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Abstract

The thesis covers different topics related to model predictive control (MPC)
and particularly distributed model predictive control (DMPC). One topic
of the thesis is gradient-based optimization algorithms for solving the
optimization problem arising in DMPC in a distributed manner. The un-
derlying idea is to solve the optimization problem in distributed fashion
using dual decomposition, which is a well-known method. Dual decom-
position is traditionally used in conjunction with (sub)gradient methods
which are known to have bad convergence rate properties, especially for
ill-conditioned problem. In this thesis it is shown how to use accelerated
gradient methods with dual decomposition, and how to choose the step
size parameter optimally in the algorithm. A method to bound the num-
ber of iterations needed to guarantee a prespecified accuracy of the so-
lution is also provided. Based on the iteration bound, it is shown how
to precondition the problem data optimally to improve conditioning of the
problem. These contributions significantly improve the performance of the
distributed optimization algorithm compared to dual decomposition with
a (sub)gradient method.

Another topic of the thesis is to guarantee feasibility and stability
when using the developed distributed optimization algorithm in a DMPC
context. Traditional methods of proving stability in MPC usually involve
terminal cost functions and terminal constraints that are non-separable.
These methods are not directly applicable in DMPC based on dual decom-
position because of the non-separable terms. Further, dual decomposition
does not provide feasible iterations but is guaranteed to be primal feasible
only in the limit. These issues have been addressed in the thesis. The sta-
bility issue is addressed by showing that for problems without a terminal
cost or terminal constraints and if a certain controllability assumption on
the stage costs is satisfied, the optimal value function is decreasing in
every time step by a prespecified amount. It is also shown how the con-
trollability assumption can be verified by solving a mixed integer linear



Abstract

program. The feasibility issue is addressed by a novel adaptive constraint
tightening approach. The adaptive constraint tightening guarantees that
a primal feasible solution can be constructed with finite number of algo-
rithm iterations without compromising the stability guarantee.

The developed distributed optimization algorithm is evaluated on a
hydro power valley benchmark problem. The hydro power valley consists
of several dams connected in series where each dam is equipped with a
turbine to extract power from the water. The objective is to control the
water flow between the dams such that the total power from the turbines
matches a power reference while respecting constraints on water levels
and water flows. The control problem is formulated as an optimization
problem, which is solved in receding horizon fashion using the distributed
optimization algorithm presented in the thesis. The performance of the
proposed distributed controller is compared to the performance of a cen-
tralized controller.
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Preface

Contributions of the Thesis

The thesis consists of one introductory chapter, eight papers and one sup-
plement. This section describes the content of the introductory chapter,
the contribution of each paper, and the content in the supplement.

Chapter 1 — Background

The background chapter consists of material relevant for the thesis. We
cover convex optimization, Lagrange duality theory, gradient-based opti-
mization methods, decomposition techniques, and model predictive con-
trol.

Paper |

Giselsson, P., M. D. Doan, T. Keviczky, B. De Schutter, and A. Rantzer
(2012) “Accelerated gradient methods and dual decomposition in
distributed model predictive control.” To appear in Automatica.

In this paper it is shown how accelerated gradient methods can be
used in conjunction with dual decomposition in a distributed model pre-
dictive control context. The optimal constant step size for the algorithm
is provided. It is also shown how to, in a distributed manner, handle an
additional non-smooth and non-separable 1-norm term in the objective.
Another contribution is, besides a convergence rate for the dual function
value, also a convergence rate for the primal variables.

The work was to a large extent carried out by P. Giselsson with help
from M. D. Doan. Useful support and comments were given by T. Keviczky,
B. De Schutter and A. Rantzer.
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Paper I

Giselsson, P. (2012) “Execution time -certification for gradient-based
optimization in model predictive control.” To appear in Proceedings
of the 51st IEEFE Conference on Decision and Control, Maui, HI.

The paper considers execution time certification for a dual acceler-
ated gradient method applied in a model predictive control context. A
centralized model predictive control formulation with eliminated states is
considered. To compute a bound on the number of iterations needed to
achieve a prespecified accuracy of the dual function value, a bound on the
norm of the optimal dual variables associated with the inequality con-
straints is needed. We show that by constructing a Slater vector for every
feasible initial condition, the norm of the optimal dual variables can be
bounded. This implies that the iteration bound for dual function accuracy
can be computed. We also show how to precondition the inequality con-
straint matrices optimally, where optimally refers to the preconditioning
that minimizes the obtained iteration bound.

Paper Il

Giselsson, P. (2012) “Optimal preconditioning and iteration complexity
bounds for gradient-based optimization in MPC.” Submitted to 2013
American Control Conference, Washington, D.C.

This paper extends the result in Paper II to the case where the state
variables are not eliminated. The resulting MPC optimization problem
has both equality and inequality constraints and the presented results
are hence applicable to distributed MPC as well as centralized MPC. To
compute an iteration bound for the dual function accuracy, the norm of
the optimal dual variables corresponding to the equality constraints and
the inequality constraints needs to be bounded. We show how to com-
pute a bound to the norm of the optimal dual variables, which is used to
compute the iteration bound. We also show how to precondition the equal-
ity constraint and inequality constraint matrices optimally by solving a
semidefinite program, where optimally refers to the preconditioning that
minimizes the iteration bound.

Paper IV

Giselsson, P. (2012) “A generalized distributed accelerated gradient
method for DMPC with iteration complexity bounds.” Submitted to
2013 American Control Conference, Washington, D.C.

Gradient-based methods are known to have iterations of low complex-
ity but might need a significant number of iterations to converge. In this

16
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paper a distributed dual accelerated gradient method is proposed which
significantly reduces the number of iterations needed to achieve a satis-
factory accuracy of the dual function. This is done by, in a well-defined
manner, incorporating hessian information to the algorithm. By approxi-
mating the hessian by a block-diagonal matrix, the algorithm can still be
implemented in a distributed fashion. By offline computing the hessian
approximation, the iteration complexity is greatly reduced at run-time for
the DMPC controller. The paper also shows how to compute a bound on the
number of iterations necessary to guarantee a prespecified dual accuracy.

Paper V

Giselsson, P. and A. Rantzer (2012) “On feasibility, stability and perfor-
mance in distributed model predictive control.” Submitted to IEEE
Transactions on Automatic Control.

This publication concerns closed loop properties for distributed model
predictive control when the optimization problem is solved using dual
decomposition methods. The traditional way of proving stability in cen-
tralized model predictive control is not directly applicable to distributed
model predictive control. In this paper a method is presented that proves
stability for distributed model predictive control where neither terminal
constraints nor a terminal cost is used. The stability result is based on
a controllability assumption of the stage costs. We show that this con-
trollability assumption can be verified by solving a mixed integer linear
program. The paper also proposes a novel adaptive constraint tightening
approach that enables for early termination of the optimization algorithm
while still guaranteeing closed loop properties such as feasibility, stability
and a prespecified performance.

The basic ideas with dual decomposition and suboptimality bounds
in distributed model predictive control are due to A. Rantzer. All details
such as the method to verify the controllability assumption, the adaptive
constraint tightening approach, and the possibility for early termination
are due to P. Giselsson.

Paper VI
Giselsson, P. (2012) “Output feedback distributed model predictive control

with inherent robustness properties.” Submitted to 2013 American
Control Conference, Washington, D.C.

This paper extends the results in Paper V to include the possibility
of output feedback. A decentralized observer is created and the controller
from Paper V is fed with state estimates from the observer. Stability re-
sults are provided by showing that the estimation error can be treated as

17
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a bounded disturbance and that the controller from Paper V is inherently
robust to small disturbances.

Paper VI

Doan, M. D., P. Giselsson, T. Keviczky, B. De Schutter, and A. Rantzer
(2012) “A distributed accelerated gradient algorithm for DMPC of a
hydro power valley.” Submitted to Control Engineering Practice.

In this paper distributed control of a hydro power valley (HPV) is con-
sidered. The objective of the control is to meet a time-varying power profile
while respecting water flow and water level constraints. The model of the
HPV has nonlinearities in the power production functions and boolean
constraints. Further, the power production depends on states in all sub-
systems, which complicates a distributed implementation. These issues
are addressed and the distributed optimization algorithm from Paper I is
used to solve the resulting optimization problem in a distributed fashion.
The hydro power valley problem is a benchmark problem in the European
Union FP7 STREP project HD-MPC.

Model reduction was performed by M. D. Doan and controller de-
sign, controller tuning, and simulations were performed by P. Giselsson.
T. Keviczky, B. De Schutter, and A. Rantzer gave useful comments and
A. Rantzer also suggested some useful ideas for the controller design.

Paper VI

Giselsson, P. (2012) “Gradient-based model predictive control in a pendu-
lum system.” Technical Report ISRN LUTFD2/TFRT--7624--SE. De-
partment of Automatic Control, LTH, Lund University, Sweden.

In this paper optimal control of a pendulum system is considered. Op-
timal control trajectories are computed and used as feedforward control
trajectories. A model predictive control (MPC) formulation is used as feed-
back to control the actual system trajectories towards the optimal trajec-
tories. The MPC optimization problem is formulated as a quadratic pro-
gram. A dual formulation to the MPC optimization problem is stated and
an accelerated gradient method is applied to solve the dual problem. Ex-
periments show that the optimization algorithm is efficient enough to be
implemented in the pendulum application in real-time and that the MPC
feedback gives good closed loop performance.

18



Contributions of the Thesis

Related publications. The technical report is based on and extends
the conference paper

Giselsson, P. (2011): “Model predictive control in a pendulum system.” In
Proceedings of the 31st IASTED Conference on Modelling, Identifica-
tion and Control. Innsbruck, Austria.

and is to some extent also based on the conference paper

Giselsson, P., J. Akesson, and A. Robertsson (2009): “Optimization of a
pendulum system using Optimica and Modelica.” In Proceedings of the
7th International Modelica Conference 2009, pp. 480—489. Como, Italy.

Supplement A — Specification of Randomly Generated Systems

The supplement specifies dynamics matrices, constraints, and cost func-
tions in the randomly generated systems used in Paper III, Paper IV,
Paper V, and Paper VI

Additional Publications

The following publications were chosen not to be included in the thesis.

Torreblanca, P. M., P. Giselsson, and A. Rantzer (2010): “Distributed
receding horizon Kalman filter.” In Proceedings of the 49th IEEE
Conference on Decision and Control, pp. 5068-5073. Atlanta, GA.

Giselsson, P. and A. Rantzer (2010): “Distributed model predictive con-
trol with suboptimality and stability guarantees.” In Proceedings of
the 49th IEEE Conference on Decision and Control, pp. 7272-72717.
Atlanta, GA.

Giselsson, P. (2010): “Adaptive nonlinear model predictive control with
suboptimality and stability guarantees.” In Proceedings of the 49th
IEEFE Conference on Decision and Control, pp. 3644-3649. Atlanta,
GA.

Lindholm, A. and P. Giselsson (2012): “Formulating an optimization
problem for minimization of losses due to utilities.” In 8th IFAC
International Symposium on Advanced Control of Chemical Processes.
Singapore.
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1

Background

In this chapter, background material relevant for the thesis is presented.

1.1 Convex Optimization

In this section we will describe convex optimization and introduce useful
definitions and results.

Convex Sets

A set C is convex if for any points x1,x9 € C and any 6 where 0 < 6 <1
we have

Ox1 + (1 — 9)362 e C.
The definition implies that between any two points in the set, there is a

straight line that lies within the set.

Convex Functions

A convex function is a function f : R"® — R where for all x,y € R” and 6
with 0 < 6 < 1 we have

f(0x+(1—-0)y) <0f(x) +(1—-06)f(y). (1.1)

In this definition and hereafter we assume that domf = R”" for conve-
nience. The convexity definition implies that the line segment between
any points (x, f(x)) and (y, f(y)) lies above (or on) the graph of f. A
subgradient to a convex function f at x is any vector &(x) such that

F) 2 fx) + ()" (v —x) (1.2)

for all y € R™. The set of vectors &(x) that satisfy (1.2) at x is denoted by
9f(x) and is called the subdifferential of f at x. If the subdifferential for
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Chapter 1. Background

every x € R" is a singleton, then f is differentiable. In that case 9f(x) =
{V f(x)} where V f(x) is called the gradient to f at x. For differentiable
functions convexity holds if and only if for all x, y € R" the following holds

f¥) 2 f2) + VF(x)" (y — ).

For differentiable functions we also define strict convexity. The function f
is strictly convex if for any x,y € R™ with x # y we have

f) > f(x) + V) (y—x).

For differentiable functions, a strongly convex function f is a function that
satisfies

FO) 2 F@) + V)T (=) + 2 lle = oI

for every x,y € R" where ¢ > 0 is called the convexity parameter. The
definitions imply that a strongly convex function is also strictly convex,
but not vice versa. It is also possible to define strict and strong convexity
for non-differentiable functions in accordance with (1.1). A differentiable
convex function with Lipschitz continuous gradient satisfies

IVF(x) =Vl < Lllx -y

for all x,y € R* where L > 0 is the Lipschitz constant. This is equivalent
to (cf. [Nesterov, 2003, Theorem 2.1.5])

f(¥) < F@) + V()" (y—2) + gllx — I (1.3)

for all x,y € R”, i.e., that a quadratic function with curvature L in all di-
rections is an upper bound to f. Finally, a concave function g is a function
g : R" — R such that —g is convex.

Convex Optimization Problems
We consider the following general optimization problem

minimize fj(x) (1.4)

subject to fi(x) <0, i=1,...,q

hi(x)=0, i=1,...,r
where x € R". We refer to fy : R"® — R as the objective function or
cost function. We call f; : R* - R,i=1,...,q, the inequality constraint

functions and fi(x) < 0,i = 1,...,q, are referred to as inequality con-
straints. Further, we call h; : R* - R, i =1,...,r, the equality constraint
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1.1 Convex Optimization

functions and h;(x) =0, i = 1,...,r, the equality constraints. We use the
shorthand vector notation
fi(x) hi(x)
fe)y=1| :+ |, h(x)=|
fa(x) hr(x)

The optimization problem (1.4) is called feasible if there exists an x such
that f(x) <0 and h(x) = 0, the problem is strictly feasible if there exists
an x such that f(x) < 0 and 2(x) = 0, and the problem is infeasible if
it is not feasible. The optimal value of (1.4) is denoted by p*. We use the
convention of letting p* = oo for infeasible problems and p* = —oco for
problems that are unbounded below.

We define convex optimization problems to be of the form

minimize fy(x) (1.5)

subject to fi(x) <0, i=1,...,q

a?x:bi, i=1,...,r
where f;, i = 0,...,q are convex functions, a; € R” and b; € R, i =
1,...,r. The differences between the general optimization problem (1.4)

and the convex optimization problem (1.5) are that in (1.5) the objective
function and inequality constraint functions are restricted to be convex,
and the equality constraint functions in (1.5) are restricted to be affine.
For future reference we introduce the matrix A = [ay,...,a,]7 and the
vector b = [by,...,b,]” which implies that the equality constraints can be
expressed as Ax = b.

The feasible set of (1.5) is a convex set since it is the intersection of level
sets to convex functions (the inequality constraints) and hyperplanes (the
equality constraints). This implies that in convex optimization, a convex
cost is minimized over a convex set.

Existence of Optimal Solutions

Even if the optimal value p* to (1.5) is finite, it is possible that no x
exist that attains the minimum, i.e., no x exist such that fy(x) = p*,
f(x) < 0 and Ax = b. An example is the unconstrained problem with
fo(x) = e* for which p* = 0 but no x exist such that ¢* = 0. Weierstrass
extreme value theorem gives conditions for which a minimization problem
is guaranteed to attain its minimum value. To state these conditions we
define the feasible set

Z={x€eR"| f(x) <0 and Ax = b}.

We state one version of Weierstrass extreme value theorem below.
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Chapter 1. Background

ProrosiTion 1.1
Let Z C R™ be nonempty and let fo : R”™ — R be continuous. Assume
that at least one of the following conditions hold

1. Z is compact.
2. Z is closed and fj is strongly convex.
Then a vector x exists such that fy(x) = inf.cz fo(2). O

This is a slight modification of [Bertsekas, 1999, Proposition A.8]. We have
exchanged the coercive property in [Bertsekas, 1999, Proposition A.8 (2)]
to strongly convex since every strongly convex function is also coercive.

First-order Optimality Condition

Below we state the first-order optimality condition for differentiable cost
functions f; (cf. [Boyd and Vandenberghe, 2004, §4.2.3]). We have that x*
is optimal if and only if x* € Z and

Vo(x)(x —x*) >0 for all x € Z.

From the definition of strictly convex functions and the first-order opti-
mality condition we get

fo(x) = fo(x") > V fo(x*) " (x —x) > 0

for all x € Z\x*. This implies that the minimizing argument x* to a convex
optimization problem with a strictly convex objective function is unique,
if it is attained.

1.2 Lagrange Duality Theory

In this section we describe Lagrange duality theory. The presentation
in this section is influenced by [Boyd and Vandenberghe, 2004, Chapter
5]. For a more complete treatment of convex optimization and Lagrange
duality theory the reader is referred to [Rockafellar, 1970, Bertsekas, 1999,
Boyd and Vandenberghe, 2004, Hiriart-Urruty and Lemarechal, 1996].
We consider optimization problems as stated in (1.4) and refer to (1.4)
as the primal problem. In Lagrange duality, the constraints are taken
into account by augmenting the cost function by a weighted sum of the
constraint functions. We introduce dual variables A € R” and u € R?,
and form the Lagrangian associated with (1.4) as N

Lx, A, 1) = fo(x) + Z Aihi(x) + Zﬂiﬁ(x)
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1.2 Lagrange Duality Theory

where A; is associated with equality constraint h; and u; is associated
with inequality constraint f;. The Lagrange dual function is defined as

9(2, 1) = inf L(x, A, 1) = 1nf< +Z/1h +Z,u,-f,-(x)>

which is a concave function even if the primal problem (1.4) is not convex
[Boyd and Vandenberghe, 2004, §5.1.2]. For any u € R>O, any A € R, and
any feasible ¥ € R", i.e., that satisfies h;(x) = 0 and g;(x) < 0, we have

that
Zlh +Zulﬁ <0. (1.6)

This implies that

g(A, 1) = inf Lix, A, 1) < LEF A1) < fo(®) (1.7)

where the last inequality follows from the definition of £ and from (1.6).
Since the relation holds for any feasible x, it holds for the minimizing
argument to (1.4) which implies that

g(4,u) <p". (1.8)

Dual Function Differentiability Properties

Before we discuss differentiability properties of the dual function, we in-
troduce the set of points that minimize the Lagrangian

XA, u)={x €R" | x =argmin L(x,A,u)}.

Using this definition, a subgradient to the concave dual function is any
vector & = [§] £T]" where &7 and & are any vectors that satisfy

alxy, — by fi(xay)

gﬂ. = ’ 5# =
aleﬂ — b, fa(xau)
for some x;, € X (A,u) (cf. [Bertsekas, 1999, §6.1]). Under some condi-

tions the dual function is differentiable. These conditions are stated in
the following proposition.
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Chapter 1. Background

ProposiTion 1.2

Assume that f;,i =1,...,q, are continuous and convex, that A(x) = Ax—b
where A € R™*" and b € R”, that f; is continuous and strongly convex,
and that (1.4) is feasible. Then X (4, u) consists of a unique point x;,
and the dual function g(A, 1) is differentiable with gradient Vg(4,u) =
V92 )" ,u9(2 )T |7 where

Vi9(A, 1) = Axyy — b, Vug(d, 1) = f(x3)-
O

The proof follows almost immediately from Danskin’s Theorem [Bertsekas,
1999, Proposition B.25]. A slight modification of the proof is however
needed. The proof requires the infimum to be performed over a compact
set. This is circumvented by letting fy be strongly convex, f;,i=1,...,q
convex and h; affine. From these assumptions, uniqueness of x;, is con-
cluded and the necessary compact set can be constructed where needed
in the proof.

By further restricting the problem data, we obtain the following prop-
erty of the dual function.

ProposiTiON 1.3

Assume that A(x) = Ax — b, where A € R"™" and b € R" and that f(x) =
Cx—d where C € R?”*" and d € RY. Further assume that f; is continuous
and strongly convex with convexity parameter o, and that (1.4) is feasible.
Then the gradient of the dual function Vg(4, 1) has Lipschitz continuous
gradient with Lipschitz constant

_ AT ey
eI

L

O
A proof to this proposition is provided in [Nesterov, 2005, Theorem 1].

The Lagrange Dual Problem

We know from (1.7) that the dual function gives a lower bound to the
optimal value p* of the optimization problem (1.4) if u € R‘éo and 1 € R".
To obtain the tightest lower bound, we maximize the dual function

maximize g(4, i)
subject to u > 0.

This problem is referred to as the Lagrange dual problem or the dual
problem. The optimal value of the dual problem is denoted by d*. From
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1.2 Lagrange Duality Theory

(1.8) we have that g(4,u) < p* holds for any 1 € R” and u € R, which
implies that
d <p. (1.9)

This relation is referred to as weak duality and the difference p* —d* >0
is referred to as the duality gap. For some optimization problems there is
no duality gap, i.e.,

d"=p". (1.10)

This property is referred to as strong duality.

Alternative Characterization of Duality

The dual problem can by definition be written as

d* = sup inf L(x, A, ).
Au>0 *

We also have

sup L(x,A,u) = sup (fo(x) + Z/lihi(x) + Z#iﬁ(@)

A,u=>0 A,u>0

:{ fo(x) fi(x)<0, i=1,...,q, hi(x)=0

0o else

This states that if x is feasible, then sup, ,>¢ L(x, 4, ) = fo(x), otherwise
sup; ;>0 £(%, 4, 1) = co. This implies that p* can be expressed as

p* =inf sup L(x, A, u).
X u>0

By weak duality we get that

sup inf L(x, A, 1) < inf sup L(x, A, 1)
>0 * ¥ u>0

and if strong duality holds we get

sup inf L(x, A, 1) = inf sup L(x, A, ).
Au>0 * ¥ Au>0

We conclude that strong duality implies that the order of the minimiza-

tion over x and the maximization over A, can be interchanged without
affecting the result.
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Complementary Slackness

We assume that (1%, u*) are dual optimal, that x* is primal optimal, and
that strong duality holds. Under these assumptions we have that

fox") = (A", 4") = inf L(x, A", ") (1.11)
= inf (fo(x) + Z Aihi(x) + Z ,ufﬁ(x))

r q
< fola) + Y Athi(a®) + ) i filx")
i=1 =1
< fo(x")

where the first equality is due to strong duality, the second equality follows
from the definition of the dual function, and the third equality is due to
the definition of L. The first inequality is due to the definition of inf
and the final inequality holds since x* is primal feasible, i.e., h;(x*) = 0
and fi(x*) < 0, and since u* > 0. Since the inequalities in (1.11) can be
replaced by equalities, we conclude that

q
> i fi(x") =0.
=1

Each term in the sum is non-positive which implies that
W fi(x*) =0, i=1,...,q.

This condition, which is referred to as complementary slackness, holds for
any primal optimal solution x* and dual optimal solution (A*, u*) when
strong duality holds.

Obtaining Primal Optimal Solution From Dual Problem

From (1.11) we conclude that x* is a minimizer to £(x,1*, u*). However,
Lfx,A*, u*) can have also other minimizers. To extract the primal problem
from the dual further conditions are required. Suppose that a dual optimal
pair (A%, 4*) is known and that the minimizing argument to

inf (fo(x) + 2 Aihix) + Zufﬁ(x)) (1.12)

is unique. One example for which this occurs is if fj is strongly convex
and that f;,i =1,...,q are convex and A;,i = 1,...,r are affine. Then one
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1.2 Lagrange Duality Theory

of two situations can happen. Either the minimizing argument to (1.12)
is a feasible solution to (1.4), then it is also optimal due to (1.11), or
the minimizing argument to (1.12) is infeasible for (1.4), then no optimal
point to (1.4) can exist (cf. [Boyd and Vandenberghe, 2004, §5.5.5]).

Karush-Kuhn-Tucker Optimality Conditions

In this section we describe the Karush-Kuhn-Tucker (KKT) optimality
conditions for optimization problem (1.4) when the functions fp,..., f,
and hq,...,h~, are differentiable.

Nonconvex problems. The following conditions (KKT) must be satis-

fied for any dual feasible optimum (4%, 4*) and primal feasible optimum x*
for which strong duality holds (cf. [Boyd and Vandenberghe, 2004, §5.5.3])
f(x)<0, i=1,....,g (113)
hi(x*)=0, i=1,...,r (1.14)
u>0, i=1,....g (L15)
Lfi(x*)=0, i=1,....,¢ (1.16)
Y fo(x +Zulv;a +Z/1*Vh (1.17)
i=1

The first two conditions imply that the primal problem is feasible, while
the third condition ensures that the dual problem is feasible. The fourth
condition is the complementary slackness and the final condition holds
since x* minimizes £(x,A*,u*) over x which implies that the gradient
w.r.t. x must vanish for optimal x*.

