
dim Xy + dim Xy = dimY’, and let f; : X; — Y be transversal C*° maps. Then
(fislx,, foslx, )y is equal to the number of (x1,x2) € X1 x Xy with f1(x1) = fa(x2)
counted with the sign in Definition 15.3, that is, the number of signed intersections
of fi(X1) and fa(X2).

PrROOF. We shall first assume that f; is an embedding. Then we know that
the class f1.lx, contains forms e with support in an arbitrarily small tubular
neighborhood T in Y of the manifold f;(X7). For every zo € X5 we can find at
most one z; € X; with fl(acl) = fa(x2). If we label the intersections (le,x%),
j = 1,...,v the components x2 are therefore different. Choose for j = 1,.
open nelghborhoods U] and U‘7 of ] and z according to Lemma 15.4 so that
U, J are disjoint, and choose corresponding diffeomorphisms f7 from Uj J % U, I to a
neighborhood of 47 = f1(27) = fa(z}). We have

<f1*]-X17f2*]-X2>Y = <f2*f1*]-X17 1X2>X2 = f2*€
X2

If we choose the support of e sufficiently close to f(X7) then supp fye C U’l’Ug, and

we obtain
14

. fre=> | fie.

J
j=1"U3

The definition of e means that

(15.7) / u:/ uAie
f(X1) T

for arbitrary closed forms u in 7. Choose U{ so small that fi(U! x dUJ)NY =
0. fv € )\gl(Uf) where d; = dim Xj, then dv = 0. Let u be the pullback of
v A 1 € X1 (U] x UJ) to f(U] x U3) by the inverse of f7. Since u vanishes near

the intersection of the boundary with T, we can set u = 0 in the the rest of T" and
obtain a form w in T with du = 0. From (15.7) it follows now that

/ v:/ u:/u/\e:ﬂ:/fj*(u/\e):ﬂ:/ (vx1)Ae€
Uy f(X1) T Ui xUj
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where ¢/ = f/*e and the 81gn is that in Definition 15.3. Since ¢’ has degree dy =
dim X5 the integral I of ¢’ over UJ for fixed & € UJ is a function 7(&;) there, and

we obtain
/_v:ﬂ:/ Iv, ve iU},
Uy ui

which proves that I(&;) = £1. In particular we obtain when & =  that

/ fire=+1.
uj

This completes the proof of the theorem when f; is an embedding. It is therefore
also valid when f; is an embedding, for if we let f; and f; change places then both
sides of the asserted inequality are multiplied by (—1)dim X1 dim Xz

To prove the theorem without such restrictions on f; or fy we introduce the map

[ X =X1 x X33 (21,22) = (f1(21), fo(z2)) €Y XY,

and the diagonal map
d: Yoy~ (y,y) €Y xY.

The intersections of f and ¢ consist of all (1, z2,y) € X XY with fi(z1) = fo(z2) =
1y, so they are in 1 — 1 correspondence with the intersections of f; and f,. The sign
of an intersection of f and ¢ is the sign of the linear map

01 Ty (X1) @ Ty (X2) @ Ty(Y) 3 (&1,62,m)
= (fi(@1)& 4+, fol@a)éa+n) € T,(Y) & T,(Y),

and the sign of the corresponding intersection of f; and f, is the sign of the map

@2 1 Ty (X1) @ Toy (X2) 3 (61,62) = (fi(m1)&1 + fo(x2)E2) € Ty(Y).

For the linar maps

Y1 T,(Y) @ Ty(Y) 2 (m,m2) = (m —n2,m2) € T,(Y) @ T, (Y),
7»[’2 ml(X1> @Tm ( 2) > (fla&) = (517 —§2> € Tml(X1> @Tmz(X2>

we have det 1 = 1 and det ¢y = (—1)4m Xz and

(Y1 0@1)(&1,62,m) = (fi(21)€1 — folw2)Ea, fo(r2)E2 + 1)

is bijective, so f and ¢ are transversal. The linear map

Ty (X1) & Ty (X2) @ Ty(Y) 3 (€1, €2:m)
= (fi(z1)& — fo(@2), tfa(x2)&2 + 1) € Ty(Y) & T, (Y)
is bijective for every t. The sign is therefore independent of ¢, and when £ = 0 it is

equal to the sign of (s o). Hence the sign of ¢ is (—1)4™ X2 times the sign of
p2. Now we have

