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Highlights

This following bullet points highlight the novelty and major findings of the thesis.

• A novel Loaded Tooth Contact Analysis (LTCA) tool is presented. Simulations
using the tool show the importance of treating contact outside the nominal line
of action, including tip contact.

• The methodology of using design curves for simultaneous optimization of trans-
mission error and contact pressure is proposed, and shown to be easy to use.
It serves as a guide to choose manufacturing error tolerances with respect to
gearset behavior rather than geometry.

• The concept of tip contact threshold torque is introduced. It is suggested as a
means to assess the severity of manufacturing errors, and to compare different
types of error and modification.

• Combining simulations and statistical predictions is shown to reduce compu-
tational burden without loss of accuracy.

• A novel Thermal Elasto-Hydrodynamic Lubrication (TEHL) tool is presented.
Manufacturing errors are shown to have a large impact on TEHL behavior,
predominantly through alteration of load distribution between simultaneous
contacts.

• By optimizing the dog-leg angle of a two-stage reduction, both bearing forces
and housing mass can be considerably decreased, independently of other opti-
mizations.
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Summary

Gears are old machine elements, invented at least a few thousand years ago, but they
still face new challenges. Due to electrification, new demands are imposed on gearsets
regarding quality, NVH (noise, vibration, harshness) behavior, lubrication perfor-
mance, gear ratio, and so on. To fulfill these new requirements, a better understanding
of gear meshing and gearset operation is needed. While experiments are versatile and
valuable tools for assessing gearset operation, they also have some drawbacks: they
tend to be cumbersome and time consuming, and they cannot isolate the influence
of certain parameters. Moreover, pressure in the contact cannot be measured in a
satisfactory way.

To solve these problems, a simulation tool is needed. In this thesis, a simulation tool of
the type LTCA, or Loaded Tooth Contact Analysis, is developed in Paper I. The LTCA
simulates the meshing of spur gears subjected to pitch error and profile slope error.
Contact is found by searching for common normal directions of the flanks together
with a compliance condition, instead of using a predetermined load distribution. The
LTCA accounts for non-Hertzian pressure, contact outside the nominal line of action
(LOA), and tip contact. This model is then used in Paper II to simulate contact
pressure of gearsets with different combinations of manufacturing error tolerances,
i.e., relating deviations in geometry, caused by manufacturing, to performance of the
running gearset.

Apart from keeping contact pressure below a certain level, the transmission of mo-
tion should be smooth. This is quantified by the transmission error (TE), defined
as the difference between the nominal and actual position along the LOA. In Paper
III, TE is simulated together with contact pressure. Since they tend to counter-vary,
optimization can be performed. Design curves are presented to show how to choose
tolerances to simultaneously optimize transmission error and contact pressure.

From Papers I-III it can be concluded that too large manufacturing errors adversely
impact gearsets. Too tight tolerances, however, increase the risk of scrapping of gears
that would work properly, which increases production time and cost, material waste,
environmental impact, and so on, counteracting the Global Sustainability Goals. To
avoid this problem, Paper IV suggests the novel method of using the tip contact
threshold torque as a single metric to assess the severity of manufacturing errors, i.e.,
basing the assessment on performance instead of only geometry. The feasibility of
the method is shown in a case study of manufactured gears, where some scrapping is
shown to be unjustified.

As gearsets in real applications are lubricated, lubrication needs to be included in the
simulations. In Paper V, a thermal elasto-hydrodynamic lubrication (TEHL) method

viii



is developed. This method calculates lubricant pressure and temperature by solving
the Reynolds equation and the heat equation. It considers varying viscosity and den-
sity, as well as cavitation of the lubricant. Load distribution found from the LTCA
is used as input to include manufacturing errors. Results show that apart from in-
creased pressure, manufacturing errors may also cause an increase in temperature and
a decrease in film thickness.

Apart from the single gear pairs in Papers I-V, Paper VI presents a study of a two-
stage gear reduction used in an electric vehicle. Two stages means that there are three
shafts, which opens further possibilities for optimization. This is done by finding the
optimum dog leg angle, or diversion angle, by means of the lowest reaction forces,
which in turn allows for smaller bearings without a loss of rating life. The decreased
enclosed volume of the gearset also results in a lower housing mass. Both propulsion
and regenerative braking are accounted for.

Together, several aspects of gears for electrified drivelines as treated. Future work
includes adding surface roughness in the TEHL method, to account for asperity con-
tact and mixed lubrication in a physically reasonable and coherent way. The overall
goal is to have a full treatment of the contact integrated in a larger system, including
bearings, shafts, and housing.
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Populärvetenskaplig sammanfattning på svenska

Övergången till elbilar ställer nya krav på kugghjul. Man vill ha en tystare växellåda
och kugghjul med bättre precision, samtidigt som kraven på hållbarhet ochmiljöpå-
verkan ökar. Samtidigt har man större frihet i växellådans design. Den här avhand-
lingen visar hur man löser dessa problem samtidigt.

Kugghjul har funnits i åtminstone ett par tusen år, men de möter ständigt nya krav.
Kugghjulen i en elbil måste vara tystare eftersom växellådan inte längre överröstas
av en förbränningsmotor. Elmotorns höga varvtal ställer ökade krav på kugghjulens
kvalitet, men även på smörjning och hela växelns uppbyggnad. Den här avhandlingen
studerar dessa nya krav.

För att få ökad förståelse för vad som händer med kugghjulen under drift kan man
utföra experiment. Detta är ett viktigt område, men det har samtidigt en del problem.
Experiment är ofta dyra och tidskrävande, och kan sällan isolera enskilda faktorer.
Dessutom kan man inte direkt mäta kontakttryck, som är en viktig parameter för
kuggväxeln. Dessa problem kan lösas genom att i stället simulera växelns beteende
med en modell i ett datorprogram.

I den här avhandlingen har en simuleringsmodell av en kuggväxel byggts upp. Model-
len inkluderar flera viktiga fenomen, som toppkontakt där det ena kugghjulets skarpa
topp kommer i kontakt med det andra kugghjulet. Detta är ett stort problem, ef-
tersom det skadar ytorna vilket leder till försämrad funktion och slutligen till haveri
av växellådan. Modellen tar även hänsyn till tillverkningsfel, dvs. geometriska fel som
ofrånkomligen uppstår vid tillverkningen. Om felen leder till ökat tryck, till exempel
genom att orsaka toppkontakt, är de särskilt allvarliga.

Simuleringarna ger både tryck och s k transmissionsfel, som relateras till oljud. Ef-
tersom minskat tryck kan resultera i ökat oljud och vice versa finns här en potential att
optimera växeln så att både tryck och oljud hålls på tillräckligt låga nivåer. Samtidigt
kan även för stora krav ställa till problem, eftersom man då riskerar att skrota kugg-
hjul som hade fungerat tillräckligt bra i drift. I avhandlingen presenteras en metod för
att undvika detta genom att bedöma tillverkningsfel efter när toppkontakt inträffar i
stället för baserat på geometri. En fallstudie visar att metoden har god potential och
industriell nytta.

För att minska friktion och öka verkningsgrad smörjer man kuggväxlar med någon
olja. Att inkludera oljan i simuleringarna är viktigt för att förstå hur växeln beter
sig. Det är ett komplext problem där trycket i oljan orsakar deformation av ytorna,
vilket ändrar oljefilmens tjocklek. Detta påverkar i sin tur trycket, vilket innebär att
trycket påverkar sig självt. Trycket påverkar även oljans temperatur, och temperaturen

x



har stor inverkan på oljans egenskaper som densitet och viskositet – en varm olja
är mer lättflytande. Sammantaget är egenskaperna starkt kopplade till varandra, och
problemet ytterst olinjärt.

Förutom kontakten påverkas hela växelns uppbyggnad av övergången till eldrift. El-
motorn går mycket snabbare än en förbränningsmotor, men bilens hjul är lika stora
och den ska köras lika snabbt. Därför måste utväxlingen bli mycket större, och typiskt
delas upp i fler steg. Med flera steg och därmed flera par kugghjul och axlar har man
större frihet i växelns design. Den här avhandlingen visar också hur design kan väljas
för att få så låg vikt som möjligt, och för att lagren ska hålla längre. Därmed kan väx-
eln förbättras på både stor och liten skala, och din elbil blir lättare, tystare, får bättre
räckvidd och mindre miljöpåverkan.
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Chapter 1

Introduction

1.1 Old machine elements face new demands

Gears are old machine elements, predating the common era. According to Lewis [1],
they were invented in ancient Greece a few hundred years BC.

Although the basic principle of gearing is old, mathematical descriptions of gear flanks
came later. Huygens introduced the concept of evolute and involute in 1673 [2], and
the major breakthrough was made by Euler in the mid eighteenth century [3] when
he suggested the involute of a circle, the so called base circle, as geometry of the gear
flank. In this thesis, the term ’gears’ always refers to involute gears.

Involute gears have been studied extensively for over a century by pioneers such as
Maag and Fölmer [4]. Among the classical works is also that of Lewis [5], who con-
sidered bending of gear teeth by studying an equivalent cantilever beam. Since then,
much work has focused on root and contact stress in gears to find out how much load
the gearset can transmit.

Experimental work

Much experimental work has been made on root stress, typically by fitting strain
gauges on the gear teeth. An early example of this method is an experiment con-
ducted in 1962 by Utagawa and Harada [6], followed by Houser and Seireg [7] in
1970 and Ichimaru and Hirano [8] in 1974. The basic idea of measuring strain with
gauges for gears having known manufacturing errors seems to be fairly static through-
out the years, but with the aim of achieving better measuring accuracy and better
correspondence with computations. This is achieved by e.g. Handschuh et al. [9].
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Root stress is a suitable subject for experimental measurements as the strain gauges do
not interfere with the gear meshing. This is also true for other properties of a running
gearset, such as transmission error (early work by Houser and Blankenship [10]; more
recently by Benatar et al. [11]), vibration (Ratanasumawong et al. [12], Grzeszkowski
et al. [13]), efficiency (pioneering work by Hyde et al. [14]; early work by Kasuba
and Radzimovsky [15]; recent work by Andersson et al. [16], Li et al. [17]), and mesh
stiffness by means of digital image correlation, DIC (Raghuwanshi and Parey [18]).

Contact pressure cannot be measured

This is however not the case for contact stress. Few experimental studies of contact
stress in gearsets have been published; among the few is a study using the stress-
optical method of caustics performed by Spitas et al. [19]. Results were compared
to isochromatic fringe patterns obtained by photoelasticity. Another method is to
use ultrasound, as presented by Quinn et al. [20] who report good agreement with
Hertzian contact theory. Contrarily, Pau et al. [21] report a disagreement between the
two approaches.

However, none of the methods measure contact pressure directly. Rather, the results
are translated to contact pressure via some assumption. But a strain gauge at the root
of the gear says more about the equivalent load of a pressure distribution than about
the pressure distribution itself, in accordance with Saint-Venant’s principle [22, 23].

Another method has to be used: Simulations

Still, assessment of contact pressure in gearsets is of great importance. Since it cannot
be measured in a reasonable way, researchers have turned to analytical and numerical
methods to calculate contact pressure and simulate meshing and gearset behavior,
which is used here as a collective term for gearset properties such as contact pressure,
transmission error, lubricant temperature, et cetera.

Demands are then imposed on gearset behavior, such as contact pressure and trans-
mission error. Ultimately, the demands stem from end users, such as demands on
low noise from buyers of electric vehicles. However, specifications for manufacture
are made much earlier, and the decision of whether a gear should be kept or scrapped
after manufacturing and control measuring is made long before the part is in use.
Therefore, a link must be established between gear geometry and gearset behavior.
The aim of this thesis is to add an increment to this link.

Manufacturing errors

There are several ways to manufacture gears, for example by generating methods such
as hobbing [24], shaving [25], honing [26], broaching [27], skiving [28], and polish-
ing [29]. These methods are typically combined with treatments such as coating [30],
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shot peening [31], and case hardening [32]. Alternatively, copying methods such as
sintering of powder metal [33] can be used. All of these methods result in some degree
of deviation from the desired gear geometry. The relation between different manu-
facturing methods and the geometrical deviations on the produced gears has been
investigated by Svahn [34] and Gravel [35].

To formalise this deviation, a few different manufacturing errors are introduced. Lin
and He [36] show graphically how geometrical deviations can be divided into pitch
error, profile error, and helix error. In turn, profile and helix errors are divided into
slope and form error. This is formalised by standards, such as the ISO standard [37]
used throughout this thesis.

Due to electrification, with its increased demands on gears, understanding gear mesh-
ing becomes even more important.

Dry contact pressure

The reason that contact pressure in gearsets is of interest to study is the relation be-
tween pressure and different damage or failure mechanisms, such as pitting [38], wear
[39], and scuffing [40]. Many authors have studied contact pressure in gearsets. The
following gives an overview, with special focus on contact pressure in gearsets with
manufacturing errors.

Extensive work using the finite element method (FEM) on spur gears with manufac-
turing errors has been presented by Li [41, 42]. A major conclusion from the studies is
that load distribution, i.e., the load sharing ratio between simultaneous tooth pairs in
mesh, is greatly altered by manufacturing errors. With increased load comes increased
contact pressure as a result of manufacturing errors.

Zhang et al. [43] performed a FEM simulation of helical gears with manufacturing
errors, including pitch error and a profile error. A comparison between contact force
for gearsets with and without pitch error shows a great increase in presence of pitch
errors.

FEM was also used by Wei et al. [44] who studied different manufacturing errors of
classes 5 and 7. While acknowledging that the matter needs further investigation, their
results indicate that combined effect of manufacturing errors appears, for some cases
as a superposition. Classes 5 and 7 are also used by Luo et al. [45] in their study of load
distribution. Apart from drawing conclusions of combined effect and superposition
similar to those made by Wei et al. [44], Luo et al. [45] also found that manufacturing
errors (helix deviations) have a greater impact on load distribution than on root stress.

The change in geometry due to manufacturing errors is reflected in the effective stiff-
ness distribution as shown by Wang et al. [46]. This translates to altered load distri-
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bution and contact pressure.

Guilbault et al. developed a method [47] that was then used to study manufacturing
errors [48]. Their findings also showed that contact pressure was more affected by
manufacturing errors than root stress was, as well as an effect of combined errors, not
only on the same gear, but also on mating teeth.

Here it can be concluded that there is a large impact on load distribution and con-
tact pressure from manufacturing errors. To accurately simulate meshing and contact
pressure, the simulation approach should include certain features or capabilities, as
described and discussed below.

In Hertzian contact theory, only the equivalent radius of curvature of each surface
in contact is used, i.e., a single value per surface. It is then impossible to accurately
include contact where the radius of curvature changes rapidly, such as near the tip.
Non-Hertzian contact pressure is treated by e.g. Bruzzone et al. [49].

By using non-Hertzian contact pressure, asymmetric pressure can be found, and tip
contact [50] can be modeled. This is done by Ye and Tsai [51] who found greatly
increased contact pressure due to tip contact. Consequences of tip contact include
pitting, as discussed by Errichello et al. [52].

Tip contact occurs when the tip relief [53] is too small to compensate for the elastic
deformations due to the torque applied to the gearset. This generally takes place
outside the nominal line of action; see Munro et al. [54, 55] or Jedliński [56].

From this it is concluded that the simulation approach should be able to simulate tip
contact using non-Hertzian contact theory and off line of action contact. To achieve
this, a Loaded Tooth Contact Analysis [57], or LTCA, needs to be performed. The
LTCA takes into account the deformation of gears and possibly other components
such as shafts, as opposed to the Tooth Contact Analysis (TCA) which uses nominal
gear geometry.

Transmission error

An LTCA can provide more results besides contact pressure. Since deformation is
found at all contact points, the variation of deformation along the LOA can be cap-
tured. This variation, as a distance along the LOA, reflects deviation from the perfect
transmission of motion, and is therefore denoted by transmission error [58], typically
abbreviated TE. Sometimes, division is made into static transmission error [59] (STE)
and dynamic transmission error [60] (DTE). While static transmission error is a com-
monly used term, it is more correctly denoted by quasi-static, a terminology adapted
by e.g. Velex and Ajmi [61]. When a single measurement is desired, the peak-to-peak
transmission error (PPTE; PPSTE, PPDTE) is used [62]. Apart from deformation,
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other deviations from perfect involute geometry also contribute to the TE; thus, it is
related to tooth modifications [63].

Since manufacturing errors are deviations from the intended geometry, TE can be
linked to manufacturing errors as well. This has been done in some of the previ-
ously mentioned studies, such as Lin and He [36] who report an increase in STE due
to manufacturing errors. Li [41] also concludes that increased manufacturing errors
increase transmission error values, but also change their form.

Guo and Fang [64] and Hajnayeb and Sun [65] performed statistical analyses of ran-
domly distributed manufacturing errors and their impact on transmission error. They
used error grades according to ISO standard [37]. The fact that both vibration ampli-
tude increases and that chaotic vibrations can take place due to manufacturing errors
is shown by Bonori and Pellicano [66].

Transmission error is often described by amplitude and frequency spectra. This is
done by Yuan et al. [67], who show how manufacturing errors cause sidebands in the
vibration frequency spectrum. Similar results are presented by Fernández-del-Rincón
et al. [68].

Talbot et al. [69] and Inalpolat et al. [70] also report alteration of the TE spectra,
including additional peaks due to pitch errors. They report good agreement between
simulated and measured data. Contrary to contact pressure, transmission error can
be measured in a straightforward way, using laser vibrometers [71], optical encoders
[72], or acceleration sensors [73]. The latter method was used by Hedlund and Lehto-
vaara [74] for gears with manufacturing errors. They concluded that the gear ratio is
sensitive to manufacturing errors. This reflects yet another way to view TE, namely
as a deviation from the nominal gear ratio.