Convex problems. For convex problems the KKT conditions are not
only necessary (as in the nonconvex case above) but also sufficient for
(1*,1*) and x* to be primal and dual optimal. A condition for (1.4) to be
convex is that f; are convex and A; are affine. This implies that any points
(A*,1*) and x* that satisfy the KKT conditions

f(x) <0, i=1,...,g (L18
hi(x*)=0, i=1,...,r (1.19
ui>0, i=1,....,¢ (1.20
wfi(x)=0, i=1,....¢ (L21

v fo(x +Zylv;§ +Z/1 Vhi(x*) (1.22)

i=1

)
)
)
)

are primal and dual optimal and g(1*, u*) = fo(x*), i.e., strong duality
holds (cf. [Boyd and Vandenberghe, 2004, §5.5.3]).
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Chapter 1. Background

Constraint Qualification

A number of different conditions can be stated for the optimization prob-
lem that ensure the KKT conditions to hold. Such conditions are called
constraint qualifications. Below we describe two different constraint qual-
ifications.

Slater constraint qualification. The most commonly used constraint
qualification is Slater’s constraint qualification which can be applied to
convex optimization problems, i.e., for optimization problems of the form

min fo(x)

st. fi(x) <0, i=1,...,q
= b.

(x
Ax
Slater’s constraint qualification is presented in the following proposition
which is proven, e.g., in [Boyd and Vandenberghe, 2004, §5.3.2].

ProposiTioN 1.4
Assume that f; for i = 0,...,q are continuously differentiable and convex
and that there exists a point x such that

f(®) <0, i=1,...q AF=b

then there exist 1*, u* and x* such that the KKT conditions (1.18)-(1.22)
hold. O

Mangasarian-Fromovitz constraint qualification. A more general
constraint qualification is the Mangasarian-Fromovitz constraint qualifi-
cation (MFCQ). It applies to problems of the form (1.4). MFCQ is pre-
sented in the following proposition and proven, e.g., in [Bertsekas, 1999,
Proposition 3.3.8].

ProrosiTion 1.5

Assume that f;, i =0,...,q are continuously differentiable and that x* is
a local minimum of (1.4). Further assume that the gradients Vh;(x*) for
i =1,...,r are linearly independent and that there exists a vector v such
that

Vhi(x)Tv=0, Vi=1,...,r, Vfi@)Tv<0, Vje A*(x")

where A*(x*) is the set indices j for which the constraint fj(x*) = 0. Then
there exist A%, 4* such that the KKT conditions (1.13)-(1.17) hold. O
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1.3 Gradient-Based Optimization

If the matrix A defining the affine equality constraints Ax = b has full row
rank, then Slater’s condition implies MFCQ [Bertsekas, 1999, Proposition
3.3.9].

An interesting property related to MFCQ is boundedness of the optimal
dual variables as shown in [Gauvin, 1977]. Before we state this result, we
introduce the set of optimal dual variables

Z(x) ={A" € R, u* € RL | (1.13) — (1.17) holds with x* = x}.

ProrosiTioN 1.6

Let x* be a local minimum of (1.4) where f; for i = 0,...,q and A; for
i =1,...,r are continuously differentiable. Then, boundedness and non-
emptiness of Z(x*) is equivalent to that MFCQ holds. O

1.3 Gradient-Based Optimization

In this section we describe subgradient, gradient and accelerated gradient
methods. We start with a brief discussion on subgradient methods.

Subgradient Methods

We consider unconstrained convex optimization problems, i.e., problems
of the form

minimize fj(x) (1.23)

where fo : R"® — R is convex and x € R". Such problems can be solved
by the following subgradient iterations

where &(x*) is a subgradient of fy at x*, i.e., £(x*) satisfies (1.2), and
t* is the step size at iteration k. To show asymptotic convergence it is
enough that the subgradients are bounded and to use step sizes that
satisfy (cf. [Nesterov, 2003, Theorem 3.2.2])

o0 o0
>0, 3t = oo, Y () < oo
k=1 k=1

For more on subgradient methods the reader is referred to [Shor, 1985,
Bertsekas, 1999, Nesterov, 2003, Polyak, 1987].
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Chapter 1. Background

Gradient Methods

If the objective function f; in (1.23) is convex and differentiable, then
gradient methods can be applied. We present a gradient algorithm below;
choose xg, for £ > 1 the iterations are defined by

o = xF — R fo (") (1.24)

where t* > 0 is a step size parameter. The step size parameter can be
chosen in many different ways, see [Bertsekas, 1999, Chapter 1] for an
overview. For cost functions f that have a Lipschitz continuous gradient
convergence can be shown using a constant step size t* = t. If we denote
by L the Lipschitz constant to V f, then the optimal constant step size is
t = 1/L (cf. [Nesterov, 2003, Corollary 2.1.2]) and the convergence rate is
(cf. [Beck and Teboulle, 2009, Theorem 3.1])

< Ll =

fo(x*) — 57 (1.25)

where x* is any optimal point.

Proximal gradient methods. The gradient method has been general-
ized to handle problems of the form (see [Beck and Teboulle, 2009] and
the references therein)

minimize f;(x) + P(x) (1.26)

where f; : R” — R is convex and differentiable, V f; is Lipschitz contin-
uous with Lipschitz constant L, and P : R” —» RU {400} is lower semi-
continuous and convex with P(x) < co for at least one x and P(x) > —co
for every x. The proximal gradient method is defined by the following
iteration

4t = argmin { o(a") + V() (6 =54 + Flle — P+ P(3) |

(1.27)
Due to the quadratic upper bound property (1.3) of functions with a Lip-
schitz continuous gradient, the minimand in (1.27) is a quadratic upper
bound to fy+ P which tangent the function f,+P at x*. Hence, a quadratic
upper bound to fy + P is minimized in each iteration of the proximal gra-
dient algorithm.
The proximal gradient algorithm is shown to have the same conver-
gence rate properties as the classical gradient method (1.25) (cf. [Beck
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1.3 Gradient-Based Optimization

and Teboulle, 2009]). For P = 0 we recover the classical gradient method
with step size ¢ = 1/L since for P = 0 we have

xktl = argmin{fo(xk) + Vfo(x") T (x — %) + %Hx -t + P(x)}
. ENT L kN2
=argm1n{Vf0(x ) x+§||x—x I }

L
= argmin { (V fo(x*) — ka)Tx + —xTx}
x 2

= xF — %Vfo(xk). (1.28)
Convex constrained optimization problems can also be solved using the
proximal gradient method (1.27) by setting P to be the indicator function
of the constraint set. This implies that a constrained quadratic optimiza-
tion problem needs to be solved in each iteration of the algorithm.

For cases where the Lipschitz constant L is difficult to determine, the
proximal gradient method can be used with backtracking line search with
maintained convergence rate (cf. [Beck and Teboulle, 2009]).

The presented gradient methods are, however, not optimal w.r.t. what
can be achieved by gradient methods. An exact lower bound for achievable
performance for gradient methods applied to functions with Lipschitz con-

tinuous gradient is (cf. [Nemirovsky and Yudin, 1983, Nesterov, 2003])

L[« — x|

fo(a") —p* > ST (1.29)

Accelerated Gradient Methods

The first gradient algorithm to achieve the convergence rate (1.29) up to
a constant factor was presented in [Nesterov, 1983]. We refer to gradient
algorithms that achieve this improved convergence rate by accelerated gra-
dient methods. Variations of the accelerated gradient method in [Nesterov,
1983] have been presented in [Nesterov, 1988, Nesterov, 2003, Nesterov,
2005].

Accelerated proximal gradient methods. Some accelerated gradi-
ent methods have been presented that solve problems of the form (1.26).
In [Beck and Teboulle, 2009] an accelerated gradient method that gener-
alizes the method in [Nesterov, 1983] to solve problems of the form (1.26)
was presented and in [Nesterov, 2007] the method in [Nesterov, 2005] was
generalized to solve (1.26). A unified framework for accelerated proximal
gradient methods was presented in [Tseng, 2008] where also a general-
ization to the algorithm in [Nesterov, 1988] was presented.
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The algorithm from [Beck and Teboulle, 2009] as presented in [Tseng,
2008] is described by the following iterations for, £ > 0:

Y=k 4+ 0R((0F1) 7 — 1) (xF — F 7Y, (1.30)
Kt = argmxin{fo(yk) + Vfo(yk)T(x —yk) + gﬂx —y]"||2 + P(x)} (1.31)

g _ VOV A - (6
2

(1.32)

where 6! = 6° = 1, and the initial iterate x° = x~! needs to be chosen.
In [Tseng, 2008] it was noted that the 8*-sequence 6% = 2/(k + 2) can be
used instead of (1.32). This choice of 8*-sequence gives the following even
simpler iterations for £ > 0:

k—1
E__ .k k_ k-1
V' =x +k+2(x X7 (1.33)
L
xftl = argmxin {fo(yk) + V()T (x — ) + Ellx — ¥+ P(x)} .

(1.34)

Both (1.30)-(1.32) and (1.33)-(1.34) share the following convergence rate

property

2L]jx0 — [
(k+1)2

which is proven in [Tseng, 2008, Corollary 2]. However, (1.30)-(1.32) per-
forms slightly better in practice since that 8*-sequence tends to zero some-
what faster within the allowed bounds. The convergence rate (1.35) for the
accelerated gradient methods is up to a constant factor the same as the
best achievable convergence rate (1.29). Also, the convergence rate for the
accelerated gradient methods (1.35) is much better than the convergence
rate for the non-accelerated proximal gradient method (1.25) despite that
the complexity of the algorithms are nearly the same.

fo(x*) —p* < (1.35)

Generalized accelerated proximal gradient methods. The accel-
erated gradient method in [Beck and Teboulle, 2009] has been further
generalized in [Zuo and Lin, 2011]. The method applies to problems of the
form (1.26) where the requirement of V f; being Lipschitz continuous is
replaced by the requirement that for every x,y € R” the following holds:

fol®) < foly) + ¥ o) (2 —3) + 5l — ol (1.36)
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where M € R™*" is a positive definite matrix. The algorithm with 6% =
2/(k + 2) is described below, for £ > 0

k-1
k+2

ah+l = argmxin{fo(yk) + VoM (x -y + %le — M+ P(X)}

k—l)

V=t 4 (c* —x

which is very similar to (1.33)-(1.34). The requirement (1.36) on fj is
very similar to the Lipschitz continuity requirement on V fy, which is
equivalent to (1.3), for non-generalized accelerated gradient methods. The
requirement (1.36) allows for quadratic upper bounds that need not have
the same curvature in every direction. For appropriately chosen M (1.36)
might give a significantly tighter upper bound to f, than (1.3). This can
improve convergence for ill-conditioned problems for which gradient-based
methods are known to have slow convergence. However, the choice of M
is up to the user for different applications. The choice M = LI where
L is the Lipschitz constant to V f; gives the iterations (1.33)-(1.34). The
convergence rate for the generalized accelerated gradient method is (cf.
[Zuo and Lin, 2011])

2j® — x*|I3

fo(") —p" < e (1.37)

1.4 Distributed Optimization Methods

We describe two different distributed optimization methods in this section,
namely primal and dual decomposition. The objective for the decomposi-
tion is to distribute the computations when computing the solution to
an optimization problem. The decomposition techniques can sometimes
give improved performance compared to other solution techniques since
parallel computational units can be utilized. Another advantage is that
it provides increased flexibility for implementation of optimization algo-
rithms on networked problems and that it enables for very large problems
to be solved. See [Bertsekas, 1999, Chapter 6] or [Boyd et al, 2008] for
more on primal and dual decomposition.

To describe the decomposition techniques we consider the following
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optimization problem

J
minimize Z fi(x:) (1.38)
i=1
subject to x; € X, i1=1,...,9
J
Zyizb’ Aixizyi’ i=1""1]'
i=1

The vectors x; € R™ are local vectors, A; € R™*"_ vy, € R™, and b €
R™. The sets X; are feasible sets for the corresponding local vectors x;
and are assumed nonempty, closed, and convex. Further, the functions
fi : R" — R are assumed convex. The equality constraints are referred
to as a complicating constraints since they involve not only local vari-
ables. The decomposition methods can handle also inequality constraints
as complicating constraints but we restrict our presentation to equality
constraints for brevity.

Primal Decomposition

To decompose (1.38) using primal decomposition we see by fixing y; that
(1.38) can be decomposed into the following subproblems

¢i(y;) = min f;(x;) (1.39)
s.t.x; € Xi, Aixi =i

fori =1,...,9. These subproblems are convex and can be solved simulta-
neously in parallel. Using these subproblems, we construct the following
problem that is equivalent to (1.38)

J
minimize ¢(y1,...,ys) = > ¢i(%) (1.40)
i=1
J
subject to Zyi =b, y€9, i=1,...,9
i=1

where 9; is the set of feasible vectors for which (1.39) has at least one
feasible solution. The problem (1.40) is referred to as the master problem.
The objective of the master problem is to distribute y; to the different sub-
systems optimally. The objective function defining the master problem is
often non-differentiable but can be solved using subgradient methods. By
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letting A} (y;) be an optimal dual variable for constraint A;x; = y; in sub-
problem (1.39) we get that a subgradient to ¢ is given by (cf. [Bertsekas,
1999, §6.4.2])

—[A1 (1), 451" € 891, -, 39).-

We denote by x}(y;) the optimal primal variables for subproblem (1.39)
and introduce the stacked vectors

y=Dbi,..l", A1) = A" A5 0m) T

Using this notation, the full algorithm when solving the master problem
(1.40) using a subgradient method consists of solving subproblems (1.39)
in parallel to find x} (y*) and A(y%), where £ is the iteration number. Then
the allocation variables y are updated according to

yk+1 — [yk + tk/l*(yk)]+

where t* is a positive step size and []* denotes the Euclidean projection
onto the constraint set

e

A great benefit of primal decomposition is that the original problem is
feasible in every iteration.

J
Zyizb’yieg/.i’i:]‘""’j}'

=1

Dual Decomposition

Dual decomposition is an old technique that dates back to the early 1960s
[Everett, 1963, Benders, 1962, Dantzig and Wolfe, 1960]. To solve (1.38),
assuming that some constraint qualification holds, using dual decompo-
sition, we introduce dual variables A € R™ and form the following dual
problem

J J
sup in}f( E fi(x) + AT ( E Ajx; — b) . (1.41)
A meN T i=1

For fixed A € R™ the inner minimization problem can be decomposed into
the following subproblems

gi(4) = inf fi(x:) + AT Ay (1.42)
X €X;
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for i =1,...,7. These problems are convex and can be solved simultane-
ously in parallel. To guarantee that the minimum in (1.41) is attained we
assume, besides the assumption on X; being nonempty, closed, and con-
vex, that f; are strongly convex. These assumptions imply the existence
of a solution by Weierstrass extreme value theorem, see Proposition 1.1.
The master problem in dual decomposition is to find 1 € R™ that solves

J
sup g(4) = > ai(A) (1.43)

i=1

which is equivalent to (1.41). Since the objective function is assumed
strongly convex, the dual function is differentiable and has gradient (cf.
Proposition 1.2)

where x7(A) is the optimal solution to (1.42) for given A. Since the dual
problem is differentiable, it can be solved using gradient methods. To solve
the dual problem (1.43) using a gradient method, the subproblems (1.42)
are solved in parallel to get x;(A"*), where £ is the iteration number. Then
the dual variables are updated according to

J
Y (Z Aixi(A%) — b)

i=1

where t* is a step size parameter.

1.5 Model Predictive Control

Model predictive control (MPC) is an optimization based control methodol-
ogy that optimizes plant behavior based on state predictions from a plant
model. In each sampling instant, a finite horizon optimal control prob-
lem is solved with the current state of the plant used as initial condition
for the state predictions. The first control action from the optimal control
trajectory is applied to the plant. This procedure is repeated in each sam-
ple, which introduces feedback into the methodology. MPC is becoming
increasingly used in the process industry, see [Qin and Badgwell, 2003]
for survey of MPC applications in the industry. For a thorough descrip-
tion of MPC, the reader is referred to [Maciejowski, 2002, Rawlings and
Mayne, 2009] or the survey paper [Mayne et al, 2000].
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Optimal Control Problem

The plant to be controlled is usually described by a differential equa-
tion. However, since it is common to apply piece-wise constant control
trajectories, the differential equation is often approximated by, or exactly
reformulated as, a difference equation

Xep1 = f(xr, ), xXo =X

where x; € R”, u; € R™ for ¢t € Nyg and f : R" x R™ — R". We assume
that the plant has an equilibrium point in the origin, i.e., that £(0,0) =0
and that the system is controllable. A benefit of model predictive control
over other control methodologies is its ability to handle state and control
constraints, i.e., that the states and controls can be forced to satisfy x € X
and u € U if possible. In this overview, we consider the regulation control
problem which is to steer the system state to the origin while respecting
the constraints. To achieve this, a cost function is used that penalizes
deviations from the desired equilibrium point

P

-1
JIn(x,u) =Lr(xn) + > L(x,ur)
t

Il
=}

where x = [, 2T,...,2%]" and u = [ul,u?,... ,u],_|]7. We assume that
the stage cost £ : R™ x R™ — Ryq satisfies c1(||[xT,uT]T]]) < £(x,u) <
c2(|I[xT,uT]7||) where c1(0) = c2(0) = 0 and c1,cq are continuous, strictly
increasing and unbounded. Often a terminal constraint set X, is used
where Xy C X, ie., we impose that xy € X;. This gives the following

optimal control problem

Vn (%) = min Jy(x,u) (1.44)
x,u
st a1 = o, ue), t=0,...,.N—1
Xo =X
x€e X,ue U, t=0,...,N—1
iy € Xy.

We denote the optimal state and control sequences to (1.44) for initial state
% by {x;(x)}Y, and {u;(x)}Y,! respectively and define the set of initial
conditions such that (1.44) is feasible by Xy. We hereafter assume that f,
£ and ¢; are continuous, U is compact and X, X, are closed. Under these
assumptions and since N is finite, it can through Weierstrass extreme
value theorem (see Proposition 1.1, [Bertsekas, 1999, Proposition A.8]) be
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shown that the minimum in (1.44) is attained for every ¥ € Xy (cf. [Mayne
et al, 2000]).

In MPC, the first control action u{ (%) in the control sequence is applied
to the system. In the following sample, the optimization problem (1.44)
is solved with the new measured state as initial condition and the first
control action from the obtained control sequence is applied to the sys-
tem. This procedure is repeated in each sample which defines the static
feedback control law vy (%) = ug(%).

Stability and Feasibility

There are numerous ways to prove stability and feasibility of the closed
loop system using the MPC control law vy . In [Mayne et al., 2000] different
methods to prove stability and feasibility presented in the literature was
summarized. Most stability results use a terminal controller v, besides
the terminal constraints X ; and the terminal cost £;. We will see that if v,
Xy and £, are such that the following four assumptions hold (cf. [Mayne
et al, 2000]), stability and recursive feasibility can be guaranteed.

Al: Xy C X, Xy closed, 0 € Xy (state constraint satisfied in X).
A2: vy(%) € U, V& € X (control constraint satisfied in X).
A3: f(x,vp(%)) € Xy, VX € Xy (X[ positively invariant under v;).

Adr Lp(%) > Lp(f(X,ve(R)))+HL(X,v(X)), VE € Xf (£ is a local Lyapunov
function).

Below we indicate how stability and recursive feasibility can be estab-
lished under Assumptions A1-A4, see [Mayne et al., 2000] for details. For
each ¥ € Xy we know by definition that (1.44) is feasible. We construct
the following shifted control trajectory

u(®) = [uy (@), us(@)", . uyoa (2) v (e (@)
and define the corresponding state trajectory

X(%) = [1(2) " 05 (0)", . an (@), £l (8), vy (2))) 1"

Since ¥ € Xy we have that x},(¥) € X which by Assumption A2 implies
that vy(xy (%)) € U and by Assumptions Al, A3 implies that

flxy (%), vr(xy (%)) € Xp C X.

Thus, Assumptions A1-A3 imply that (x(%),u(x)) is a feasible solution to
(1.44) with initial state f(%,u{(%)). Further

V(£ (%,u5(%))) < Jn(x(%),u(x)) < V(%) — £(%,u(%))
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where Assumption A4 has been used to conclude the last inequality. Using
the assumed properties of £ it can be shown that Vyy is a Lyapunov function
for the system. Further, since f(%,u;(X)) € Xy the procedure can be
repeated in the following time sample which gives recursive feasibility
and asymptotic stability.

Many different methods to choose the terminal constraint set, the ter-
minal cost, and the terminal controller that give the desired characteris-
tics A1-A4 have been proposed. Below some of these are described starting
with the case of systems with linear dynamics.

Linear Systems. One important and widely used special case in MPC
is the problem with linear dynamics, i.e.,

%41 = f(x,ur) = Axy + Buy, xXo =X

where A € R™" and B € R"*™, with polytopic constraint sets X, U, and
with a quadratic cost

l(x,u) = 5 (x"Qx + u” Ru)

DN| =

where @ > 0 and R > 0. A linear terminal control law v,(x) = Krx is
stabilizing if it satisfies p(A + BK;) < 1, where p(-) denotes the spectral
radius. The largest terminal set X such that Assumptions A1-A3 hold is
the maximal output admissible set (cf. [Gilbert and Tan, 1991]) for the dy-
namics x;41 = (A+ BK/y)x;. Under certain assumptions [Gilbert and Tan,
1991, Theorem 4.1] the maximal output admissible set can be described by
a finite number of linear inequalities. To satisfy also Assumption A4 the
terminal cost £y must be chosen. A natural choice is to have a quadratic
terminal cost £7(x) = x7 Prx where P; > 0. By setting Ay := A+ BK; we
get by insertion of the terminal cost into the condition in Assumption A4
that

xTPpx > xTA?PfAfx + 2T Qx + xTKfTRfo

should hold for all x € X;. This holds if P > 0 is chosen such that the
following discrete-time Lyapunov matrix inequality in Py holds

Py = ATP;A;+Q+ KfRK;. (1.45)
The matrices Ky and Py can in the linear case be chosen to achieve infi-
nite horizon optimal performance for constrained linear systems as first

proposed in [Sznaier and Damborg, 1987]. We choose the terminal control
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law v¢(x) = K;x as the infinite horizon optimal feedback controller for
the unconstrained case and P, as the matrix defining the corresponding
optimal value function. To determine such K; and Py is the well known
LQ-problem and is found by solving the discrete time algebraic Riccati
equation (see [Zhou et al, 1996, Boyd and Barratt, 1991] for more on
LQ). Insertion of the infinite horizon optimal matrices Ky and Py gives
equality in (1.45), which implies that Assumption A4 is satisfied. The ter-
minal constraint set X, is chosen as the maximal output admissible set
(cf. [Gilbert and Tan, 1991]) for the dynamics x;.1 = (A + BKy)x;. Inside
the output admissible set no constraints are active and the system state
will never leave this set once entered. The terminal constraint set X is
not used explicitly in the optimization routine, rather the control horizon
is adapted until the final state in the trajectory is inside the terminal set.
Stability guarantees for this scheme were presented in [Chmielewski and
Manousiouthakis, 1996, Scokaert and Rawlings, 1998].

Nonlinear Systems. Nonlinear systems without state or control con-
straints has been treated in [Parisini and Zoppoli, 1995] for the discrete
time case and in [Jadbabaie et al, 2001] for the continuous time case.
They use a stabilizing control law v, and a terminal cost function £, that
is a local Lyapunov function for the stabilized system. The terminal con-
straint set is chosen to be level sets of the local Lyapunov function ¢, and
to be positively invariant for x;,1 = f(x¢, vr(xz)).

Nonlinear systems with constraints was treated in [De Nicolao et al.,
1996] for discrete time systems and in [Chen and Allgéwer, 1998] for con-
tinuous time systems. In both papers, v is chosen to stabilize the lin-
earized system with linearization point in the origin. They differ in the
choice of terminal cost £; which was chosen quadratic in [Chen and All-
gower, 1998] and non-quadratic in [De Nicolao et al., 1996]. The terminal
constraint set X is positively invariant for the nonlinear system and sat-
isfies Xy C X and v¢(X;) C U. It was in [Mayne et al, 2000] pointed out
that all these choices of terminal controller, terminal constraint set and
terminal cost are different ways of satisfying Assumptions A1-A4.

Stability without Terminal Cost or Terminal Constraints

Assumptions A1-A4 rely on a terminal controller, a terminal cost and a
terminal constraint set to prove stability. Stability results for MPC with-
out terminal cost, terminal controller or terminal constraint set, i.e., for
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problems of the form

N-1
Vn (%) = min Z 02, ut) (1.46)
t=0
st a1 = o, ue), t=0,...,.N—-2
X=X
x€e X,ue U, t=0,...,N—1

has been presented in the literature. In [Grimm et al., 2005] it was shown
that closed loop stability holds when the control horizon is sufficiently
long. In [Griine and Rantzer, 2008| this was further elaborated on by
showing stability based on an assumption on the relation between the
optimal value function and the optimal stage-cost. The result in [Griine
and Rantzer, 2008] relies on relaxed dynamic programming which was
presented in [Lincoln and Rantzer, 2006, Rantzer, 2006]. Relaxed dynamic
programming applied to MPC states that if the following holds for all
xe X

Vn(x) > Vn(f(x,va(x)) + al(x,va(x)) (1.47)

where o € (0, 1] is a suboptimality parameter, vy (x) = uj(x), and uj and
Vi refer to the optimal solution to (1.46). Then the closed loop system
X1 = f(xe, v (x:)) satisfies

(0]

o Zé(xt,vN(xt)) < Vio(x0).
t=0

Using appropriate assumptions on ¢, (1.47) also implies asymptotically sta-
bility of the closed loop system. Further progress was reported in [Griine,
2009], where it was shown how to compute the minimal control horizon
that satisfies (1.47) by solving a linear program. This result is based on
a quantification of a controllability assumption on the stage-costs.