(frelx,, faelx,)y = ((f1elx,) U (foulx,), Iv)y

= (0" (fielx, X forlx,), Iy )y = ((f1e1x,) X (f2lx, ), 0uly )y xy
102



To calculate (fi.lx,) X (faxlx,) we take a; € HY™Xi(Y), j = 1,2, and obtain

(a1 X ag, (fielx,) X (foelx,))yxy = (—1)(dimX2)2(041,f1*1X1>Y<062,f2*1X2>Y
= (=D (fron, 1x, ) x, (froe, 1xg) x, = (1T 2((ffon) x (f5a2),1x)x

= (1) X2(f* (a1 x ag), 1x)x = (=)™ X2 (a1 x a9, fulx)yxy-

(The first equality is clear if one thinks of the corresponding differential forms.)
Hence

(Frelx,, foelx,)y = (=D X2 (£ 15, 6,1y )y <y,

and since ¢ is an embedding this is (—1)9™X2 times the number of intersections
between f and 0 which is precisely the number of intersections of f; and fs. The
proof is complete.

An important part of Theorem 15.5 remains valid for arbitrary continuous maps:

THEOREM 15.6. Let X1, X5, Y be compact oriented C'*° manifolds with
dim X7 + dim Xy = dimY.

If f; : X; =Y are continuous maps, then (fi.1x,, foxlx,)y s always an integer.

In view of Theorem 15.5 it is natural to call this number the intersection number
between f; and fy or, with some suggestive abuse of language, between f1(X;) and
f2(X2).

For the proof of Theorem 15.6 we first note that (fi.1x,, fox1x,)y only depends
on the homotopy classes of f; and of fs, and by Corollary 10.9 every homotopy
class contains C*° maps. Theorem 15.6 will follow from Theorem 15.5 and the
following more precise fact:

THEOREM 15.7. Let X1, X2, Y be compact C'*° manifolds with
dim X7 + dim Xy = dimY.

If f; - X; =Y are continuous maps, j = 1,2, then one can find C* transversal
maps g; : X; — Y, j = 1,2, which are arbitrarily close to f;, hence homotopic to
fi-
PrRoOOF. We have just seen that it is no restriction to assume that f; € C*°.
If Y is embedded in R we can for a sufficiently small open neighborhood U of
0 € R" define
oy, t)=n(y+t), yeY, tel,

where 7 is the projection on Y in a tubular neighborhood of Y. We have ¢ €
C*(Y xU,Y), ¢o(y,0) =y, y € Y, and the differential of ¢ is surjective even for a
fixed y. Now we claim that the C°° maps

g1(z1) = fi(z1), g5(x2) = p(fa(x2),t)

are transversal for all ¢ € U \ C where C' is a set of measure 0. To prove this we
shall study the intersections

Y= {(w1,m2,t) € X1 X Xo x U; fi(z1) = p(fa(w2), 1)}
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If we prove that X is a manifold of dimension N and that g; and g4 are transversal
if and only if ¢ is not a critical value of the projection ¥ — U, then the theorem
will follow from the Morse-Sard theorem (Theorem 3.1). Since these statements are
local it suffices in the proof to consider points (29, 29,t°) € X such that f;(z9) € V4
where V7 is an open subset of Y with a diffeomorphism A : V; — RY™Y In a
neighborhood of this point ¥ is defined by the equation

F(z1,22,t) = h(fi(z1)) — h(p(fa(z2), 1)) = 0.

Since F} is surjective this equation defines a manifold of dimension dim X; +
dimXo + N —dimY = N. At a point in ¥ with fy(x2) = y the tangent space
is given by

{(€1:62,7) € Ty (X0) © Ty (Xo) @R fi(21)61 = 0, (y, ) fa(w2)62 — 2l (9 )7 = O},

and its projection on the component 7 € R¥ is therefore bijective if and only if
fi(x1)&1 — ¢y (Y, ) fa(x2)§2 = 0 implies (£1,§2) = 0, which means precisely that g,
and g} are transversal. The proof is complete.