Altogether, manufacturing errors are shown to impact transmission error as well, even
though this field seems to have gotten less attention the relation between manufac-
turing errors and contact pressure. However, TE is of special interest as it can be
linked to gearbox noise [72, 75] which becomes increasingly important as an elec-
tric motor does not drown out gearbox noise as an internal combustion engine does.
Furthermore, due to the higher rotational speed of the electric motor, the noise gets
more high pitched, which is tends to be perceived as more annoying than low pitched
noise. This opens up for application of psychoacoustics to gearbox noise, as done by
Stadtfeld [76].

Another rising field in noise reduction of electric vehicle gearboxes is the use of powder
metal, which can be used to reduce NVH [77, 78, 79]. The lower equivalent modulus
of elasticity contributes to a smoother and more silent meshing.

7



The link between noise and transmission error is interesting, since an inconvenience
experienced by the end user, such as drivers and passengers of electric vehicles, can be
related to gear geometry, and ultimately manufacturing errors and their tolerances.
Thus, if the link is fully explored, tolerances can be chosen such that a certain accept-
able noise level can be reached. Optimization of TE with respect to noise in a truck
timing multistage gearset was made by Carbonelli et al. [80].

Since both contact pressure and transmission error can be related to manufacturing
error tolerances, there is a possibility to choose manufacturing error tolerances to
optimize the gearset with respect to both contact pressure and transmission error si-
multaneously.

Tolerancing and scrapping

Choosing tolerances is a complicated task which in itself is an optimization problem.
A course tolerance, corresponding to a low quality gear, typically results in poor per-
formance of the gearset. Pacana and Pacana [81] conclude that ”It is necessary to be
extremely careful when manufacturing gears of the most accurate profile possible, as
it may significantly prolong its durability”. Improving quality, however, comes at
the expense of an increase in production cost, time, environmental impact, and so
on. Furthermore, gears are scrapped as soon as one or more error measurements fall
outside the allowed tolerance. If these tolerances are too tightly chosen, there is a
risk of scrapping a gear that would work well in practice. It their study of end-of-life
management in the automotive industry, Karagoz et al. [82] concluded that material
waste reduction is in need of greater consideration.

There are ways to mitigate unjustified scrapping, such as by reparation [83] and re-
manufacturing [84, 85]. It is however desirable to avoid the problem altogether if this
can be done already at the tolerancing stage.

Due to the complexity of this problem, tolerancing is traditionally carried out on a
trial-and-error basis [86], but this approach makes it difficult to find an optimal solu-
tion. To make the best possible choice, a more rigorous approach is needed. Matters
are complicated further due to the sensitive nature of the relation between tolerances
and gearset performance. Bonori and Pellicano [66] state that ”The stochastic ap-
proach shows that slightly different profile errors, within the same tolerance class, can
lead to differences in terms of amplitude of oscillation that are not negligible”.

Tolerancing has been treated as a general subject [87] as well as applied specifically
to gears [88, 89, 90]. Lin et al. [91] found that manufacturing costs can be reduced
by optimization of tolerances. An extensive overview of cost analysis of tolerances is
provided by Hallman et al. [92].

8



While tolerancing should be reasonable from a manufacturing point of view, Chen
and Li [93] suggest a change of focus to design rather than manufacturing, i.e., more
consideration of allowable deviations from the perfect geometry than the result of
manufacturing.

Bruyere et al. [94] performed an extensive study on tolerances using statistical analy-
sis, including the relation between manufacturing errors and transmission error. They
stated that ”In the case of tolerance analysis of gears, we are not sure that the worse
transmission error corresponds to the worse possible configurations of tolerances”.
This is an important conclusion, because it shows that the relation between manufac-
turing error tolerances and gearset performance is not as straightforward as one would
expect. They also stress that choosing tolerances based on worst-case manufacturing
outcome can lead to unnecessarily tight tolerances and consequently high production
cost.

To summarize, there is a need for a method that connects manufacturing error tol-
erances to gearset behavior. With such a method, tolerances can be chosen based
on properties of the running gearset, such as contact pressure and transmission error,
rather than just geometry. By both avoiding unjustified scrapping due to too tight
tolerances, and premature failure due to too course tolerances, waste of material, cost,
energy, and time can be kept to a minimum.

Lubricated contact pressure

Thus far it has been shown that there are ways to calculate contact pressure in gearsets.
In most cases, this pressure is close to Hertzian, for which there are closed form ex-
pressions. These expressions, however, are based on contact between two solids under
dry conditions and do not account for the lubricant. In practice, gearsets are however
lubricated. In some applications, grease lubrication [95] is used, but due to the higher
likelihood of starvation [96] it is quite different from oil lubrication. Unless stated
otherwise, lubrication always refers to oil lubrication in this thesis.

Some problems can be solved using this dry contact assumption, and in those cases
it is convenient to omit the lubricant. In other problems, where the lubricant is of
interest, another method is needed. Such methods are described and discussed below.

An equation that governs pressure in a thin lubricant film was derived by Reynolds
[97] and holds his name, the Reynolds equation. It is derived by applying the equa-
tions of hydrodynamics to lubrication conditions, but can also be derived from equi-
librium of an oil element. Almqvist and Larsson [98, 99] compared results obtained
by using the Reynolds equation to those found from the more general Navier–Stokes
approach. They found good agreement between the two approaches. The Reynolds
approach can be concluded to have two advantages in the study of thin lubricant films,
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namely avoidance of a singularity that appears in the Navier–Stokes formulation, and
easier handling due to reduced complexity. This latter advantage, however, comes at
the expense of accuracy according to Peterson et al. [100]. Still, it is assumed that the
Reynolds equation is sufficient to model major phenomena such as pressure and film
height.

The Reynolds equation relates pressure, viscosity, density, and film height of the lu-
bricant. It also includes the velocities of the mating surfaces, and it is these velocities
that allows a pressure to build up. For very low pressure, deformation of the surfaces
is negligible, and one speaks of the hydrodynamic lubrication (HL) problem. In most
applications, pressure is high and deformation cannot be neglected. When elastic de-
formation is included, the problem is denoted by elasto-hydrodynamic (EHL). This
problem becomes nested, as pressure depends on film height, which is altered by de-
formation, which in turn is caused by pressure. This means that pressure depends on
itself. The relation between pressure and elastic deformation is often chosen as that
of Johnson [101]. While it is also possible to model plasticity, as done by Bobach et
al. [102], the surfaces should not carry such a high load that they deform plastically
(other than in case of asperity contact).

The EHL problem has been treated by many authors and from many viewpoints.
A general approach is to study EHL of point contacts [103] or line contacts [104].
Cylinder-to-cylinder contact [105, 106, 107] and cylinder-to-plane contact [108] stud-
ies allows for a description that can be applied to different machine elements, such
as cam and follower in a valve, roller and race in a bearing, or between flanks in a
gearset. Thereby, geometry specific to gearsets is omitted, such as the radius of curva-
ture changing along the contact at a certain contact position. Instead, they can focus
on other aspects such as surface roughness [105], temperature [106], or starved lubri-
cation [107]. Furthermore, they are suitable for comparison with experiments, such
as ball-on-disc [109] or twin disc [110].

Instead, other authors treat gear geometry such as crowning [111] and tip relief [112,
113]. While the former used a full EHL treatment, the latter two used a partial for-
mulation based on formulas. This eases computational burden, but typically lowers
accuracy and makes it more difficult to explain phenomena as discussed by Echávarri
Otero et al. [114]. It can be concluded that an accurate model should have a full EHL
treatment, while also covering gear geometry.

A key parameter in the EHL formulation is the viscosity, which increases with pres-
sure. An early model was proposed by Barus [115]. This relation is exponential, and
results in gigantic values for the pressure values typically encountered in gearsets.
This can be dealt with in different ways. Jacobson [116] introduced the solidifica-
tion theory, in which the lubricant behaves like a solid when the viscosity becomes
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high enough. Li and Kahraman [117] used av viscosity formulation based on three
different pressure regions based on Goglia et al. [118]. Another viscosity model is
presented by Roelands [119], which has been widely used.

While viscosity increases with pressure, it decreases with temperature. The immense
viscosity predicted by formulas in highly pressurized contacts are thus counteracted
by a temperature increase. The Roelands formula can be modified [120] to include
temperature, as used by e.g. Liu et al. [121], or the Rodermund formula [122] can be
used instead [107]. Density varies considerably less, and is typically modeled by the
Dowson–Higginson relation [123].

Here it can be concluded that temperature also is a key parameter in the EHL problem,
so much so that the term thermal elasto-hydrodynamic lubrication, or TEHL, is often
used. TEHL analyses are performed by several authors [124, 125, 126, 127, 128, 129,
130]. These studies show very different results. Whereas Peng et al. [129] report
temperature rise in the contact of only a few degrees, Yang et al. [130] show flash
temperature of several hundred degrees.

Apart from the impact on the lubricant itself, temperature is of interest for other rea-
sons. Arana et al. [131] investigated thermal expansion of gears in lubricated gearsets.
They concluded that the expansion corresponds to pitch error and profile slope error,
which approached their maximum allowed values dictated by their tolerances. More-
over, the expansion caused a decrease in backlash as well as premature contact, i.e.,
contact outside the LOA. Thermal treatments including heat transfer in the gears, not
only the lubricant, are presented by Ziegltrum et al. [132] and Li and Kahraman [40].
From this, it can be concluded that a thermal treatment is needed for accurate results.

It is possible to include non-Newtonian properties of the lubricant, see Liu et al. [121].
However, they show that this has only a small effect on pressure and film height.
Quiñonez showed that Newtonian and non-Newtonian descriptions produce very
similar results under steady-state conditions, whereas more difference was observed
under dynamic conditions. While dynamic treatments are important in many en-
gineering applications, they are claimed [130] to have little influence on lubrication
performance, even though opposing claims have been made [133]. Here it is assumed
that non-Newtonian effects and dynamics can be neglected without much loss of ac-
curacy unless those effects are of primary interest, and as a first model.

As previously discussed, pressure can be non-symmetric as opposed to the symmetric
Hertzian pressure. This is a result of the surfaces being non-symmetric in the contact.
For a hydrodynamically lubricated contact, however, the pressure is non-symmetric
even for a symmetric geometry; instead, the surface velocities break the symmetry. At
the outlet, the column formed by the surfaces diverges. As the lubricant cannot fill all
the space, it cavitates. Just like the involute, the idea of cavitation was speculated by
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Euler [134] but later formalised by others, including early work by Floberg [135] and
later work by van Emden [136] and Gao et al. [137]. A description of cavitation must
be included for the model to be physically reasonable.

Manufacturing errors, as previously discussed, were shown to have a large impact on
gearset behavior under dry conditions. Furthermore, assembly errors strongly influ-
ence gearsets under lubricated conditions [138]. It is therefore reasonable to assume
that manufacturing errors affect TEHL behavior. Despite this, not many studies have
investigated this matter. Liu et al. [127] made a parametric study in which they varied
the pressure angle, which corresponds to a profile slope error. This was concluded to
have a significant effect on lubrication properties.

The impact of profile slope error was also treated by Clarke et al. [139], whose re-
sults ”suggest that deviations in the profile affect oil film formation to an extent that
may not be appreciated”. This seems like a sensible conclusion, as few studies treat
the impact of manufacturing errors on TEHL behavior, but those who do report a
large impact. Zhou et al. [140] compare measurements and calculation of the fric-
tion coefficient, and attribute the discrepancy to pitch errors being excluded from the
computation but present, as they always are to some degree, in the tested gears. In-
stead, studies of the impact of manufacturing errors on EHL behavior tends to focus
on surface roughness [141, 142], i.e., the manufacturing error called form deviation
[143]. This is a smaller scale manufacturing error than pitch error and profile slope
error.

Thus, it remains to fill the research gap of the relation between manufacturing errors
and TEHL behavior of gearsets.

In conclusion, manufacturing errors seem to have been given little attention despite
their large impact. Ideally, they should be included in a TEHL model that also takes
into account varying temperature, viscosity, and density.

Two and more stages

Thus far, only the contact between a pinion and a gear has been considered. This
assumption, i.e., neglecting all surrounding machine elements, is an effective way of
isolating the influence of one or a few parameters. In real applications, however, a
single gear pair is not isolated from all surroundings. Instead, they influence and are
influenced by shafts, bearings, housing, and so on, cf. Tudose et al. [144]. Moreover,
when for example large gear ratios are needed, a single gear pair is seldom a good
choice. Instead, multistage or planetary gearsets are favoured.

Large gear ratios are becoming increasingly important due to electrification, with elec-
tric motor rotational speed of around 10 000 to 20 000 rpm [145]. Since wheel size and
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speed regulations are not changed, gear ratio of the transmission has to be changed
instead. Together with demands on lower noise, potential to decrease mass of already
heavy vehicles, and fewer limitations from previous internal combustion engine (ICE)
vehicle designs, this opens up a whole new field of possible optimizations [146, 147].

Such an optimization was made by Kim et al. [62], who optimized a gearset with re-
spect to NVH, mass, and efficiency. They concluded that when one of these parame-
ters was omitted, the optimized gearset displayed considerably decreased performance
with respect to that parameter. Optimization of volume and/or mass of the gearset is
of interest, as it decreases inertia and mass, both of the gearset and, e.g., housing, but
also since reduced volume allows for more battery storage. Mass optimizations were
performed by, e.g., Wang et al. [148] and Moya-Rodríguez et al. [149]. The latter
studied asymmetric teeth, which is an appealing design for electric vehicles who also
use regenerative braking.

The studies mentioned above have focused single stage gearsets. When instead the
gearset is divided into two or more stages, it is also possible to find the optimum gear
ratio of each stage [150, 151]. Pi et al. [152] also found optimum gear ratios, and used
this to minimize the cross section area of the gearset. Volume decrease is also reported
by Sanghvi et al. [153]. To make the gearset more compact, minimum length is also
considered by some authors [154, 155, 156]. Volume minimization for more stages was
performed by Golabi et al. [157].

Two-stage gearsets subjected to manufacturing errors were treated by Ma et al. [158].
Pitch error and profile slope error were shown to have large impact on STE and DTE.
Furthermore, based on extensive literature search, they claim that few studies include
manufacturing errors, while those that do tend to neglect other important aspects.

An alternative to multistage gearsets is to use planetary gearsets. This was done fairly
early by Bodas and Kahraman [159], and more recently by e.g. Xun et al. [160]. Both
these studies include the effect of manufacturing errors. This case has gotten much
attention, likely since manufacturing errors change the load distribution not only
between simultaneous contacts of certain gear pairs, but also the total load between
the planets, such that adding more planets may result in an increase in maximum
planet load in presence of manufacturing errors, contrary to the desired decrease.

Conclusions

It is seen from the literature review above that electrification of vehicles gives rise to
many gearset challenges that need to be addressed. In the vast overview of tribological
phenomena in electric vehicles presented by Farfan-Cabrera [161], transmissions are
considered as one of the most critical tribological components. It is the aim of this
thesis to address these challenges.
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1.2 Research questions

The conclusions and research gaps found in the previous section are summarized here
as the following research questions (RQ).

RQ1: How could gear contacts be modeled, in a physically reasonable way, to account
for modifications and manufacturing errors?

RQ2: How do manufacturing errors and their tolerances influence gearset behavior?

RQ3: How could new challenges, imposed by electrification, be addressed at the gear-
box design phase?

It is the goal of each paper appended in this thesis to answer at least one of these
questions, and the goal of the thesis to answer all of them. However, it should be noted
that ’answer’ in this context hardly means exhausting the field - rather, it provides some
answers and insights, and shines light on a few new questions arising.

1.3 Scope and limitations

This thesis answers the research questions stated above using theoretical and numerical
methods. Theoretical frameworks are set up and implemented as computer programs,
and simulations and case studies are performed. Simulations focus on mechanical and
tribological aspects of gearing.

Experiments, where applicable, are not performed in this thesis, but remains as (on-
going) future work.

1.4 Research overview

This section gives an overview of the research included in this thesis, its relation to
other fields of research, and the outline of the thesis.

A great trend today is electrification of the vehicle fleet, which sparks many new chal-
lenges within science and engineering in fields such as energy, infrastructure, battery
technology, electronics, environment, and many more [145, 162, 163]. The field of in-
terest in this thesis is gears, which can be studied both from a component perspective,
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or from a system perspective. The component perspective in this thesis is applied to
contact analysis.

As discussed in Section 1.1, contacts can be studied under both dry and lubricated
conditions. Dry contact modeling, in form of an LTCA, is published in Paper I-IV,
and presented in Chapter 2. Lubricated contact modeling is published in Paper V
and presented in Chapter 3. Finally, system perspective is published in Paper VI, and
presented in Chapter 4.

Figure 1.1 shows a schematic overview of the research included in this thesis, including
the link between dry (LTCA) and lubricated (TEHL) contact analysis.

Figure 1.1: Schematic overview of the problem background and the research output included in this thesis.

An overview similar to that of Figure 1.1, but with ongoing and potential future work,
can be seen in Chapter 6.
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Chapter 2

Dry contacts - LTCA

This chapter describes the Loaded Tooth Contact Analysis (LTCA), i.e., the model
and simulation tool of dry contacts. It was concluded in the literature review of the
introduction that the model should include non-Hertzian pressure distribution, con-
tact outside the nominal line of action, and tip contact. The description of the gears
should include intentional modifications, such as tip relief, as well as unintentional
manufacturing errors and their tolerances.

2.1 The LTCA model

This section gives some more theoretical background to the LTCA model that is not
covered by the literature review in the Introduction section.