Distributed Model Predictive Control

In distributed model predictive control (DMPC) the system to be con-
trolled consists of several smaller subsystems that are coupled. The cou-
pling might be due to a non-separable cost, due to dynamic interaction, or
due to complicating constraints. In this section we focus on problems with
interacting dynamics but separable cost and constraints. To introduce the
system description we assign a unique label from the set {1,2,..., 7} to
each subsystem where 7 is the total number of subsystems. The subsys-
tem interaction can be described by a directed graph G = (Z,7) where
the set £ = {1,2,..., 7} contains indices for the nodes in the graph and
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the set 7 contains ordered pairs (i,j). The pair (i,j) € V if and only if
subsystem J is directly influenced by subsystem i through the dynamics.
Using this, we construct the set of neighbors for each subsystem i as

N ={j€eE\il|(j,i)e V}

We also introduce the following vector which contains the states for all
neighbors to subsystem i, x = (...,x/,...), x/ € A; where x/ € R% are
the states associated with subsystem j.

Two main directions have emerged in the distributed model predic-
tive control literature. One direction is to pose centralized optimization
problems and solve them in a distributed manner. This yields a central-
ized optimal solution. The other direction is to pose local optimization
problems with constraints on neighboring interaction that can be used to
prove stability. Both approaches apply to sparse systems where each local
subsystem is described by

S~
Il
Ky

L

T = filop up ), x

where for t € Ny, x! € R%,ul € R™ and x;! € R* wheren_; = e e
The controls and states are subject to local constraints, i.e., u! € U; and
x* € X; where U; and X; are nonempty, closed and convex sets.

DMPC using distributed optimization. To get a centralized opti-
mization problem that can be solved in distributed fashion, a separable
cost is used

=

-1

J
Z& xt,ut

t i=1

Il
=]

The cost is often chosen strongly convex and quadratic, i.e.,
4 ut) = (¢)TQix' + (u')T R
with @; € R"*" and R; € R™*™ that satisfy @; > 0 and R; > 0 re-

spectively. To get a convex optimization problem, the dynamic constraints
need to be linear, i.e., of the form

xiq = Ayxl + Byl + Z Ayx] + Bjul |, x
JEN;

=i (1.48)

=8
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The MPC optimization problem becomes

J (N-1
minimize Z <Z ¢; (xi,ué)) (1.49)
i=1 \ =0

subject to x! € X;, ul € U, t=0,...,N—1,
(1.48), t=0,...,N—2.

In [Venkat et al., 2005, Venkat et al., 2008] this problem was solved in dis-
tributed fashion by taking into account the system-wide behavior when
optimizing local control action. This implies that full model knowledge is
needed in every node. A benefit of the method is that stability and fea-
sibility are guaranteed in every iteration. Another way to solve (1.49) in
a distributed fashion is to use dual decomposition. In dual decomposi-
tion, small local subproblems are solved in each node and communication
between subsystems i and j is needed only if j € A or i € A;. This
approach has been used, e.g., in [Negenborn et al., 2008, Wakasa et al.,
2008, Doan et al., 2009] where (sub)gradient methods are used to solve
the dual problem, and in [Necoara and Suykens, 2008, Necoara et al.,
2008] where the accelerated gradient method with smoothing originally
presented in [Nesterov, 2005] was used. In the problem description (1.49)
neither terminal cost nor terminal constraints are used. Both the terminal
cost and terminal constraints used to prove stability in traditional MPC,
i.e., Assumptions A1-A4, usually involve all states. This implies that dual
decomposition cannot be used with centralized terminal constraints or
cost without letting all subsystems communicate with each other.

DMPC with stability constraints. The other direction used in the
DMPC literature is to create local optimization problems for each subsys-
tem with stability constraints for the interaction with neighboring subsys-
tems. This approach has been taken in [Jia and Krogh, 2001,Camponogara
et al., 2002, Richards and How, 2007] for linear systems where the local
optimization problems are solved sequentially and each local solution is
passed to neighboring subsystems. By solving sequentially, the subsys-
tems further downstream can satisfy the stability constraint using opti-
mized trajectories from subsystems upstream. In [Dunbar, 2007] a similar
approach is used to show stability for nonlinear systems. In [R.M. Her-
mans, 2010] a stabilizing constraint is used that gives an explicit reduction
of a control Lyapunov function. The only communication needed in that
approach is to submit initial states between neighbors. This implies that
an almost decentralized implementation is possible.
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Paper I

Accelerated Gradient Methods and

Dual Decomposition in Distributed

Model Predictive Control

Pontus Giselsson, Minh Dang Doan, Tamas Keviczky,

Bart De Schutter, and Anders Rantzer

Abstract

We propose a distributed optimization algorithm for mixed £,/ Ly-
norm optimization based on accelerated gradient methods using dual
decomposition. The algorithm achieves convergence rate O(kiz), where
k is the iteration number, which significantly improves the conver-
gence rates of existing duality-based distributed optimization algo-
rithms that achieve O(%). The performance of the developed algorithm
is evaluated on randomly generated optimization problems arising in
distributed model predictive control (DMPC). The evaluation shows
that, when the problem data is sparse and large-scale, our algorithm
can outperform current state-of-the-art optimization software CPLEX
and MOSEK.

©2012 Elsevier. Printed with permission. To appear in Automatica.
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1. Introduction

Gradient-based optimization methods are known for their simplicity and
low complexity within each iteration. A limitation of classical gradient-
based methods is the slow rate of convergence. It can be shown [Bertsekas,
1999, Nesterov, 2003] that for functions with a Lipschitz-continuous gra-
dient, i.e., smooth functions, classical gradient-based methods converge
at a rate of O(%), where k is the iteration number. In [Nemirovsky and
Yudin, 1983] it was shown that a lower bound on the convergence rate for
gradient-based methods is O(7%). Nesterov showed in his work [Nesterov,
1983] that an accelerated gradient algorithm can be constructed such
that this lower bound on the convergence rate is achieved when minimiz-
ing unconstrained smooth functions. This result has been extended and
generalized in several publications to handle constrained smooth prob-
lems and smooth problems with an additional non-smooth term [Nes-
terov, 1988, Nesterov, 2005, Beck and Teboulle, 2009] and [Tseng, 2008|.
Gradient-based methods are suitable for distributed optimization when
they are used in combination with dual decomposition techniques.

Dual decomposition is a well-established concept since around 1960
when Uzawa’s algorithm [Arrow et al., 1958] was presented. Similar ideas
were exploited in large-scale optimization [Danzig and Wolfe, 1961]. Over
the next decades, methods for decomposition and coordination of dynamic
systems were developed and refined [Findeisen, 1980, Mesarovic et al.,
1970, Singh and Titli, 1978] and used in large-scale applications [Car-
pentier and Cohen, 1993]. In [Tsitsiklis et al, 1986] a distributed asyn-
chronous method was studied. More recently dual decomposition has been
applied in the distributed model predictive control literature in [Doan
et al., 2011,Doan et al., 2009,Giselsson and Rantzer, 2010] and [Negenborn
et al., 2008] for problems with a strongly convex quadratic cost and arbi-
trary linear constraints. The above mentioned methods rely on gradient-
based optimization, which suffers from slow convergence properties O(%).
Also the step size parameter in the gradient scheme must be chosen appro-
priately to get good performance. Such information has not been provided
or has been chosen conservatively in these publications.

In this work, we improve on the previously presented distributed op-
timization methods by using an accelerated gradient method to solve the
dual problem instead of a classical gradient method. We also extend the
class of problems considered by allowing an additional sparse but non-
separable 1-norm penalty. Such 1-norm terms are used as regularization
term or as penalty for soft constraints [Savorgnan et al, 2011]. Further,
we provide the optimal step size parameter for the algorithm, which is
crucial for performance. The convergence rate for the dual function value
using the accelerated gradient method is implicitly known from [Beck
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and Teboulle, 2009, Tseng, 2008]. However, the convergence rate in the
dual function value does not indicate the rate at which the primal iter-
ate approaches the primal optimal solution. In this paper we also provide
convergence rate results for the primal variables.

Related to our work is the method presented in [Necoara and Suykens,
2008] for systems with a (non-strongly) convex cost. It is based on the
smoothing technique presented by Nesterov in [Nesterov, 2005]. Other rel-
evant work is presented in [Kogel and Findeisen, 2011,Richter et al., 2009]
in which optimization problems arising in model predictive control (MPC)
are solved in a centralized fashion using accelerated gradient methods.
These methods are, however, restricted to handle only box-constraints on
the control signals.

To evaluate the proposed distributed algorithm, we solve randomly
generated large-scale and sparse optimization problems arising in dis-
tributed MPC and compare the execution times to state-of-the-art opti-
mization software for large-scale optimization, in particular CPLEX and
MOSEK. We also evaluate the performance loss obtained when subopti-
mal step lengths are used.

The paper is organized as follows. In Section 2, the problem setup
is introduced. The dual problem to be solved is introduced in Section 3
and some properties of the dual function are presented. The distributed
solution algorithm for the dual problem is presented in Section 4. In Sec-
tion 5 a numerical example is provided, followed by conclusions drawn in
Section 6.

2. Problem Setup

In this paper we present a distributed algorithm for optimization problems
with cost functions of the form

1
J(x) = §xTHx+ng+7||Px—p||1. (1)

The full decision vector, x € R", is composed of local decision vectors, x; €
R™, according to x = [x¥,...,x7]7. The quadratic cost matrix H € R"*"
is assumed separable, i.e., H = blkdiag(Hj, ..., Hy) where H; € R"*",
Further, H is assumed positive definite with c(H)I < H < 6(H)I, where
0 < o(H) < 6(H) < oo. The linear part g € R" consists of local parts,
g = [g7,...,9%]" where g; € R". Further, P € R™" is composed of
P = [P,...,P,]", where each P, = [PL,...,PL/|]T € R" and P,; € R™.
We do not assume that the matrix P should be block-diagonal which means
that the cost function J is not separable. However, we assume that the
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vectors P, have sparse structure. Sparsity refers to the property that for
each r € {1,...,m} there exist some i € {1,..., M} such that P,, = 0. We
also have p = [p1,...,pm|’ and y > 0. This gives the following equivalent
formulation of (1)

M

J(x) = Z Ex,THtx; + ngxi] zm:
=1

i=1

Z Xi — Pr|-

Minimization of (1) is subject to linear equality and inequality constraints

(2)

Alx = Bl, Azx S Bz

where A; € R?" and Ay € RE~9*" contain a; € R* as A; = [ay,...,ay]”
and As = [ag+1,...,as]7. Further each a; = [a]],...,a},]" where a;; € R™.
Further we have B; € R? and By € R*? where B; = [by,...,b,]T and
By = [bg+1,-- .,bs]T. We assume that the matrices A; and A, are sparse.
By introducing the auxiliary variables y and the constraint Px—p = y we
get the following optimization problem

min  xTHx + g"x + 7]y

X,y

s.t. A1x = Bl (3)
Azx S Bz
Px—p=y.

The objective of the optimization routine is to solve (3) in a distributed
fashion using several computational units, where each computational unit
computes the optimal local variables, denoted x;, only. Each computational
unit is assigned a number of constraints in (3) for which it is responsible.
We denote the set of equality constraints that unit i is responsible for
by L}, the set of inequality constraints by £? and the set of constraints
originating from the 1-norm by %&;. This division is obviously not unique
but all constraints should be assigned to one computational unit. Further
for | € £} and I € L2 we require that a;; # 0 and for r € ®; that P,; # 0.
Now we are ready to define two sets of neighbors to computational unit :

:7\&: {JE {1”M}| Hle L} s.t. alj 750
or3l € L2st.a; #0
or3r € R; s.t. Py #0},

Mi={je{l,....M}| 3l e L st a; #0
or3le st oa; #0
or dr € K.j s.t. P, # 0}.
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Through the introduction of these sets, the constraints that are assigned
to unit i can equivalently be written as

al x = b < Z aj;xj = by, le L (4)
JEN
T T . 2
a;x < b = Zaljxjgbl, le L (5)
JEN

and the 1-norm term can equivalently be written as

|PrTx—pr|=‘ 3" Plxj—pil, re R (6)

JEN;

In the following section, the dual function to be maximized is introduced.
First, we state an assumption that will be useful in the continuation of
the paper.

AssumptioN 1
We assume that there exists a vector X such that A1x = b; and Asx < bs.

Further, we assume that a;,/ = 1,...,q and P,,r = 1,...,m are linearly
independent. U
REMARK 1

Assumption 1 is known as the Mangasarian-Fromovitz constraint qualifi-
cation (MFCQ). In [Gauvin, 1977] it was shown that MFCQ is equivalent
to the set of optimal dual variables being bounded. For convex problems,
MFCQ is equivalent to Slater’s constraint qualification with the additional
requirement that the vectors defining the equality constraints should be
linearly independent. O

3. Dual Problem

In this section we introduce a dual problem to (3) from which the pri-
mal solution can be obtained. We show that this dual problem has the
properties required to apply accelerated gradient methods.

3.1 Formulation of the Dual Problem
We introduce Lagrange multipliers, A € R%,u € RI?, v € R™ for the

>0
constraints in (3). Under Assumption 1 it is well known (cf. [Boyd and
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Vandenberghe, 2004, §5.2.3]) that there is no duality gap and we get the
following dual problem:

sup 1nf{2 THx + g x + 7|yl + AT (A1x — B1)+

A,u>0,y %Y

+ 1T (Agx — By) +vT (Px —p—y)}. (7)

After rearranging the terms we get

sup { inf {(AlTﬂ, + A u+Pv+g)Tx+ leHx] —
A,u>0,v x 2

— /ITBl — ﬂTBg — VTp + ll;f [}’”y”l — va} } (8)

The infimum over y can be solved explicitly:

irylf{Vllylll —viy} = irylf{z (Il = [V]i[y]i)}

i

Z{mf (b~ W) | - { 0 Vo <y

—oo else

where [|; denotes the i-th element in the vector. The infimum over y
becomes a box-constraint for the dual variables v. This is a crucial obser-
vation for distribution reasons.

Before we explicitly solve the minimization over x in (8) the following
notation is introduced:

=l AT P, B=[BI BY YT, =TT VIY!

where 4 € REtm)>n B c Rstm gnd z € RSt We also introduce the set
of feasible dual variables:

z€R  le{l,...,q}
Z={ zeR'™ | z1>0 le{qg+1,...,s} . (9)
27| <y le{s+1,....,s+m}

The minimization over x in (8) can be solved explicitly:

1 1
il;clf ATz +g)"x + §xTHx = —E(ﬂTz +9)TH (A2 + g)
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and we get the following dual problem

1
sup { — §(J4Tz +9)"TH ATz +g) — Q}Tz}. (10)
2€Z

We introduce the following definition of the negative dual function

(ATz+g)"H (A2 4 g) + BT 2.

DNO| =

fe) =

Since f consists of a quadratic term with positive semidefinite hessian
and a linear term, f is differentiable and has the following gradient

Vi) =AH'(ATz+9)+ B. (11)

Further, from the min-max theorem we have that the smallest Lipschitz
constant, L, to Vfis L = |[AH 147 |,.

4. Distributed Optimization Algorithm

In this section we show how the accelerated gradient method can be used
to distributively solve (3) by minimizing the negative dual function f. The
accelerated proximal gradient method for problem (10) is defined by the
following iteration as presented in [Tseng, 2008, Algorithm 2] and [Beck
and Teboulle, 2009, Eq. 4.1-4.3]

vh =2k ]Z ;;(zk — &1 (12)
1=, <vk - %v f(vk)) (13)

where Py is the Euclidean projection onto the set Z. Thus, the new iterate,
2#*1 is the previous iterate plus a step in the negative gradient direction
projected onto the feasible set.

We define the primal iteration x* = H~(—47 2" — g). Using this defi-
nition, straightforward insertion of v* into (11) gives

k—1 _
k+2(xk—xk 1)) + B

Vi) =-4a <xk +

By defining #* = x* + &1(x* — x*~') and recalling the partition z =
[AT uT vT]T and the definition (9) of the set Z, we find that (12)-(13) can
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be parallelized:

= H1(=aT2k —g) (14)
E—1
“k _ _k k__ k=1
i =x +k+2(x x7) (15)
E—1 _ 1, 7
A=At M =AY + L@ 2 = by (16)
E—1 _ 1, 7.
,u;a+1 = max {0, uf + k—+2(,uéa - ,U;e 1) + Z(alTxk - bl)} (17)

E—1 1
vErh = min {y, max [ —y,v} + P (VE—vi 1+ Z(PrTa'ck —pr)|}. (18)

From these iterations it is not obvious that the algorithm is distributed.
By partitioning the constraint matrix as

4 =|4,..., 9]

where each 4; = [ay;,...,as, Pii, ..., Ppi]T € REP™>% and noting that H
is block-diagonal, the local primal variables are updated according to

P =H (-T2 —g))

= —H;1 [gi + Z {Z ap ¥ + Z anuf + Z PrinH- (19)

JEM; “le L} les reR,

Thus, each local primal update, xf‘, can be computed after communication
with neighbors j € M;. Through (4)-(6) we note that the dual variable
iterations can be updated after communication with neighbors i € A;. We
get the following distributed algorithm.

ALGORITHM 1—DISTRIBUTED ACCELERATED PROXIMAL GRADIENT ALGORITHM

Initialize A° =171, u® =y, vO =v~! and x° = x7!

In every node, i, the following computations are performed:
For £ >0

1. Compute x! according to (19) and set

2. Send & to each j € M;, receive & from each j € A;
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3. Compute A¥™! according to (16), (4) for I € L}
Compute uf*! according to (17), (5) for I € L2
Compute vi™! according to (18), (6) for I € R;

4. Send {A; "} 1c o A he s {VE }rex, to each j € A,
receive {A¥ 1} 1, {uf 1Y e o and {vFH1},ex, from each j € M,
J J

End O

The convergence rates for the dual function f and the primal variables
when running Algorithm 1 are stated in the following theorem.

THEOREM 1
Algorithm 1 has the following convergence rate properties:

1. Denote an optimizer of the dual problem (10) as z*. The convergence
rate is:

0 _ *||2
e - 1) < 2HESE T ez (20)

2. Denote the unique optimizer of the primal problem as x*. The rate
of convergence for the primal variable is

AL||12° — 2*|I3

ko x)2 <
W=l = sy

VE>1 (21)

Proor
Algorithm 1 is a distributed implementation of [Tseng, 2008, Algorithm
2] and [Beck and Teboulle, 2009, Eq. 4.1-4.3] applied to minimize f. The
convergence rate in argument 1 follows from [Tseng, 2008, Proposition 2]
and [Beck and Teboulle, 2009, Theorem 4.4].

For argument 2 we get that the necessary and sufficient KKT condi-
tions [Boyd and Vandenberghe, 2004, p. 244] implies x* = H~}(—472*—9)
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since H is invertible. This leads to

I — 23 = | H 1 (AT - AT2)|

<|H AT - ATz |7

1 . -1 "
= 5(@) (F —2)"aH*a" (" - 2¥)
_L T —1gT kb _ ()T —1gT
_Q(H)<( )'aH'4 (z)TAH'4
—2(AH1aT2)7T (2% — 2)+
+2(B+AHg)T(F — 2F + 2* — z*))
_L Zk — f(z*) — -1 Tz* T Zk_z*
— o (FH - 1) —@am T 1)+ B - )
2 * * *
= 5@ (F(*) = (&) = V() (" —2))

2 oy < 4L[2° = 2|3
m(f(zk) - f(z)) < W

<

1Q

where the first inequality comes from the min-max theorem, the equali-
ties are algebra with addition of some zero-terms, the first inequality in
the final row is from the first-order optimality condition [Nesterov, 2003,
Theorem 2.2.5], and the final inequality is due to (20). This completes the
proof. O

5. Numerical Example

In this section we evaluate the performance of Algorithm 1. We compare
the presented algorithm to state-of-the-art centralized optimization soft-
ware for large-scale optimization implemented in C, namely CPLEX and
MOSEK. We also evaluate the performance loss when using suboptimal
step sizes. Our algorithm is implemented on a single processor to be able
to compare execution times.

The comparison is made on 100 random optimization problems arising
in distributed MPC. A batch of random stable controllable dynamical sys-
tems with random structure and random initial conditions are created.
The sparsity fraction, i.e., the fraction of non-zero elements in the dy-
namics matrix and the input matrix, is chosen to be 0.1. We have random
inequality constraints that are generated to guarantee a feasible solution
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Table 1. Algorithm comparison with 1-norm cost term and random state and input
constraints. Algorithm 1 is implemented in MATLAB while CPLEX and MOSEK are
implemented in C.

Alg. vars./constr. | tol. # iters exec (ms)
mean | max | mean | max
1(L) 4320/3231 | 0.005 | 69.8 | 160 253 609
1(Ly) 4320/3231 | 0.005 | 160 420 594 | 1532
1(Lp) 4320/3231 | 0.005 | 248 640 934 | 2444
MOSEK | 4320/3231 - - - 1945 | 2674
CPLEX | 4320/3231 | 0.005 - - 1663 | 2832
1(L) 2160/1647 | 0.005 | 63.8 | 100 94 200
1(L1) 2160/1647 | 0.005 | 75.8 | 180 115 368
1(Lp) | 2160/1647 | 0.005 | 121 | 320 | 185 | 488
MOSEK | 2160/1647 - - - 334 399
CPLEX 2160/1647 | 0.005 - - 282 522

and a 1-norm cost where the P-matrix and p-vector are randomly chosen.
The quadratic cost matrices are chosen @ = I and R = I. Table 1 shows
the numerical results obtained running MATLAB on a Linux PC with a
3 GHz Intel Core i7 processor and 4 GB memory. The optimization soft-
ware used is CPLEX V12.2 and MOSEK 6.0.0.114 that are accessed via
the provided MATLAB interfaces.

The first column specifies the algorithm used where Algorithm 1 is
supplemented with the step size used. L is the optimal step size L =
lAH AT, Ly = |AH1AT||p and L; = /|AHA7|1|2H 17| .
We compare to the suboptimal step sizes L; and Ly since they can be
computed in distributed fashion. The step sizes satisfy L < L; and L <
L. The second column specifies the number of variables and constraints
in the optimization problems. In the third column we have information
about the duality gap tolerance that is used as stopping condition in the
algorithms (if possible to set). The two final columns present the results in
terms of number of iterations and execution time. The difference between
the upper and lower halves of the table is the size of the problems that
are solved.

Table 1 reveals that Algorithm 1 performs better than CPLEX and
MOSEK on these large-scale sparse problems despite the fact that CPLEX
and MOSEK are implemented in C and Algorithm 1 is implemented in
MATLAB. We also conclude that the choice of step size in Algorithm 1 is
important for performance reasons.
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6. Conclusions
6. Conclusions

We have presented a distributed optimization algorithm for strongly con-
vex optimization problems with sparse problem data. The algorithm is
based on an accelerated gradient method that is applied to the dual prob-
lem. The algorithm was applied to large-scale sparse optimization prob-
lems originating from a distributed model predictive control formulation.
Our algorithm performed better than state-of-the-art optimization soft-
ware for large-scale sparse optimization, namely CPLEX and MOSEK, on
these problems.
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Paper II

Execution Time Certification for
Gradient-Based Optimization in
Model Predictive Control

Pontus Giselsson

Abstract

We consider model predictive control (MPC) problems with linear
dynamics, polytopic constraints, and quadratic objective. The result-
ing optimization problem is solved by applying an accelerated gradi-
ent method to the dual problem. The focus of this paper is to provide
bounds on the number of iterations needed in the algorithm to guaran-
tee a prespecified accuracy of the dual function value and the primal
variables as well as guaranteeing a prespecified maximal constraint
violation. The provided numerical example shows that the iteration
bounds are tight enough to be useful in an inverted pendulum appli-
cation.

©2012 IEEE. Printed with permission. To appear in Proceedings of the
51st IEEE Conference on Decision and Control, Maui, HI, 2012.
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1. Introduction
1. Introduction

Model predictive control (MPC) is an optimization based control method-
ology that can handle state and control constraints (see [Maciejowski,
2002, Mayne et al., 2000] for thorough descriptions of MPC). In the opti-
mization problem a cost function is minimized based on predicted future
state and control trajectories and subject to constraints. Optimal control
and state trajectories are obtained and the first element in the input tra-
jectory is applied to the system. This procedure is repeated every sampling
instant which sets requirements on the execution time of the optimization
problem. The topic of this paper is to provide certificates for the execu-
tion time of the optimization algorithm such that for every feasible ini-
tial condition the optimization algorithm provides a solution within the
sampling time. We consider linear time-invariant systems with polytopic
constraints and quadratic cost and a dual accelerated gradient method
[Giselsson et al., 2012] is used to solve the resulting optimization prob-
lem.