To explain the significance of Theorem 15.6 we shall give two examples.

EXAMPLE 4. Let f: X — Y be a continuous map where X and Y are compact
oriented connected C'°° manifolds of the same dimension. Then f,lx = m - 1y
where m is the degree of f (see Example 1). If P is a point and i : P — Y is an
embedding of P in Y, then

<f*1x,i*1p> = m<1y,i*1p> = m(i*ly, 1p> =m
so Theorem 15.6 proves again that m is an integer.

EXAMPLE 5. Let f: P& — P& be continuous. For 0 < k& < n we let i : Pé —
P¢ be an embedding of the £ dimensional complex projective space as a subspace.
Then 7.1 pE = a"~* where « is the generator for H2(Pg) constructed in Theorem
12.7 (see Example 2 above). Now Theorem 15.6 gives that
(15.8)

<f*Oék,Oén_k>Pg — <f*i(n—k)*1pg*k7ik*lPé>Pg = <i(n_k)*1pg—k, (f Oik>*1pé>pg

is an integer. Since H*(P&) = Ra* we have f*af = cya® where ¢, € R. However,
¢k is equal to the left-hand side of (15.8) so ¢ is an integer. This is nothing new
when k = n, for ¢, is the degree of f. However, since ¢, = cf we may now conclude
that the degree is of the form m™ where m is an integer. This result is optimal. In
fact, for every positive integer m we can choose f with the degree (+m)™, for in

terms of the homogeneous coordinates such a map is given by

(204 -y 2n) = (20 .o 20t) resp. (20,...,2n) — (B0, .., Z00).
With X7, X5, Y as in Theorem 15.5 we shall now derive a method for calculating
the intersection number between f; and f when the intersections

S = {(z1,72) € (X1 x X2); f1(71) = fa(w2)}

form a finite set. This will be proved by rewriting the result in Theorem 15.5 in
the transversal case so that it is still meaningful under this weaker assumption.

Let V be an open set in Y such that there exists a diffeomorphism ¢ : V —
RY™Y preserving the orientation. Let U be an open subset of X; x X5 such that
a neighborhood of U is diffeomorphic to an open subset of R4m™Y
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LEMMA 15.8. Let f; € C*(X;,Y) be transversal and assume that f;(x;) € V
when (x1,12) € U, and that f1(x1) # fa(x2) when (z1,32) € OU. Then the number

of intersections (xr1,x2) € U of fi1 and fa, counted with sign as in Theorem 15.5,
is equal to (—1)4mX2D(p U, 0) where ¢ : U — RYI™Y s defined by

(15.9) o(r1,m2) = Y(f(71)) — P(f(22)).

Here the degree D(p,U,0) was defined in Theorem 4.2.

PROOF. Since ¢(x1,x2) # 0 when (z1,22) € OU, the degree D(p,U,0) is de-
fined. When (z1,22) € U and ¢(z1,22) = 0, then f(z1) = f(z2) =y, and

@' (z1,22) = @' (y) (f'(21) ® (= f'(22)),
so 0 is not a critical value of ¢ and the sign of det ¢’ (21, z2) is equal to (—1)dim X2
times the sign of the intersection of f; and fo at (x1,z2) according to Theorem
15.5. This proves the lemma.

We have given other expressions for D(p, U, 0) in Chapters VIII and IX and will
not repeat them here.

THEOREM 15.9. Let X1, Xo, Y be compact C* oriented manifolds with
dim X; + dim X9 = dimY.
If fj : X; =Y are continuous maps and the intersections

S = {(z1,22) € X1 x Xo; fi(z1) = fa(w2)}

form a finite set, then the intersection number between fi and fo is the sum over
S of the indices of the intersections, defined as follows. For every (xi,x2) € S
we take an orientation preserving diffeomorphism 1 of a neighborhood V' of y =
fi(z1) = fo(zz) on RY™Y and a neighborhood U of (x1,x2) € X1 x Xo such that
a neighborhood of U is diffeomorphic to an open bounded subset of RY™Y and
UNS = {(z1,72)}. Then the index of (x1,x2) is (—1)4™X2D(p, U,0) where ¢ is
defined by (15.9).