2.1.1 Load distribution

An important aspect when studying gear meshing is the load distribution, sometimes
known as load sharing. In the single engagement zone, only one tooth pair is in mesh
and consequently carries all the load. Thus, the load in the single engagement zone
is known. In the dual engagement zone, however, the load distribution remains an
unknown. For this reason, many authors make an assumption a priori. A common
assumption is that the tooth pairs each carry half the load during dual engagement,
see e.g. Kumar et al. [164]. Others, such as Bobach et al. [102] use a trapezoidal
function in the dual engagement zone.

Assumptions like the ones mentioned above serve the purpose of reducing computa-
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tional time. Once the load is known along the entire line of action, the corresponding
contact pressure can be calculated using, e.g., Hertzian contact theory. However, the
assumptions come with major drawbacks:

• They are not always physically consistent. From a pressure distribution comes
a deformation in each simultaneous contact. These deformations are not inde-
pendent, but should instead fulfil a compliance condition.

• They do not account for geometrical deviations such as intentional modifica-
tions or manufacturing errors. By assuming that tooth pairs carry the same
load irrespective of manufacturing errors, most of the adverse effect of manu-
facturing errors is neglected.

Instead, in the LTCA, contact is found from searching for common contact normal
together with a compliance condition.

Furthermore, most studies as well as standards (such as ISO 6336 [165]) neglect the
influence of friction on tooth load. Reimann et al. [166] showed in detail how load
distribution is altered by inclusion of friction. The reason is that the friction force
also contributes to the torque since it has a lever around the axis of rotation. Since
the sliding direction is reversed at the pitch point, so is the friction force and thus
the torque contribution. This is seen as a sudden jump in load, or contact force, at
the pitch point, as demonstrated by Marques et al. [167]. For this reason, friction is
included in the LTCA.

2.1.2 Hybrid model

The problem of deformation in gears is ill-conditioned, as the contact deformation
is very small compared to the size of the gear tooth and possibly the whole gear. To
accurately describe both contact and bending deformation using e.g. finite elements
(FE), an extremely fine FE mesh would be needed, resulting in immense computa-
tional time. Alternatively, an adaptable mesh could be utilized, but re-meshing is
also computationally demanding, especially since contact positions are not known
beforehand. The problem of ill-conditioning is further discussed by, e.g., Bodas and
Kahraman [159].

A way to solve the problem is to use a hybrid model, combining the versatility of finite
elements with the accuracy and low computation time of analytical methods. Simul-
taneously, good agreement with experiments are reported [58]. Hybrid models are
discussed by Langlois et al. [168], who concluded that hybrid models ”can be run in
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time scales orders of magnitude quicker than FE tooth contact analyses, while retain-
ing similar accuracy”. Early hybrid models were developed by Atluri and Murakawa
[169] for general problems in solid mechanics. A hybrid model of gear compliance
was developed by Vedmar [170]. This model is implemented in the LTCA.

2.2 Theory

The LTCA simulation tool and the method for simulating dry contacts is published
in Paper I. The description of the theoretical framework is however rather condensed.
In this section, this is elaborated on and the gaps are filled.

2.2.1 Reference profile

The reference profile is an imaginary line or plane that is complementary to the (rack
cutter) tool that manufactures the gear, as well as to the rack that is conjugated to
the gear. Different segments on the reference profile thus correspond to different
segments on the gear as shown in Figure 2.1.

Figure 2.1: Tool (bottom) and conjugated gear (top). The letters correspond to the different regions of the
gear; a: bottom circle, b: fillet, c: involute, d: tip relief, e: tip rounding, and f: top circle. Repro-
duced with permission from Paper II.

The geometry of the reference profile can be seen in Figure 2.2.
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Figure 2.2: Reference profile geometry. The lettered regions are the same as those in Figure 2.1. Reproduced
with permission from Paper I.

αn is the pressure angle in the normal plane. r0,t is the fillet radius and r0,tr is the
tip relief radius. The coordinate ξn is used as a parameter, since it has unique values
at all points. Thus, ηn = ηn(ξn) which is given by

ηn =



h0,t, 0 ≤ ξn ≤ ξ1 : a

ηf,c +
√
r20,t − (ξn − ξf,c)2, ξ1 ≤ ξn ≤ ξ2 : b

(ξ0 − ξn)/ tanαn, ξ2 ≤ ξn ≤ ξ3 : c

ηtr,c −
√
r20,tr − (ξn − ξtr,c)2, ξ3 ≤ ξn ≤ ξ4 : d

ηr,c −
√
r20,η −

r20,η
r20,ξ

(ξn − ξr,c)2, ξ4 ≤ ξn ≤ ξ5 : e

−h0,tip, ξ5 ≤ ξn ≤ π
2 : f

(2.1)

The reference profile thus generates bottom circle (a), fillet (b), involute (c), tip relief
(d), tip rounding (e), and top circle (f ). The tip relief is circular on the reference
profile whereas the tip rounding is elliptical with half-axes r0,ξ and r0,η, linking tip
relief and top circle with continuous coordinates and first derivative. The tip relief
circle center is given by the coordinates (ξtr,c, ηtr,c) which are far outside the figure.

The coordinates of the points on the reference profile are given by the following equa-
tions.
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ξ0 = π/4 (2.2)

ηfc = h0,t − r0,t (2.3)

η2 = ηfc + r0,t sinαn (2.4)

ξ2 = ξ0 − η2 tanαn (2.5)

ξ1 = ξ2 − r0,t cosαn (2.6)

ξfc = ξ1 (2.7)

ξ3 = ξ0 + h0,tr tanαn (2.8)

ξtr,c = ξ3 − r0,tr cosαn (2.9)

ηtr,c = −h0,tr − r0,tr sinαn (2.10)

The coordinate ηn = ηn(ξn) in the different regions is then given by

0 ≤ ξn ≤ ξ1 : ηn = h0,t (2.11)

ξ1 ≤ ξn ≤ ξ2 : ηn = ηf,c +
√
r20,t − (ξn − ξf,c)2 (2.12)

ξ2 ≤ ξn ≤ ξ3 : ηn = (ξ0 − ξn)/ tanαn (2.13)

ξ3 ≤ ξn ≤ ξ4 : ηn = ηtr,c −
√
r20,tr − (ξn − ξtr,c)2 (2.14)
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ξ4 ≤ ξn ≤ ξ5 : ηn = ηr,c −

√
r20,η −

r20,η
r20,ξ

(ξn − ξr,c)2 (2.15)

ξ5 ≤ ξn ≤ π

2
: ηn = −h0,tip (2.16)

The corresponding first derivative dηn
dξn

is given by the following expressions, where
sign denotes the signum function, sign(x) = x/|x| for some real number x.

0 ≤ ξn ≤ ξ1 :
dηn
dξn

= 0 (2.17)

ξ1 ≤ ξn ≤ ξ2 :
dηn
dξn

= −sign(ξn)
ξn − ξf,c√

r20,t − (ξn − ξf,c)2
(2.18)

ξ2 ≤ ξn ≤ ξ3 :
dηn
dξn

= −sign(ξn) cotαn (2.19)

ξ3 ≤ ξn ≤ ξ4 :
dηn
dξn

= sign(ξn)
ξn − ξtr,c√

r20,tr − (ξn − ξtr,c)2
(2.20)

ξ4 ≤ ξn ≤ ξ5 :
dηn
dξn

= sign(ξn)
ξn − ξr,c√

r20,η −
r20,η
r20,ξ

(ξn − ξr,c)2

r20,η
r20,ξ

(2.21)

ξ5 ≤ ξn ≤ π

2
:
dηn
dξn

= 0 (2.22)

The second derivative d2ηn
dξ2n

is given by

0 ≤ ξn ≤ ξ1 :
d2ηn
dξ2n

= 0 (2.23)

ξ1 ≤ ξn ≤ ξ2 :
d2ηn
dξ2n

= −sign(ξn)
r20,t(

r20,t − (ξn − ξf,c)2
)3/2 (2.24)
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ξ2 ≤ ξn ≤ ξ3 :
d2ηn
dξ2n

= 0 (2.25)

ξ3 ≤ ξn ≤ ξ4 :
d2ηn
dξ2n

= sign(ξn)
r20,tr(

r20,tr − (ξn − ξtr,c)2
)3/2 (2.26)

ξ4 ≤ ξn ≤ ξ5 :
d2ηn
dξ2n

= sign(ξn)
1(

r20,η −
r20,η
r20,ξ

(ξn − ξr,c)2
)3/2

r40,η
r20,ξ

(2.27)

ξ5 ≤ ξn ≤ π

2
:
d2ηn
dξ2n

= 0 (2.28)

Coordinates on the tip relief part of the flanks are given by the coordinates (ξ′, η′)
according to

{
ξ′ = ξi − δ0,tr cosψi

η′ = ηi − δ0,tr sinψi

(2.29)

where index i here denotes involute, and δ0,tr is the (dimensionless) amount of tip
relief.

Rotate an angle π
z , i.e., half a pitch, to center the coordinate system around the gap

instead of the tooth: (
ξ
η

)
=

(
cos π

z − sin π
z

sin π
z cos π

z

)(
ξ′

η′

)
(2.30)

This can be seen in Figure 2.3.
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Figure 2.3: Geometry during gear manufacturing. The tool (top, transparent) cuts the gear (bottom, colored)
at point P.

From this, the coordinates are given by

{
ξ = R0,t sin Γ− ηn−x

sinφ cos(Γ− φ)

η = R0,t cos Γ− ηn−x
sinφ sin(Γ− φ)

(2.31)

where

Γ =
1

R0,t

[
− ξn
cosβ

+ (ηn − x) cotφ+ ζ tanβ

]
(2.32)

For spur gears, the helix angle is zero, thus

β = 0 =⇒ Γ =
1

R0,t
[−ξn + (ηn − x) cotφ] (2.33)

where
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cotφ = −∂ηn
∂ξn

cosβ = −∂ηn
∂ξn

=⇒ φ = arccot

(
−∂ηn
∂ξn

)
(2.34)

Since

ηn = ηtr,c −
√
r20,tr − (ξn − ξtr,c)2 (2.35)

it follows that

dηn
dξn

= sign(ξn)
ξn − ξtr,c√

r20,tr − (ξn − ξtr,c)2
(2.36)

Unknowns are now r0,tr and ξn, which are found using a Newton-Raphson scheme.
To do this, define the functions

{
f1 = f1(ξn, r0,tr)

f2 = f2(ξn, r0,tr)
(2.37)

where

f1 = R0,t sin Γ− ηn − x

sinφ
cos(Γ− φ)− (ξi − δ0,tr cosψi) cos

π

z

+ (ηi − δ0,tr sinψi) sin
π

z

(2.38)

and

f2 = R0,t cos Γ +
ηn − x

sinφ
sin(Γ− φ)− (ηi − δ0,tr sinψi) cos

π

z

− (ξi − δ0,tr cosψi) sin
π

z

(2.39)

In matrix format, Newton-Raphson is written as

f(x+∆x) = f(x) +Df(x)∆x = 0 (2.40)
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where

∆x = − (Df(x))−1 f(x) (2.41)

Thus,

xk+1 = xk − (Df(xk))
−1 f(xk) (2.42)

where index k here denotes iteration, and the functional matrix is given by

Df(x) =

(
∂f1
∂ξn

∂f1
∂r0,tr

∂f2
∂ξn

∂f2
∂r0,tr

)
(2.43)

Its inverse is given by

(Df(x))−1 =
1

∂f1
∂ξn

∂f2
∂r0,tr

− ∂f1
∂r0,tr

∂f2
∂ξn

(
∂f2
∂r0,tr

− ∂f1
∂r0,tr

− ∂f2
∂r0,tr

∂f1
∂ξn

)
(2.44)

Thus,


∆ξn = −1

∂f1
∂ξn

∂f2
∂r0,tr

− ∂f1
∂r0,tr

∂f2
∂ξn

(
∂f2
∂r0,tr

f1 − ∂f1
∂r0,tr

f2

)
∆r0,tr =

−1
∂f1
∂ξn

∂f2
∂r0,tr

− ∂f1
∂r0,tr

∂f2
∂ξn

(
∂f2
∂ξn

f1 − ∂f1
∂ξn

f2

) (2.45)

The respective derivatives are given by the following expressions.

∂f1
∂ξn

= R0,t cos Γ
∂Γ

∂ξn
− ∂ηn
∂ξn

cos(Γ− φ)

sinφ

+ (ηn − x)
cosφ

sin2 φ

∂φ

∂ξn
cos(Γ− φ)

+
ηn − x

sinφ
sin(Γ− φ)

(
∂Γ

∂ξn
− ∂φ

∂ξn

) (2.46)
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∂f1
∂r0,tr

= R0,t cos Γ
∂Γ

∂r0,tr
− ∂ηn
∂r0,tr

cos(Γ− φ)

sinφ

+ (ηn − x)
cosφ

sin2 φ

∂φ

∂r0,tr
cos(Γ− φ)

+
ηn − x

sinφ
sin(Γ− φ)

(
∂Γ

∂r0,tr
− ∂φ

∂r0,tr

) (2.47)

∂f2
∂ξn

= −R0,t sin Γ
∂Γ

∂ξn
+
∂ηn
∂ξn

sin(Γ− φ)

sinφ

− (ηn − x)
cosφ

sin2 φ

∂φ

∂ξn
sin(Γ− φ)

+
ηn − x

sinφ
cos(Γ− φ)

(
∂Γ

∂ξn
− ∂φ

∂ξn

) (2.48)

∂f2
∂r0,tr

= −R0,t sin Γ
∂Γ

∂r0,tr
+

∂ηn
∂r0,tr

sin(Γ− φ)

sinφ

− (ηn − x)
cosφ

sin2 φ

∂φ

∂r0,tr
sin(Γ− φ)

+
ηn − x

sinφ
cos(Γ− φ)

(
∂Γ

∂r0,tr
− ∂φ

∂r0,tr

) (2.49)

In turn, these expressions contain the following derivatives.

Γ =
1

R0,t
[−ξn + (ηn − x) cotφ] =

1

R0,t

[
−ξn − (ηn − x)

∂ηn
∂ξn

]
=⇒ (2.50)

∂Γ

∂ξn
=

1

R0,t

[
−1−

(
∂ηn
∂ξn

)2

− (ηn − x)
∂2ηn
∂ξ2n

]
(2.51)

∂Γ

∂r0,tr
=

1

R0,t

[
− ∂ηn
∂r0,tr

∂ηn
∂ξn

− (ηn − x)
∂2ηn

∂ξn∂r0,tr

]
(2.52)

ηn = −h0,tr + r0,tr sinαn −
√
r20,tr − (ξn − ξ3 − r0,tr cosαn)2 =⇒ (2.53)
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∂ηn
∂ξn

=
ξn − ξ3 − r0,tr cosαn√

r20,tr − (ξn − ξ3 − r0,tr cosαn)2
(2.54)

∂ηn
∂r0,tr

= sinαn −
r0,tr + (ξn − ξ3 − r0,tr cosαn) cosαn)√

r20,tr − (ξn − ξ3 − r0,tr cosαn)2
(2.55)

Finally,

φ = arccotx =⇒ dφ

dx
= − 1

1 + x2
(2.56)

dφ

du
=

dφ

dx

dx

du
(2.57)

dφ

du
= − 1

1 + x2
dx

du
(2.58)

x = −∂ηn
∂ξn

, u = ξn =⇒ (2.59)

∂φ

∂ξn
=

1

1 +
(
∂ηn
∂ξn

)2 ∂2ηn∂ξ2n
;
∂2ηn
∂ξ2n

=
r20,tr(

r20,tr − (ξn − ξ3 − r0,tr cosαn)2
)3/2
(2.60)

∂φ

∂r0,tr
=

1

1 +
(
∂ηn
∂ξn

)2 ∂2ηn
∂ξn∂r0,tr

;
∂2ηn

∂ξn∂r0,tr
=
f ′g −′ fg′

g2
(2.61)

where



f = ξn − ξ3 − r0,tr cosαn

f ′ = − cosαn

g =
√
r20,tr − (ξn − ξ3 − r0,tr cosαn)2

g′ =
r0,tr+(ξn−ξ3−r0,tr cosαn) cosαn)√

r20,tr−(ξn−ξ3−r0,tr cosαn)2

(2.62)
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r0,tr and ξn are now known.

Here, a tip rounding is introduced. The reason is that contact is sought for based
on the normal direction of the contact surface, which makes it impossible to use a
sharp corner which has an infinite number of normals. Also in practice, the radius of
curvature of the corner is not exactly zero, but rather has a small value.

For the tip rounding, introduce the simplified notation a = r0,ξ, b = r0,η, x = ξ4,
xc = ξtr,c, xe = ξr,c, y = η4, yc = ηtr,c, ye = ηr,c, r = r0,tr.