For accelerated gradient methods there are convergence rate results
[Nesterov, 2003, Beck and Teboulle, 2009, Tseng, 2008, Giselsson et al.,
2012] that depend explicitly on the norm of the difference between the op-
timal solution and the initial iterate. If this norm can be bounded, a bound
on the number of iterations to achieve a prespecified accuracy of the func-
tion value can be computed. This was done in [Richter et al., 2009] where
input constrained MPC was considered. The condensed problem, i.e., the
problem with all state variables eliminated, was solved using a fast gra-
dient method. An iteration bound was obtained since the norm of the
difference between the optimal solution and the initial iterate is bounded
by the size of the input constraint set. Accelerated gradient methods can
also be applied to the dual problem [Richter et al, 2011, Giselsson et al.,
2012]. To compute a bound on the number of iterations to achieve a pre-
specified accuracy, a bound on the norm of the difference between the
optimal dual variables and initial dual iterate is needed. This is more
involved in the dual space than in a constrained primal space since dual
variables are not chosen from a compact set. This is addressed in [Richter
et al., 2011] where the equality constraints are dualized and a bound on
the norm of the optimal dual variables is obtained using a recent result in
[Devolder et al., 2011]. The obtained bounds turn out to be quite conser-
vative. Another method to provide computation time certificates in MPC
is to bound the search time in the look-up table in explicit MPC [Bem-
porad et al., 2002, Alessio and Bemporad, 2009]. Practically this method
is limited to small or medium-sized problems. For interior point meth-
ods, iteration bounds are available [McGovern, 2000], these are, however,
reported to be quite conservative [Richter et al., 2011, McGovern, 2000].
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In this paper we consider the dual to the condensed problem, i.e.,
the dual to the problem where the state variables are eliminated. The
resulting optimization problem has only inequality constraints and we
apply the accelerated gradient method to the dual problem. To compute
an iteration bound, we need a bound on the norm of the optimal dual
variables. Using a result in [Nedic and Ozdaglar, 2009] a bound to this
norm can be computed if a Slater vector to the optimization problem is
known. Computation of the norm bound requires that the distance from
equality in the inequality constraints for the Slater vector is known, as
well as the primal cost for the Slater vector. We will see that such a Slater
vector can be constructed for almost all feasible initial conditions in the
MPC case. The provided numerical example shows that the presented
bounds are tight enough to give useful bounds in an inverted pendulum
application.

2. Problem Setup and Preliminaries

We consider the problem of controlling a linear dynamical system to the
origin subject to polytopic constraints. To achieve this we use MPC in
which the following finite horizon optimization problem is solved at the
current state x € R"™:

N-1

. 1 1

Vy(%) == min 52 (x] Qx; + ul Ru;) + —xNQnxn (1)
0

xu 2

s.t. (xt,ut)e)(x‘ll, t=0,...,N—1
Xt41 = Ax; + Buy, t=0,...,N—1
XN € Xy, x0 =%

where x; € R", u; € R™, x = [x],...,28]7, and u = [uf,...,u%_|]T. We
use the standard assumptions that @ > 0, @ v > 0, and R > 0. The
constraint sets are assumed to be polytopes

X ={x e R"|Cix <d,}, Xr={x € R"|Crx < dy},
U={ueR"|Cu<d,}

Throughout this paper we assume that the sets X, X(, and U are non-
empty and compact and that 0 € int X, 0 € int X/, and 0 € int U which
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implies that d.,ds,d, > 0. By introducing the following matrices

B 0O --- 0
A
. AB
A=1| 1 |, B =
AN : . 0
AN-'B ... AB B

the predicted future state variables can be described in the current state
X and control variables u as

x = Ax + Bu.
We further define
Q :=blkdiag(@,...,Q, Qn), R := blkdiag(R, ..., R),
C, := blkdiag(Cy, ..., C, Cy), d.:=[d],....dl,df]",
C. :=blkdiag(C,, ..., C,), d, =[dl,...,d"".

The optimization problem (1) can, using these matrices, equivalently be
written as

Vn(x) = mln JIn (%,

u) := lu"Hu + 2" Gu + 12" Fx (2)
s.t. g(%,u) <0

where H =B"QB +R, G =ATQB, F = ATQA + @, g(%,u) = Cu — d()

and
C. d,
C N ( ) ’ d(%) N < _) '

To solve (2) we introduce dual variables u € RZ for the inequality con-
straints. The first p, < p dual variables in the dual variable vector u
correspond to the input constraints and the last p — p, dual variables
correspond to the state constraints. If Slater’s condition holds, we get the
following dual problem (cf. [Boyd and Vandenberghe, 2004])

Vn(x) = m%(min %uTHu + #7 Gu + u’ (Cu — d(7)).
> u
As shown in [Giselsson et al, 2012] the dual problem becomes
m%(——(CT,u +GT2)THH(CTu+ GTx) — p"d(%). (3)
>
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We define the dual function

Dy (%, ) = —%(CT,u +GTR)TH Y (C T+ GT%) — il d()
which satisfies the following properties (cf. [Giselsson et al., 2012]).

ProrosiTion 1
The dual function has Lipschitz continuous gradient with Lipschitz con-
stant L = ||[CH~1CT|| and the gradient is given by

VDy(%,u) = —CH(CTu+ G"x) — d(%).
O

This implies that the dual function can be maximized using an accelerated
gradient method [Nesterov, 2003, Beck and Teboulle, 2009, Tseng, 2008,
Giselsson et al., 2012]. The algorithm presented in [Giselsson et al., 2012]
with a cold-starting strategy, i.e., u® = 0 is presented below.

ALGORITHM 1—ACCELERATED GRADIENT ALGORITHM

Initialize u° = g ' =0 and u™! = ~H1GTx.
For k>0

~ k—1
R S Sl A S - |
u’ = +k+2(u u)
_ B 1, )
,uk+1 = max{O,,uk + k—+2(,uk —,uk 1) + Z (Cuk —d(x)) }
End O

Before we state the convergence rate properties of the algorithm, we in-
troduce the set of optimal dual variables

M*(z) = {ne€ R, | Dn(%, ) > Vn(%)}.
We also introduce Xy which is the steerable set defined as

Xy = {& € R" | there exist u s.t. Cu < d(%)}.

REMARK 1
From [Rawlings et al., 2008], we know that the steerable set X is convex
and that 0 € Xy. O

We also denote by u*(x) the optimal solution to (2) with initial condition
% and o(H) the smallest eigenvalue to H.
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ProprosiTion 2
Suppose that & € Xy. For any u* € M*(x) Algorithm 1 has the following
convergence rate properties:

1. The dual function converges as

2L |2

= ) = o,k

vk > 1. (4)
2. The primal variable rate of convergence is

%12
ot —w @ < LT o s (5)

o(H)(k+1)2" ~ —
3. The constraint violation is bounded by

AL\ u |

o) = gt ()P < Ky vh 2 1

O

Proor

Argument 1 is proven in [Beck and Teboulle, 2009, Tseng, 2008, Giselsson
et al., 2012] and argument 2 is proven in [Giselsson et al, 2012]. To prove
the third argument we have

lo(,u*) — g(z,w(@)|I” = [[Cu’ — d(z) - (Cu’ (%) — d(2))|
= IV Dy (%, 4*) — VD (%, 1) |

<2L(— (~VDy (& u), B* — p')+
+ Dy (%, ") — DN(D_Cuuk))
< 2L(Dy(%,4") — Dy (%, u")).

The first inequality comes from [Nesterov, 2003, Theorem 2.1.5] since —Dy
is convex. The second inequality is due to first order optimality condition
[Nesterov, 2003, Theorem 2.2.5] for the convex function —Dy. It is left to
apply Argument 1 to prove the result. O

The objective of the paper is to, a priori, compute bounds on the number of
iterations needed to achieve a prespecified dual function, primal variable,
and constraint satisfaction tolerance when initializing the algorithm with
M° = 0. These bounds should ideally hold for any initial state & € Xy. In
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this paper we will show how to compute bounds that hold for any ¥ € SXy
where f € (0,1) and BXy is defined as

BXy :={x € R" | %x € Xy}

From the definition and Remark 1 we conclude that fXy C Xy and
that 0 € Xy. Before we proceed with the presentation we introduce the
following definition.

DEeriniTION 1
We define ¥ > 1 as the smallest scalar such that for every ¥ € Xy the
following holds

Vn(x) < KmuinJN(a'c,u).

|
REMARK 2
The optimal solution to min, Jy(%,u) is ui,(X) = —H 1GTx. The corre-
sponding cost becomes
min Jy (&,u) = %xTGH‘lGTa‘c —#'GH'G"x + %xTFx
u
= %xT(F - GH'G")x.
By defining P := F — GH 'GT where P > 0 we get
_ . _ K _7,-
Vn(%) < kminJy(%,u) = 5% Px.
u
Also, note that we have
_ . _ 1 .
Vn(%) > mindJy(X,u) = 5% Px.
u
O

2.1 Notation

We denote by R the real numbers and by R>o non-negative real numbers.
The norm ||- || refers to the Euclidean norm or the induced Euclidean norm
unless otherwise is specified and (x,y) = x”y. Further 6(H) denotes the
largest singular value of H and o(H) denotes the smallest singular value
of H. Further []; denotes the i:th element in the vector.
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3. Lagrange Multiplier Norm Bounds

All quantities in the bounds in Proposition 2 are known except for ||u*|
where yu* € M*(x). This section is devoted to bounding the norm of the
optimal dual variables in (3) for any & € SXy where f € (0,1). The
following result is used to achieve this.

Lemma 1
Assume that u(x) is a Slater vector, i.e., that t(x) satisfies Cu(x) < d(%).
Then

1
max < ——=(JIn(x,0(x)) — Vn(x
A ] €~ (i (2, 6(2) — Viv(2))
where 7 (%,8(%)) := miny<;<;[—g(%, a(%))]. O
Proor
A proof is provided in [Nedic and Ozdaglar, 2009]. O

Thus, if we can find a Slater vector for any initial condition ¥ € SXy
we can bound the norm of the optimal Lagrange multipliers, u*. In the
following lemma we show how to construct a Slater vector to (2) for any
initial state X € SXy. Before we present the lemma the following notation
is introduced; d := [dl,d’]” and dmin := min;[d]; which implies that
dmin > 0.

LEMMA 2

For every ¥ € Xy with 8 € (0,1), w(x) = pu*(x/p) is a Slater vector
to the optimization problem (2). The Slater vector satisfies y (&, u(x)) >
(1= B)dmin- O

Proor

Since & € Xy we have by definition that /8 € Xy. The optimal con-
trol trajectory at &/ is u*(x/f). Since /B € Xy the optimal control
trajectory is feasible, i.e., the following holds

<O0.

o Cou'(x/p) —dy )

w(p)= (Cx(AfC/ﬁ + Bu'(z/B)) - d,

= &

For any & € Xy we have for the chosen Slater vector a(x) = fu*(x/B)
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that
o (%)) =< C.pu’(x/B) - )
ﬁ C.(Ax +Bﬁ'u (X/ﬁ)) d,
(e Cal@/5)-d+(F-1d, )
B(C A96//3+13u (x/ﬁ)) d.) + (8 —1)d.
. Cuw' (2/5) — _(a-pa,
5y (A wmn-a.)~(a_pa)
(
<~(a_pa)
This gives
y(x,8(x)) = min [—g(%, fu’(x/))l; 2 (1 — f) min({d];) = (1 — B)dmin.
This completes the proof. O

By limiting the set of initial states, a Slater vector can be constructed
with a certain distance to equality in the inequality constraints. Using
this result the following theorem provides a bound on the norm of the
optimal dual variables.

THEOREM 1
For every & € BXy we have that

Kk—1
max ||M||

ez 50— B)domn %! Px. (6)

Proor
We will show that Lemma 1 gives (6) using the Slater vector @(x) =
pu*(x/B). We have

Tn(z, fu’(215) = 3 (Bu' (£ B)" Hpw' (2/B) + £ Gpu' (2/) + éxTF
_B

76



4. Algorithm Iteration Bounds

where the inequality comes from Remark 2. From Lemma 1 and Lemma 2
we have

INEGPWE/B) = VnE) o 1 Kerpe oy

W M < = B GBS A= B)dmn 2
Kk—1 B _
- 2(1 _ﬁ)dminXTPx

where the last inequality is due to Remark 2. This completes the proof. [J

REMARK 3

If Definition 1 is changed such that kg, is the smallest scalar such that for
all x € f1Xy and for some 1 € (0,1) we have an upper bound Vy (%) <
%%TPic. Then for every & € B2Xy where Sy € (0, 1) it is straightforward

to verify that
K B1 1

_T =
max x" Px.
ueM*(x) leell < 2(1 — B2/ B1)dmin
If lkﬁﬁlz 7 < f_—_ﬁlz we get an improved bound on the norm of the dual
variables compared to Theorem 1. O

The provided bound on the norm of optimal dual variables can, together
with Proposition 2, be used to bound the number of iterations to get a pre-
specified accuracy in the function value, primal variables and constraint
violation. This is the topic of the following section.

4. Algorithm Iteration Bounds

In this section we provide bounds on the number of iterations within
which a dual e4-solution, €. constraint violation and €, norm-distance to
the primal optimal solution are guaranteed. The bounds are developed for
the cold starting case, i.e., when the initial iterate is u® = 0.

4.1 lteration Bound to Guarantee Dual e-solution

The first bound is on the number of iterations within which a dual e-
solution is guaranteed. To avoid that scaling the @ and R-matrices give
different bounds we use a relative tolerance.

THEOREM 2
Suppose that Algorithm 1 is initialized with u° = 0. Then for every x €
BXy with g € (0,1) we have

V(%) — Dy (%, 4") < qVn (%) (7)
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if
|Lx"Px k-1
k> kq(x):= —1.
B d( ) €d (1 _,B)dmin
O
Proor
Inequality (7) is equivalent to
Dy (x,u") — Dy (%, 4") < €Dy (%, 1t")
for any p* € M*(x). From Proposition 2 and Theorem 1 we have that
_ _ 2L |2 2L(k — 1)* T b
D ") — Dy (&4 < < " Px)?.
VBT DN S T = a0 g, ke Y
Since 1x7 Px < Vy(x), we have that
2L(x — 1) “T p=\2 11,
Px)* < eq=x" P 8
AT ppa, e ap P S gt )
implies (7). Rearranging the terms gives the result. O

REMARK 4

By scaling the penalty-matrices @, = a®, R, = aR we get H, = aH
which implies L, = |CH,'CT|| = ||CH'CT|| = 1L and P, = aP. Thus,
using a relative tolerance the same bound is obtained for every scaling
factor a > 0. O

REMARK 5

To get a bound that holds for all & € BXy, k(%) should be maximized
subject to £ € BXy. An over-estimator is to maximize k4(%) subject to
X € BX which is readily available. The resulting maximization problem
depends affinely on v %7 P%, hence the maximizing argument can be found
by maximizing £ Px on BX. This is a quadratic maximization problem
that can be rewritten as a mixed integer linear program (MILP) as shown
in [Jones and Morari, 2009]. MILP software produce upper and lower
bounds to the objective in each iteration and since an upper bound to the
objective is enough to compute an iteration bound, the optimization can
be stopped when sufficient accuracy is achieved. O
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4.2 lteration Bound for Constraint Violation

In this section we bound the number of iterations within which a pre-
specified constraint violation is guaranteed. We use the following relative
tolerance g(&,u*) < ed.

THEOREM 3
Suppose that Algorithm 1 is initialized with u® = 0. Then, g(&,u*) < e.d
holds for every x € Xy if

—1)x"Px
k>kc(x):=%_

O

Proor
First note that if ||g(%,u*) — g(&,u")|| < €.dmin then g(x,u*) < ¢.d since
g(%,u*) < 0. From Proposition 2 and Theorem 1 we get

_ o 2L\ u| L(x — 1)xT Px
By # < < '
o u) - gl (@) < S < T
Setting this < e¢.dmin and rearranging the terms gives the bound. O

REMARK 6

This result can be used in a constraint tightening approach to guarantee
a feasible solution w.r.t. to the original constraint sets within %.(%) itera-
tions. (|

4.3 Primal Variable lteration Bound

Using the same techniques it is also possible to bound the number of iter-
ations needed to guarantee a primal solution that is within a prespecified
distance to the optimal solution.

THEOREM 4
Suppose that Algorithm 1 is initialized with u® = 0. Then, for every & €
SXy we have
lu® —u*(®)]| < ¢
if
L (x—1)x"Px
Q(H) Ep(l - ,B)dmin

k> ky(x):=
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Proor
From Proposition 2 and Theorem 1 we have

L 2] L (c—1)aTPx
o =@ <\ G 1) <\ 2 T Hdoanr+ D

Setting this < ¢, and rearranging gives the result. O

5. Preconditioning

There are two different ways of preconditioning the problem data to possi-
bly achieve smaller iteration bounds. One is to do a variable change in the
primal variables and another is to scale the matrices defining the inequal-
ity constraints. We start by considering scaling the matrices defining the
inequality constraints.

5.1 Scaling Inequality Constraints
All iteration bounds kg, %, %, depend on VL /dmin or L/d?. . By intro-

min*
ducing D = diag(d) and recalling the definition of L we get L/d%, =
|CH-1CT||/22,,(D). By scaling the inequality constraints, this ratio can
be minimized to get less conservative bounds without affecting the solu-
tions of the optimization problem. We introduce the scaling matrix S =
blkdiag(Sy, Sx) where S, = diag(si,...,sp,), Sx = diag(sp,+1,...,Sp) Where

pu < p and all elements s; > 0,i = 1,...,p. We get the following scaling
SCu < Sd(x).
From the definition of C and d(X) we see that this is equivalent to
S,C, < S, dy S;C.(AX + Bu) < S,d,.

The scaling of constraints will give as small bounds as possible if the
scaling is chosen according to the following minimization

_lIscHcTs|
s A%, (SD) -

min

We introduce S = SD which is a diagonal matrix with strictly positive el-
ements since it is a product of two diagonal matrices with strictly positive
elements. This gives the equivalent minimization problem

. |ISD-'cH-cTD1S||
min = .
s ﬂ’rzmn(s)

9)
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6. Numerical Example

It was shown in [Richter et al, 2011, Lemma 1] that for invertible S, an
optimal solution is S = I. Since diagonal matrices with positive elements
are a subset of all invertible matrices, we get that S = I minimizes (9).
The optimal scaling becomes S = SD~! = D1,

5.2 Preconditioning of Primal Variables

When performing a linear change of variables in primal variables, i.e., set
q = T~'u where T is an invertible matrix, H, G and C must be changed
accordingly to not affect the primal optimal solution. We get H, = TTHT,
G4, = GT and C; = CT. The Lipschitz constant does not change since

L, =|C.H'Cl|| = |CTT'H'T"T"C"|| = |CH'C"|| = L.

Straightforward verification of the algorithm when initialized with u° = 0
gives that the u*-sequence is identical whether using the new variables
q or the original variables u. It is also straightforward to verify that the
relation between the iterates in the new variable ¢* and the iterates in
the original variable u* is ¢* = T—!u*. Thus, we do not get better (or
worse) convergence properties by preconditioning the primal variables.

6. Numerical Example

We evaluate the conservatism of the iteration bounds by applying them
to a double integrator system and a double integrator with a pendulum
attached. We consider the pendulum in [Giselsson, 2011] with pendulum
length [ = 0.4m. The cart has inner control loops that make it behave as a
double integrator. We choose sample time 2 = 0.02s as in [Giselsson, 2011].
We get the following discrete time dynamics for the pendulum system
when the pendulum is in its inverted position (cf. [Giselsson, 2011])

1 002 0 0 0.0002
0 1 0 0 0.02
t+1) = t) + t).
D =10 o 10049 00200 | DT | _0.0005 | “
0 0 04913 1.0049 —0.0501

The state variables are x = [p p 6 é]T where p is cart position, p is cart
velocity, 6 is pendulum angle and 6 is pendulum angular velocity. The
double integrator system is the system consisting of only the first two
states, [p p]. We have the following constraints
—-05<p<05 -1<p<1 —-5<u<hb
-02<6<0.2 -05<60<0.5.
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Figure 1. The figure shows the iteration bounds (%4, k¢, kp), the actual number of
iterations (k3*, k2%, £5°), and the maximal number of iterations needed to certify
execution time within h=0.02s for the double integrator system (kreq).
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Figure 2. The figure shows the iteration bounds (%4, k¢, kp), the actual number of
iterations (k3*, k3%, £5), and the maximal number of iterations needed to certify
execution time within h=0.02s for the pendulum system (%req).

The objective is to minimize

2
w

(xtTth + ufRut) + x5 Pxy
t

Il
=}

where @ = diag(1,0.3,0.3,0.1), R = 0.1 and P is the infinite horizon
cost for the unconstrained LQ-problem with weighting matrices @ and R.
Further we choose the terminal set X, = X.

In Figures 1 and 2 we compare the iteration bounds with the worst
case actual number of iterations and the maximum number of iterations,
kreq, to guarantee an execution time less than 2 = 0.02s on a machine
with 1 Gflops/s computing power. If implemented wisely, the number of
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flops per iteration in Algorithm 1 is 2(pN)? + 7pN and we get

b = 10%h
"7 2(pN)2 + 7pN’

In all examples, we use control horizon N = 10, accuracy requirements
eqg = 0.01 and ¢, = ¢, = 0.05. In Figure 1, the results for the double
integrator are presented. On the x-axis § in Xy is plotted and on the y-
axis the iterations bounds and the actual number of iterations are plotted.
We are able to certify that the optimization algorithm will terminate with
a close to optimal solution for all ¥ € 0.925X within the sampling time,
h = 0.02s. We also see that for ¥ € 0.825X we can guarantee that the
optimal solution is found in one iteration, i.e., that no constraints are
active.

In Figure 2, the results for the inverted pendulum system are pre-
sented. Also here we have £ in fXj on the x-axis and the iteration bounds
and the actual number of iterations on the y-axis. We are able to certify
that for x € 0.6X that the required accuracy is achieved within the sam-
pling time, A = 0.02s. We can also certify that a dual ¢;4-solution is found
within the sampling time for any & € 0.9Xy. We see that for large parts
of the steerable set, Xy, the iteration bounds give meaningful results that
can be used to certify the MPC-controller with respect to execution time.

7. Conclusions and Future Work

We solve the optimization problems arising in MPC with linear dynam-
ics, polytopic constraints, and a quadratic cost using a dual accelerated
gradient method [Giselsson et al., 2012]. By constructing Slater vectors to
the optimization problems, we are able to bound the norm of the optimal
dual variables. This is used to compute iteration bounds on the number
of iterations within which a certain accuracy of the dual function value,
constraint violation, and primal variables is guaranteed. The provided nu-
merical example shows that the bounds are tight enough to be useful in
a pendulum application. A future work direction is to search for tighter
iteration bounds when using warm-starting strategies.
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Paper III

Optimal Preconditioning and
Iteration Complexity Bounds for
Gradient-Based Optimization in MPC

Pontus Giselsson

Abstract

Model predictive control (MPC) formulations for systems with lin-
ear dynamics, polytopic constraints, and a quadratic cost are consid-
ered. The resulting quadratic program is solved using the accelerated
gradient method presented in [Giselsson et al, 2012]. Bounds on the
number of iterations needed to ensure a prespecified tolerance of the
dual function value and primal variables are provided. Further, we
present an optimal preconditioning for the matrices describing the
equality and inequality constraints, where optimal refers to the pre-
conditioning that minimizes the iteration bound for dual function ac-
curacy. A numerical example is provided which shows that the optimal
preconditioning gives significantly less iterations in the algorithm, es-
pecially for ill-conditioned problem.

Submitted to 2013 American Control Conference, Washington, D.C., 2013.
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1. Introduction
1. Introduction

Model predictive control (MPC) is an optimization based control method-
ology that can handle state and control constraints (for more on MPC, see
[Maciejowski, 2002, Rawlings and Mayne, 2009]). In each time step a cost
function is minimized based on predicted future state and control trajecto-
ries and subject to constraints. The first element in the obtained optimal
input trajectory is applied to the system. This procedure is repeated in
every sampling instant, which defines a feedback control law. A bound
on the allowed execution time of the optimization algorithm is set by the
sampling time. In this paper, methods to bound the execution time for the
accelerated gradient method presented in [Giselsson et al., 2012] when
applied to MPC optimization problems are developed. The execution time
bounds can be computed by bounding the number of iterations necessary
to achieve a satisfactory solution and to evaluate the complexity within
each iteration.

Convergence rate results for accelerated gradient methods are pre-
sented in [Nesterov, 2003,Beck and Teboulle, 2009, Tseng, 2008, Giselsson
et al., 2012]. The convergence rate depends on the norm of the difference
between the optimal solution and the initial iterate. By bounding this
norm, a bound on the number of iterations to achieve a prespecified ac-
curacy of the function value can be obtained. In [Richter et al., 2009] an
accelerated gradient method was applied to the primal problem for input
constrained MPC. An iteration bound was obtained by bounding the dif-
ference between the initial and optimal control trajectories. In [Richter
et al., 2011, Giselsson et al., 2012] accelerated gradient methods was ap-
plied to the dual problem. To guarantee a prespecified accuracy of the
dual function value, an upper bound to the norm of the difference be-
tween the optimal dual variables and initial dual iterate is needed. This
is complicated by the fact that dual variables are not constrained to be in
a compact set. In [Richter et al., 2011] a recent result in [Devolder et al.,
2011] is used to bound the dual variables associated with the equality
constraints. These bounds are used to compute a lower iteration bound
to achieve a prespecified dual function accuracy. The bounds are reported
to be quite conservative [Richter et al, 2011]. Another method to pro-
vide computation time certificates in MPC is to bound the search time
in the look-up table in explicit MPC [Bemporad et al., 2002, Alessio and
Bemporad, 2009]. Practically this method is limited to small or medium-
sized problems. For interior point methods, iteration bounds are available
[McGovern, 2000], these are, however, reported to be quite conservative
[Richter et al., 2011, McGovern, 2000].