ProOOF. Choose neighborhoods Uy, ..., U, of the intersections such that the clo-
sures are disjoint. If g; € C°°(X,,Y) are transversal and sufficiently close to f;,
then there are no intersections between g; and g, outside U7U;. By Lemma 15.8
the theorem is true for the intersection number between g; and gy, which is equal
to the intersection number between f; and f; when g; is sufficiently close to f;,
Jj = 1,2. The degrees at 0 of g; and f; are then also equal in Uy,...,U,, which
proves the theorem.

In Chapter XVI we shall give an important application of this theorem. We end
this chapter with some comments on the intersections between f; € C*°(X1,Y) and
f2 € C*°(X2,Y) when dim X; + dim X5 is not necessarily equal to dimY. Then f;
and fy are called transversal if for arbitrary (z1,x2) in

X3 = {(z1,22) € X1 x Xo; fi(z1) = fa(w2)}
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the map
fi(w1) @ fa(w2) : Ty (X1) @ Toy (X2) — Ty(Y)

is surjective. Then it follows from the implicit function theorem that X3 is a C'™°
manifold of dimension dim X; + dim X5 —dim Y (hence empty if this is a negative
number). We have also a C* map f3 : X3 — Y defined by f5(x1,22) = f1(x1) =
fa(x2) when (z1,22) € X3. If X7, X5 and Y are oriented, then X3 has a unique
orientation such that

(fl*le) U (f2*1X2) = f3*1X3-

One can extend Theorem 15.7 so that the restrictions on the dimensions are elimi-
nated. The cohomology class (f1.1x,)U(f2x1x,) can therefore always be written in
the form f3,1x, where X3 is a compact manifold of dimension dim X; + dim Xy —
dimY and f3 is a C* map X3 — Y, and one can regard f3(X3) as a representative
of the intersection between f;(X1) and fo(X32).

Notes. The intersection numbers studied here by means of de Rham cohomol-
ogy are historically much older. They were the starting point of the duality in the
classical homology theory of Poincaré. The theorems in this chapter can essentially
be found in [H] although the formulations there are somewhat different.
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CHAPTER XVI

THE FIXED POINT THEOREMS OF LEFSCHETZ AND HOPF

Let X be a compact oriented C* manifold of dimension n, and let f : X — X
be a continuous map. We want to study the fixed points of f, that is, the points
x € X with f(z) = z. If G is the graph of f,

Gy={(z, f(z));r e X} C X x X,

then the fixed points are the intersections between Gy and the diagonal A C X x X,
and we can calculate the intersection number using the methods in Chapter XV.
Let 0 be the diagonal map X 3 = — (x,2) € X x X, and let F' be the map
X 3z~ (z,f(x) € X x X. We choose a basis {«a;} for H*(X) consisting of
homogeneous elements and denote by {f3;} the biorthogonal basis, thus

(i, By) = diy.

The existence of the dual basis follows from the Poincaré duality theorem, and
the cohomology classes [3; are also homogeneous. By Kiinneth’s formula (Theorem
14.1) we have

F.l1x = Zcijai x Bj, c¢ij =0 if degoy + degB; # n,
1,
so the intersection number between Gy and A is
(Fulx,0.x)xxx = (0"Fulx, Ix)x = > cijlai, B) = > cii.
i i
By the definition of F, we have

(Bi x aj, Fulx)xxx = (F*(Bi X o), 1x)x = (Bi, fray) x.

When i = j we obtain

(—1)deseidesfef f*q, By = (B; x @, Fulx)xxx
= cii(Bi X iy o X B;) = ¢ (—1)desildesfitdesei) 8y \ (0, B;) x.
(Note that for the corresponding differential forms one must let the form rep-

resenting the last «; commute through the form representing f; X «;.) Since
deg a; — (deg a;)? is even it follows that

D e =Y (D) fr, Bi) = > (1) Te(f*|H (X)),
i i j
where Tr(F*|H’(X)) denotes the trace of the linear map f* : H/(X) — H’(X).