Where tip relief and tip rounding regions meet, they have a common position:

{
y = yc −

√
r2 − (x− xc)2

y = ye −
√
b2 − b2

a2
(x− xe)2

(2.63)

as well as a common slope:


dy
dx = x−xc√

r2−(x−xc)2

dy
dx = b2

a2
x−xe√

b2− b2

a2
(x−xe)2

(2.64)

The common slope gives

b2

a2
(x− xe)

2 = a2
(x− xc)

2(
a2

b2
− 1
)
(x− xc)2 + r2

(2.65)

which, inserted into the common position, gives the function

f(x) = yc −
√
r2 − (x− xc)2 − ye +

√√√√b2 − (x− xc)2(
a2

b2
− 1
)
(x− xc)2 + r2

(2.66)

The equation f(x) = 0 is solved by a Newton-Raphson scheme:

xn+1 = xn − f(xn)

f ′(xn)
(2.67)

where
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f ′(x) =
x− xc√

r2 − (x− xc)2
− a2(x− xc)

2r2√
b2K4 − a2(x− xc)2K3

(2.68)

with

K =

(
a2

b2
− 1

)
(x− xc)

2 + r2 (2.69)

2.2.2 Coordinates with simulated errors

Introduce a rotation ∆αn of the reference profile around the reference pitch point.
The modified coordinates become

{
ξm = (ξn − π

4 + xn tanαn) cos∆αn − (ηn − xn) sin∆αn +
π
4 − xn tanαn

ηm = (ξn − π
4 + xn tanαn) sin∆αn + (ηn − xn) cos∆αn + xn

(2.70)

In the transverse plane for the tool with introduced errors, the coordinates are given
by

{
ξt =

ξm
cosβ

ηt = ηm
(2.71)

In the point of contact, the slope gives that

cotφ = −dηt
dηt

= −dηm
dηm

cosβ = −
dηm
dξn
dξm
dξn

cosβ (2.72)

where

dξm
dξn

= cos∆α− dηn
dξn

sin∆α (2.73)

and
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dηm
dξn

= sin∆α+
dηn
dξn

cos∆α (2.74)

which gives

cotφ = −
sin∆α+ dηn

dξn
cos∆α

cos∆α− dηn
dξn

sin∆α
cosβ (2.75)

Simultaneously,

cotφ =
R0,tΓ− ζs tanβ + ξt

ηt − x
(2.76)

Thus

Γ =
1

R0,t

[
− ξm
cosβ

+ (ηm − x) cotφ+ ζs tanβ

]
(2.77)

The coordinates for P become

ξs = R0,t sin Γ− ηm − x

sinφ
cos(Γ− φ) (2.78)

ηs = R0,t cos Γ +
ηm − x

sinφ
sin(Γ− φ) (2.79)

ζs = ζs (2.80)

or in vector format

rs = (ξs, ηs, ζs) (2.81)

The vector rs describes the flank from the gap. Description of the flank from the
symmetry line of the tooth is found from the rotation

r = R(−π
z
)rs (2.82)
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where

R(θ) =

cos θ − sin θ 0
sin θ cos θ 0
0 0 −1

 (2.83)

Consequently,

r =

 cos π
z sin π

z 0
− sin π

z cos π
z 0

0 0 −1

ξsηs
ζs

 =

 ξs cos
π
z + ηs sin

π
z

−ξs sin π
z + ηs cos

π
z

−ζs

 =

ξη
ζ


(2.84)

The normal n = (nξ, nη, nζ) is given by

n =
∂r

∂ξn
× ∂r

∂ζ
=

∣∣∣∣∣∣∣
ξ̂ η̂ ζ̂
∂ξ
∂ξn

∂η
∂ξn

0
∂ξ
∂ζ

∂η
∂ζ 1

∣∣∣∣∣∣∣ =
(
∂η

∂ξn
,− ∂ξ

∂ξn
,
∂ξ

∂ξn

∂η

∂ζ
− ∂ξ

∂ζ

∂η

∂ξn

)
(2.85)

where the derivatives are given by

∂ξ

∂ξn
=

∂ξ

∂ξm

∂ξm
∂ξn

=

(
∂ξs
∂ξn

cos
π

z
+
∂ηs
∂ξn

sin
π

z

)
cos∆α (2.86)

∂η

∂ξn
=

(
− ∂ξs
∂ξn

sin
π

z
+
∂ηs
∂ξn

cos
π

z

)
cos∆α (2.87)

∂ξ

∂ζ
=

∂ξ

∂ζs

∂ζs
∂ζ

=

(
∂ξs
∂ζs

cos
π

z
+
∂ηs
∂ζs

sin
π

z

)
(−1) (2.88)

∂η

∂ζ
=

(
−∂ξs
∂ζs

sin
π

z
+
∂ηs
∂ζs

cos
π

z

)
(−1) (2.89)

where in turn
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∂ξs
∂ξm

= R0,t cos Γ
∂Γ

∂ξm
− dηm

dξm

cos(Γ− φ)

sinφ

+ (ηm − x)
cosφ

sin2 φ

dφ

dξm
cos(Γ− φ)

+
ηm − x

sinφ
sin(Γ− φ)

(
∂Γ

∂ξm
− dφ

dξm

) (2.90)

∂ηs
∂ξm

= −R0,t sin Γ
∂Γ

∂ξm
+

dηm
dξm

sin(Γ− φ)

sinφ

− (ηm − x)
cosφ

sin2 φ

dφ

dξm
sin(Γ− φ)

+
ηm − x

sinφ
cos(Γ− φ)

(
∂Γ

∂ξm
− dφ

dξm

) (2.91)

∂ξs
∂ζs

=

(
R0,t cos Γ +

ηm − x

sinφ
sin(Γ− φ)

)
∂Γ

∂ζs

=

(
R0,t cos Γ +

ηm − x

sinφ
sin(Γ− φ)

)
tanβ

R0,t

(2.92)

∂ηs
∂ζs

=

(
−R0,t sin Γ +

ηm − x

sinφ
cos(Γ− φ)

)
tanβ

R0,t
(2.93)

From

cotφ = −dηm
dξm

cosβ (2.94)

it follows that

d

dξm
(cotφ) = −d2ηm

dξ2m
cosβ (2.95)

Simultaneously,

d

dξm
(cotφ) = − 1

sin2 φ

dφ

dξm
(2.96)
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Thus

dφ

dξm
=

d2ηm
dξ2m

sin2 φ cosβ (2.97)

Furthermore,

Γ =
1

R0,t

[
− ξm
cosβ

+ (ηm − x) cotφ+ ζs tanβ

]
(2.98)

which gives

∂Γ

∂ξm
=

1

R0,t

[
− 1

cosβ
+

dηm
dξm

cotφ− ηm − x

sin2 φ

dφ

dξm

]
(2.99)

2.2.3 Contact conditions

The position of tooth i, i = 1, 2, ..., zp or zg are denoted by ϕp,i and ϕg,i for the
pinion and the gear, respectively, where

{
ϕp,i = ϕp,0 + i2πzp +∆ϕp,i

ϕg,i = ϕg,0 + i2πzg +∆ϕg,i
(2.100)

Thus, ∆ϕp,i ̸= 0 and ∆ϕg,i ̸= 0 correspond to pitch errors on the pinion and gear,
respectively.

Assume

sp + sg + δ/2 = a sinα (2.101)

where

tanφp =
sp
rb,p

=⇒ sp = rb,p tanφp; sg = rb,g tanφg (2.102)

From the definition of the involute function,
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invφ = tanφ− φ (2.103)

it follows that

tanφp = α+ ϕp,0 +
π + 4xp tanαt

2zp
invαt (2.104)

and

tanφg = α− ϕg,0 +
π + 4xg tanαt

2zg
+ invαt (2.105)

Thus it follows that

rb,p

(
α+ ϕp,0 +

π + 4xp tanαt

2zp
+ invαt

)
+

rb,g

(
α− ϕg,0 +

π + 4xg tanαt

2zg
+ invαt

)
= a sinα− δ/2

(2.106)

or

ϕp,0 =
a sinα− δ/2

rb,p
−
rb,g
rb,p

(
α− ϕg,0 +

π + 4xg tanαt

2zg
+ invαt

)
− α− π + 4xp tanαt

2zp
− invαt

(2.107)

i.e. ϕp,0 = ϕp,0(ϕg,0).

In the same coordinate system, the contact positions are given by

Rp = (−ξp cos(ϕp,i + ϕ)− ηp sin(ϕp,i + ϕ),

a+ ξp sin(ϕp,i + ϕ)− ηp cos(ϕp,i + ϕ), ζp)
(2.108)

and
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Rg = (ξg cosϕg,i − ηg sinϕg,i, ξg sinϕg,i + ηg cosϕg,i, ζg) (2.109)

and the normals are given by

Np = (−np,ξ cos(ϕp,i + ϕ)− np,η sin(ϕp,i + ϕ),

np,ξ sin(ϕp,i + ϕ)− np,η cos(ϕp,i + ϕ), np,ζ)
(2.110)

and

Ng = (ng,ξ cosϕg,i − ng,η sinϕg,i, ng,ξ sinϕg,i + ng,η cosϕg,i, ng,ζ) (2.111)

Common normal in the contact yields

tanψi =
Ng,y

Ng,x
=
Np,y

Np,x
=
Rp,y −Rg,y

Rp,x −Rg,x
(2.112)

This equation contains Np, Ng, Rp, and Rg. These are in turn functions of np, ng,
rp, and rg where

r = r(ξn, ζ,∆αn), n = n(ξn, ζ,∆αn) (2.113)

These conditions can be written as

{
Np,xNg,y −Ng,xNp,y = f1 = 0

(Rp,y −Rg,y)Np,x − (Rp,x −Rg,x)Np,y = f2 = 0
(2.114)

or

{
f1(ξn,p, ξn,g) = 0

f2(ξn,p, ξn,g) = 0
(2.115)

where the equations include the following terms.

Np,x = −np,ξ cos(ϕp,i + ϕ)− np,η sin(ϕp,i + ϕ) (2.116)
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Np,y = np,ξ sin(ϕp,i + ϕ)− np,η cos(ϕp,i + ϕ) (2.117)

Ng,x = ng,ξ cosϕg,i − ng,η sinϕg,i (2.118)

Ng,y = ng,ξ sinϕg,i + ng,η cosϕg,i (2.119)

Rp,x = −ξp cos(ϕp,i + ϕ)− ηp sin(ϕp,i + ϕ) (2.120)

Rp,y = a+ ξp sin(ϕp,i + ϕ)− ηp cos(ϕp,i + ϕ) (2.121)

Rg,x = ξg cosϕg,i − ηg sinϕg,i (2.122)

Rg,y = ξg sinϕg,i + ηg cosϕg,i (2.123)

where

np,ξ = − ∂η

∂ξn

∣∣∣∣
p

(2.124)

np,η =
∂ξ

∂ξn

∣∣∣∣
p

(2.125)

ng,ξ = − ∂η

∂ξn

∣∣∣∣
g

(2.126)

ng,η =
∂ξ

∂ξn

∣∣∣∣
p

(2.127)

The equations

{
f1(ξn,p, ξn,g) = 0

f2(ξn,p, ξn,g) = 0
(2.128)
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are solved by Newton-Raphson. Generally, the equations

{
f1(x1, x2) = 0

f2(x1, x2) = 0
(2.129)

are solved by introducing

x =

(
x1
x2

)
(2.130)

and

f =

(
f1
f2

)
(2.131)

Approximate

f(x) = f(x0) +Df(x0)(x− x0) (2.132)

where

f(x) = 0 =⇒ Df(x0)∆x = −f(x0) (2.133)

with solution

∆x = − (Df(x0))
−1 f(x0) (2.134)

where

Df(x) =

(
∂f1
∂x1

(x) ∂f1
∂x2

(x)
∂f2
∂x1

(x) ∂f2
∂x2

(x)

)
(2.135)

The elements of the functional matrix are given by
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∂f1
∂ξn,p

=
∂Np,x

∂ξn,p
Ng,y +Np,x

∂Ng,y

∂ξn,p︸ ︷︷ ︸
=0

− ∂Ng,x

∂ξn,p︸ ︷︷ ︸
=0

Np,y

−Ng,x
∂Np,y

∂ξn,p
=
∂Np,x

∂ξn,p
Ng,y −Ng,x

∂Np,y

∂ξn,p

(2.136)

∂f1
∂ξn,g

= Np,x
∂Ng,y

∂ξn,g
− ∂Ng,x

∂ξn,g
Np,y (2.137)

∂f2
∂ξn,p

=
∂Rp,y

∂ξn,p
Np,x + (Rp,y −Rg,y)

∂Np,x

∂ξn,p

−∂Rp,x

∂ξn,p
Np,y − (Rp,x −Rg,x)

∂Np,y

∂ξn,p

(2.138)

and

∂f2
∂ξn,g

= −∂Rg,y

∂ξn,g
Np,x +

∂Rg,x

∂ξn,g
Np,y (2.139)

These expressions contain the following derivatives.

∂Np,x

∂ξn,p
=
∂2η

∂ξ2n

∣∣∣∣
p

cos(ϕp,i + ϕ)− ∂2ξ

∂ξ2n

∣∣∣∣
p

sin(ϕp,i + ϕ) (2.140)

∂Np,y

∂ξn,p
= −∂

2η

∂ξ2n

∣∣∣∣
p

sin(ϕp,i + ϕ)− ∂2ξ

∂ξ2n

∣∣∣∣
p

cos(ϕp,i + ϕ) (2.141)

∂Ng,x

∂ξn,g
= −∂

2η

∂ξ2n

∣∣∣∣
g

cosϕg,i −
∂2ξ

∂ξ2n

∣∣∣∣
g

sinϕg,i (2.142)

∂Ng,y

∂ξn,g
= −∂

2η

∂ξ2n

∣∣∣∣
g

sinϕg,i +
∂2ξ

∂ξ2n

∣∣∣∣
g

cosϕg,i (2.143)

∂Rp,x

∂ξn,p
= − ∂ξ

∂ξn

∣∣∣∣
p

cos(ϕp,i + ϕ)− ∂η

∂ξn

∣∣∣∣
p

sin(ϕp,i + ϕ) (2.144)
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∂Rp,y

∂ξn,p
=

∂ξ

∂ξn

∣∣∣∣
p

sin(ϕp,i + ϕ)− ∂η

∂ξn

∣∣∣∣
p

cos(ϕp,i + ϕ) (2.145)

∂Rg,x

∂ξn,g
=

∂ξ

∂ξn

∣∣∣∣
g

cosϕg,i −
∂η

∂ξn

∣∣∣∣
g

sinϕg,i (2.146)

∂Rg,y

∂ξn,g
=

∂ξ

∂ξn

∣∣∣∣
g

sinϕg,i +
∂η

∂ξn

∣∣∣∣
g

cosϕg,i (2.147)

The deformation is then calculated as

δi =
Rp,x −Rg,x

cosψi
(2.148)

where

tanψi =
Np,y

Np,x
(2.149)

2.2.4 Contact geometry

Rgx denotes both the point and the radius to it. Generally,

ξn →

{
ξ = ξ(ξn)

η = η(ξn)
(2.150)

which implies

ξn = ξng,x →

{
ξ = ξgx

η = ηgx
(2.151)

The vector Rgx is then given by

Rgx =

Rgx,x

Rgx,y

Rgx,z

 =

ξgx cosϕg,i − ηgx sinϕg,i
ξgx sinϕg,i + ηgx cosϕg,i

ζgx

 (2.152)

40



From the geometry it follows that

{
Rg,x − x sinψi − hg cosψi = Rgx,x(ξng,x)

Rg,y + x cosψi − hg sinψi = Rgx,y(ξng,x)
⇐⇒ (2.153)

{
(Rg,x − x sinψi −Rgx,x) sinψi = hg cosψi sinψi

(Rg,y + x cosψi −Rgx,y) cosψi = hg sinψi cosψi

⇐⇒ (2.154)

− (Rg,x − x sinψi −Rgx,x) sinψi

+ (Rg,y + x cosψi −Rgx,y) cosψi = 0 ⇐⇒
(2.155)

Rgx,x(ξng,x) sinψi −Rgx,y(ξng,x) cosψi

−Rg,x sinψi +Rg,y cosψi + x = 0
(2.156)

or

f(ξng,x) = (Rgx,x(ξng,x)−Rg,x) sinψi

+(Rg,y −Rgx,y(ξng,x)) cosψi + x = 0
(2.157)

This equation is solved by Newton-Raphson. The derivative is given by

f ′(ξng,x) =
dRgx,x

dξng,x
sinψi −

dRgx,y

dξng,x
cosψi (2.158)

where

dRgx,x

dξng,x
=

∂ξ

∂ξn

∣∣∣∣
g,x

cosϕg,i −
∂η

∂ξn

∣∣∣∣
g,x

sinϕg,i (2.159)

and

dRgx,y

dξng,x
=

∂ξ

∂ξn

∣∣∣∣
g,x

sinϕg,i +
∂η

∂ξn

∣∣∣∣
g,x

cosϕg,i (2.160)
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Similarly, Rpx denotes both the point and the radius to it. Generally,

ξn →

{
ξ = ξ(ξn)

η = η(ξn)
(2.161)

which implies

ξn = ξnp,x →

{
ξ = ξpx

η = ηpx
(2.162)

The vector Rpx is then given by

Rpx =

Rpx,x

Rpx,y

Rpx,z

 =

 −ξpx cos(ϕp,i + ϕ)− ηpx sin(ϕp,i + ϕ)
a+ ξpx sin(ϕp,i + ϕ)− ηpx cos(ϕp,i + ϕ)

ζpx

 (2.163)

From the geometry it follows that

{
Rp,x − x sinψi − hp cosψi = Rpx,x(ξnp,x)

Rp,y + x cosψi − hp sinψi = Rpx,y(ξnp,x)
⇐⇒ (2.164)

{
(Rp,x − x sinψi −Rpx,x) sinψi = hp cosψi sinψi

(Rp,y + x cosψi −Rpx,y) cosψi = hp sinψi cosψi

⇐⇒ (2.165)

−(Rp,x − x sinψi −Rpx,x) sinψi

+(Rp,y + x cosψi −Rpx,y) cosψi = 0 ⇐⇒
(2.166)

Rpx,x(ξnp,x) sinψi −Rpx,y(ξnp,x) cosψi

−Rp,x sinψi +Rp,y cosψi + x = 0
(2.167)

or

f(ξnp,x) = (Rpx,x(ξnp,x)−Rp,x) sinψi

+(Rp,y −Rpx,y(ξnp,x)) cosψi + x = 0
(2.168)
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This equation is solved by Newton-Raphson. The derivative is given by

f ′(ξnp,x) =
dRpx,x

dξnp,x
sinψi −

dRpx,y

dξnp,x
cosψi (2.169)

where

dRpx,x

dξnp,x
= − ∂ξ

∂ξn

∣∣∣∣
p,x

cos(ϕp,i + ϕ)− ∂η

∂ξn

∣∣∣∣
p,x

sin(ϕp,i + ϕ) (2.170)

and

dRpx,y

dξnp,x
=

∂ξ

∂ξn

∣∣∣∣
p,x

sin(ϕp,i + ϕ)− ∂η

∂ξn

∣∣∣∣
p,x

cos(ϕp,i + ϕ) (2.171)

With ξnp,x and ξng,x known, Rpx,x and Rgx,x can be calculated. Then,

δx =
Rpx,x −Rgx,x

cosψi
(2.172)

i.e., the overlap is known at all positions in the contact.