In this paper the accelerated gradient method presented in [Giselsson
et al., 2012] is applied to an MPC problem with linear dynamics, polytopic
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constraints and quadratic cost. The objective is to bound the number of
iterations necessary to guarantee a prespecified accuracy of the dual func-
tion value and the primal variables. From the convergence rate results in
[Giselsson et al., 2012] it is clear that a bound on the norm of the optimal
dual variables is needed to compute the iteration bounds. By extending
and generalizing results from [Nedic and Ozdaglar, 2009] and [Gisels-
son, 2012] we show how to compute a bound to the norm of the optimal
dual variables. These bounds are then used to compute the desired itera-
tion bounds for dual function and primal variable accuracy. We also show
how to precondition the matrices describing the inequality and equality
constraints optimally, where optimally refers to the preconditioning that
minimizes the iteration bound for dual function accuracy. A numerical
example is provided that shows that the preconditioning decreases signif-
icantly the number of iteration needed to achieve a prespecified accuracy
of the solution, especially for ill-conditioned problems.

The results in this paper are related to the results in [Giselsson, 2012].
They differ in that in this paper the problem with equality and inequality
constraints is considered, while in [Giselsson, 2012] the condensed prob-
lem, i.e., the problem where the state variables are eliminated leaving only
inequality constraints, is treated. This difference poses different technical
challenges for the dual variable bounds and for optimal preconditioning.

The paper is organized as follows. In Section 2 the MPC optimization
problem is stated and the solution algorithm from [Giselsson et al., 2012]
is presented. In Section 3 we present bounds on the norm of the optimal
dual variables. Based on these, we present algorithm iteration bounds in
Section 4. We show how to precondition the optimization data optimally
in Section 5. In Section 6 a numerical example is provided and the paper
is concluded in Section 7.

2. Problem Setup and Preliminaries

The following MPC optimization problem with initial condition ¥ € R" is
considered

N—
V(%) := rglun %ZO( tTth+utRut)+;xNQNxN (1)
st. (x,u) € X xU, ¢t=0,....N—1
X441 = Ax; + Bu;, t=0,...,N—1
xNEXf,x():aE

where x; € R", u, € R™, x = [x],...,2F]" and u = [uf,...,u],_|]”. The
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cost matrices are assumed to satisfy @ > 0, @y > 0 and R > 0 and the
constraint sets are assumed to be polytopes defined by

X={x€R”|Cxx§dx}, sz{xe]R”|Cfx§df},

where C, € R**", C, € R™*™ and Cr € R"*". We also assume that X,
X and U contain zero in their respective interiors which implies that
dy,dr,d, > 0. We also assume that the sets X, X and U are compact. By
stacking all decision variables into one vector, y = [xo, ..., %N, U0, - .., UN—_1]
and introducing the cost

1
In(y) = QyTHy

where H € ROmN+nx(ntm)N+n is chosen accordingly, the optimization
problem (1) can more compactly be written as

Vy(@)= min Jx(y) )
s.t. Ay =bx
Cy<d

where matrices A € Ran(n+m)N+n’ bc Rann’ Ce R(nx+nu)N+nf><(n+m)N+n
and d € R(=+m)N+n; gre built according to the introduced vector y. Dual

variables A € R™ for the equality constraints and u € R%‘ FrINTRL for the
inequality constraints are introduced. Under the assumption that Slater’s
condition holds, the following dual problem is obtained (cf. [Boyd and
Vandenberghe, 2004])

V(%) = max min 1yTHy + AT (Ay —bz) + u (Cy — d).
Au>0 y 2

The dual problem can be rewritten as (cf. [Giselsson et al., 2012])

max —% (ATA+CT ) "H(ATA+ CTy) — ATbz — p"d.  (3)
M=

The dual function is defined as the maximand in the dual problem, i.e.,
Dy (%, A, u) = —% ATA+ CTu)™H Y ATA+CTu) — ATbx — ud

and satisfies the properties stated in the following proposition (cf. [Gisels-
son et al, 2012]).
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ProposiTion 1

The gradient of the dual function V Dy is Lipschitz continuous with con-
stant L = |[[ATCT]TH [ATCT]||. The gradient w.r.t. A and u are given
by

VaiDn (%, A, u) = —AH (AT A + CT u) — bz,
V.Dy(%, A u) = —CH ' (ATA+C ) —d
respectively. U

These properties are such that an accelerated gradient method [Nesterov,
2003, Beck and Teboulle, 2009, Tseng, 2008, Giselsson et al., 2012] can be
used to solve the dual problem. Below, a cold-starting variant, i.e., with
A% = 0 and u° = 0, of the algorithm in [Giselsson et al., 2012] is presented.

ALGORITHM 1—ACCELERATED GRADIENT ALGORITHM

Initialize A=A"1=0, u' =y ! =0and y! =0.

For 2 >0
yk — —H_I(ATA,k + CT,uk)
_ k-1
ko ok .
y =y +—k+2(y ¥y
E—1

A.k-H A.k (A.k —A.k_l) + % (Ag,k —b.??:)

k—1 1
k1 _ = ok _
u _max{O,u +k+2(,u o )+L(Cy d)}

End O
The set of optimal dual variables is denoted by

E+2

M (®) = {Ae BV p e BN | Dy(e A > Vi(®))

The set of initial conditions for which (2) is feasible is denoted by Xy. The
optimal solution to (2) with initial condition & € Xy is denoted by y*(%).
Next, we state the convergence rate properties of Algorithm 1.

ProposITION 2
Suppose that & € Xy. For every (A*, u*) € M*(x), Algorithm 1 has the
following convergence rate properties:

1. For all 2 > 1 the dual function converges as

2L
(k+1)2

Ml
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2. The primal variable rate of convergence is

2

4L A
Py @) < = VE>1 5
¥ =5 O < ST | L || 7 5)
where o(H) denotes the smallest eigenvalue to H.
O
Proor
Argument 1 is proven in [Beck and Teboulle, 2009, Tseng, 2008, Giselsson
et al., 2012] and argument 2 is proven in [Giselsson et al., 2012]. O

To compute lower iteration bounds for the cold starting case, i.e., with
A’ = 0 and u° = 0, to guarantee a prespecified dual function value or
primal variable accuracy is the objective of this paper. We will show how
to compute bounds that hold for every & € fXy with B € (0,1) and where
FXy is defined as

pXy = {E € R" | %x € Xyl

Since the set Xy is convex and 0 € Xy (cf. [Rawlings et al., 2008]) we
have that fXy C Xy and that 0 € SXy. Before we proceed with the
presentation we introduce

P:=b"(AH'AT)"'b

which characterizes the optimal solution with only equality constraints
and satisfies

1

§xTPx = max Dy(%, 4,0) < V(%) (6)
We also make the following definition.
DeriniTION 1

The scalar k¥ > 1 is defined as the smallest scalar such that for every
x € Xy we have

V(%) < ngPx.
O
Finally, we make the following assumption.
AssumpTioN 1
We assume that A has full row rank. O
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2.1 Notation

The real line is denoted by R and the non-negative real numbers are
denoted by R>g. The Euclidean norm and the induced Euclidean norm
are denoted by || - || and (x,y) = xTy. Further, 6(H) and o(H) are the
largest and smallest singular value of H respectively. Finally, the i:th
element in a vector is denoted by [];.

3. Lagrange Multiplier Norm Bounds

The only unknown quantity in the bounds in Proposition 2 is the norm of
the optimal dual variables. The topic of this section is to show how such
norms can be computed for any initial condition ¥ € Xy with B € (0,1).
The following result is a straightforward generalization of the result in
[Nedic and Ozdaglar, 2009, Lemma 1].

Lemma 1
Assume that there exists a vector y(x) such that Cy(x) < d and Ay(x) =
bx. Then for every (A", u*) € M*(x) we have that y* satisfies

) (In(F(%)) — VN (%))

where ¥ (¥(%)) := mini<;<(n, +n,)N+n, —[CY(X) — d];. O

Proor
For every (A", u*) € M*(

Ky

) we have

+(47)
+(A)"(Ay(2) —bx) + (1) (Cy(x) - d)

Rearranging the terms gives the result. O

By constructing a strictly feasible vector, referred to as a Slater vector,
a bound on the norm of the optimal Lagrange multipliers associated with
the inequality constraints can be computed. Next, a straightforward gener-
alization to [Giselsson, 2012, Lemma 2] is presented where it was shown
how a Slater vector to (2) for every initial state £ € Xy can be con-
structed. Before the lemma is presented we introduce dmin := min;[d]; >
0.
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LEmMA 2

For every & € Xy with S € (0,1), a Slater vector to the optimization

problem (2) is given by §(X) = By*(x/B). Further, y(§(%)) > (1 — B)dmin-
O

Proor

We first note that

%) ,Bbﬁ — bz

which implies that the equality constraints are satisfied. Further

Ay(x) = BAY'(

Cy(x) = pCy"(Z) < pd=d—(1-p)d

™| &

Hence —(Cy (%) —d) > (1 — B)d which by definition of the function y and
dmin gives the result. O

Next, we present a theorem that, using Lemma 1 and Lemma 2, shows
how a bound on the norm of the optimal dual variables can be computed.
Before we present the theorem, we introduce the matrices

®:= AH AT, ¥ = (AH'AT)'AH!CT. (7

By Assumption 1 A has full row rank and H is positive definite, hence
® = AH'AT is invertible and ¥ exists.

THEOREM 1
For every ¥ € Xy we have for every (A", u*) € M*(x) that
A W k-1 _p
< — TPz + || bx|. 8
e ll=|[F s mpamree e
O
Proor

Using the Slater vector §(x) = By*(x/B) we get

In(F(E) = In(By’ (%)) B3y y'(5)Hy (%)
_ 2y X ok [2]7 (% K TPz
=svp <y 5| P53 =57

where the inequality comes from Definition 1. Further, KKT conditions
to (2) and Proposition 1 gives that for every (A*, u*) € M*(x) we have

—~AH ' (ATA* + CTu*) = bx.
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This implies that
A= —(AH'AT) 1 (AH'CTu* + bx) = —Pu' — bz

where the last equality comes from the definitions of ® and ¥ in (7). This

gives
» [—¥ —o bz
=10+ %)
<[] e+ 10w
<||7 | 7 vt - vae) +1o7bs
= f Ty R

where the second inequality comes from Lemma 1 and the final inequality
from Lemma 2, Definition 1 and (6). This completes the proof. O

In the following section, the bound on the optimal dual variables is
used, together with the convergence rate results in Proposition 2, to com-
pute lower iteration bounds to achieve a prespecified dual function value
and primal variable accuracy.

4. Algorithm Iteration Bounds

Lower iteration bounds to achieve prespecified dual function value and pri-
mal variable tolerances are presented in this section. We consider bounds
for the cold starting case, i.e., when A’ =0 and u® = 0.

4.1 lteration Bound to Guarantee Dual c-solution

First, a lower iteration bound to achieve a prespecified dual function value
accuracy is presented. As in [Giselsson, 2012] a relative tolerance is used
to avoid that a scaling of the @ and R matrices affects the bound.

THEOREM 2
Suppose that Algorithm 1 is initialized with A° = 0 and u° = 0. Then for
every & € Xy with B € (0,1) we have

Vn(x) — D(x, AF, i*) < €4 Vy (%) 9)
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for every k > ky(x) where

_ L ((k—1)vxTPx
k =2/— | ————Vv+ -1 10
and p = ||® P~ 2|| and v = ||[¥T IT]7||/dmin- O

Proor
Inequality (9) is equivalent to

DN(:E’A’*yﬂ*) - DN(:X_:,A’k’”k) S 6dDN(:Eyﬂ'*,”*)

for any (A", u*) € M*(x). From Proposition 2 and (6) we conclude that (9)
2L

holds if
A2
(k+1)2 [ﬂ]

Insertion of the bound in Theorem 1 into (11) and rearranging the terms
gives

< ed%xTPx. (11)

_ L [ (xk—-1)VxTPx |® 'bx|
kd(x) =24/ — v+ — 1.
€d 2(1-p) VT P
We have
[P~ "bx| | P~ "bx ||2 ST1T 3 —2 2T
— < pE=S < i b ® *bx < x' Px.
ViTPz ~ |P1/2x|2 = <P P

Since 0 € int(fXy) this holds for every & € Xy if and only if p is such
that

b d2b < p?P <= P 12pT o 2pP 12 < p[ = ||&~bP~ V2| < p.
(12

Choosing p such that the last step in (12) holds with equality completes
the proof. O

ReMark 1

As in [Giselsson, 2012] the lower iteration bound is not affected by scaling
the cost matrices by a factor a > 0. This is true since for cost matrices
Q. =aQ and R, = aR we get L, = %L, P, =aP, p, = \/ap, and v, = v.
By insertion into (10) the factor a is cancelled. O
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REMARK 2

It is desirable to compute a lower iteration bound for all ¥ € SXy. By
maximizing kg (%) subject to £ € BXy this can be obtained. Since it is
often difficult to describe the set ¥ € fX an over estimator to the lower
iteration bound is found by maximizing k(%) subject to £ € SX. The only
x-dependency in the iteration bound is v &I Px which affects the bound
affinely. By maximizing &7 P& over BX, which is a quadratic convex maxi-
mization problem, the maximizing % can be found. Such problems are NP-
complete but can be rewritten as mixed integer linear programs (MILP) as
shown in [Jones and Morari, 2009, Lemma 1]. There are efficient MILP-
solvers that in every iteration produce upper and lower bounds to the
optimal value. An upper bound to the optimal value is enough to compute
an iteration bound, hence the MILP solver can be stopped when sufficient
accuracy has been reached. O

4.2 Primal Variable Iteration Bound

In this section, a bound on the number of iterations needed to guarantee
a prespecified distance between the algorithm primal variables and the
optimal primal variables is presented.

THEOREM 3
Suppose that Algorithm 1 is initialized with A° = 0 and u° = 0. Then for
every ¥ € Xy we have

Iy* —y* @) < & (13)

for every k > k,(x) where

_ 2 L ¥ 1(—1 )ES Px 1y -
) = 2 e (1] S s +127250) -
Proor

From Proposition 2 we have that (13) holds if

A,*
k+1

Insertion of the bound in Theorem 1 and rearranging gives the result. [
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5. Preconditioning

In this section we focus on how to precondition the problem data to get
improved iteration bounds. We precondition the equality constraints with
an invertible matrix E such that EAy = Ebx and the inequality con-
straints with a diagonal matrix F with positive diagonal elements such
that FCy < Fd. To keep the sparse structure of the equality constraints,
E should satisfy E € E where ‘E defines the sparsity structure. We as-
sume that ‘£ is such at least all diagonal elements may be non-zero. We
note that the only terms in (10) that are affected by the preconditioning
are L, v, and p. In the following lemma we show that the optimal precon-
ditioner for the inequality constraint has the form F = ¢tD~! where ¢ > 0
and D := diag(d).

Lemma 3

Let the Lipschitz constant to V Dy be bounded by L. Then the optimal
preconditioner for the inequality constraints satisfies F = tD~! for some
t > 0 where optimal refers to the preconditioners that minimize the iter-
ation bound in Theorem 2. O

Proor

Since F' and D are diagonal matrices with positive elements, F' can be
represented as F = GD~! where G is a diagonal matrix with positive
elements. The variables in the iteration bound in Theorem 2 that are
affected by the preconditioning are p, v and L. For preconditioners E and
F = GD™, p satisfies

p = |(EAH'ATE")"'EbP~?|| = | E-"(AH'A") 'E" EbP ™|
= |ET" o7 bP 12| (14)

and v satisfies

[ (EAH-'AT ET)-'EAH-'CTD-TGT
V= I /dmin
" E-T(AH-'AT)-'E-'EAH-CTD-TG" o
- i /min[GDd],
L J
(E-TWDTGT
= I ] H /lmin(G) (15)

where ® and W are defined in (7). Further, since the Lipschitz constant
to V Dy should be bounded by L for all feasible E and F = GD™!, they
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must satisfy (see Proposition 1)
EA "
H [ } (16)
GD_IC GD~'C

Next, we show that the optimal F satisfies F' = tD‘i where t > 0, i.e., that
the optimal G = ¢I. We represent G as G = tI + G where G is diagonal
and G > 0. This implies that (15) is equivalent to v being the smallest
scalar such that

GDWTEETYDTGT + 1 <v*°1
which in turn is equivalent to v being the smallest scalar such that
V2 —1)I = ETTYDTGTGD'WTE!
= ETYD (1 +2Gt+ GT'G)D'WTE .

Hence, for given ¢ > 0, G=0 gives the smallest v independent of E.
Further, the Lipschitz constant constraint (16) is equivalent to

LI > H—1/2 [ATET, CTD_TGT][ATET, CTD—TGT]TH—1/2
which in turn is equivalent to
LH>ATETEA+C"DTG"GD™'C
=ATETEA+C"D T (1 +2Gt+ GTG)D'C.

We introduce X(G) = LH — CTD-T(2I + 2Gt + GT G)D~'C which sat-
isfies X (G1) < X (Gs) if G1 > G2 = 0. We also define the set of feasible
preconditioners for the equality constraints

>(G)={Eec E|ATETEA< X(G)}.

For E € £(0) we have ATETEA < X (0) and for E € X£(G) with G > 0
we have ATETEA < X(G) < X (0), which implies £(G) C £(0) for every
G > 0. Hence, by setting G = 0 the variable v is as small as possible and
the set of feasible E is as large as possible. This implies that if G = 0 then
E gets maximal freedom in minimizing (14) and (15) while respecting the
constraint (16). This concludes the proof. O

Before we state the theorem about how to compute the optimal precon-
ditioner we define P, := max,cx V&7 Px. This implies max,cgx v« Px =
BP,.

100



5.  Preconditioning

THEOREM 4

Let the Lipschitz constant to V Dy be bounded by L. Then the precondi-
tioners E and F' that minimize the iteration bound in Theorem 2 for fixed
B € (0,1) are found by solving the following semidefinite program

. (K - 1),3Px

min WV + p
T Z 0D 1b

st | i s } >0 (17)
r Z  ¢wDT
LppwT (1 —s)I} = (18)
Tl ¢D~1C
| oC"DT LH —ATZA} =0 (19)
v 1

) ¢] >0 (20)

_’1’ ;] >0 (21)
Z =0,ZcE

p>0,60>0,¢>0,v>0,5s>0

where Z = ETE, s = ‘f—: and F = tD~'. Further, the optimal value, i.e.,
the lower iteration bound, is the same for any choice of L > 0. O

Proor
The variables in the iteration bound in Theorem 2 that are affected by the
preconditioning are p, v and L. Variables p and v are given by (14) and
(15) respectively when preconditioning is used, and the constraint imposed
by L is given in (16) in the preconditioning case. We will show that the
posed semidefinite program implies (14), (15), and (16) and chooses the
preconditioners that minimize the iteration bound in Theorem 2.

Schur complement of (21) gives p > 1/6. Further, Schur complement
gives that (17) and Z > 0 implies

1
Tao-T7-1gp-1 2
b Zd bjaszp P.

Hence
IE-T® P2 < p (22)

and (14) is implied by choosing the smallest p such that (22) holds. Schur
complement of (20) gives v > 1/¢ and Schur complement of (18) gives

D wTz-lyp-T < ¢—12(1 —s)I<(v?— tlz)z.
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This is equivalent to
tDTWTZ7 YW DTy 4 T <221 = v2d2,

mm

which in turn is equivalent to

<. (23)

dmin -

{E‘T‘PD_Tt] 1
I

By choosing the smallest v such that (23) holds, (15) is satisfied since by
Lemma 3, G = tI is optimal and since Apmin(G) = dmin. Finally, since s > 0
Schur complement of (19) gives

2
LH>ATZA + "D " p-1c = ATZA + C"DTED'C
s
which is equivalent to
L > ||H_1/2[ATET, CTD_Tt] [ATET, CTD—Tt]TH—l/ZH

which in turn is equivalent to

{ EA ] _1[ EA ]T
> H )
~—|l|tD~1C tD-1C

This implies that the Lipschitz constant constraint (16) holds. Next we
show that the cost
(x —1)BP,

min Wv +p (25)

implies that (24) holds with equality which implies that the iteration
bound (10) is minimized. Since ¢ = dpin the bound (23) is equivalent to

T\PDT
|| B

(24)

Further, (22) depends on E~!. This implies that p and v are decreasing
when E and ¢ are increasing, while the r.h.s. of (24) is increasing with
E and ¢t. Hence, the optimal preconditioners must have equality in (24).
Further, since (24) holds with equality, the Lipschitz constant L in (10)
is fixed and (25) minimizes the iteration bound (10).

It remains to show that the iteration bound (10) is independent of
the choice of L > 0. The iteration bound (10) depends on vLp and v Lv
and the only hard constraints are (24) and the constraints on positive
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definiteness. We introduce the set of feasible preconditioners for fixed L
as follows

O(L)={¢t>0,E€ E| E > 0 and (24) holds}.

Since ‘E is only a sparsity constraint we get for any L; > 0 and Ly > 0
that /Ly®(L1) = vVL1©(Ls). Hence every pair (t2, Es) € ©(Lz) can be
described as (2, Es) = \/La(t1, E1) where (t1,E1) € ©(L;) and L; = 1.
We denote by p; and v; the bounds (22) and (23) using #; and E; and
by p2 and vy the bound (22) and (23) using t2 and E;. We see from (22)
that using E; = LgE; and t; = /Lot gives ps = p1/v/Ls and from
(23) we conclude that v = vi//Ls. Since the iteration bound depends
on VLp and VLv we get VLaps = VLap1/vVLz = 1p1 = Lip: and
VLavy = /Lavi/v/Lz = 1v; = /L1v;i. Hence, the choice of L does not
influence the iteration bound. This completes the proof. O

REMARK 3

Since Z is symmetric and positive definite it can be decomposed as Z =
UXUT where U is unitary and X is diagonal with positive diagonal ele-
ments. Setting E = UXY2UT gives that if Z € ‘E then also E € E and
ETE = UX2UTUx2UT = UXUT = Z. The preconditioning matrix F
is readily computed by setting F = \%D‘l. O

6. Numerical Example

The efficiency of the preconditioning and the conservatism of the iteration
bound are evaluated by applying the optimization algorithm on a DMPC
problem where the dynamics matrix is randomly generated and has sparse
structure. The system is unstable since the largest eigenvalue of the dy-
namics matrix is 1.1. The system has 3 sub-systems with 5 states and 1
input each, i.e., in total 15 states and 3 inputs. The state and input vari-
ables are upper and lower bounded by random numbers in the intervals
[0.5 1.5] and [—0.15 — 0.05] respectively. We evaluate the preconditioning
and the iteration bound on two different choices of cost-matrices. The first
choice is @1 = I, R; = I and in the second choice, the cost matrices Q-
and Ry are diagonal and each diagonal element is randomly chosen from
the interval [1 100]. The control horizon is N = 6. All simulations are per-
formed in MATLAB and the semidefinite program for the preconditioning
is solved through YALMIP [Lofberg, 2004] using SeDuMi [Sturm, 1999].

In Table 1 we compare the number of iterations needed to achieve a
certain dual accuracy using for the randomly generated DMPC problem
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Table 1. Experimental results for Algorithm 1 with and without preconditioning.
The number of algorithm iterations and iteration complexity bounds are presented.

Cost € B precond # iters iter bound
avg. | max.
®1,R; | 0.005 | 0.25 y 7.44 19 220
®1,R; | 0.005 | 0.25 n 36.41 57 1014
®2,Rs | 0.005 | 0.25 y 9.57 68 484
Q2, Ry | 0.005 | 0.25 n 191.15 | 343 5087
®1,R; | 0.005 | 0.5 y 10.65 28 496
®Q1,R:1 | 0.005 | 0.5 n 40.26 82 2449
Q2, Ry | 0.005 | 0.5 y 23.26 123 1333
Q2,Rs | 0.005 | 0.5 n 201.41 | 505 12463
®1,R: | 0.005 | 0.75 y 13.22 39 1326
®1,R; | 0.005 | 0.75 n 46.12 128 6752
Q2, Ry | 0.005 | 0.75 y 30.17 155 3878
Q2, Ry | 0.005 | 0.75 n 214.52 | 624 34585

with and without preconditioning for the two choices of cost matrices. We
also compare the actual number of iterations with the iteration bounds
to evaluate the conservatism of the bounds. The first column specifies
which cost matrices that are used. The second column specifies the duality
tolerance and the third column specifies the set from which the initial
conditions are chosen where S is the scaling factor, i.e., initial conditions
are chosen from SXpy. The fourth column specifies if preconditioning is
used or not. The fifth and sixth columns present average and max number
of iterations while the seventh column presents the iteration bound. The
data in Table 1 is obtained by solving the DMPC optimization problem for
10000 randomly generated initial conditions.

In Table 1 we see that the preconditioning reduces significantly the
number of iterations needed to achieve a relative dual accuracy of 0.005.
This holds especially when using cost-matrices @9, Rs which result in
more ill-conditioned problems than using cost-matrices @1, R;. Further,
the conservatism of the iteration bound is about one to two orders of
magnitude.