Hence we have proved:
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THEOREM 16.1 (LEFSCHETZ). Let X be a compact oriented manifold, and let
f:X — X be a continuous map. If F is the map X 3 xz — (z, f(z)) - X x X and
0 is the diagonal map corresponding to the identity, then the intersection number
between F' and 6 is equal to

dim X

(16.1) > (1Y Te(f|HY (X)),

=0

which is called the Lefschetz number of f. It only depends on the homotopy class
of f. When the Lefschetz number of f is not 0 then f must have a fized point.

ExaMPLE 1. If f is homotopic to the identity map then the Lefschetz number
" dim X
> (~1)7 dim H/ (X)
j=0
which is called the Fuler characteristic of X. Note that the Poincaré duality theo-
rem implies that it is equal to 0 when n is odd.

Before giving other examples we shall write out explicitly the special cases of
Theorem 16.1 when F' and § are transversal or just have finitely many intersections.
Suppose first that f € C* and that F' and § are transversal. This means that for
a fixed point x € X the linear map

To(X) @ Te(X) 3 (&1,8&) — (&1 + &, fl(2)6 + &) € To(X) @ T (X)

is bijective, and the sign of the intersection is the sign of this map. As in the second
part of the proof of Theorem 15.5 we find that this is equivalent to the map

(&1,&2) = (& — f(@)&r, ()61 + &2)

which is bijective if and only if & # f'(x)& when & # 0. The sign is the same
as for det(I — f’(x)) where I is the identity in T,(X). The fixed point is said to
be non-degenerate when this determinant is not equal to 0. As a special case of
Theorem 16.1 we now obtain:

COROLLARY 16.2. If X is a compact C* (oriented) manifold and f is a C*
map X — X with no degenerate fized point, then the number of fixed points x,
counted with the sign of det(I — f'(x)), is equal to the Lefschetz number (16.1) of

f.

Here the hypothesis that X is oriented has been put inside a parenthesis since
it is not essential for the statement and not required for the result. However, we
have only proved the theorem in the orientable case. We leave the extension to the
reader and pass to a discussion of a continuous map f : X — X with only isolated
fixed points. Let xg be a fixed point and identify a small open neighborhood of
xo with a neighborhood of 0 € R" by a diffeomorphism preserving the orientation.
In order to apply Theorem 15.9 we must determine (—1)"D(p,U x U,0) if U is a
small convex neighborhood of 0 in R™ and

o(r1,72) = (21, f(21)) — (T2, 72).
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For the homotopy
oi(r1,22) = (txy — 22, f(21) — 21 + t(tr1 — 22)), (21,22) €U x U, t € [0,1],

we have ¢¢(x1,22) # 0 unless f(x1) = z1 and xo = tx1, hence x1 = x9 = 0. This
implies that

D((,O,UX U70>:D(9017U>< U70>:D((1007UXU70>: (_]‘)nD(I_f7U70)7

since the determinant of the map (y1,y2) — (—y2,—v1) in R™ @ R" is equal to
(—=1)™. Thus we have proved:

COROLLARY 16.3. Let X be a compact C* (oriented) manifold and let f :
X — X be a continuous map. If f has finitely many fixed points then the Lefschetz
number (16.1) of f is equal to the sum of the indices of the fized points. The index
of a fixed point xq is defined by taking a diffeomorphism 1 : R™ — U where U is a
neighborhood of xy containing no other fixed point. If

p(z) =2 —y~lofoy(x), zeR",

then the index of xq is equal to D(p,Q, ¥~ (zg)) where Q is a bounded neighborhood
of = (o).

EXAMPLE 2. A continuous map f : S™ — S™ must have a fixed point unless
the degree is equal to (—1)"T1, which is the degree of the antipodal map x + —x
which obviously has no fixed point. In fact, the Lefschetz number is 1 + (—=1)"m
where m is the degree.