2.2.5 Deformation

The deformation is comprised of a contact deformation and a bending deformation.
These are modeled analytically and numerically using FEM, respectively. This divi-
sion, the so-called hybrid model, can be seen in Figure 2.4.

Figure 2.4: Schematic representation of the hybrid model. Total deformation is divided into contact defor-
mation (analytic) and bending deformation (FEM). Since the finite element method also gives a
contact deformation (but with low accuracy), this is subtracted. Reproduced with permission from
Paper I.
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The displacement w at the distance r in the plane and the depth z from a force F is
given [171] as

w =
F

2πE

[
(1 + ν)z2(r2 + z2)−3/2 + 2(1− ν2)(r2 + z2)−1/2

]
(2.173)

which gives

wz=0 − wz=hE
=

F

2πE

[
2(1− ν2)

r
− 2(1− ν2)

(r2 + h2E)
1/2

−
(1 + ν)h2E

(r2 + h2E)
3/2

]
(2.174)

With the coordinates ξ and η in the surface it follows that r2 = ξ2+ η2. Replace the
force with a pressure distribution. At point (x, y) the contact deformation becomes

uc(x, y) =
1

2πE

∫ xmax

xmin

∫ b/2

−b/2
p(ξ, η)

[
2(1− ν2)

((ξ − x)2 + (η − y)2)1/2

− 2(1− ν2)(
(ξ − x)2 + (η − y)2 + h2E

)1/2
−

(1 + ν)h2E(
(ξ − x)2 + (η − y)2 + h2E

)3/2]dξdη
(2.175)

With no variation over the width,

uc(x) =
1

2πE

∫ xmax

xmin

∫ b/2

−b/2
p(ξ)

[
2(1− ν2)

((ξ − x)2 + η2)1/2

− 2(1− ν2)(
(ξ − x)2 + η2 + h2E

)1/2
−

(1 + ν)h2E(
(ξ − x)2 + η2 + h2E

)3/2]dξdη
(2.176)

With a sufficiently fine discretization,
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uc(x) =
1

2πE

∑
j

p(xj)

∫ x+
j

x−
j

∫ b/2

−b/2

[
2(1− ν2)

((ξ − x)2 + η2)1/2

− 2(1− ν2)(
(ξ − x)2 + η2 + h2E

)1/2 −
(1 + ν)h2E(

(ξ − x)2 + η2 + h2E
)3/2]dξdη

(2.177)

where

x±j =
1

2
(xj + xj±1) (2.178)

The three integrals are calculated separately. With respect to η we have

∫ b/2

−b/2

2(1− ν2)

((ξ − x)2 + η2)1/2
dη =

2(1− ν2) ln

(√
(ξ − xi)2 + b2/4 +

b

2

)
−2(1− ν2) ln

(√
(ξ − xi)2 + b2/4− b

2

) (2.179)

and

∫ b/2

−b/2

2(1− ν2)(
(ξ − x)2 + η2 + h2E

)1/2dη =

2(1− ν2) ln

(√
(ξ − xi)2 + b2/4 + h2E +

b

2

)
−2(1− ν2) ln

(√
(ξ − xi)2 + b2/4 + h2E − b

2

) (2.180)

and

∫ b/2

−b/2

(1 + ν)h2E(
(ξ − x)2 + η2 + h2E

)3/2dη =

(1 + ν)h2E
(ξ − xi)2 + h2E

b√
(ξ − xi)2 + b2/4 + h2E

(2.181)
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These functions are then integrated with respect to ξ, rendering

∫ x+
j

x−
j

2(1− ν2) ln

(√
(ξ − xi)2 + b2/4± b

2

)
dξ =

2(1− ν2)

[
(ξ − xi) ln

(√
(ξ − xi)2 + b2/4± b

2

)
± b

2
ln
(√

(ξ − xi)2 + b2/4 + (ξ − xi)
)
− (ξ − xi)

]x+
j

x−
j

(2.182)

and

∫ x+
j

x−
j

2(1− ν2) ln

(√
(ξ − xi)2 + b2/4 + h2E ± b

2

)
dξ =

2(1− ν2)

[
(ξ − xi) ln

(√
(ξ − xi)2 + b2/4 + h2E ± b

2

)
± b

2
ln

(√
(ξ − xi)2 + b2/4 + h2E + (ξ − xi)

)

− (ξ − xi)− hE arctan

 ±b(ξ − xi)

2hE

√
(ξ − xi)2 + b2/4 + h2E


hE arctan

(
ξ − xi
hE

)]x+
j

x−
j

(2.183)

and finally

∫ x+
j

x−
j

(1 + ν)h2E
(ξ − xi)2 + h2E

b√
(ξ − xi)2 + b2/4 + h2E

dξ =

2(1 + ν)hE

[
arctan

 b(ξ − xi)

2hE

√
(ξ − xi)2 + b2/4 + h2E

]x+
j

x−
j

(2.184)

The bending deformation ub at point xi is given by
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ub(xi) =
u0,b
E

∑
j

∫ x+
j

x−
j

p(xj)dx (2.185)

where

u0,b = u0,b,p(sp,−x) + u0,b,g(sg, x) (2.186)

The nominal dimensionless bending deformation is given by

unom0,b,k(s, x) =

(
a0 + a1

(
s− s1
mt

)p

+ a2

(
s− s1
mt

)q)
·
(
1 + b1

(
x

mt

)p

+ b2

(
x

mt

)q) (2.187)

k = p, g, where the coefficients are given by curve fitting deformations given by FEM
calculations. Moreover,

∑
j

∫ x+
j

x−
j

p(xj)dx = ∆x
∑
j

p(xj) (2.188)

To account for the change of normal direction of the flank, and thus the direction of
the contact force, in the tip relief and tip rounding regions without having to perform
new FEM calculations, a correction factor is introduced. The factor is based on elastic
beam theory. For a cantilever beam, it holds that

δFEM =
FFEM cosψ0L

3

3EI
cosψ0; αFEM =

δFEM

FFEM
=

L3

3EI
cos2 ψ0 (2.189)

and

δ =
FL3

3EI
cos2 ψ; α =

δ

F
=

L3

3EI
cos2 ψ (2.190)

It follows that
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L3

3EI
=

αFEM

cos2 ψ0
=

α

cos2 ψ
⇐⇒ α = αFEM

cos2 ψ

cos2 ψ0
(2.191)

Therefore,

u0,b = unom0,b

cos2 ψ

cos2 ψ0
(2.192)

The total deformation u is the sum of bending and contact deformation,

u = ub + uc (2.193)

The bending deformation

ub(xi) =
u0,b
E

∑
j

∫ x+
j

x−
j

p(xj)dx

= u0,b
∆x

E

∑
j

p(xj) = Kb(xi)
∑
j

p(xj)

(2.194)

which in matrix format becomes


ub(x1)
ub(x2)

...
ub(xn)

 =


Kb(x1) Kb(x1) · · · Kb(x1)

Kb(x2)
. . .

...
...

Kb(xn) · · · Kb(kn)

 =


p(x1)
p(x2)

...
p(xn)

 (2.195)

or

ub = Kbp (2.196)

For the contact deformation,
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uc(xi) = 2
1

2πE

∑
j

p(xj)

∫ x+
j

x−
j

∫ b/2

−b/2

[
2(1− ν2)

((ξ − x)2 + η2)1/2

− 2(1− ν2)(
(ξ − x)2 + η2 + h2E

)1/2 −
(1 + ν)h2E(

(ξ − x)2 + η2 + h2E
)3/2]dξdη

=
∑
j

Kc(|xi − xj |)pj

(2.197)

which in matrix format becomes
uc(x1)
uc(x2)

...
uc(xn)

 =


Kc(|x1 − x1|) · · · Kc(|x1 − xn|)

Kc(|x2 − x1|)
. . .

...
...

Kc(|xn − x1|) · · · Kc(|xn − xn|)



p(x1)
p(x2)

...
p(xn)

 (2.198)

or

uc = Kcp (2.199)

Altogether,

u = ub + uc = (Kb +Kc)p = Kp (2.200)

Simultaneously, the total deformation must equal the overlap, i.e.,

u = δ (2.201)

where

δ =
(
δ1 δ2 · · · δn

)T (2.202)

thus giving the equation system

Kp = δ (2.203)
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with the constraint

∀k : p(xk) ≥ 0 (2.204)

i.e., all pressure values must be positive.

All simultaneous contacts contribute to the transmitted torque. Once the pressure
distribution from tooth pair i is found, along with its position, the corresponding
torque contribution is calculated as

Mi =

∫
p(x)(rg + x)bdx

+ µ

∫
p(x)bdx

√
R2

g − r2gsign
(
rg

√
R2

g − r2g − rp

√
R2

p − r2p

) (2.205)

Here it is seen how friction contributes to the torque as well. When all torque con-
tributions are summarized, the total torque is compared to the user-defined output
torque. The overlap angle ϕ is then adjusted until the torque is equal to the desired
torque within a certain tolerance. A solution is then found. This method and some
example results are shown in Paper I.

A variety of parameters can then be changed. Paper II describes the results of the con-
tact analysis for gearsets with manufacturing error combinations, relating tolerances
to contact pressure.

2.2.6 Transmission error

The overlap angle corresponds to the deformation, since it is the angle that the pinion
is rotated while torque is applied and the gear is kept in a fixed angular position. This
gives the angular positions

φp = ϕp + ϕ (2.206)

for the pinion, and

φg = ϕg (2.207)

for the gear. The static transmission error is then defines as
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STE = rb,pφp − rb,gφg (2.208)

i.e., a distance along the line of action. For prefect and rigid involute gears, this
distance should be zero. Due to the varying stiffness along the LOA, together with
modifications and manufacturing errors, it takes non-zero values.

When STE is computed for all positions along the LOA, the evolution of the STE
is found. If instead, due to e.g. simplicity, a single value is desired, the peak-to-peak
transmission error, or PPTE, can be used. It is defined as

PPTE = max(STE)−min(STE) (2.209)

Since contact pressure and transmission error do not have coinciding minima, a si-
multaneous optimization can be performed. This is done in Paper III.

2.2.7 Tip contact threshold torque

Tip contact occurs when the tip of one tooth comes in contact with the mating tooth,
resulting in excessive contact pressure. The tip relief is chosen to prevent tip contact,
but is typically kept fairly low as it imposes a deviation from the involute profile.

As deformation is load-dependent, so is tip contact. When the deflection at the tip
becomes larger than the tip relief, tip contact occurs. Since the radius of curvature of
the tip is several magnitudes smaller than that of the flank, the contact pressure be-
comes immense even for a low contact force, i.e., a pressure spike behavior. Thus, tip
contact exhibits a binary type of behavior. The novel concept of tip contact threshold
torque is thus introduced, and is defined as the torque below which tip contact does
not occur, and above which it does. It is found by incrementally increasing the torque
until a pressure spike is detected, or by using the bisection method.

The method of assessing the severity of manufacturing error by their corresponding
tip contact threshold torque is proposed in Paper IV.

2.3 Implementation

The theoretical framework derived above was implemented in Java. In this section,
the implementation is described.

The Main class takes all inputs, and prints all output. It contains the following classes.
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Reference profile, with a description of the reference profile. Two reference profiles
are created, one for the pinion and one for the gear. The respective reference profiles
contain properties such as pressure angle, as well as the coordinates and derivatives
described in Section 2.2.1. Profile slope error is introduced here, by a rotation of the
flank.

Gear, with all properties pertaining to the gears that cannot be described by the ref-
erence profile, such as number of teeth. Again, one is created for the pinion and one
for the gear. Pitch error is introduced here, by a displacement of teeth.

Gearset, with all geometric properties that cannot be described by the reference profiles
and gears, such as center distance.

Mesh, that describes the gear meshing. This class contains all routines for finding the
common normal, calculate overlap, and find the contact pressure from the deforma-
tion and stiffness.

The simulation approach can be seen in Figure 2.5.

Figure 2.5: Flowchart of the LTCA algorithm. The flowchart utilizes the following color coding. Light pink:
start and finish. Light green: input and pre-processing. Dark green: overlap angle iteration. Blue:
tooth pair iteration. Grey: contact analysis. Yellow: torque convergence routine. Reproduced with
permission from Paper I.

The simulation approach described above is explained in greater detail in Paper I.
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2.4 Numerical Example

To demonstrate the feasibility of the simulation tool, a numerical example is needed.
The gearset taken as input is the FZG¹ C gear pair, with data according to Table 2.1.

Table 2.1: Data for the gear set used for the simulations.

Property Value (pinion/gear)

Module, mn [mm] 4.5
Pressure angle, αn [◦] 20
Helix angle, β [◦] 0
Number of teeth, z [-] 16 / 24
Addendum modification, xn [-] 0.1657 / 0.1546
Tip radius, Rtip [mm] 41.23 / 59.18
Tip relief start radius, Rtr [mm] 40.18 / 57.96
Face width, b [mm] 14
Center distance, a [mm] 91.5
Normal backlash, δ0 [-] 0.02249
Modulus of elasticity, E [GPa] 206
Poisson ratio, ν [-] 0.3
Coefficient of friction, µ [-] 0.07

The gearset is subjected to manufacturing errors. Classes 1-12 are shown in Table 2.2
together with their corresponding values of pitch error tolerance, fpT, and profile
slope error tolerance, fHαT, according to ISO standard [37].

Table 2.2: Tolerance classes and error magnitudes and typical applications. Tolerances typically used in the
automotive industry are shown in boldface.

Class 1 2 3 4
fpT [µm] 1.7 2.4 3.4 4.9 precision
fHαT [µm] 1.5 2.1 2.9 4.2
Class 5 6 7 8
fpT [µm] 7.0 10.0 14 19 automotive
fHαT [µm] 6.0 8.5 12 17
Class 9 10 11 12
fpT [µm] 27 39 55 78 course
fHαT [µm] 23 33 47 66

¹Forschungsstelle für Zahnräder und Getriebebau
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2.5 Results

This section contains numerical results, but it also shows the work flow, ties together
the papers, and adds some commentary.

The most rudimentary result of the LTCA is the contact pressure distribution at a
single position. By varying the position, in terms of angular position or the equivalent
position along the line of action, the maximum contact pressure along the entire tooth
flank can be found. An example of this is shown in Figure 2.6.

Figure 2.6: Contact pressure distribution for different mesh positions (grey curves). The maximum pressure
values for each position are highlighted (solid red curve). The pinion is subjected to profile slope
error. The pressure spike is caused by tip contact. Reproduced with permission from Paper IV.

Typically the maximum pressure value is of the most interest. The maximum pressure
at each position is marked in red. This creates a new curve which can be extracted,
see Figure 2.7.
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Figure 2.7: Maximum contact pressure values for each position extracted from Figure 2.6. Note the pressure
spike and the friction effect at the pitch point. Reproduced with permission from Paper IV.

Here it can be noted that a pressure spike appears due to tip contact. Note also the
friction effect at the pitch point as previously discussed, see Section 2.1.1.

It can also be seen that the curve is somewhat distorted or tilted. This is due to
the pinion being subjected to manufacturing errors. This case is referenced here for
completeness of the methodology, and discussed in greater detail in Paper IV.

Figure 2.7 shows the maximum contact pressure for different positions along a certain
tooth. However, other tooth pairs may simultaneously be in mesh. To get the full
picture, the curves corresponding to the one in Figure 2.7 are shown in Figure 2.8 for
a certain tooth pair, denoted by current, together with the previous and the next. The
positions where the curves overlap correspond to dual engagement.
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Figure 2.8: Maximum pressure for each mesh position for a specific tooth pair (current), together with the
previous and next tooth pairs. Note the pressure spikes when the current pair goes into and out of
mesh. Reproduced with permission from Paper I.

This is the same case as that presented in Paper I, where the pinion is subjected to pitch
error. Also for this case, tip contact is present. To see this more clearly, three cases
of dual engagement are extracted in Figure 2.9. When the current pair first comes
into mesh, only the tip rounding region is in contact, resulting in the spike seen in
Figure 2.9 case A. The contact then moves partially to the tip relief region, where the
radius of curvature is much larger. This corresponds to case B, where non-symmetric
behavior is exhibited. Finally, in case C, tip contact has vanished and the spike is no
longer present.
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Figure 2.9: Three different types of dual engagement. A: pressure spike due to tip contact of the current
tooth pair coming into mesh. B: asymmetric pressure distribution due to the contact moving from
tip rounding to tip relief region. C: contact fully in tip relief region. As the current tooth pair just
came into mesh, its equivalent load is yet fairly light which corresponds to a low maximum contact
pressure value. Reproduced with permission from Paper I.

The tip contact demonstrated in Figures 2.6 to 2.9 can occur even for gears with
no manufacturing errors. A way to study the influence of manufacturing errors on
contact pressure in the gearset is to use a tip relief that is large enough to prevent tip
contact for a certain torque in the case of no manufacturing errors, and then applying
the manufacturing errors of interest. This is done in Figure 2.10.
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Figure 2.10: Maximum contact pressure for different positions. The gearset either has no errors (nominal) or
pitch error of different tolerance classes. Here it can be noted that pressure spike are cause, but
even without pressure spikes there is a considerable increase in contact pressure. Reproduced
with permission from Paper II.