7. Conclusions and Future Work

We solve the optimization problems arising in MPC with linear dynamics,
polytopic constraints and quadratic cost using a dual accelerated gradient
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method [Giselsson et al., 2012]. We have presented iteration bounds that
guarantee a prespecified dual function value and primal variable accu-
racy. The iteration bounds are used to create an optimal preconditioning
where optimal refers to the preconditioning that minimizes the iteration
bound for the dual function value. The provided numerical example shows
that the resulting preconditioning can reduce significantly the number of
iterations needed to achieve the desired accuracy of the dual function,
especially for ill-conditioned problems.
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Paper IV

A Generalized Distributed
Accelerated Gradient Method for
DMPC with Iteration Complexity

Bounds

Pontus Giselsson

Abstract

Most distributed optimization methods used for distributed model
predictive control (DMPC) are gradient based. Gradient based opti-
mization algorithms are known to have iterations of low complexity.
However, the number of iterations needed to achieve satisfactory accu-
racy might be significant. This is not a desirable characteristic for dis-
tributed optimization in distributed model predictive control. Rather,
the number of iterations should be kept low to reduce communica-
tion requirements, while the complexity within an iteration can be
significant. By incorporating hessian information in a distributed ac-
celerated gradient method in a well-defined manner, we are able to
significantly reduce the number of iterations needed to achieve sat-
isfactory accuracy in the solutions, compared to distributed methods
that are strictly gradient-based. Further, we provide convergence rate
results and iteration complexity bounds for the developed algorithm.

Submitted to 2013 American Control Conference, Washington, D.C., 2013.
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1. Introduction
1. Introduction

Many distributed optimization algorithms are based on gradient meth-
ods, see [Boyd et al, 2011] and the references therein. Gradient-based
optimization methods have low computational complexity within each it-
eration. However, a limitation of gradient-based methods is the slow con-
vergence rate. For functions with a Lipschitz continuous gradient, i.e.,
smooth functions, classical gradient-based methods converge at a rate of
O(%) as shown in [Bertsekas, 1999, Nesterov, 2003], where % is the it-
eration number. This convergence rate is not optimal for gradient meth-
ods. It was in [Nemirovsky and Yudin, 1983] shown that a lower bound
on the convergence rate for gradient-based methods is O(k—lz) The first
method that achieves this accelerated convergence rate was presented
by Nesterov in [Nesterov, 1983] for unconstrained problems. This result
has been extended and generalized in several publications to handle con-
strained smooth problems and smooth problems with an additional non-
smooth term [Nesterov, 1988, Nesterov, 2005, Beck and Teboulle, 2009,
Tseng, 2008]. Recently the accelerated gradient methods has been gener-
alized in [Zuo and Lin, 2011] to allow for a step matrix instead of a scalar
step length with preserved convergence rate guarantees.

In the DMPC literature some distributed optimization methods have
been used to control sparsely interacting dynamical systems. These in-
clude [Negenborn et al., 2008, Wakasa et al., 2008, Doan et al, 2009] in
which different reformulations of the classical gradient method with sub-
optimal step sizes are used to solve the dual problem. In [Giselsson et al.,
2012] an accelerated gradient method is used to solve the DMPC problem
and the optimal step size is provided. Further, in [Giselsson, 2012] itera-
tion bounds for the method presented in [Giselsson et al., 2012] are given.
In [Trnka et al, 2011] a quasi-Newton method is used to solve the DMPC
problem in a water distribution network. The subproblems are solved in
parallel, but a central coordinator is needed for this approach.

In this paper we extend the results in [Giselsson et al, 2012] and
[Giselsson, 2012] using the generalized accelerated gradient algorithm
presented in [Zuo and Lin, 2011]. We present a distributed optimization
algorithm applicable to DMPC that use not only gradient information, as
is common in distributed optimization, but also hessian information in
each iteration. This significantly improves convergence rate compared to
previous gradient-based distributed optimization methods for DMPC as
is demonstrated by a numerical example. We also provide a bound on the
number of iterations needed to guarantee a prespecified dual accuracy and
indicate how an iteration bound for the primal variables can be computed.
The latter bound is left out for space considerations.
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2. Problem Setup

The problem of controlling a linear dynamical system in distributed fash-
ion to the origin is considered. We assume polytopic constraints and apply
a distributed MPC controller in which the following optimal control prob-
lem with initial condition ¥ € R" is solved iteratively

N-1

_ . 1

Vn (%) = min 5 tz_;(xtTth + ul Ru;) (1)
st. (x,u)eXxU, t=0,....N—1
xt+1=Axt+But, t=0,,N—2

x0=5c.

Note that no terminal constraint set or terminal cost is present in the
problem formulation. Stability and feasibility results for distributed MPC
without terminal constraint set and terminal cost is presented in [Gisels-
son and Rantzer, 2012]. We introduce the following state and control vari-
able partitions

Xt = [(xtl)T’ SRR (xgtl)T]T’ Uy = [(utl)T’ ERER) (ugw)T]T

where x! € R" and u} € R™ are referred to as local variables and x; €
R™, u; € R™ are referred to as global variables. The dynamics matrices
A € R and B € R"™™ are partitioned accordingly

A - A Bii1 -+ By

Ayi1 - Aum By1 -+ Buwm

where A;; = R™*% and B;; = R™*™ . These matrices are assumed to have
a sparse structure, i.e., that some A;; = 0 and B;; = 0. The neighboring
interaction is defined by the following sets

%={j€ {1,...,M}|Aij7éOOI'Bij7éO},
M={j€ {1,...,M}|Aji7éOOI'Bji750}

which gives the local dynamics

x§+1 = Z (A,-jx{ +B,-ju{), x
JEN;

S
I
Ky

&
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fori=1,...,M. The global constraint sets are assumed to be products of
local sets, i.e.,

X=X1X...XXM, ‘U=U1X...X‘UM

where the local constraint sets X; and U; for i = 1,...,M are bounded
polytopes containing zero in their respective interiors. The local constraint
sets can be represented as

X; ={x' € R% | Cix' <dl}, U ={u' € R™ |Ciu' <d'}

where Ci € R"™™ Ci € R™™, di € R.5 and d, € R.&. We de-
fine the total number of inequalities in X and U by n. = ) ;(n., +
n.,). The quadratic cost function in (1) is assumed separable, i.e., @ =
blkdiag(@Q1,...,Quy) and R = blkdiag(R1,...,Ry) where @; € S}, and
R, € ST fori =1,...,M and S", denotes the set of symmetric positive
definite matrices in R"*". We create the stacked vectors

yi = [ ()" @) ()T

fori=1,...,M and y = [y},...,y%|7. This implies that the optimization
(1) problem can more compactly be written as

Vy(%) ;== min iy"Hy (2)
y
s.t. Ay =bx
Cy<d

where

H = blkdiag(Hj, ..., Hy), %=
A=[AT .. AL7, b=[b! ... b7,
C = blkdiag(Cy,...,Cy), d=]
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and

Hi = blkdiag(Qia'"’Qi’Ria""Ri)’
A; = [Ai1,..., Aim],

ro Bij
A.A
N . J €A\
I A 0 B;;
Ay=1{ [-I Bii
Aj .
» J =1

L A; -1 B;;

0, JEN

b; = [bi1,...,bim],
[-AL0,...,0]T, j€EN;
b;; = ! .
0, JEN
C; = blkdiag(C.,...,C.,C.,...,C),
d; = [(d)",.... (&), (d)", .., ()]
We introduce dual variables A € R*¥-1) for the equality constraints and

dual variables u € Rgg" for the inequality constraints to get the following
dual problem -

max min 1yTHy + AT (Ay — b%) + u” (Cy — d). (3)
Au>0 y 2

As shown in [Giselsson et al., 2012], the inner minimization problem can
be solved explicitly which gives the following dual problem
max —% (ATA+CTw)"H(ATA+C ) — ATbx — f7d. (4
>

We define the dual function for initial condition X as
Dy (&, A, 1) := —%(ATA + CTuw)TH Y ATA+CTu) — ATbx — uTd  (5)

which is concave and differentiable with gradient

A
C

~—

VDy(%, A u) = — [ } H'(ATA+CTu) - {b’z] : (6

d
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3. Distributed Algorithm

2.1 Assumptions and Definitions

We define by X the set of initial conditions for which (2) is feasible. We
also define

P:=b"(AH'AT)"'b

which characterizes the optimal solution without inequality constraints

since

1
§xTPx = max Dn(%,A,0) < Vy(%). (7)

We also introduce the following definition.

DErFINITION 1
We define k¥ > 1 as the smallest scalar such that for every ¥ € Xy the
following holds

Vn(x) < =x7Px.

| A

AssumpTioN 1
We assume that A has full row rank and that ATA + CTC is invertible.
O

2.2 Notation

We denote by R real numbers and R>( non-negative real numbers. We use

the following norm notation ||x||, = VT Lx and ||x|| = vxTx and inner
product (x,y) = x7y. Also, []; denotes the i:th element in the vector.

3. Distributed Algorithm

In this section we show how the generalized accelerated gradient method
presented in [Zuo and Lin, 2011] can be used in distributed model predic-
tive control. The generalized accelerated gradient method can be applied
to problems of the form

min f(x)
where X is a closed, convex, and non-empty set and f : R” — R is convex
and differentiable. Further, f should satisfy

Floer) < Floo) + (Y fx), 21— 2) + 5[0 — ol ®)
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for every x1,x9 € R"” where L is a positive definite matrix. The generalized
accelerated gradient algorithm is defined by the iterations

kE—1
k_ k k_ k-1
vt =x +k+2(x x*7)

1
xk+1 — argnéi)rfl f(Uk) + (Vf(Uk)ax - Uk) + §||x - vk”%
x

where % is the iteration number. Straightforward verification gives that
these iterations can equivalently be written as

ok R=1 h k1
vt =x +k+2(x X7 9)
. _ 2
P =argrxré1)r(1(||x—vk+L 1Vf(vk)HL). (10)

We see that L™! serves as a step matrix for the gradient. The algorithm
is a generalization of the algorithm in [Beck and Teboulle, 2009] with the
difference is that in [Beck and Teboulle, 2009], L is restricted to being a
multiple of the identity matrix.

ReEMARK 1

The convergence of the algorithm depends on the quadratic upper bound
(8) to f. The tighter this upper bound, the fewer iterations can be ex-
pected. For L being a multiple of the identity matrix, the quadratic part
of the upper bound has the same curvature in every direction, which typ-
ically leads to bad convergence rate for ill-conditioned problems. For an
appropriately chosen L-matrix the quadratic upper bound to f becomes
tighter and a better convergence rate is expected. O

In the following proposition we show how L should be chosen to satisfy
(8) for f = —Dy. Before the result is stated, we introduce the matrix

T := [ATCT|TH'[ATCT]. (11)
ProposriTiON 1

Every positive definite matrix L that satisfies L > T satisfies (8) for
f = —Dy where Dy is defined in (5). O

Proor B
We introduce g = [(bx)T d|7, z = [ATu”|T and Dy(%,2) = —2"Tz— g”=.
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3. Distributed Algorithm

For every z1, 2o € RN(7)=" the following holds

1 1
§||21 — 2l > Sllz1 — 2|7

1 1
= §leT21 + §ZZTT22 - 21TT22

~ 1
=—Dn(%,z1) — 9lz1 — §ngz2 —(Tz9,21 — 29)
= —Dy(%,21) — g7 z1 + Dn(%, 20) + g7 20+
+ <V5N(32‘,22),21 — 22> + gT(z1 — 22)

= —Dy(%,21) + Dn(%,22) + <V5N(9?,22),21 - 22> .

Since Dy(%,z) = Dy(%, A, u) if z = [ATu”]” and since Dy is concave we

X,
have that f = —Dy is convex and satisfies (8). This concludes the proof.
t

We have shown that the generalized accelerated gradient method can
be applied to solve the dual problem provided that the matrix L satisfies
L > T =[ATCT|TH'[ATCT]. The following semidefinite program can be
used to compute such an L-matrix:

in tr(L 12
min tr(L) (12)
st. L > [ATCTITH ' [ATCT]

L>0

where L defines some structural constraint on the L-matrix.

To apply the generalized accelerated gradient method, defined by iter-
ations (9)-(10), to solve the dual problem (4) we introduce the dual vari-
able iterations A* and u* where % is the iteration number and A* = A* +
AL (AP —A*1) and @t = pt + 55 (u* — u*~t). We also define primal vari-
able iterations as y* = —H !(ATA*+ CT ") and 3* = y* + L1 (y* —y* ).
By insertion into (6), the dual function gradient becomes

VDy(z, A% @) = m vt — [':ﬂ :

By restricting the set of L matrices to be of the form L = blkdiag(L,, L)
it can be verified that the iterations (9)-(10) when applied to the dual
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problem (4) becomes

yk =_H—1(ATA’k+CTﬂk) (13)
_ E—1 -
yk=yk+—k+2(yk—y"’ Y (14)
B} E—1
Y E_ ak—1
A=A (A=A (15)
M= 2F 4+ L7 (A* — bx) (16)
kE—1
=k _ .,k k k-1
H=p oW - (17)
k+1 . =k -1 —k 2
| Taal —argglzlg(Hu—ﬂ —- L, (Cy _d)HLy) (18)

REMARK 2

For diagonal L, the projection operation in (18) becomes very cheap,
namely a max-operation for each element in u. However, the number of
iterations to achieve satisfactory accuracy might be significant. For, non-
diagonal L, the projection operation is more computationally expensive
but for appropriately chosen L a reduced number of iterations is expected.
This is desirable in DMPC where the number of iterations, i.e., the amount
of communication, should be kept as low as possible. O

We introduce dual variable partitions
A=[AT,..., Ayl p= s tyl"

according to the division of the equality and inequality constraint ma-
trices A and C. By restricting the set of possible step matrices L, to
L; = blkdiag(L},...,LY) and L, to L, = blkdiag(Lj,..., L} ), where
the partitioning corresponds to the partitioning of A and C, and by noting
that

vi=-m (X AL+ ofut
JEM;

we get the following distributed algorithm.

ALGORITHM 1—DISTRIBUTED ALGORITHM
T 0 _ 2—1 ;40 — ;1 0 _ 1
Initialize A} = A7, ) = y; " and y; =y;

In every node, i, the following computations are performed
For k>0
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1. Update primal variables according to

b= ! <( Aﬁkf) +Clu )
JEM;

l(yl —yih

i =yt + P2

2. Send y} to each j € M;, receive % from each j € Nj;

3. Update dual variables according to

k E_ ak—1
A= Ak 4 k+ (A — A
AFT = 2F + (Lﬁ)_1< > (AyyE - bijfj))
JENG

k—
ut = ut k-1
lut_lul+k+2(lul lut )

pitt = argmin (i — i = (L) (Civt - )

2
Ly

4. Send A¥™! to each j € A, receive A.f“ from each j € M;
End O

We introduce the set of optimal dual variables

M() {AeRan ’ueRNnc

Dy(%4,1) > Vi(3)}

The convergence rates for the dual function Dy and the primal variables
when running Algorithm 1 are stated in the following theorem.

THEOREM 1
Suppose that ¥ € Xy and let (A*, u*) € M*(x). Then Algorithm 1 has the
following convergence rate properties:

1. For £ > 1 the convergence rate for the dual function is

2| [5]- [l

(k+1)2 - (19)

DN("E’ A’*uu*) - DN(J_C’A’knuk) <
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2. Let y*(x) be the unique optimal solution to (2) with initial condition
x. For k > 1 the convergence rate is

i) -[e]

Omin(H) (% + 1)2

2

Iy* —y* (@5 < L (20)

where Opmin (H) is the smallest eigenvalue to H.

Proor

Argument 1 is proven in [Zuo and Lin, 2011] while argument 2 is a
straightforward generalization of [Giselsson et al, 2012, Theorem 1(2)].
]

4. Lagrange Multiplier Norm Bounds

From Theorem 1 we conclude that a bound on the norm of the optimal dual
variables is needed to bound the number of iterations necessary to achieve
a prespecified dual accuracy. First, we state a result from [Giselsson, 2012]
in which a bound on the optimal dual variables is presented. Before the
result is presented we define dp, := min;[d];, and

@ := AH'AT, ¥ = (AH'AT)'AH'CT.

The matrix @ is invertible since H™! has full rank and A has full row
rank due to Assumption 1.

Lemma 1
For every ¥ € fXy where S € (0,1) we have that

A*
max L S hp(x) (21)

(A w)eM (%) || LM

where ”
_ K—1 T 1 -
= — %' P D
(%) HMH 50— B~ L7 T I®bA]

and x is defined in Definition 1. O

For the cold starting case, i.e., with A° = 0 and u® = 0, the convergence
rates (19) and (20) depend on ||[(A*)T, (&*)T]”||z. A bound on this can
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4. Lagrange Multiplier Norm Bounds

be obtained by noting that ||[(A*)", (u*)"]" ||l < ILII[(A")", (u*)"]"|| and
using Lemma 1. However, this bound becomes quite conservative and a
tighter bound can be computed. To achieve this, we introduce the following
decomposition of the dual variables, A = A, + A, and u = u, + y,, where

oy [T

P

|eaciaren) e

n

and A denotes the null-space. We denote by Z an orthonormal basis to
the null-space of [AT CT],i.e., [AT CT]Z = 0 and ZTZ = I. Since the null-
space to [AT C”]is perpendicular to the range of [AT CT]T the decomposed
dual variables can be represented as

RS P

where Z, and Zz, are new variables of smaller dimension. The KKT con-
ditions for the dual problem described by the decomposed dual variables
are presented next.

ProposiTiON 2
The KKT conditions to (4) are

— T 9+ T , = =
—AH " (A"A, + CT ) = bz (24
—CH'(A"A; + C"up) =d +s (25
s<O0, u,+u, >0 (26
[(ae) + (a,)]ils]i = O (27

~— — ~— ~—

where A7, A, 4, and u;, satisfy (22) and the optimal dual variables A", u*
satisfy A* = A% + A5 and p* = p1l + a1 =

Proor

The result is immediate from the KKT conditions [Boyd and Vanden-
berghe, 2004, §5.5.3|, the dual variable decomposition A* = A, + Ay,
M = w, + m;, and due to (22) which implies that ATA; + CTu; = 0.
t

REMARK 3

The variables A}, and u,, satisfy the stationarity conditions while 4; and
M;, do not affect the stationarity conditions but instead ensure dual feasi-
bility and complementarity. O
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Before we present bounds on the decomposed dual variables we define {
as the smallest positive scalar such that

o] e[e] = [e] = [¢] e

where T is defined in (11). Such finite { exists since by Assumption 1
ATA + CTC is invertible and

N R——

which is positive definite since H™! is positive definite. In the following
lemma, bounds for the decomposed optimal dual variables are presented.

LEMMA 2
Suppose that ¥ € Xy and B € (0,1). Then

AT A
[ f] L[ {j} < x¢x"Px (29)
My, My
and
KL [E] sizman (e -5 e
ml el g IZ]
hold for every A;, A;, u;, and u;, that satisfies (22) and the KKT conditions
(24)-(27). O
Proor

To show (29) we have

B o 5] - [A] s [A) e 2] 7[4]
«qT .
-l
TA — A Al __ . TA N— A
=g_”*_T”J [C}HI[C] L,*_WJ
=[] 7] (31)
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where the first equality comes from (23), the first inequality from (28),
the second equality from (23) the third equality holds since A* = A7 + A;,
and " = u, + M, and due to (11) and the last equality is due to (22)
which implies AT A} + CT ui = 0.

Further, the KKT conditions for the dual problem (24)-(25) give that

A bz A bx
o=l g Lar) =)+ [T
M, d+s M d+s

This implies that

0=1[(A)" (u)" (T [z] * [dbst

*

= (W) IT || 45T (@)
= (o) + 3 )17 [ ] (32)

where sTu* = 0 from (27) is used in the final equality. Using (31) and
(32) we get

B ] <e[E] v [2] = ot < cuerr

where Definition 1 is used in the last inequality. This proves (29).
Next we show that (30) holds. From (22) we have that

()" () 1(A)T () 1" =0,

hence Pythagoras’ theorem implies that

M, I’y M,
Further,

AT AT A
S (e [
My MplllL My
where the equality comes from (32) and the final inequality comes from
(7). By applying Lemma 1 and (34) to (33), we get

I =11
My o My

2

=2Vy(x) > x'Px  (34)

2
T

2 o
T Px

< (hp(®))* - T (35)
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Further, from (23) we have

[ j] =2z,=2(2%2)'z" [ ’;} =ZZT[ ’;]
M, M M

since ZTZ = I. This implies

A S B R R

nlp | =" zzTLzzT |
7 I I u

_T —

_w2 x' Px

S”ZTLZ” <(hﬁ(x)) - IZ] )

2
}sMZZTLZZTn

4
M,

n

where the last equality holds since Z7Z = I and due to (35). This con-
cludes the proof. O

Using Lemma 2, we are now ready to state the following theorem on
dual variable bounds.

THEOREM 2
Suppose that & € Xy and f € (0,1). Then for every (A", u*) € M*(x)
we have

[irL [z} < <\/||ZTLZ|| [(hﬁ(x))2— x”TTP”x] + KngPx>2.

Proor
Using the triangle inequality we get

o <L = QLRI -IGE

Insertion of the corresponding bounds in Lemma 2 gives the result. [

Most conservatism in the dual variable bound comes from the func-
tion hg, which originates from the estimate of the dual variable bound in
Lemma 1. In Theorem 2 the function Ay is multiplied by [|ZTLZ]|. If L
approximates T well, it is anticipated that ||Z7 LZ|| becomes small which
gives improved bounds compared to using || L|/hg(X).
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5. Iteration Bounds

The dual variable bounds presented in the previous section can be used
to bound the number of iterations necessary to guarantee a prespecified
accuracy of the dual function value and the primal variables. However, for
space considerations we omit the primal variable iteration bound result,
which is derived similarly to the dual function iteration bound. In the
following theorem we present an iteration bound for the cold starting
case. We have used a relative accuracy of the optimization problem to
avoid that a scaling of the cost-matrices affects the iteration bound.

THEOREM 3

Suppose that x € fXy and g € (0,1) and that Algorithm 1 is cold-started,
i.e., initialized with A° = 0, u° = 0, and y° = 0. Then the dual function
satisfies

Dy (% A", p") — Dy (%, A%, ") < &, Dy (%, A%, ") (36)
for every k > k,(X) where
L2 (hp@)" _ 1
- T - —
ky(%) = = \l 127020 | e — o | + Vel | -1 (37)

O

Proor
For the cold starting case we have A’ = 0 and u° = 0. Due to Theorem 1
and since 2&7 Px < Dy(&, A", u*) we conclude that if % is such that

"

then (36) holds. Insertion of the bound in Theorem 2 into (38) and rear-
ranging the terms gives the result. O

To compute a bound that holds for all £ € Xy (37) is maximized
subject to ¥ € BXy. A more conservative bound is obtained by removing
1/||L]| from (37) which gives the following maximization problem

92 2

(k+1)2

< eU%xTPx (38)

L

2
A4S /%T px
irenl%gv ﬁ( |IZTLZ]| (p X Px+7) +\/1c§) (39)
where
o v k-1
7 = lle7bPE, sz[I]H 51— B’
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An over-estimator to (39) can be computed by optimizing over SX, which
satisfies Xy C BX. This is beneficial since Xy might be difficult to
express explicitly and X is of lower complexity. The resulting optimiza-
tion problem depends affinely on v 7 Px. Hence, the maximizing % can be
computed by maximizing 7 Px over SX which is a quadratic maximiza-
tion problem over a polytopic set. Such maximization problems are known
to be NP-complete, but can be rewritten as a mixed integer linear pro-
gram (MILP) as shown in [Jones and Morari, 2009, Lemma 2] for which
efficient solvers exist. In every iteration, MILP-software produce upper
and lower bounds to the optimal value. To compute an iteration bound,
an upper bound to the objective is enough. This implies that the MILP
optimization can be stopped when sufficient accuracy has been achieved.

6. Numerical Example

We evaluate the efficiency of the proposed distributed optimization algo-
rithm and the conservatism of the iteration bound by applying it to a
dynamical system with sparse structure that is randomly generated. The
largest eigenvalue of the dynamics matrix is 1.1, i.e., the system is un-
stable. The system has 3 subsystems with 5 states and 1 input each, i.e.,
15 states and 3 inputs in all. The state and input variables are bounded
from above and below by random numbers in the interval [0.5 1.5] and
[-0.15 — 0.05] respectively. The cost matrices @ and R are diagonal and
each diagonal element is randomly chosen from the interval [1 100] and
the control horizon is chosen to N = 6. We use two different L-matrices,
one block-diagonal denoted L; with three blocks corresponding to each
of the three subsystems and computed using (12). The other L-matrix is
L; = ||T|| which is the optimal L-matrix when restricted to being a mul-
tiple of the identity matrix as in standard distributed gradient-based opti-
mization (cf. [Giselsson et al., 2012]). The problem data is preconditioned
using the technique presented in [Giselsson, 2012]. All simulations are
performed in MATLAB and the semidefinite programs are solved through
YALMIP [Lofberg, 2004] using SeDuMi [Sturm, 1999] for the precondition-
ing and SDPNAL [Zhao et al, 2010] (which is more memory-efficient than
SeDuMi) for the L-matrix.

In Table 1 the number of iterations needed to achieve a prespecified
dual accuracy using the proposed method with L-matrices Ly and L; are
compared. We also compare the iteration complexity bounds presented in
Theorem 3 and the one presented [Giselsson, 2012] which was developed
for the case where L is a multiple of the identity matrix. The first col-
umn in Table 1 specifies the L-matrix used. The second column specifies
the duality tolerance and the third column specifies the set from which
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Table 1. Experimental results for Algorithm 1 with step matrix L; and L;. The
number of algorithm iterations and iteration complexity bounds from Theorem 3
and [Giselsson, 2012] are presented.