EXAMPLE 3. A continuous map f : P4 — P& must have at least one fixed
point unless n is odd and the degree is equal to —1. In fact, by Example 5 in
Chapter V, given after Theorem 15.7, we know that if « is a generator for H?(Pg&)
then f*a = ca, hence f*a* = c¥a¥, where c is an integer. (We do not need this
information yet.) The Lefschetz number is therefore

ltet+@ 4= (" =1)/(c—1), c#1,

which has no real zero if n is even and only the real zero ¢ = —1 when n is odd.
If c = —1 and n is odd then the degree is ¢” = —1. An example of a map without
fixed point is defined in homogeneous coordinates by

(207 ceey Zn) — (217 _207237 _227 sy Z’I’L7 _Z’I’L—1>

when n is odd so that the number of homogeneous coordinates is even. For a fixed
point the two n + 1 tuples must be proportional, hence zpzg + 2121 =0, ... . This
implies that z; = 0 for every j, which does not define a point in Pg&.

As a special case of the Lefschetz formula (16.1) we shall now derive a theorem
of Hopf on the zeros of a vector field on a manifold. Let v be a C'°° vector field
on the compact oriented manifold X, that is, a C'°° section of the tangent bundle
T(X). By integration of the differential equation

(16.2) df (x,t)/dt = v(f(x(t)), [f(z,0) =z,
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we define a one parameter family (in fact a group) of C* maps f; : X 3> =z —
f(t,x) € X with fy equal to the identity. Since f; is homotopic to the identity the
Lefschetz number is equal to the Euler characteristic of X (see Example 1 above).
On a compact set where v % 0 there is no fixed point for f; when ¢ is small, but
a zero of v is a fixed point for every t. To determine when it is non-degenerate we
choose local coordinates x1,...,x, vanishing at a zero of v. Then the differential
equations (16.2) for f(x,t) = (f1(z,t),..., fu(z,t)) have the form

Ofj(z,t)/0t =vi(f(z,t)), [fj(z,0)=2;, j=0,...,n.
By Taylor’s formula
f(z,t) =z + tv(x) + O(t%);
more precisely, (f(z,t) — x)/t — v(x) in C* in a neighborhood of 0 € R™ when
t — 0. If det 0v(0)/0x # 0, it follows from the implicit function theorem that there
is a neighborhood of the origin where the equation f(z,t) = x has only the zero
x = 0 when ¢ is small enough. We have

(I — f.(0,t))/t = —0v(0)/0z when t — 0
which implies that
(—t)"det(I — f1(0,t)) — det dv/dx when t — 0.

Hence the fixed point is non-degenerate and the sign is equal to the sign of dv/0x
when n is even. When n is odd the sign also depends on the sign of ¢. This does
not affect the following statement since the Euler characteristic is equal to 0 then.

THEOREM 16.4 (HOPF). Let X be a compact oriented C*° manifold, and let v
be a C° wvector field on X such that det dv/0x # 0 at every zero of v if dv/0x
1$ calculated in terms of local coordinates there. Then there are only finitely many
zeros of v, and the number of zeros counted with the sign of det dv/0x is equal to

the Euler characteristic
dim X

> (-1) dim H' (X).

J=0

We have of course a similar result for continuous vector fields with only finitely
many zeros. The Euler characteristic is then equal to the sum of the indices of the
zeros where the index of a zero is the degree of the map defined by the vector field
in a small sphere around the zero in terms of local coordinates. The details of the
statement and proof are left as an exercise.

ExXAMPLE 4. On a sphere of even dimension there are no vector fields without
zeros since the Euler characteristic is equal to 2. However, such vector fields exist
on all spheres of odd dimension (in fact, on all manifolds of odd dimension). An
example on S?"~! C R?" is given by

v(z) = (—x2, 21, —T3,%2, ..., —Top, Ton_1), T E R?".

EXAMPLE 5. The Euler characteristic for P& is equal to n + 1, so vector fields
on P& have n + 1 zeros “in general”.

Notes. The fixed point theorems in this chapter were first proved in [H] and
[L]. They are included in most textbooks on algebraic topology. A relatively recent
extension of the Lefschetz fixed point theorems to complexes of differential operators
other than the de Rham complex of exterior differential operators has been given
in [AB]. Another proof can be found in [H8, Section 19.4].
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