Figure 2.10 displays pressure curves for cases with pitch error of class 5 - 8, together
with a nominal case for reference. Two phenomena can be observed, namely that tip
contact appears in form of spikes, and that the pressure curve is altered even outside
of the spikes. This means that even if tip contact is prevented, e.g. by using a larger
tip relief or if sharp edges get worn down, there will still be a remaining contact
pressure increase. This is due to factors such as prolonged contact caused by the
altered geometry.

Curves similar to those of Figure 2.10 can also be constructed for profile slope error,
and combinations of pitch error and profile slope error, of different tolerances. Other
parameters, such as tip relief, can also be varied. This is done in detail in Paper II.
Especially, it is shown that manufacturing errors tend to amplify each other, and thus
need to be considered simultaneously.

Transmission error, as previously discussed, is caused by varying stiffness, which in
turn is affected by geometric deviations, both intentional such as tip relief and unin-
tentional such as manufacturing errors. The transmission error during slightly more
than two pitches is shown in Figure 2.11.
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Figure 2.11: STE evolution curves, i.e., STE for different positions. The gearset either has no errors (nominal)
or pitch error of different tolerance classes. Larger pitch error corresponds to larger STE. Again,
the friction effect at the pitch point can be seen. Reproduced with permission from Paper III.

Here, a few conclusions can be drawn. Just like for pressure, a jump at the pitch point
is occurs. The friction changing direction at the pitch point corresponds to a change
in stiffness. This is also demonstrated by Fernandez del Rincon et al. [172].

The most noteworthy conclusion from Figure 2.11 is the more and more severe effect
of increasing pitch error in terms of the size of the transmission error. For this reason,
the peak-to-peak transmission error (PPTE) can be used. Using a single numeric
value makes it easy to assess the severity of different manufacturing error tolerances,
just like the maximum contact pressure. Thus, it also becomes possible to compare
PPTE and maximum pressure. This is demonstrated in Figure 2.12.
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Figure 2.12: Design curves for comparison of maximum contact pressure and peak-to-peak STE. Curves cor-
respond to pitch error (PE) classes, and markers correspond to profile slope error (PSE) classes.
Reproduced with permission from Paper III.

As it is desirable to keep both contact pressure and transmission error at low levels, the
design curves in Figure 2.12 can be used when choosing tolerances. It can be seen that
certain changes in the allowed tolerances simultaneously decrease both transmission
error and contact pressure, while other changes have little or no effect on one of the
properties.

In Figure 2.12, only a few values are plotted. More detailed design curves are displayed
in Figure 2.13.
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Figure 2.13: Extended design curves for a gearset with pitch error (PE) and profile slope error (PSE). Here sim-
ulated values are augmented by predicted values using polynomial fits and interpolation. Repro-
duced with permission from Paper III.

Thus, using the LTCA, it is possible to construct design curves and then choose man-
ufacturing error tolerances such that transmission error and contact pressure are si-
multaneously optimized. This methodology is proposed in Paper III, where it is also
explained in greater detail.

As previously mentioned, tip contact may occur even in absence of manufacturing
errors. This happens when the deformation, caused by the applied load, overcomes
the tip relief. Thus, tip contact is torque dependent. To quantify this, different levels
of torque are applied to gearsets without manufacturing errors, but with different
magnitudes of tip relief. The result can be seen in Figure 2.14.
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Figure 2.14: Tip contact threshold torque for a gearset with different magnitudes of tip relief. Red circles mark
the threshold for each tip relief. Reproduced with permission from Paper IV.

The relation between torque and pressure behaves as expected. It closely resembles a
square root curve, which is the relation suggested by Hertzian contact theory. This is
however only true as long as tip contact does not occur.

The onset of tip contact is marked by circles in Figure 2.14. The notation of tip contact
threshold torque, or just threshold torque when there is no ambiguity, for the corre-
sponding torque is suggested. Below the threshold torque, no tip contact occurs, and
above the threshold it does. Since tip contact should never occur, and might severely
damage the gears as previously discussed, the threshold torque acts as binary switch
for whether the gearset would work properly or not.

Before moving on, the regular behavior of the curves in Figure 2.14 is noted. While
simulations save time compared to experiments, they may still be cumbersome and
time consuming. Therefore, it is investigated whether threshold torque can be pre-
dicted using interpolation based on polynomial fits to a low number of simulated
values. The results are displayed in Figure 2.15.
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Figure 2.15: Bar plots of simulated data (blue) and interpolated data (orange and yellow) using polynomial
fits. Left scale (bars) shows tip contact threshold torque. Right scale (solid or dashed lines) shows
relative error of interpolated values compared to simulated values. Both seven and four simula-
tions are used as a basis for the interpolations. Reproduced with permission from Paper IV.

From Figure 2.15 it can be seen that predictions are accurate within a few percent even
when only four values are simulated. This result turns out to be useful as it reduces
the number of necessary simulations, and thereby also the time consumption and
complexity.

To investigate how tip contact is affected by manufacturing errors, curves similar to
those in Figure 2.14 are constructed and, and predictions based on interpolation ac-
cording to the described method are performed. This presents a way to assess the
severity of different manufacturing errors: if two manufacturing errors or error com-
binations yield the same threshold torque, the are equally severe. This is true for all
manufacturing error combinations on the same threshold torque iso-line.

The proposed assessment method can be used to evaluate whether gears should be
kept or scrapped depending on manufacturing outcome. To show this, a case study
is made. After manufacturing, the gears are control measured. The result of the
measurement is shown in Figure 2.16, where each dot represents a manufactured gear,
placed according to its pitch error and profile slope error. In total, the batch consists
of 30 gears.
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Figure 2.16: Control measurement outcome of a batch of manufactured gears. Each dot represents a gear.
Note that some dots overlap partially or fully. Curves are threshold torque iso-lines. The gear
marked in red is suggested to be kept instead of scrapped by assessment of its threshold torque.
Reproduced with permission from Paper IV.

Figure 2.16 also shows the threshold torque iso-lines. Dots above a certain iso-line
means that tip contact will occur if the gear is used in a gearset subjected to that
torque. Conversely, if the dot is below the line, tip contact will not occur. This
assessment method is therefore of Monte Carlo type.

If tolerance class 4 is desired, the gear corresponding to the red dot would be scrapped
based on geometry. However, it sits below iso-lines that pass through the permissible
region, and would therefore not experience tip contact. This is because the large
profile slope error value is compensated by a small pitch error value. Scrapping this
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specimen would therefore be unjustified. The gear corresponding to the lone dot to
the right of the rest of the dots should however be scrapped, as it would cause tip
contact.

To avoid unjustified scrapping, the iso-lines are used to extend the permissible region.
This is done in Paper IV, where the method and case study are explained in greater
detail, and scrapping is discussed in relation to the Sustainable Development Goals
[173].

The method on predictions based on interpolation using polynomial fits is also used
and discussed in Paper III.

2.6 Discussion

When the radius of curvature of the contact is fairly constant, the contact pressure dis-
tribution produced by the LTCA is in good accordance with Hertzian contact pressure
distribution. This can be seen in Figure 2.6 and Figure 2.9. Thus, the LTCA yields
the correct result in a known case. While this does not necessarily mean that it always
gives a correct result, it decreases the risk of errors.

Many studies neglect friction in the equilibrium, and thereby use a constant contact
force throughout the single engagement zone. In the LTCA, the equilibrium includes
friction, which results in a jump or step at the pitch point. This can be seen in Figures
2.6 - 2.8 and Figure 2.10. Studies that do include friction, see Reimann et al. [166]
and Marques et al. [167], display the same phenomenon.

The LTCA produces a non-symmetric contact pressure distribution when the radius
of curvature varies considerably in the contact, i.e., visual accordance between contact
region and contact pressure distribution prevails; cf. Paper I. Similar results for non-
symmetric pressure were obtained by Ye and Tsai [51] and Bruzzone et al. [59].

Figure 2.10 shows how contact pressure and thereby load is increased even in regions
without pressure spikes. This is confirmed experimentally for gears subjected to pitch
errors, see Handschuh et al. [9], who measured root stress. Increased root stress is
caused by the increased load, which also corresponds to increased contact pressure.
Root stress therefore serves as confirmation even though it is not a direct measurement
of contact pressure.

In the LTCA, the gears are assumed to be fully elastic, i.e., no plastic deformation
or wear is modeled. It is possible that a sharp tip quickly gets worn down and/or
plasticises during run-in. However, it still likely makes a dent during the few cycles
where it is present, see Errichello et al. [52], which is enough to cause onset of pitting.
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In the LTCA, elasticity couplings between the teeth are neglected. Elasticity cou-
plings are important when considering transmission error as it relates to deformation.
However, it has greater impact on transmission error offset than variation, i.e., peak-
to-peak transmission error is not affected much by elasticity couplings, as concluded
by Rigaud and Barday [174].

In Paper III, transmission error is defined as a distance along the line of action which
is obtained by multiplying rotation angle of the gears with the respective base circle ra-
dius. Only perfect involutes have a base circle, so the definition is slightly unphysical.
However, the geometric deviation from the perfect involute is small, and the defini-
tion used allows for a good comparison with magnitudes of manufacturing errors and
tip relief.

Thermal expansion is neglected. This is mostly a problem in lack of proper backlash.
In fact, some thermal expansion may be beneficial to transmission error, see Arana
et al. [131]. However, thermal expansion, and contact temperature in general, is an
important topic. A thermal treatment requires a description of the lubricant, see
Chapter 3.

In conclusion, the trends shown by the LTCA seem reasonable. All specific results, i.e.,
certain numerical values, in the numerical examples pertain to the gearset in Table 2.1.
Thus, exact values cannot be used in other cases. The important conclusions, however,
are the more general ones about the presented and suggested methodologies.

Still, validation against experiments is an important part of developing numerical
methods. To accomplish this, a description of the lubrication is also needed. There-
fore, see Section 3.7.

Performing experiments also gives a more realistic variation between different gears
with the same error. Different flanks may well have different geometry but yield the
same error measurement, which is an effect that appears when a single error value is
used to describe the complex flank. The drawback, on the other hand, is that many
new error sources are introduced, and the effect of single parameters is difficult or
impossible to isolate.

Paper IV suggests the method of assessing manufacturing errors of different types,
tolerances, and combinations, by their tip contact threshold torque. This method is
quite general, and does in principle not need an LTCA. Another method, such as a
finite element analysis, could be used instead. Furthermore, it would be possible to
make an equivalent experimental study. A brief outline of an experimental procedure
is staked out in paper IV. While experiments tend to be expensive and time consum-
ing, a statistical analysis of already measured data could be used. For example, Lin et
al. [175] and Bergstedt et al. [176] have made measurements of that kind. Using a
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statistical approach to relate fatigue life and manufacturing errors to threshold torque
remains as future work.

If a manufactured and control measured gear is below an iso-line passing through
the permissible region, it should be kept even though the gear itself is outside the
permissible region. This is one of the major findings of the LTCA simulations. This
method can be expanded to include more errors, such as helix of form deviations,
and/or other criteria such as temperature or transmission error.

The method of using interpolations is shown to be useful. When a few cases have been
simulated, they can be used as a basis for polynomial fits. The polynomials can then
be used to interpolate intermediary values, which reduces the time consumption.

2.6.1 Conclusions and reflections

The performed analyses show that manufacturing errors have a large impact on mesh-
ing and behavior of gearsets, and thus need to be included in contact analyses for
results to be accurate. Finding, e.g., the optimal tip relief for gears without manu-
facturing errors may have low significance in a real application, where manufacturing
errors always are present to some extent.

The LTCA is believed to work well to study the effect of manufacturing errors on
contact pressure of gearsets. However, to move on another method is needed. Such a
method is presented in Chapter 3. For a more detailed discussion about future work,
see Chapter 6.

Mainly Paper I, but also Papers II-IV, answer RQ1. Conversely, Papers II-IV but also,
to some extent, Paper I, answer RQ2. As new demands on NVH are imposed by
electrification, P3 to some extent answers RQ3. Papers I-IV are also linked to RQ3 by
tolerances, since electrification imposes new demands via the tolerances.

Again, it should be noted that ’answer’ does not mean ’fully exhausts the field’, but
rather ’provides some answers and insights’, and also highlights the need for further
development.
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Chapter 3

Lubricated contacts - TEHL

This chapter describes the Thermal Elasto- Hydrodynamic Lubrication (TEHL) tool,
i.e., model and simulation method of lubricated contacts. It was concluded from the
literature review of the introduction that the model should include a full description
of temperature, and include dependence on temperature and pressure in lubricant vis-
cosity and density descriptions. Cavitation of the lubricant should also be considered.
Furthermore, it is desirable to include manufacturing errors in the lubricated contact
analysis as well.

3.1 The TEHL Model

In the previous chapter, dry contacts were studied. While gearsets in real applications
are lubricated, dry contact modeling is sufficient to study some phenomena. However,
dry contact models fall short in some cases:

• When properties related to the lubricant are of interest, such as temperature

• When properties related to the surfaces are of interest, such as roughness

For this reason, a TEHL model is created. Focus lies heavily on the first point, lubri-
cant behavior, whereas surface roughness is briefly discussed at the end of this chapter.

The first step is to create a model that treats smooth surfaces, i.e., surface roughness is
neglected. This is a good assumption for full film lubrication, and reduces the com-
plexity of the model. However, as discussed in the Implementation section, Section
3.4, the model is constructed with further development in mind.
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3.1.1 Load distribution

The TEHL model is constructed such that it can take any load distribution model as
input. This allows for a connection between the TEHL and the LTCA, such that man-
ufacturing errors can be included in the TEHL. Alternatively, any relation between
contact position and load can be used, such as the standard assumption of equal load
in the simultaneous contacts during dual engagement.

3.1.2 Singularity

Due to the Boussinesq formulation of deformation caused by a point load, a singu-
larity appears in the deformation formula. This makes deformation mesh-dependent,
which is undesirable. Special consideration is taken to this in the discretization of the
deformation, where the deformation kernel is evaluated between grid points.

This problem is seldom addressed even though it has a large impact on results. The
singularity can be avoided by combining the Boussinesq–Cerruti solution with a con-
stant solution (i.e., introducing a limit to Boussineq’s solution) or using the more
complicated Love’s solution [177]. Thorough treatments of singularities, the Boussi-
nesq solution, and contact problems are presented by Lubarda [178] and Marmo and
Rosati [179].

3.2 TED and Effigears

The idea to continue the research by studying lubricated contacts coincided with the
following two Vinnova projects. Drafts of the TEHL methodology were made, and
the corresponding parts of the funding applications were written. As the applications
were approved, this part of the research was financed by Vinnova. Here, the projects
are briefly decribed.

Driveline components for electrified powertrains [180] (Swedish: TED - Transmis-
sionskomponenter för Elektrifierade Drivlinor). This is a Swedish project with a broad
perspective of electrification, including un-synchronized meshing, material fatigue,
and selection of materials including powder metals. It involves many industrial project
parts, as well as universities and institutes. One part of the project concerns gears, both
simulation and testing. In ongoing work, a test rig is being built.

E!115140 Effigears [181]. This is a European project that treats efficiency of gearsets in
general applications. It includes novel surface treatments and measuring techniques.
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While focus lies on testing, using an FZG test rig, of gears subjected to surface treat-
ments, the project also includes simulations.

It is a goal in both these projects to obtain experimental results that can be compared to
simulation results, such that the simulation models can be improved until satisfactory
agreement is reached, as shown in Figure 3.1.

Figure 3.1: The relation between experimental and modeling work. Paper V, summarized in this chapter, mod-
els and simulates gear meshing under lubricated conditions (corresponding to dark blue boxes).
Further work is dictated by the level of agreement with experimental results. Reproduced with
permission from Paper V.

3.3 Theory

The theoretical framework of the TEHL model, with extensive derivations and defi-
nitions of all parameters and constants, is presented in Paper V. Here it is summarized
for the sake of completeness. See also Tables 3.1 - 3.3 for explanations.

The lubricant pressure in a thin film is governed by the Reynolds equation,

d

dx

(
ρh3

12η

dp

dx

)
= Um

d

dx
(ρh) (3.1)

This equation relates pressure p, lubricant film height h, viscosity η, density ρ, and
mean surface velocity Um. The temperature T is governed by the heat equation,

βTu
dp

dx︸ ︷︷ ︸
compression

+ τ
du

dz︸︷︷︸
shearing

= cρu
dT

dx︸ ︷︷ ︸
convection

− λ
d2T

dx2︸ ︷︷ ︸
conduction

(3.2)
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This equation is comprised of a compression part (where β is the volume expansion
coefficient and u is the velocity of a point in lubricant film), a shearing part (where τ
is the shear stress), a convection part (where c is the specific heat), and a conduction
part (where λ is the thermal conductivity).

These equations are used to find pressure p and temperature T . Both pressure and
temperature affect viscosity and density. Here, the Rodermund [122] viscosity model
is used, i.e.,

η(p, T ) = Aη exp

(
Bη

T + Cη − 273

( p

2 · 108
+ 1
)Dη+Eη

Bη
T+Cη−273

)
(3.3)

where Aη − Eη are viscosity parameters, cf. Table 3.3. The density model is that of
Dowson–Higginson [123],

ρ(p, T ) = ρ0

(
1 +

βρ1p

βρ2p+ 1

)
(1− αρ(T − T0)) (3.4)

The density parameters are also presented in Table 3.3.