L-mat. € B # iters iter bound
avg. | max. | Thm 3 | [Giselsson, 2012]
L, 0.005 | 0.25 | 3.69 10 158 504
Ly 0.005 | 0.25 | 9.59 69 - 484
Lq 0.005 | 0.5 | 5.62 11 231 1391
L; 0.005 | 0.5 | 23.93 | 126 - 1333
Lq 0.005 | 0.75 | 6.59 12 448 4047
L; 0.005 | 0.75 | 31.18 | 182 - 3878

the initial conditions are chosen where S is the scaling factor, i.e., initial
conditions are chosen from SXy. The fourth and fifth columns present av-
erage and max number of iterations while the sixth and seventh columns
specify the iteration bounds. The comparison is obtained by solving the
optimization problem for 10000 randomly generated initial conditions.
From Table 1 we conclude two things. The first is that by allowing for
block-diagonal L-matrices, the presented algorithm reduces significantly
the number of iterations needed to achieve a prespecified dual accuracy
compared to if L; is used. This is because second order information is
incorporated into the algorithm. The second conclusion is that the itera-
tion bound presented in Theorem 3 is conservative with about one to two
orders of magnitude. Further, the bound presented in Theorem 3 grows
slower with 8 and is much less conservative than the one in [Giselsson,
2012] when applied to the algorithm with block-diagonal L-matrix, Lg.

7. Conclusions and Future Work

We have presented a distributed optimization algorithm for distributed
MPC that reduces significantly the number of iterations compared to dis-
tributed optimization algorithms where only gradient information is used.
The reason for this improved iteration complexity is that we have shown
how to incorporate hessian information into the distributed algorithm.
Further, we have presented an iteration complexity bound for the proposed
algorithm that is conservative with about one to two orders of magnitude
for the presented numerical example.

A future work direction is to precondition the problem data optimally,
where optimally refers to the preconditioning that minimizes the provided
iteration bound.
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Paper V

On Feasibility, Stability and
Performance in Distributed Model
Predictive Control

Pontus Giselsson and Anders Rantzer

Abstract

We present a stopping condition to the duality based distributed
optimization algorithm presented in [Giselsson et al, 2012] when
used in a distributed model predictive control (DMPC) context. To
enable distributed implementation, the optimization problem has nei-
ther terminal constraints nor terminal cost that has become standard
in model predictive control (MPC). The developed stopping condition
guarantees a prespecified performance, stability, and feasibility with
finite number of algorithm iterations. Feasibility is guaranteed using
a novel adaptive constraint tightening approach that gives the same
feasible set as when no constraint tightening is used. Stability and
performance of the proposed DMPC controller without terminal cost
or terminal constraints is shown based on a controllability parame-
ter for the stage costs. To enable quantification of the control horizon
necessary to ensure stability and the prespecified performance, we
show how the controllability parameter can be computed by solving a
mixed integer linear program (MILP).

Submitted to IEEE Transactions on Automatic Control.
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1. Introduction
1. Introduction

Model predictive control (MPC) is an optimization based control technol-
ogy for input and state constrained systems. The idea behind MPC is
to, in every time step, minimize some cost function based on predictions
of future states while respecting state and control constraints. A control
trajectory is obtained from the optimization and the first control action
from this trajectory is applied to the plant. In the following samples the
procedure is repeated with the latest state measurement as initial con-
dition to the state predictions. For a thorough description of MPC, see
[Maciejowski, 2002, Rawlings and Mayne, 2009]. There exist a variety of
methods to prove stability for system controlled by MPC, see [Mayne et al.,
2000] for a survey of such methods and [Rawlings and Mayne, 2009] for
further material. As pointed out in [Mayne et al.,, 2000], common ’ingre-
dients’ in these stability proofs are the use of a terminal cost and/or a
terminal constraint set in the optimization problem together with a ter-
minal controller that controls the system to the origin once the terminal
constraint set is reached. These 'ingredients’ are then used to, in various
ways, prove that the optimal value function to the optimization problem
is a Lyapunov function for the system.

The methods to prove stability in standard MPC [Mayne et al., 2000]
are not directly applicable in DMPC formulations where a centralized op-
timization problem is solved in distributed fashion. Such distributed op-
timization algorithms often require the cost function to be separable and
the constraints to be sparse. This is not the case for the terminal cost or
the terminal constraints in standard MPC [Mayne et al., 2000]. Further,
the terminal controller that is commonly used to show stability in stan-
dard MPC [Mayne et al., 2000] needs to be decentralized or distributed in
the context of DMPC. Such stabilizing controllers do not exist for all con-
strained linear systems [Sandell et al, 1978]. One approach to overcome
the aforementioned problems to prove stability in DMPC is to solve local
optimization problems sequentially that take neighboring interaction and
solutions into account. This is done in [Richards and How, 2007] for linear
systems and in [Dunbar, 2007] for nonlinear systems. In [R.M. Hermans,
2010] a DMPC scheme is presented in which stability is proven by adding
a constraint to the optimization problem that requires a reduction of an
explicit control Lyapunov function. In [Jia and Krogh, 2001, Camponog-
ara et al., 2002] stability is guaranteed for systems satisfying a certain
matching condition and if the coupling interaction is small enough. None
of the above methods solves a centralized MPC problem and worse global
performance is expected than if using an appropriate centralized MPC
controller.

To achieve the same performance in DMPC as in centralized MPC,
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a centralized problem formulation needs to be considered and solved in
distributed fashion. In [Venkat et al, 2008] a centralized MPC problem
is solved in distributed fashion and stability is guaranteed in every algo-
rithm iteration. A drawback to this method is that full model knowledge
is assumed in each node. Some methods in the DMPC literature rely on
duality theory to solve a centralized MPC problem in distributed fashion.
In [Negenborn et al., 2008, Wakasa et al, 2008, Doan et al., 2009, Doan
et al, 2010] a (sub)gradient algorithm is used to solve the dual prob-
lem while the algorithm in [Necoara and Suykens, 2008, Necoara et al.,
2008] is based on the smoothing technique presented in [Nesterov, 2005].
The only stability proof is given in [Doan et al., 2009, Doan et al., 2010]
where the terminal constraint is set to the origin which is very restrictive
and requires long control horizons. Other distributed MPC formulations
have been presented in [Maestre et al, 2011] where the DMPC controller
is based on a cooperative game and [Dunbar and Murray, 2006, Keviczky
et al., 2006] for dynamically decoupled systems. See also [Scattolini, 2009]
for a recent survey of distributed and hierarchical MPC methods.

In this paper, a centralized optimization problem is solved in dis-
tributed fashion using the distributed accelerated gradient method pre-
sented in [Giselsson et al., 2012]. We present a stopping condition for
this optimization algorithm that guarantees feasibility, stability, and pre-
specified performance of the closed loop system. However, the stopping
conditions are not restricted to the optimization algorithm in [Giselsson
et al, 2012] but any (distributed) optimization algorithm that produce
dual feasible points can be used. The stated optimization problem has
neither terminal cost nor terminal constraint set. Stability for MPC with-
out terminal constraints and terminal cost has previously been treated
in, e.g., [Grimm et al., 2005]. Further results were reported in [Griine,
2009] where it was shown how to compute the minimal control horizon
necessary to achieve stability and a prespecified performance. The re-
sults in [Griine, 2009] rely on relaxed dynamic programming that was
originally presented in [Lincoln and Rantzer, 2006] and extended to MPC
in [Griine and Rantzer, 2008], and on a controllability assumption on the
stage costs. The parameters in the controllability assumption in [Griine,
2009] may be very difficult to compute for a given system. In this paper
we take a similar approach as in [Griine, 2009], but we specify a different
controllability parameter than in [Griine, 2009]. We show, through an ex-
plicit expression, how the introduced controllability parameter relates to
the performance of the closed loop system. We also show how, for systems
with linear dynamics and linear constraints, the controllability parameter
can be computed by solving a mixed integer linear program (MILP). This
makes the stabilizing control horizon practically computable. We will see
that one benefit of not using terminal constraints is that the region of
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attraction can be increased significantly compared to standard MPC.

Previous work on MPC where a suboptimal solution to the optimiza-
tion problem is enough to prove stability has been reported in [Chisci
et al., 1996, Scokaert et al., 1999, Diehl et al, 2005]. These rely on that
the terminal constraint set can be reached also for suboptimal solutions,
which can be used to show closed loop stability. For MPC without a ter-
minal constraint set, stability was shown in [Griine and Pannek, 2010] for
incomplete optimization. The optimization algorithm is terminated early
when a certain decrease in the cost has been obtained. However, they do
not provide any guarantees that this decrease is achievable in each step.
In this paper we use a different decrease condition than in [Griine and
Pannek, 2010] which enables a priori guarantees that the condition will
hold with finite number of algorithm iterations in every time step.

An issue associated with duality-based optimization is that primal fea-
sibility cannot be guaranteed before convergence of the optimization algo-
rithm. Such feasibility problems have previously been addressed in [Doan
et al., 2011] using a constraint tightening approach. Constraint tighten-
ing can be used to generate feasible solutions but complicates stability
analysis. The reason is that the optimal value function without constraint
tightening is used to show stability, while the actual optimization is per-
formed with constraint tightening. This problem is overcome in [Doan
et al, 2011] by assuming that the difference between the optimal value
functions with and without constraint tightening is bounded by a con-
stant. However, to actually compute such a constant may be difficult. In
this paper we instead use a novel adaptive constraint tightening approach
that ensures feasibility w.r.t. the original constraint set with a finite num-
ber of algorithm iterations. We introduce a condition for the adaptation
that bounds the difference between the optimal value functions with and
without constraint tightening. This makes it possible to prove stability
without stating additional assumptions.

The paper is organized as follows. In Section 2 we introduce the prob-
lem and present the distributed optimization algorithm in [Giselsson et al.,
2012]. In Section 3 the stopping condition is presented and feasibility, sta-
bility, and performance is analyzed. Section 4 is devoted to computation
of the controllability parameter. A numerical example that shows the effi-
ciency of the proposed stopping condition is presented in Section 5. Finally,
in Section 6 we conclude the paper.
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2. Problem Setup and Preliminaries
We consider linear dynamical systems of the form
X141 = Ax; + Buy, Xo =X (1)

where x; € R" and u; € R™ denote the state and control vectors at time
¢t and the pair (A, B) is assumed controllable. We introduce the following
state and control variable partitions

o= [(x)" @) @D w= ) @) @D (@)

where the local variables x; € R" and u} € R™. The A and B matrices
are partitioned accordingly

Ay - Ay Byi -+ Biu

Ay - Auwm Byi1 -+ Buwm

These matrices are assumed to have a sparse structure, i.e., some A;; =0
and B;; = 0 and the neighboring interaction is defined by the following
sets

N;={j€e{l,....,M} |if A;; # 0 or B;; # 0}
for i =1,...,M. This gives the following local dynamics

x§+1 = Z (A,-jx{ +B,-ju{) , xf) = X;
JEN;
for i = 1,...,M. The local control and state variables are constrained,

ie., vt € U; and x* € X;. The constraint sets, X;, U, are assumed to be
bounded polytopes containing zero in their respective interiors and can
hence be represented as

X;={x' € R"|Cix' < d'}, U ={u e R |Cu' <d} (3)

where Ci € R Ci ¢ R"+ ™, di € Rzﬁlg)‘" and d € chgi. We also
denote the total number of linear inequalities describing all constraint
sets by n, := Ef‘il (ncx,. + ncui). The global constraint sets are defined
from the local ones through

X:Xlx...xXM, ‘U:‘le...x‘UM.
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We use a separable quadratic stage cost

M M

o 1 A , , ,

L(x,u) = Zﬁi(x‘,u‘) =3 <Z(x‘)TQix‘ + (u‘)TRiu‘> 4)
i=1 =1

where @; € S, and R; € ST, for i =1,...,M and S"”, denotes the set of

symmetric positive definite matrices in R”*". The optimal infinite horizon

cost from initial state £ € X is defined by

V(%) := min Zﬂ(xt,ut) (5)
" =0
s.t. X € X , U € u
X41 = Ax; + Buy

x():.f.

Such infinite horizon optimization problems are in general intractable to
solve exactly. A common approach is to solve the problem approximately
in receding horizon fashion. To this end we introduce the predicted state
and control sequences {z; } ;! and {v;}Y;! and the corresponding stacked
vectors

z = [zg,...,z%_l]T, V= [vg,...,v%_l]T (6)

where z; and v, are predicted states and controls 7 time steps ahead.
The predicted state and control variables z;, v, are partitioned into local
variables as in (2). We also introduce the following stacked local vectors

z; = [(25)", ..., (2v-)" 1", vi=[p)", - - 1 (D)
Further, we introduce the tightened state and control constraint sets
(1-08)X; ={x' € R" | Cix' < (1—6)d.}, (8)

(1—-8)U; = {u' € R™ | Ciu' < (1—6)d.} (9)

where d € (0,1) decides the amount of relative constraint tightening. The
following optimization problem is solved in the DMPC controller for the
current state ¥ € R”

N-1
V(%) = Ignvn Zf(zf,vf) (10)
sVt 7—0
st. zze(1-0)X,7=0,...,.N—-1
e(1-0)U,z=0,...,N—-1
2zri1 =Az;+Bv;,7=0,...,N —2

Z():JZ'.
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Such optimization problems can be solved in distributed fashion using,
i.e., the alternating direction of multipliers method [Boyd et al., 2011] or
dual ascent [Boyd et al, 2011]. In this work we have chosen to use the
recently developed distributed method presented in [Giselsson et al., 2012]
which is an accelerated dual ascent method which has superior conver-
gence properties O(1/k?) compared to the classical dual ascent method
which achieves O(1/k). For distribution purposes, we have neither a ter-
minal cost nor a terminal constraint set in the optimization problem (10).

Next, we present the distributed optimization algorithm in [Giselsson
et al, 2012]. We stack all decision variables into one vector

y=1[2F,..., 25 o, 0% |F € RN, (11)

The optimization problem (10) can more compactly be written as

V(%) := myin sy'Hy (12)
s.t. Ay =Dbx
Cy<(1-46)d

where H € Sgl:m)N,A c Rn(N—l)x(n+m)N’b c Rn(N—l)xn,C c R7Nx(n+m)N
and d € ]Riv(;‘” are built accordingly. The separable structure of the cost
function (4) and constraint sets (3) gives block diagonal H and C-matrices.
Further, the matrix A is sparse since it is composed of sparse matrices A,
B and I that define the linear dynamic constraints (1). The dual problem
to (12) is created by introducing dual variables A € R*™=1 for the equal-
ity constraints and dual variables u € R;Vg ¢ for the inequality constraints.
The dual problems becomes

max min 1yTHy + AT (Ay —bzx) + u” (Cy — (1 - 6)d) (13)
Au>0 y 2

which, as shown in [Giselsson et al, 2012], can explicitly be written as

max —% (ATA+ CT ) "H- (AT A+ CT ) — AThi — pTd(1—5).  (14)
M=

We define the dual function for initial condition ¥ € R" as

D{(%, A, ) == —%(AT/I+ CTw)TH 1 (ATA+CTu) — ATbx — u"d(1 - 9).
(15)
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It was in [Giselsson et al., 2012] shown that the smallest Lipschitz con-
stant to VD{, is L = ||[[AT,CT]TH~![AT,CT]|| and that (12) can be solved
by the following accelerated dual gradient method

yk — —H_I(ATAk + CTﬂk) (16)
¥ =y"+ ]}:—;;(yk -y (17)
ARFL 2k :_;;(Ak A 4 %(A)—,k — bx) (18)
et = max (0 + L5 — ) 4 (05 —d(1-9) ). (1)

Due to the structure of the matrices H, C, A this algorithm can be imple-
mented in distributed fashion where communication between subsystems
i and j takes place if j € A or i € Aj, see [Giselsson et al, 2012] for
details.

In the following section we present a stopping condition to algorithm
(16)-(19) when solving (10) that guarantees feasibility, stability, and a
prespecified performance of the DMPC scheme. However, the stopping
condition is not developed exclusively for the presented algorithm. It is
directly applicable to any (distributed) optimization algorithm that pro-
duces dual feasible iterations that converge to the optimal dual variables.

2.1 Notation

We denote by R the set of real numbers, R, the set of real numbers d > ¢
and R, the set of real numbers d > c. We denote by S, C R"*" the
set of real symmetric positive definite matrices. Further N>r is the set of
natural numbers ¢ > T. The norm || - || refers to the Euclidean norm or
the induced Euclidean norm unless otherwise is specified and (,-) refers
to the inner product in Euclidean space. The norm ||x||r = VT Tx. The
interior of a set X is denoted int(X). The optimal value function with
original constraint set, i.e. Vi (%), is denoted Vy(x). The optimal state
and control sequences to (10) for initial value x and constraint tightening
5 are denoted {z:(x,5)}Y ! and {vi(x,5)} N respectively and the opti-
mal solution to the equivalent problem (12) by y*(x,d). The state and
control sequences for iteration % in (16)-(19) are denoted {2%(x,8)}N !
and {v¥(x,5)}N! respectively. We drop the initial state and constraint
tightening arguments (x,d) when no ambiguities can arise.

2.2 Definitions and Assumptions

We adopt the convention that V(%) = co for states & € R” that result in
(12) being infeasible. We define by X, the set for which (5) is feasible.
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We also define the minimum of the stage-cost ¢ for fixed x

% e 3 _ 1 T
0 (x) == Iulél{ll}f(x,u) =5 Qx.

Further, x is the smallest scalar such that k@ — ATQA > 0. The state
sequence resulting from applying {v:}N! to (1) is denoted by {&:}V 1,
ie.,

§1+1 = Aér + Bu,, 50 = X. (20)

We introduce & = [(&))7,...,(En—1)T]" and define the primal cost

N-1
: N N
Py(Ev) = 3 e(Eve) if E€ XN, ve UV, and (20) holds (21)
7=0

00 else

where XV and UY are the state and control constraints for the full hori-
zon. We also introduce the shifted control sequence

ve = [(v1)7,..., (vy_1)T, 0] .

We have Py(%,v*) > Vy(x) and Py(Ax + Bvf,v¥) > Vy(A% + Buk) for
every algorithm iteration k. We denote by {{#}Y ! the state sequence
that satisfies (20) using controls {v*}¥_ 1. The definition of the cost (21)
implies

Py(%,v") = Py(AZ + Bug, v;) + £(%,v5) — £ (ALK ) (22)

ifvl € U, & € X and ALK, | € X.

3. Stopping Condition

Rather than finding the optimal solution in each time step in the MPC
controller, the most important task is to find a control action that gives
desirable closed loop properties such as stability, feasibility, and a de-
sired performance. Such properties can sometimes be ensured well before
convergence to the optimal solution. To benefit from this observation, a
stopping condition is developed that allows the iterations to stop when the
desired performance, stability, and feasibility can be guaranteed. Before
the stopping condition is introduced, we briefly go through the main ideas
below.
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3. Stopping Condition

3.1 Main Ideas

The distributed nature of the optimization algorithm makes it unsuitable
for centralized terminal costs and terminal constraints. Thus, stability
and performance need to be ensured without these constructions. We de-
fine the following infinite horizon performance for feedback control law
1%

V(&) =D (xv(x) (23)
t=0
where x;.1 = Ax;+ Bv(x;) and xo = &. For a given performance parameter
o € (0,1] and control law v it is known (c.f. [Lincoln and Rantzer, 2006,
Griine and Rantzer, 2008,Griine, 2009]) that the following decrease in the
optimal value function

V3 (x:) > Vi (Ax; + Bv(x;)) + al(x,v(x:)) (24)
for every ¢t € Nx( gives stability and closed loop performance according to
a V(%) < Vi (8). (25)

Analysis of the control horizon N needed for an MPC control law without
terminal cost and terminal constraints such that (24) holds, is performed
in [Grine and Rantzer, 2008, Griine, 2009] and also in this paper. Once a
control horizon N is known such that (24) is guaranteed, the performance
result (25) relies on computation of the optimal solution to the MPC opti-
mization problem in every time step. An exact optimal solution cannot be
computed and the idea behind this paper is to develop stopping conditions
that enable early termination of the optimization algorithm with main-
tained feasibility, stability, and performance guarantees. The idea behind
our stopping condition is to compute a lower bound to VR, (x) through the
dual function DY (x,A*, u*) and an upper bound to the next step value
function V3 (Ax + Buk) through a feasible solution Py(Ax + Buk,vk). If
at iteration % the following test is satisfied

DY (%, A%, u*) > Py(Az + Bug,vE) + al(%,vf) (26)
the performance condition (24) holds since

V(%) > DY (x, At u*) > Py (A% + Buk,v¥) + al(x,vk)
> VY (A% + Bok) + al(z,vk).

This implies that stability and the performance result (25) can be guar-

anteed with finite algorithm iterations %k by using control action v’{)".
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The test (26) includes computation of Py(AX + Bvf,v!) which is a fea-
sible solution to the optimization problem in the following step. A feasible
solution cannot be expected with finite number of iterations & for duality-
based methods since primal feasibility is only guaranteed in the limit of
iterations. Therefore we introduce tightened state and control constraint
sets (1—0)X, (1—96)U with 6 € (0,1) and use these in the optimization
problem. By generating a state trajectory {&¥}N-! from the control trajec-
tory {v?}¥-! that satisfies the equality constraints (20), we will see that
{EFYN-L satisfies the original inequality constraints with finite number of
iterations. Thus, a primal feasible solution Py(A% + Bvf,v*) can be gen-
erated after a finite number of algorithm iterations k. However, since the
optimization now is performed over a tightened constraint set, the dual
function value D}(%, A, u) is not a lower bound to V(%) and cannot be
used directly in the test (26) to ensure stability and the performance spec-
ified by (25). In the following lemma we show a relation between the dual
function value when using the tightened constraint sets and the optimal
value function when using the original constraint sets.

Lemma 1
For every & € R”, € R"™~D and u € RYj* we have that
O

Proor
From the definition of the dual function (15) we get that

D{y(%, A, p) = DYy(%, A, p) + 6d" .
By weak duality we get
Vi (%) > DY (%, A, p) = D (%, A, p) — 5d" . (28)

This completes the proof. O
The presented lemma enables computation of a lower bound to V(%)

at algorithm iteration % that depends on Su”d. By adapting the amount
of constraint tightening J to satisfy

S(uh)Td < et*(x) (29)
for some ¢ > 0 and use this together with the following test

D (%, A', u*) > Py (A% + Bok,vF) + at(&,vf) (30)
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we get from Lemma 1 and if (29) and (30) holds that
V(%) > D3 (%, A, pt) — 5 (uh)Td > Py (A% + Buf,vh) + al(,v8) — et*(%)
> VY (AZ + Bof) + (o — €)£(%,vf).

This is condition (24), which guarantees stability and performance speci-
fied by (25) if o > e.

3.2 Stopping Conditions

From the discussion in the previous section we conclude that two param-
eters need to be specified in the stopping condition. The first is the per-
formance parameter o € (0, 1] which guarantees closed loop performance
as specified by (25). The larger «, the better performance is guaranteed
but a longer control horizon N will be needed to guarantee the specified
performance. The second is an initial constraint tightening parameter,
which we denote by dinit € (0,1], from which the constraint tightening
parameter 6 will be adapted (reduced), to satisfy (29). A generic value
of Oinit 18 Oinit = 0.2, i.e., 20% initial constraint tightening. Also a third
parameter needs to be set. It is the relative optimality tolerance ¢ > 0
where ¢ < «. The effect of this parameter on the algorithm is smaller
than the effect of the other parameters and it is generically chosen to
satisfy € € [0.01,0.001].

ALGORITHM 1—STOPPING CONDITION

Input: x
Set: B =0,1=0, 6 = Oinit
Initialize algorithm (16)-(19) with:
M=A1=0,=pu'=0andy’ =y ' =0.
Do
If D} (x, A*, p*) > Py (%, vF) — 7507(%)
or 5dT u* > et*(x)
Set 6 «— 6/2 |/ reduce constraint tightening
Setl«—1+1
Set k=0 // reset step size and iteration counter
End
Run Ak iterations of (16)-(19)
Set £ «— k+ Ak
Until D$(x, A%, u*) > Py (A% + Bok,v*) + at(x,0k) and
sdf u < et (x)
Output: v} O

Except for the initial condition &, Algorithm 1 is always identically initial-
ized and follows a deterministic scheme. Thus, for fixed initial condition
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the same control action is always computed. This implies that Algorithm 1
defines a static feedback control law, which we denote by vy. We get the
following closed loop dynamics

Xep1 = Axy + Bvy(xe), Xo = X. (31)

The objective of this section is to present a theorem stating that the feed-
back control law vy is well defined on int(X%,) where

X% := {& € R" | V§(%) < oo and Azjy_;(%,0) € int(X)} (32)

which satisfies Xf\} - Xf\? for 61 > 9. First, however we state the following
definition.

DEerintTION 1
The constant @y is the smallest constant such that the optimal solution
{2:(%,0) 1ML {vi(x,0) Nt to (10) for every & € X% satisfies

" (2y-1(%,0)) < PNL(%,05(%,0)) (33)

for the chosen control horizon N. O
In Section 4 a method to compute @y is presented.

REMARK 1

In [Grimm et al., 2005, Griine, 2009] an exponential controllability on the

stage costs is assumed, i.e., that for C > 1 and o € (0,1) the following
holds fort=0,..., N—1

0 (2:(%,0),v:(%, 0)) < Co™4(x, v5(%, 0)). (34)

s Ur

This implies ®y < CoV-1. O
We also need the following lemmas that are proven in Appendix A.1, Ap-
pendix A.2 and Appendix A.3 respectively to prove the upcoming theorem.