These equations are coupled since, for example, pressure depends on viscosity ac-
cording to the Reynolds equation, but viscosity simultaneously depends on pressure
according to the Rodermund equation. Furthermore, for pressure of the magnitude
typically found in gearsets, deformation is not negligible. The relation between pres-
sure and deformation is given by Johnson [101]:

υ =

∫ xe

xs

C(x− x′)p(x′)dx′ (3.5)

where the kernel C is given by

C(x) = − 4

πE′ ln |x| (3.6)

E′ is the equivalent modulus of elasticity, given by

E′ =
E

1− ν2
(3.7)

assuming that both pinion and gear are made from the same material.
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The deformation thus alters the height, which again affects the Reynolds equation,
and so on.

The above equations are solved under some boundary conditions. Inlet temperature is
specified, i.e., a Dirichlet boundary condition, whereas outlet temperature is assumed
to have a zero derivative, i.e., a Neumann boundary condition.

Pressure distribution is found under the condition that all pressure values must be
positive. The cavitation border is moved iteratively until this condition is satisfied.
In the cavitation zone, the pressure is zero, and the pressure derivative (with respect
to the coordinate in the contact) is zero at the cavitation border. The fill factor θ
describes the proportion of lubricant in the cavitation zone.

The equations are also subjected to the load balance equation, which states that the
surface integral of the pressure distribution should be equal to the applied load.

Before implementation, the equations are discretized. A Forward Euler method is
used. The detailed discretization is appended in Paper V.

3.4 Implementation

The LTCA is quite straightforward, where start values used in the Newton–Raphson
schemes are guessed fairly easily and the remaining behavior of the solver is pre-
dictable. The TEHL, on the other hand, is less straightforward due to its couplings
as well as sensitivity. This section describes the implementation of the TEHL solver
as a Matlab program. The description in this section is more heuristic; for a detailed
description, see Paper V.

3.4.1 Initial guesses

As the program is started, all necessary data is taken as input. The coupled nature
of the TEHL problem means that either all quantities are known (at least within a
certain residual), or all are unknown. Therefore, the algorithm is constructed such
that there are a few options for the initial guess of the unknown quantities.

• If the chosen contact position is the first of the simulation, and no similar cases
have been simulated before, a pressure distribution is assumed. This is close
to Hertzian, but with a smoothing factor to avoid sharp gradients where the
Hertzian contact zone ends. This is guaranteed to give the correct equivalent
load, and should therefore be reasonably close to the true pressure distribution.
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The temperature is guessed to start at the inlet temperature, increase with the
pressure, and then drop to a value at the outlet somewhere between the inlet
temperature and the maximum temperature. With pressure and temperature
guessed, viscosity and density are calculated. Deformation is calculated accord-
ing to the guessed pressure and added to the height. The height is then adjusted
until the Reynolds equation yields a pressure distribution with a correct equiv-
alent load. Thus, values of pressure, temperature, viscosity, density, and height
are found in the first iteration. These values are then fed into the solver. The
method resembles that of Sivayogan et al. [182], who feed their solver with ini-
tial values found from a Lubricated Loaded Tooth Contact Analysis (LLTCA).

• If instead the problem was solved at a previous position, the solution at the pre-
vious position is used as an initial guess for the current position. For positions
fairly close along the line of action, the solutions are similar and the previous
solution is thus a good guess.

• If the contact position is the first in the simulation, but simulations have been
made previously under similar conditions, the solution from the previous sim-
ulation can be used by taking a file as input.

3.4.2 Convergence routine

Once an initial guess has been made according to one of the methods above, it is
fed into the main solver. This solver then uses the intrinsic feedback mechanism of
the TEHL problem. For example, an updated pressure (i.e., next iteration) gives an
updated deformation, and thereby an updated height. This height is again used in
the Reynolds equation. When height increases (all other values kept unchanged),
the pressure decreases. Consequently, deformation decreases, height decreases, and
pressure increases. A too large pressure in one iteration thus yields a too low pressure
in the next. This principle holds for all quantities.

The intrinsic feedback mechanism thus seeks the true solution. However, it is possi-
ble that the difference in values between two iterations becomes too large, such that
the solution in one iteration falls outside the convergence radius. To avoid this, it is
assumed that the step suggested by the solver is in the right direction, but with a too
large step size. The pressure is therefore updated with a fraction of the suggested up-
date, dictated by a damping factor. Larger damping means increased numeric stability
but decreased computational speed, and vice versa.

Convergence is reached when the pressure residual, essentially the difference in pres-
sure between two consecutive iterations, is sufficiently small.
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3.4.3 Load distribution – relation to LTCA

One of the inputs in the program is a load distribution model. The simplest method
is to neglect friction, and assume that the load is shared equally between the tooth
pairs during dual engagement. Here, this load distribution model is referred to as
standard. While the standard approach requires no computational effort, it is not
always accurate and fails to include some phenomena, such as the fact that the dual
engagement region increases with load.

An alternative is to used the load distribution found from the previously described
LTCA method. The major gain from this is that manufacturing errors can be included
through their alteration of the load distribution.

3.5 Numerical Example

The same gearset as in Chapter 2 is used, cf. Table 2.1. In addition, the following
conditions are used.

Table 3.1: Input data for the gear set operation parameters.

Property Value Unit

Output torque, Mg 200 Nm
Input speed, np 6000 rpm
Lubricant inlet temperature, T0 80 ◦C

Additionally, the lubricant heat parameters, see Equation 3.2, are given the following
values.

Table 3.2: Input data for the lubricant parameters.

Property Value Unit

Specific heat, c 2000 J · kg−1 ·K−1

Thermal conductivity, λ 0.135 W ·m−1 ·K−1

Volume expansion coefficient, β 0.0007 K−1

The density and viscosity data are based on based on FVA¹ reference oil no. 3 [107]
and have the following values.

¹Forschungsvereinigung Antriebstechnik
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Table 3.3: Input data for density (top half of the table) and viscosity (bottom half of the table) parameters.

Symbol Value Unit

ρ0 889.4 kg/m2

βρ1 0.6 · 10−9 Pa−1

βρ2 1.7 · 10−9 Pa−1

αρ 6.4347 · 10−4 K−1

Aη 3.18 · 10−5 Pas
Bη 1165.51 ◦C
Cη 108.804 ◦C
Dη 0.6458 -
Eη −6.23 · 10−3 -

3.6 Results

This section summarizes results from the TEHL simulation tool together with some
commentary.

The result of a TEHL simulation at a certain contact position is shown in Figure 3.2.

Figure 3.2: TEHL simulation results at a position in the single engagement zone. All properties (pressure, film
height, temperature, viscosity, and density) are made dimensionless by division of their respective
maximum values. Reproduced with permission from Paper V.
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Here a few conclusions can be drawn from visual inspection. The pressure distribution
exhibits the typical fluid pressure behavior, with a gradual build-up rather than the
very steep build-up of e.g. Hertzian pressure. In the cavitation zone, it goes down to
zero, with a zero derivative. The lubricant film height becomes almost flat, and shows
a dent near the cavitation boundary. The temperature starts at the inlet temperature,
rises with the pressure, and then drops with a zero derivative at the outlet, thus satis-
fying both its boundary conditions. Viscosity increases with increasing pressure, and
then decreases with increasing temperature. Finally, density does not change very
much, only about 10 % throughout the contact.

The contact in Figure 3.2 is in the single engagement zone, where all load distribu-
tion models predict the same load (apart from friction contributions). In the dual
engagement zone, however, there might be a large difference. This is seen in Figure
3.3.

Figure 3.3: Load distribution, i.e., equivalent load as a function of position. LTCA: load distribution found from
LTCA simulations. Standard: load distribution found from the standard assumption of equal load
between tooth pairs in the dual engagement zone. Reproduced with permission from Paper V.

The standard load distribution model both over- and underestimates load in the dual
engagement zone compared to the LTCA. This is reflected in the TEHL solution
at a point just outside of the nominal single engagement zone, where pressure from
the TEHL method is considerable higher using load from the LTCA than from the
standard.
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Figure 3.4: Lubricant pressure and lubricant film height from TEHL simulations. Hertzian pressure is shown as
a reference. Left: load found from the standard load distribution model. Right: load found from
LTCA simulations. Reproduced with permission from Paper V.

Since manufacturing errors alter the meshing and thereby the load distribution, the
phenomenon seen in Figure 3.4 can also be expected in the presence of manufacturing
errors. Paper V displays the load distribution for different cases of manufacturing error
combinations. Here, the result of the corresponding TEHL simulations are shown.

Figure 3.5 show the lubricant pressure for three cases, nominal (no error), pitch error
class 8, profile slope error class 8, and pitch error class 8, profile slope error class 5.

Figure 3.5: Lubricant pressure for one error free case, together with two cases of manufacturing error combi-
nations. Reproduced with permission from Paper V.
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While it is seen that both manufacturing error cases cause an increase in pressure,
profile slope error of class 5 actually constitutes a worse case (at this position) than
profile slope error of class 8, since it counteracts the load increase caused by the pitch
error.

Similar behavior can be observed in Figure 3.6 for lubricant temperature. Increased
load results in a greater heat generation.

Figure 3.6: Lubricant temperature for one error free case, together with two cases of manufacturing error
combinations. Reproduced with permission from Paper V.

The effect on film height is a bit less pronounced, but still clearly visible.
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Figure 3.7: Lubricant film height for one error free case, together with two cases of manufacturing error com-
binations. Reproduced with permission from Paper V.

3.7 Discussion

As previously discussed, the lubricant pressure distribution resulting from the TEHL
simulations, see Figure 3.2, exhibits the typical lubricant pressure features, such as
gradual pressure build-up and cavitation. Simultaneously, it is also fairly close to
Hertzian pressure distribution. Pressure, film height, temperature, viscosity, and den-
sity all seem reasonable from visual inspection, as well as comparison with the litera-
ture, see for example Chu et al. [106] or Bobach et al. [102].

Furthermore, the imposed boundary conditions are shown to be satisfied. While this
does not guarantee that the TEHL model equations are suitable, it does show that the
solutions fulfill the equations, eliminating some possible implementation errors.

Implementation of a damping factor applied to the new pressure in each iteration is
typical for numerical EHL solvers. This is often known as relaxation, as described
early by Ai et al. [183] and employed by other authors [182, 184, 185].

The impact of manufacturing errors is shown to be adverse, with increased pressure
and temperature. The decreased film height is also an adverse effect, since it makes
the gearset more sensitive to contamination of debris [186]. It also makes the gearset
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more susceptible to asperity contact.

The start and end of mesh are found by assuming a layer of lubricant on the surface of
each gear tooth. This is the supply thickness, as discussed in Paper V. The contact zone
starts when these no-load lubricant films first meet. A sensitivity analysis shows that
the supply thickness itself has little or no influence on the solution as long as it is large
enough. If the contact zone increases following an increased supply thickness, there
will be a larger region with very low pressure at the inlet. The outlet is determined in
the same way, but due to cavitation, the pressure is zero everywhere after the cavitation
boundary.

The reason behind establishing the contact zone this way is to avoid enforcing Hertzian
pressure distribution. Many authors base the contact zone on Hertzian contact width.
If there is no temperature dependence in the viscosity expression, the viscosity be-
comes immensely large, like that of a solid. If, in addition, Hertzian pressure is used
as an initial value, there is a risk that the resulting pressure accidentally becomes very
close to Hertzian. By not assuming values related to Hertzian contact theory, this risk
is reduced.

Non-Newtonian fluid descriptions are omitted. The corresponding effects are be-
lieved to be small, see Liu et al. [121]. However, if a discrepancy between simulated
and measure values exists, this is a possible point to improve. It also depends on which
description will be available for the lubricants used in the experiments, see Chapter
6.

Another possibility of improvement is to make a more advanced temperature analysis.
For example, heat parameters could be allowed to vary, cf. Mihailidis et al. [107]. It
would also be possible to include heat transport in the gear bodies, shafts, and so on.

In the present TEHL model, no variation over the width of the tooth is assumed.
This is motivated computationally by decreased complexity and time consumption,
and physically by the fact that this direction is perpendicular to the flow direction. It
is also several magnitudes larger than the contact region in the flow direction, making
the ’infinite width’ approximation reasonable.

Dynamics are neglected in accordance with Yang et al. [130]. Combining TEHL anal-
ysis, dynamics, manufacturing errors, and a system perspective could be meaningful,
see Chapter 6.

Surface roughness is also neglected at this stage, i.e., in this first iteration of the model
development. This assumption is supported by preliminary results obtained in the
Effigears project, where lubricants seem to have a larger effect on gearset behavior,
such as efficiency, than surface roughness. Still, it remains as future work to establish
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and implement a mixed TEHL solver.

Using results from the LTCA as input in the TEHL simulations is one of the major
contributions of this work. The fact that dry contacts are used as input to lubricated
contacts is motivated by the fact that the treated manufacturing errors are much larger
than the changes in lubricant film thickness they impose, which makes the influence
of film height difference negligible in the contact positions.

3.7.1 Conclusions and reflections

Manufacturing errors have a large effect on lubricant properties, as summarized in
Figures 3.5 to 3.7 and shown in more detail in Paper V. Large effects are also reported
by Liu et al. [127]. It seems that very few authors include manufacturing errors like
pitch error and profile slope error in their studies, but those who do report large
impact. This conclusion is in line with that of Clarke et al. [139].

The manufacturing errors cause an alteration of the contact geometry, but this alter-
ation is quite small. If manufacturing errors are included only by altering contact
geometry, their effect will be small. The great effect comes from the difference in load
as shown in Paper V.

There is evidently a need of further investigation of the subject.

Paper V answers RQ1 and RQ2. Continued TEHL work will look at RQ3 through
the high-speed TED rig, see Chapter 6.
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Chapter 4

System perspective

This section describes the system perspective, where not only a single gear pair is
treated, but instead the perspective is lifted to the whole system, including more gear
stages, bearings, and housing.

4.1 Introduction to Systems

Describing a whole complex system, such as an electric vehicle (EV) is of course a very
tedious task. Even if a subsystem, such as the gearbox, is considered, a vast amount
of parameters and degrees of freedom exist. Therefore, one often goes further, and
typically describes either a single contact thoroughly, ignoring all other elements of
the gearbox, or describes the whole system, using a simplified contact model.

In Paper I-V, the former approach is used, see Chapters 2 and 3. There, the only
influence of the surroundings are input data and boundary conditions. In the current
chapter, the latter approach is used. Here, not only gear meshing is of interest, but
also gearset layout, bearing life rating, and housing mass.

Due to the complexity of the system, many new possibilities of optimization arise.
An overview of these optimizations is given in Chapter 1. This chapter shows how
to optimize the dog-leg angle of a two stage reducer, minimizing bearing forces and
housing mass. It is assumed that other parameters, such as gear ratio in each stage,
geometric data, and so on, already have been optimized.
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4.2 Theory

In the transition from internal combustion engine (ICE) to electric motor (EM) of
a passenger vehicle, the typical vehicle speed and wheel size are left unchanged. This
imposes new demands on the transmission, which has to compensate the higher rota-
tional of the EM compared to the ICE by an increased gear ratio. It is advantageous
to divide this larger gear ratio into two or more stages. A two stage reduction is shown
in Figure 4.1.

Figure 4.1: Schematic overview and free body diagram of a two stage reducer. All gears in this case are spur
gears. Note that the position of shaft 3 is dictated by the dog-leg angle θ. Reproduced with
permission from Paper VI.

In Figure 4.1, the dog-leg angle θ, sometimes denoted by diversion angle, is intro-
duced. θ = 0 corresponds to the center point of each shaft being placed on a straight
line, and θ = 90◦ corresponds to an L shape.

Each shaft is supported by two bearings, one on either side of the gear. The bearings
on each shaft together accommodate the reaction force of the gear. For the first and
last shaft, shafts 1 and 3 in Figure 4.1, the reaction forces cannot be decreased without
interfering with parameter choice, loads or similar, which were assumed to be fixed.
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However, by varying θ, reaction forces on the intermediary shaft, shaft 2, can be
redirected. This means the reaction forces can counteract each other and cancel out
to some degree, thus decreasing the total reaction force on the shaft, and thereby the
bearing forces.

From force equilibrium of the intermediary shaft, the dimensionless reaction force
R0 is found as

R0 =
√

1 + u2 + 2u cos(α1,2 + α2,3 + θ) (4.1)

where α1,2 and α2,3 are the working pressure angles of each stage. u is the ratio
between the number of teeth of the gears on the intermediary shaft. This is, however,
not a gear ratio, since the gears on the same shaft never go into mesh with each other.

By differentiating theR0 force with respect to θ, it is found that extreme values occur
when

sin(α1,2 + α2,3 + θ) = 0 (4.2)

i.e., the smallest possible reaction force can be found.

Once the reaction forces are found, the corresponding bearing forces can be calculated.
Bearing rating life is then found according to standard calculations such as ISO 281
[187].

The same methodology is then applied to a case with helical gears; see Figure 4.2
where also the housing is included. As helical gears introduce non-zero axial forces,
the bearing reaction forces also depend on distances acting a levers in the moment
equilibrium. The expressions thus get more involved, and a neat expression such as
Equation 4.2 is not attainable.

An example is shown in Section 4.3.
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Figure 4.2: Two stage reducer with housing and intermediary shaft. Top left: Section view of CAD model of
the reducer. Top right: Top view of the housing. Bottom: intermediary shaft with its gears and
bearings. Reproduced with permission from Paper VI.

While driving the vehicle, a variety of speed and torque values are applied. To model
this, a duty cycle is applied. Contrary to ICE vehicles, electric vehicles also use regen-
erative braking [188], which means reversing the torque direction. This has the same
effect as mirroring the dog-leg angle, i.e., changing θ to −θ. This gives the ability to
include regenerative braking in the cycle.

An estimation of housing mass is made by studying the enclosed volume of the gearset.
With a certain wall thickness and material selection, this corresponds to a mass.
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4.3 Numerical example

The reducer used in the numerical example can be seen in Table 4.1.

Table 4.1: Numerical example. Tooth numbers from Nissan Leaf gearbox, model year 2011-2013.

Property Symbol Value

1st stage
tooth number pinion zp,1 17
tooth number gear zg,1 31
normal module, [mm] mn 1.75
normal pressure angle, [◦] αn 20
helix angle, [◦] β 28
gear width, [mm] b 25

2nd stage
tooth number pinion zp,2 17
tooth number gear zg,2 73
normal module, [mm] mn 2.03
normal pressure angle, [◦] αn 20
helix angle, [◦] β 20
gear width, [mm] b 25

intermediate shaft
distance, [mm] la 22.5
distance, [mm] lb 26.5
distance, [mm] lc 22.5
pitch radius 1st gear, [mm] Rc 30.78
pitch radius 2nd pinion, [mm] Rc 18.34

Total ratio Utot 7.94
Ratio step intermediate shaft u2

31
17

≈ 1.8

4.4 Results

This section contains some results from the dog-leg optimization performed in Paper
VI, together with some remarks.

The dimensionless reaction force can be seen in Figure 4.3, where it it normalized by
the dimensionless reaction force at θ = 0. This is done for different values of u.
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Figure 4.3: Normalized dimensionless reaction force for different u values. Note that coasting corresponds to
changing sign of θ. Reproduced with permission from Paper VI.

It can be observed in Figure 4.3 that for u = 1, the reaction force becomes zero. This
result is slightly artificial, since u = 1 would hardly be used in practice as this would
mean that both gears on the intermediary shaft would have the same number of teeth,
thus, there would be no use in it for gearing purposes. However, it serves a a control
of the method. Mathematically, Equation 4.1 yields R0 = 0 when the cosine takes
the value −1. Physically, two equal gears would give reaction forces of equal size but
opposed direction.

For more reasonable u values, a large decrease is still seen. The decrease during driving
may however come at the expense of increased reaction force when coasting, as torque
is reversed. For large u values, not much happens with the reaction force. This is
because the contact force of the larger gear become too small to have any significant
impact on the total reaction force, no matter how it is directed.

For helical gears, the equations get less neat, but the same principle is used. Apart
from lowering reaction forces, and thus allowing smaller and lighter bearings, the
enclosed volume also decreases. This can be seen in Figure 4.4.
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Figure 4.4: Housing mass for dog-leg angle θ relative to housing mass for θ = 0. Reproduced with permission
from Paper VI.

Figure 4.4 displays a fairly large decrease in housing mass due to optimizing the dog-
leg angle. Here, the optimization is made under the implicit constraint that gears and
shafts must not interfere.

4.5 Discussion

Paper VI treats a method to perform an optimization of a gearset with two or more
stages, without changing gear data, such as pressure angle, or loads or similar - these
are assumed to already be chosen based on optimization or due to other favorable
reasons.

The dog-leg angle optimization provides several advantages. Decreased reaction forces
imply decreased equivalent load for the bearings, see Figure 4.3, which can then be
smaller and lighter. The decrease in enclosed volume renders a decreased housing
mass, as shown in Figure 4.4.

In practice, the advantages are more pronounced. By considering housing stiffness,
the housing mass can be decreased even further since the more compact design re-
quires less material. Decreased bearing loads also imply decreased load-dependent
power loss.

The suggested method is intended for design of electric vehicle transmissions. While
the method of opposing reaction forces is not limited to EVs, it requires at least one
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intermediary shaft. The layshaft of a manual transmission, for example, does not
benefit from a reposition. Other applications, such as industrial machinery, could
however see an advantage of using the proposed method.

In addition to the proposed method, other constraints may apply. These are, however,
not general but rather specific to the case at hand, such as limits in housing size. The
analysis should be made with these in mind. Furthermore, interference between gears
and shafts should be avoided.

4.5.1 Conclusions and reflections

The study in paper VI served the purpose of increasing knowledge about systems, as
opposed to the contact analysis that constitutes the majority of this thesis. It gives a
broader view and better understanding of the whole field of gearing.

Contact analysis, including manufacturing errors, is omitted from paper VI. The rea-
son for this is that while manufacturing errors greatly alter the load distribution, i.e.,
the proportion of load carried by each simultaneous contact, they do not alter the
total load. Therefore, manufacturing errors do not influence bearing forces.

Thus, there is no need, at this stage, for a more complicated contact model. There
are, however, a few possible connections between contact and system perspectives:

• The analysis of transmission error in Paper III only considers deflection of the
gears. While this is an effective way of isolating the effect of manufacturing
errors, it would be of interest to incorporate the transmission error analysis in
a larger system, with more stages, and bending and torsion of shafts. Varying
the dog-leg angle redirects forces, which contributes to bending and torsion.
This links the LTCA to the system perspective.

• The difference in lubricant film height for different loads in the TEHL method
corresponds to viscous damping. Film height is, in turn, affected by manufac-
turing errors. Therefore, manufacturing errors could be related to the system
model by means of dynamics together with a TEHL analysis. The earlier claim
that manufacturing errors have no effect on system level is therefore augmented
by ”under static conditions”. This links the TEHL to the system perspective.

Furthermore, contact analysis and system analysis are connected since they provide
input to each other. A system optimization may suggest stages that are optimal from,
e.g., a mass perspective. A subsequent contact analysis may however show that this
solution would result in tip contact.
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Contact analysis and system perspective will inevitably be intertwined when perform-
ing experiments with the high-speed TED rig, see Chapter 6.

In addition to the points above, the system perspective contributes with important
insights that are useful in the design of the test rig in the TED project.

Paper VI answers RQ3, due to the strong connection to electrified drivelines.
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Chapter 5

Conclusions

This chapter summarizes Chapter 2 - 4, concludes the discussions, and returns to the
research questions and their answers.

5.1 Summary

This thesis summarizes the research work disseminated in the appended papers. It
has been shown that contact pressure is an important part of gearset behavior, closely
related to fatigue. Since contact pressure cannot be directly measured, an LTCA sim-
ulation tool was created by modeling and simulation. The tool accounts for manu-
facturing errors of different types and tolerance classes.

Simulation results show that gear meshing is adversely affected by tip contact, which
then can be used for assessment of manufactured gears. Even without tip contact,
manufacturing errors have a large impact on load distribution. To investigate this
effect further, a TEHL simulation tool was developed, and further results showed a
negative impact of manufacturing errors on lubricant properties such as temperature
and film height.

Manufacturing error tolerances are chosen based on several criteria. Due to electri-
fication, new demands are imposed on low gearset noise. Therefore, tolerances are
chosen to decrease transmission error. Electrification also impose new demands on
gearset layout, such as large gear ratios split into several stages. It is shown how careful
layout design can minimize bearing forces and housing mass.
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5.2 Research questions

From the literature review presented in Section 1.1, the following research questions
were formulated, and the answers obtained thus far read as follows.

5.2.1 Research Question 1

RQ1: How could gear contacts be modeled, in a physically reasonable way, to account for
modifications and manufacturing errors?

In this case, just like in general, the model should be as simple as possible. If only
forces are needed, as in the system study of Paper VI, there is no need for a contact
analysis.

If no lubricant properties are of interest, a dry contact model is shown to work well.
Such a model is developed in Paper I. Even though real gearsets are lubricated, de-
formations and manufacturing errors (i.e., flank errors such as pitch error and profile
slope error) are several orders of magnitude larger than the change in lubricant film
thickness they impose, which means that the impact of the lubricant is overshadowed
and a dry model suffices. The model should include a treatment of tip contact, and
calculate load distribution based on deformation and a compliance condition, rather
than assuming it a priori, which erases the effect of manufacturing errors.

If, on the other hand, lubricant properties are of interest, a TEHL model is needed.
Such a model is developed in Paper V. It is here necessary for an accurate simulation
to include temperature to properly account for varying viscosity. An accurate load
distribution model is shown to be of high importance.

All models are shown to be physically reasonable by preliminary evaluation, such as
comparison with existing literature.

5.2.2 Research Question 2

RQ2: How do manufacturing errors and their tolerances influence gearset behavior?

Manufacturing errors of different tolerances are shown to have large impact on the
running gearset. Typically, the effect is adverse, with increasing pressure, as shown
in Paper II, increasing transmission error, as shown in Paper III, and decreased tip
contact threshold torque as shown in Paper IV. Lubricant properties are also negatively
correlated with manufacturing errors, typically by increased temperature, as shown in
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Paper V. The adverse effects are particularly pronounced when the errors appear in
combination, amplifying the individual effects.

Contrarily, some cases of manufacturing errors do not cause much difference in mesh-
ing. In such a case, a fairly large error is permissible. It is shown that some gears
that would be scrapped due to control measurement would work properly in running
gearsets, i.e., scrapping is unjustified, as demonstrated in Paper IV.

Contact pressure and transmission error are shown in Paper III to both co-vary and
counter-vary for different manufacturing error combinations.

5.2.3 Research Question 3

RQ3: How could new challenges, imposed by electrification, be addressed at the gearbox
design phase?

A new demand stemming from electrification is lower noise acceptance in electric
vehicles. Noise is typically translated into transmission error. It is shown in Paper
III how tolerances are related to transmission error, and how they can be chosen to
minimize transmission error.

Electrification also imposes new demands on gearbox layout, due to the larger gear
ratio needed to account for the high rotational speed of the electric motor. It is shown
in Paper VI how the layout can be optimized, such that bearing forces and enclosed
volume can be decreased. Thus, both bearing and housing mass can be considerably
decreased, which is of particular interest in already heavy electric vehicles.
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Chapter 6

Future work

This chapter describes future work, including ongoing, planned, and potential or
possible future work, connected to the topics of this thesis. It provides some ideas
on how to continue answering the research questions. It is slightly less rigorous and
provides some more personal reflections.

It is difficult to make predictions, especially about the future. The path the forthcom-
ing research will take depends to large extent on what funding it will receive, which in
turn depends on possible applications, potential partners, and so on. Collaboration
with companies, other departments and/or universities, and so on, plays a major role.

6.1 Ongoing work

This section discusses work that is ongoing as of early 2023. This work mainly focuses
on the TEHL method, used in the projects TED and Effigears.

6.1.1 TED

In the TED project, a test rig is currently under construction. This rig is similar in
design to an FZG rig, but will run at higher speed to replicate conditions of a gearset
driven by an electric motor, for example in an electric car. While not yet disseminated,
parts of the rig design have been included in this part of the PhD project.

The gears intended for testing in the TED rig will be of high contact ratio (HCR)
type [51, 189], i.e., the contact ratio will be larger than 2. Thus, both dual and triple
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engagement will prevail. For the TEHL method, this just means changing the load
distribution model. An overview of load distribution models is presented by Ravivar-
man and Prabhu Sekar [190].

EHL analyses of HCR spur gears have been performed by Huang et al. [191], but
they did not solve the Reynolds equation. Furthermore, temperature and manufac-
turing errors were not considered. Hussein and Abdullah [192] also studied lubricated
HCR spur gears, but they too used EHL formulas rather than solving the Reynolds
equation.

A convenient parameter to measure in a test rig is the power loss. HCR gears are
associated with greater power loss according to Thirumurugan and Muthuveerappan
[193]. It remains to establish a model for the lubricant. Furthermore, lubrication type
influences efficiency [16].

This work will mainly provide more answer to RQ1 and RQ3.

In conclusion, a joint publication within the TED project is at the planning stage. In
Figure 6.1, this paper is denoted by ’TED’.

6.1.2 Effigears

In the Effigears project, work has started towards a joint paper. Some results from
testing have been obtained, in terms of efficiency and fatigue testing. Also here, a
lubricant model remains to be established. However, a comparative analysis can be
made irrespective of lubricant, under the assumption that errors introduced by as-
suming a lubricant model are the same for all cases, where ’case’ refers to load stage,
manufacturing error combinations, and so on.

In the preliminary testing, some scuffing issues were experienced. This can be investi-
gated by comparing test results to simulations, where tip contact may cause scuffing.
Even outside of the tip contact region, scuffing may occur as a result of the lubri-
cant film collapsing due to unfavorable conditions, i.e., combinations of speed, load,
geometry, and lubricant properties.

By using the measurement protocols, manufacturing error combinations can be re-
lated to scuffing or fatigue resistance in a stochastic approach, i.e., as a continuation
of the method proposed in Paper IV. This may, however, fall outside of the scope of
the Effigears project. Instead, it will possibly be a separate study.

This work will mainly provide more answer to RQ1 and RQ2.

In conclusion, a joint publication within the Effigears project is at its initial stage. In
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Figure 6.1, this paper is denoted by ’Effigears’. Possibly, another publication based on
these or similar measurement results can be made. This is not included in Figure 6.1.

6.1.3 Surface roughness

Apart from the project specific tasks described in Sections 6.1.1 and 6.1.2, there is a
natural way to proceed with the TEHL model. In Paper V, only smooth surfaces
are considered. At the current stage, rough surfaces can be included in the analysis,
and some preliminary testing of this has been made. Rough surfaces can be included
either directly by taking a rough profile as input, or indirectly by adding stochastic
roughness to a smooth surface.

In reality, the manufactured surfaces will always be rough to some extent. The reason
this is important is that roughness affects lubricant film height. In turn, film height
is related to pressure and the other lubricant properties, as discussed in Paper V and
Chapter 3. Furthermore, asperity contact may occur, i.e., roughness peaks of either
surface may come into contact with each other.

For a better understanding, it is important to include surface roughness, as done by
several authors [102, 105, 108, 111, 117, 124, 128, 130, 139, 184, 194].

Evans et al. [184] studied damage of gears with surfaces subjected to different degrees
of roughness. They conclude that areas with significant asperity contact correlate well
to areas that are subject to scuffing. This might explain the scuffing issues experienced
in the experiments of the Effigears project.

Clarke et al. [139] used Klingelnberg measurements of surface roughness, and show
the effect of using different cut-off lengths. They showed that pressure peaks are un-
derestimated when the cut-off length is too large. Rough surfaces are often filtered,
using, e.g., an Abbott–Firestone curve [195].

Lubrication where the mating surfaces are completely separated by the lubricant film,
such as in Paper V, is called full film lubrication. Lubrication where asperities come
into contact is known as boundary lubrication. The lubrication regime where both
full film lubrication and boundary lubrication prevail is denoted by mixed lubrication.
This type is studied by, e.g., Dong et al. [108] and Evans et al. [184]. Li and Kahraman
[117] modeled mixed lubrication statically by a transient Reynolds equation. They also
used an Eyring fluid, i.e., a non-Newtonian lubricant description. Li et al. [194] used
a mixed lubrication model to calculate gear stresses with the aim of finding the onset
of cracks.

During contact, asperities experience large pressure together with sliding. This causes
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wear, as studied by, e.g., Walker et al. [196] or Wang et al. [197]. Since the TEHL
program can tack rough surface profiles as input, the effect of wear can be included.
For example, running-in [198] can be studied this way.

An insight obtained from the Effigears project is that accurate surface roughness mod-
els are needed. While stylus type profilometers are commonly used, such done by
Clarke et al. [139], some criticism is brought forth against the method, and optic
methods are instead suggested by Seewig et al. [199] and Brodmann et al. [200].
Zhao et al. [201] use a Weierstrass-Mandelbrot fractal roughness.

This work will mainly provide more answer to RQ1 and RQ2.

In conclusion, it is planned to include surface roughness in the TEHL method, such
that mixed lubrication can be modeled. In Figure 6.1, this paper is denoted by ’Mixed’.

6.2 Possible future work

This section is a bit more speculative, but contains a few suggestions of studies that
would be feasible to carry out.

6.2.1 Part matching

It was demonstrated, mainly in Paper II and IV, that while manufacturing errors may
amplify each other, with respect to, e.g., tip contact threshold torque, they may also
counteract each other. Here it would be of interest to further investigate meshing
of gears with manufacturing errors. For example, if both pinion and gear have pro-
file slope errors of the same sign, the situation is close to having a slightly altered
pressure angle, which causes no problems. Profile slope errors of opposite signs, how-
ever, rather implies different pressure angles, which is detrimental to meshing. Could
therefore some manufacturing error combinations have quite a small impact on the
running gear set?

By further studying the interplay between different manufacturing errors, an inves-
tigation of possible part matching [202] could be carried out. If more gears can be
kept, savings of time, material, cost, and environment could be made.

This possible work would provide some more answer to RQ2, as well as broadening
the perspective to production and environment.

In Figure 6.1, this possible paper is denoted by ’Part matching’.
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6.2.2 Integrating contact analysis in greater systems

As discussed in Chapter 4, there are different ways to combine contact analysis and
system perspective. Mainly, transmission error of the whole gearset could be studied,
or lubricated contacts could be used to model viscous damping in a dynamic analysis.
In Figure 6.1, these possible papers are denoted by ’DTE’ and ’Dynamics’. It is also
possible to merge these possible papers into one.

This possible work, which would be both interesting and demanding, would link RQ1,
RQ2, and RQ3.

6.2.3 Cost analysis

While surface treatments and other extra manufacturing steps could be used to op-
timize surface topography and thereby gearset performance, they also contribute to
complexity. Here it would be interesting to perform a life cycle analysis (LCA) to in-
vestigate the trade-off between possible gain due to improved performance and extra
consumption due to the increased complexity.

This potential study, which has seen some informal discussion, could be a possibility
of cooperation with researchers from other fields.

This possible work would provide some more answer to RQ2, as well as broadening
the perspective to production and economy.

In Figure 6.1, this possible paper is denoted by ’Cost analysis’.

6.3 Overview

Figure 6.1 shows an overview of the main methods and ideas.
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Figure 6.1: Overview of ongoing and possible future work.

While, as discussed, this work greatly depends on funding and collaboration, it serves
as some structure of possible ways forward.
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