LeEMmA 2
Suppose that € > 0 and § € (0,1]. For every & € X3 we have for some
finite %k that

DY (&, A%, ut) > Py (&, vF) — el (). (35)
|
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LEmmaA 3
Suppose that ¢ > 0 and 6 € (0,1]. For every x € va and algorithm
iteration % such that (35) holds we have for 7 =0,..., N — 1 that

e n]- Lol

< el'(x) +o(ut)"d

H
where H = blkdiag(@Q, R). O
LEmma 4
Suppose that ¢ > 0 and § € (0,1]. For £ € X}, but & ¢ X4, we have that
S(uF)Td > e*(x) with finite k. O

We are now ready to state the following theorem, which is proven in Ap-
pendix A.4.

THEOREM 1
Assume that € > 0, §init € (0,1] and

@ <1—e—Kk(V2+ /Oy)?(V2+1)% (36)

Then the feedback control law vy, defined by Algorithm 1, is well defined
for every % € int(X%). Further

V(%) > V(A% + Bvy (%)) + (o — €)4(%, vy (T)). (37)

holds for every & € int(XY). O

CoROLLARY 1
Suppose that o <1 — x®y and that vy (%) = v;(%,0). Then

VN () > VR (AZ + Bvy (%)) + al(, vi(T)).

holds for every & € X. O

Proor
For every & € X%, we have

=

Vr (%) €(z;,uz) +£(Azy_1,0) —£(Azy_4,0)

(Ax + Bvy (X)) + £(x,v5) — £(Azy_1,0)
(Ax + Bvy (X)) + £(x,v5) — x€(2y_1,0)
(Ax + Bvy (%)) + (1 — kDn)L(%,v5)

IV IV IV
zizifol‘M
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where the first inequality holds since Azy,_; € X by construction of X?\,,
the second due to the definition of k¥ and the third due to the definition
of ® N- U

REMARK 2
By setting ¢ = 0 in Theorem 1 we get @« < 1— xk®px as in Corollary 1. O

We have proven that the feedback control law is well defined on int(X%,).
The topic of the following section is to analyze feasibility, stability, and
performance of the proposed feedback controller.

3.3 Feasibility, Stability and Performance

The following proposition shows one-step feasibility when using the feed-
back control law vy.

ProposiTioN 1
Suppose that o satisfies (36). For every x; € int(X?\,) we have that x;,1 =
Axt+BVN(xt) € X. O

Proor

From Theorem 1 we have that vy (x;) is well defined and from Algorithm 1
we have that Py (211, Vf) < oo which, by definition, implies that x;,1 € X.
O

The proposition shows that x;,1 is feasible if the control law vy (x;)
is well defined. We define the recursively feasible set as the maximal set
such that

Xpr = {x € X | Ax + Bvy(x) € Xir} (38)

In the following theorem we show that X,¢ is the region of attraction and
that the control law vy achieves a prespecified performance as specified
by (23).

THEOREM 2

Suppose that @ > e satisfies (36). Then for every initial condition & € X;¢
we have that ||x;]| — 0 as ¢ — oo and that the closed loop performance
satisfies

(@ — )V (%) < Vo (). (39)
Further, X,¢ is the region of attraction. O

Proor

From the definition of X, we know that ¥ = xy € X,r implies x; € X;¢
for all ¢ € Nx¢. This implies that vy(x;) is well defined and that (37)
holds for all x;, ¢ € Nx¢. In [Griine and Rantzer, 2008, Proposition 2.2]
it was shown using telescope summation that (37) implies (39). Further,

146



4. Offline Controllability Verification

since the stage cost ¢ satisfies [Griine, 2009, Assumption 5.1] we get from
[Griine, 2009, Theorem 5.2] that ||x;]| — 0 as t — 0.

What is left to show is that Xt is the region of attraction. Denote by
Xroa the region of attraction using vy. We have above shown that X,s C
Xroa- We next show that X,,, C X,¢ by a contradiction argument to conclude
that X;r = Xjoa. Assume that there exist ¥ € X, such that ¥ ¢ X, If
% € Xoa the closed loop state sequence {x; }7°, is feasible in every step (and
converges to the origin) and consequently {Ax; + Bvy(x;)}:2, is feasible
in every step. This is exactly the requirement to have ¥ € X, which is a
contradiction. Thus Xt C X;0a C X, which implies that X,f = Xyoa.

This completes the proof. O

REMARK 3

The lack of terminal constraint sets implies that recursive feasibility can-
not be guaranteed. However, to actually guarantee recursive feasibility in
presence of disturbances, robust MPC formulations need to be considered.
These can be fairly restrictive and have a rather small region of attraction.
In the examples we will see that the region of attraction can be signifi-
cantly enlarged by not using terminal constraints. O

To guarantee a priori that the control law vy achieves the performance
(39) specified by «, we need to find a control horizon N such that the
corresponding controllability parameter ®y satisfies (36). This requires
the computation of controllability parameter & which is the topic of the
next section.

4. Offline Controllability Verification

The stability and performance results in Theorem 2 rely on Definition 1.
For the results to be practically meaningful it must be possible to compute
@y in Definition 1. In this section we will show that this can be done by
solving a mixed integer linear program (MILP). For desired performance
specified by o, we get a requirement on the controllability parameter
through (36) for Theorem 1 and Theorem 2 to hold. We denote by @,
the largest controllability parameter such that Theorem 1 and Theorem 2
holds for the specified «. This parameter is the one that gives equality in
(36), i.e., satisfies

o =1—c—x(V2+ /®g)? (V2 + 1) (40)

for the desired performance o and optimality tolerance e. The parameters
o and ¢ must be chosen such that ®, > 0. The objective is to find a
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control horizon N such that the corresponding controllability parameter
@y satisfies @y < D, . First, we show that for long enough control horizon
N there exist a @y < Dg,.

LEmMma 5

Assume that o and e are chosen such that ®, > 0 where ®, is implicitly
defined in (40). Then there exists control horizon N and corresponding
controllability parameter ®y < ®,,. O

Proor

Since X,r is the region of attraction we have X, C X,. This in turn implies
that (12) is feasible for every control horizon N € N>; due to the absence
of terminal constraints. We have

=

—2
Vn(x) = £(27,v7) +€(2N_1,VNn-1) = VN-1(%) + £(2N_1,VN-1)-

T

Il
=}

Since the pair (A, B) is assumed controllable and since (12) has nei-
ther terminal constraints nor terminal cost we have for some finite M
that M > V(%) > Vn(%) > Vn-1(X). Thus, the sequence {Vy(X)}%¥_,
is a bounded monotonic increasing sequence which is well known to be
convergent. Thus, for N > N where N is large enough the difference
Vn(X)—Vn_1(%) is arbitrarily small. Especially £(z}_;,vy_1) = £ (2y_;1) <
V(%) — Vn_1(X) < Dol(X,v)) since 4, > 0. That is, for long enough con-
trol horizon N > N, &y < ®,. This completes the proof. O

The preceding Lemma shows that there exists a control horizon N
such that &y < &, if &, > 0 for the chosen performance o and tolerance
¢. The choice of performance parameter o gives requirements on how ¢
can be chosen to give ®, > 0. Larger ¢ requires smaller ®, to satisfy
(40) which in turn requires longer control horizons N since ®y must
satisfy @y < ®,. In the following section we address the problem of how
to compute the control horizon N and corresponding ® such that the
desired performance specified by & can be guaranteed.

4.1 Exact Verification of Controllability Parameter

In the following proposition we introduce an optimization problem that
tests if the controllability parameter ® 5 corresponding to control horizon
N satisfies ®y < @, for the desired performance specified by «. Before
we state the proposition, the following matrices are introduced

T = blkdiag(0,...,0,—Q, ®,R,0,...,0,—R)
S = blkdiag(0, ...,0,1,0,...,0)
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where @ and R are the cost matrices for states and inputs and @, is the
required controllability parameter for the chosen «. Recalling the parti-
tioning (11) of y implies that

T T T T
y Ty =v5Rvo —2y_1Qzn-1 —Uy_1Ruon_1

Sy =zn-1

ProrosiTion 2

Assume that ®, > 0 satisfies (40) for the chosen performance parameter
a and optimality tolerance e¢. Further assume that the control horizon N
is such that

1
0=min  (®,x"Qx +y’ Ty) (41)
x 2
st. x € XY

y = argmin V(&)

then &y < ®,. O

Proor

First we note that ¥ = 0 gives y = 0 and ®,%7 Q% +y Ty = 0, i.e., we
have that 0 is always a feasible solution. Further, (41) implies for every
x € X, that

0< P Qx +y Ty = ®l(%,v5) — L(Zy_1,Vi_1) = Pal(Z,05) — £ (2y_1)

since vy_; = 0. This is exactly the condition in Definition 1. Since @y
is the smallest such constant, we have &5 < &, for the chosen control
horizon N and desired performance o and optimality tolerance e. O

The optimization problem (41) is a bilevel optimization problem with
indefinite quadratic cost (see [Colson et al., 2005] for a survey on bilevel
optimization). Such problems are in general NP-hard to solve. The prob-
lem can, however, be rewritten as an equivalent MILP as shown in the
following proposition which is a straightforward application of [Jones and
Morari, 2009, Theorem 2].

ProrposiTION 3
Assume that ®, > 0 satisfies (40) for the chosen performance parameter
a and optimality tolerance e. If the control horizon N is such that the
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following holds
1
0 =min — 5 (df,uU1 +dTub% + dT,uULl)
st. B e {0,1}, gt e {0,1}, B* € {0,1}
Upper level

Primal and dual feasibility
Cix—d,—s*=0
s¥<0, >0
C,ASy—d,—s*=0

§2<0, u¥2>0

Stationarity
P, Q% + (C;)TuV —bTAVLZ = g

ALV =0
CAULL _ ULz _ g
Complementarity

pl=1=ul2=0, pF=0=u’t =0
pll=1=s"=0, V1 =0=pul1=0
| B2 =1=s=0, V2=0=u’?2=0

Lower level

Primal and dual feasibility
Ay —bx =0
Cy—d—s=0
s<0, ul>0

Stationarity

[ Hy +ATAL + CTuk = 0

Complementarity

| Br=1=s5=0, ft=0=pul =0

then ®, > dy.

Proor
The set X?V can equivalently be written as

X% = {x € R" | Ay*(x,0) = bx,Cy"(x,0) < d,
C.ASy*(x,0) < d, Cex < d.}.
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We express the set X%, in (41) using (43). The equivalence between the
optimization problems (42) and (41) is established in [Jones and Morari,
2009, Theorem 2]. The remaining parts of the proposition follow by apply-
ing Proposition 2. U
The transformation from (41) to (42) is done by expressing the lower
level optimization problem in (41) by its sufficient and necessary KKT
conditions to get a single level indefinite quadratic program with comple-
mentarity constraints. The resulting indefinite quadratic program with
complementarity constraints can in turn be cast as a MILP to get (42).

REMARK 4

Although MILP problems are NP-hard, there are efficient solvers available
such as CPLEX and GUROBI. There are also solvers available for solving
the bilevel optimization problem (41) directly, e.g., the function solvebilevel
in YALMIP, [Lofberg, 2004]. O

If the chosen control horizon N is not long enough for ® 5 < &, different
heuristics can be used to choose a new longer horizon to be verified. One
heuristic is to assume exponential controllability as in Remark 1, i.e., that
there exist constants C > 1 and o € (0,1) such that

Co™4(&,vF) > 4(2*,0) (44)

for all 7 = 0,...,N — 1. The C and o-parameters should be determined
using the optimal solution y to (12) for the x that minimized (42) in the
previous test. Under the assumption that (44) holds as N increases, a new
guess on the control horizon N can be computed by finding the smallest
N such that Co™V-1 < @,,.

4.2 Controllability Parameter Estimation

The test in Proposition 3 verifies if the control horizon N is long enough
for the controllability assumption to hold for the required controllability
parameter ®,. Thus, an initial guess on the control horizon is needed. A
guaranteed lower bound can easily be computed by solving (12) for a vari-
ety of initial conditions ¥ and compute the worst controllability parameter,
denoted by @y, for these sample points. If the estimated controllability
parameter &5 > ®,, we know that the control horizon need to be in-
creased for (42) to hold. If instead &y < @, the control horizon N might
serve as a good initial guess to be verified by (42).

REMARK 5

For large systems (42) may be too complex to verify the desired perfor-
mance. In such cases the heuristic method mentioned above can be used
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in conjunction with an adaptive horizon scheme. The adaptive scheme
keeps the horizon fixed for all time-steps until the controllability assump-
tion does not hold. Then, the control horizon is increased to satisfy the
assumption and kept at the new level until the controllability assumption
does not hold again. Eventually the control horizon will be large enough
for & < ®, and the horizon need not be increased again. O

5. Numerical Example

We evaluate the efficiency of the proposed distributed feedback control
law vy by applying it to a randomly generated dynamical system with
sparsity structure. The random dynamics matrix is scaled such that the
magnitude of the largest eigenvalue is 1.1, i.e., the system is unstable. The
system has 3 subsystems with 5 states and 1 input each, i.e., 15 states
and 3 inputs in all. All state and input variables are upper and lower
bounded by random numbers in the intervals [0.5,1.5] and [—0.15 — 0.05]
respectively. The stage cost is chosen to be

T T
Z,-(x,-,u,-) =X; X +U; u;

for i = 1,2,3. We have chosen two different suboptimality parameters
o1 = 0.01 and s = 0.5. We need to find control horizon N(¢;) such that
the controllability parameter @ y(,,) < Pq, for i = 1,2. To compute P4, the
optimality tolerance ¢ need to be chosen and x need to be computed where
k is the smallest constant such that k@ > ATQA. We have chosen ¢ =
0.005 and we have found that ¥ = 1.22. Using (40) we get ®,, = 0.51 and
®,, = 0.22. This implies that we need to find a control horizon N(0.01)
such that ®y(901) < 0.51 and N(0.5) such that @ o5 < 0.22. Verification
by solving the MILP in (42) gives that N(0.01) = 6 and N(0.5) = 9.

The efficiency of the optimization algorithm (16)-(19) is investigated
in [Giselsson et al, 2012]. The focus of this section is to evaluate the
efficiency of the proposed adaptive constraint tightening approach in Al-
gorithm 1. Further, we analyze the region of attraction for Algorithm 1,
which is based on an optimization problem without terminal constraint.
We compare the region of attraction to the region of attraction in standard
MPC where a terminal constraint set is used. The terminal constraint set
is computed as the maximal positive invariant set (see [Gilbert and Tan,
1991]) which in our example is a polytope defined by 288 linear inequality
constraints.

Table 1 presents the results obtained when the algorithm is running
with different suboptimality parameters, 1 = 0.01 and a2 = 0.5. The first
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Table 1. Experimental results for different performance requirements o and dif-
ferent initial constraint tightenings J;n;; in the DMPC-controller. Also, the region of
attraction (R.0.A.) for the DMPC-controller is compared to the region of attraction
in centralized MPC with terminal constraint set.

Algorithm comparison, @ = 0.01, N =6

€ Sinit avg. # iters | avg. & | R.0.A.
Alg. 1 | 0.005 | 0.0001 278.2 0.0001 | 82.4 %
Alg. 1 | 0.005 | 0.001 155.6 0.001 | 824 %
Alg. 1 | 0.005 0.01 66.6 0.01 82.4 %
Alg. 1 | 0.005 0.05 36.9 0.047 | 82.4 %
Alg. 1 | 0.005 0.1 35.6 0.056 | 82.4 %
Alg. 1 | 0.005 0.2 35.3 0.064 | 82.4 %
Alg. 1 | 0.005 0.5 35.3 0.080 | 82.4 %
CMPC - - - - 0.9 %

Algorithm comparison, &« = 0.5, N =9

€ Sinit avg. # iters | avg. & | R.0.A.
Alg. 1 | 0.005 | 0.0001 403.2 0.0001 | 92.2 %
Alg. 1 | 0.005 | 0.001 199.0 0.001 | 92.2 %
Alg. 1 | 0.005 0.01 82.5 0.01 92.2 %
Alg. 1 | 0.005 0.05 61.3 0.026 | 92.2 %
Alg. 1 | 0.005 0.1 60.6 0.030 | 92.2 %
Alg. 1 | 0.005 0.2 60.1 0.035 | 92.2 %
Alg. 1 | 0.005 0.5 59.8 0.042 | 92.2 %
CMPC - - - - 9.7 %

column specifies the stopping condition used, Alg. 1 refers to Algorithm 1
and CMPC refers to a centralized MPC-formulation with terminal con-
straints which is solved by a centralized solver. The second column spec-
ifies the tolerance ¢ and the third column specifies the initial constraint
tightening Jjyit.

Columns four, five and six contain the simulation results. The results
are obtained by simulating the system with 10000 randomly chosen initial
conditions that are drawn from a uniform distribution on X. Column four
contains the mean number of iterations needed and column five presents
the average constraint tightening 6 used at termination of Algorithm 1.
The final column shows the fraction (in %) of initial conditions that where
steered to the origin using the different methods, i.e., an estimate of the
region of attraction.

We see that the adaptive constraint tightening approach gives consid-
erably less iterations for a larger initial tightening. However, for more
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than 10% initial constraint tightening (Jinix = 0.1), the number of itera-
tions is not significantly affected. It is remarkable to note that 50% initial
constraint tightening (Jinis = 0.5) is as efficient as, e.g., 5% (Jinit = 0.05)
considering that more reductions in the constraint tightening need to be
performed. This indicates early detection of infeasibility. In the final col-
umn we have estimated the region of attraction, X,;. We see that, for the
considered example, there is a huge improvement in the region of attrac-
tion using our method without terminal constraints compared to classical
MPC (CMPC) with terminal constraints.

6. Conclusions and Future Work

We have equipped the duality-based distributed optimization algorithm
in [Giselsson et al., 2012], when used in a DMPC context, with a stopping
condition that guarantees a prespecified performance, stability and feasi-
bility. We have used an optimization problem without terminal constraints
and have shown how to verify stability and a prespecified performance.
Further, we have developed an adaptive constraint tightening approach
that enables us to generate a feasible solution w.r.t. the original constraint
set with finite number of iterations. The numerical example shows that
the region of attraction can be significantly enlarged when no terminal
constraint set is used compared to when using (the maximal positive in-
variant) terminal constraint set as in standard MPC. Further, the nu-
merical example shows that the adaptive constraint tightening approach
can significantly reduce the number of iterations needed to guarantee
feasibility, stability, and the prespecified performance.
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A.1 Proof for Lemma 2

We divide the proof into two parts, the first for £ = 0 and the second for
% # 0. For £ = 0 we have at iteration 2 = 0 that y° = 0 which is the
optimal solution. Hence (35) holds for £ = 0 since all terms are 0 and
0=A& ;€ X.

Next, we show the result for £ # 0. Whenever (12) is feasible we have
convergence in primal variables [Giselsson et al., 2012, Theorem 1]. This
together with the linear relation through which & is defined (20) gives
EF 5 zifort=0,...,N—1as k— co. We have z: € (1 —5)X and since
(1—=06)X C X for every 6 € (0,1] this implies that there exists finite
kf such that EF e X for all &k > k§. Equivalent convergence reasoning
holds for v%. Together this implies that there exists finite £ such that
Py(%,v") < 0o and that Py(%,v*) — V(&) for all £ > kf. Together with
convergence in dual function value [Giselsson et al, 2012, Theorem 1]
gives that

Dlif(x’ﬂ'k’ luk) > PN("E’Vk) - ee*(f})
holds with finite % since £*(%) > 0 and e > 0. This concludes the proof. [

A.2 Proof for Lemma 3
We introduce y* = [(&(x,5))T (v*(%,5))T]T, where & (%,6) and v*(x,9)
satisfies the dynamic equations (20). Whenever (35) holds we have that
EF(x,8) € X and v¥(x,8) € U for 7 = 0,...,N — 1. We also introduce
v* = [(2°(%,0))T (v*(%,0))T]T. This implies
SO0 —¥y)HEY —y) = ;") Hy" - S (v) Hy" — (Hy",y" - ¥")
< Py(,v") — V3 (%)
< D§(%, A" b)) + 07 () — VI (R)
<S(U)Td + et*(x)
where the first inequality comes from the first order optimality condition
[Nesterov, 2003, Theorem 2.2.5] and by definition of VZ‘\), and Py. The sec-

ond inequality is due to (35) and the last inequality follows from Lemma 1.
Further, since H = blkdiag(®,...,Q,R,...,R) we have fort =0,...,N—1

that
i)~ Lo
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where H = blkdiag(®, R), whenever (35) holds. This completes the proof.
U

A.3 Proof for Lemma 4

Since x € X%, but x ¢ X, we have that V(%) < co and V§ (&) = co. Fur-
ther, from the strong theorem of alternatives [Boyd and Vandenberghe,
2004, Section 5.8.2] we know that since V3 (%) = oo for the current con-
straint tightening J the dual problem is unbounded. Hence there exist A,
M such that

Sufd > DY (%, Ap, ) — V(%) > 2’ (%) (45)

where Lemma 1 is used in the first inequality. Further, the convergence
rate in [Beck and Teboulle, 2009, Theorem 4.4] for algorithm (16)-(19) is

] =[ie]

By inspecting the proof to [Beck and Teboulle, 2009, Theorem 4.4] (and
[Beck and Teboulle, 2009, Lemma 2.3, Lemma 4.1]) it is concluded that
the optimal point A*, u* can be changed to any feasible point A, uy and
the convergence result still holds, i.e.,

][]

Mf o

That is, there exists a feasible pair (A, uy) such that with finite £ we
have

oL 2

(B+1)2

D{(&, A", 4") — D (&, A%, ") <

oL 2

DR (5, Ay, tg) = DR (3 A 1) < =y

D} (2, A%, 4) > DY (&, Ar, tf) — et (). (46)
This implies

saTpt > D(x, A%, ") — V(%) > DR(%, A, ay) — VR (%) — el (%) > el (%)

where Lemma 1 is used in the first inequality, (46) in the second inequal-
ity and (45) in the final inequality. This completes the proof. O

A.4 Proof for Theorem 1

To prove the assertion we need to show that the do loop will exit for every
% € int(XY%,). For every point € int(X%,) there exists § € (0,1) such that
755 € int(X})). Since int(X}) C X}, we have that V{(7%5) < co and the
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optimal solution y(;%5,0) satisfies Ay*(;*5,0) = b;*; and Cy*(;%5,0) <
d. We create the following vector

9() = (1= 8y’ (75.0) (47)
which satisfies
P . s _pol=0
Ay(x) =Ay‘(m,0)(1—5)=bxl_5_ =bx (48)
C3() = Oy’ (15, 0)(1-§) < d(1-8). (49)

Hence, by definition (32) of X4, we conclude that for every & € int(X%)

there exist 5 € (0,1) such that & € X}S\,. This implies that for every % €
int(X%) we have that either £ € X¢, for the current constraint tightening
5 € (0,1) or x ¢ X4 but £ € X%. Thus, from Lemma 2 and Lemma 4
we conclude that either the do loop is terminated or J is reduced and [ is
increased for every & € int(X%,) with finite number of algorithm iterations
k.

To guarantee that the do loop will terminate for every & € int(X?v),
we need to show that the conditions in the do loop will hold for small
enough 6 and with finite k2. That is, we need to show that the following
two conditions will hold.

1. For small enough 6, i.e., large enough [, we have that
S(uh)'a < et (x) (50)
where § = 278y, holds for every algorithm iteration k.
2. For small enough J, i.e., large enough [, the condition
DY, (%, A", u*) > Py (A% + Buk,vF) + ab(z,vf) (51)

with o satisfying (36) holds with finite £ whenever

€

holds.

We start by showing argument 1. From the convergence rate of the
algorithm [Giselsson et al, 2012] it follows that there exists D > —oo
such that D$ (%, A%, u*) > D for every algorithm iteration £ > 0. This is
used below where we extend the result from [Nedi¢ and Ozdaglar, 2009,
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Lemma 1] to handle the presence of equality constraints. For algorithm
iteration k£ > 0, x € int(X},) and § < §/2 we have

D < Dy (%, A%, p)

= inf _y"Hy + ()" (Ay — b%) + ()" (Cy — (1 8)d)

< %(?(@)TH.V( ) + (A" (Ay(x) — bx) + (u")" (Cy(x) — (1 - &)d)

< (1= 8PVR() + (W) (C3(D) — (1= $)d) + (W) d(5 - §)
< VR(-T5) + (WA - §)
< V(- s) - 5 ()8

where the equality is by definition, the second inequality holds since any
vector y(&) is gives larger value than the infimum, the third and fourth
inequalities are due to (47), (48) and (49) and since (1 — &) € (0,1) and
the final inequality holds since § < §/2. This implies that

2(Vy (%) - D)

(u*)'d <

x_S
5

which is finite. We denote by I; the smallest I such that § > 27%&;.
Since § = 2! 8in;¢ this implies that

Vi(:%5) - D) 2(V (%) - D)
kT 2( 5 —ls . N\TT§) T =
6(:” ) d S 0 5 S 2 61n1t 2—ld 6init
<2 VR(55) D) = 0 (53)

as [ — oo. Especially, with finite [ we have that (50) holds for every
algorithm iteration k. This proves argument 1.

Next we prove argument 2. We start by showing for large enough but
finite / that PV (A% + Bvy (%), v") is finite whenever (52) holds. From the
definition of Py and v* we have that PV (Ax + Bvy(%),v") is finite when-
ever Py(x,v*) is finite and if A% | (%,8) € X. For algorithm iteration &
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such that (52) holds we have

IA(EN-_1(%,8) — 2y _1(%,0))|* <

< A1 2.0 - s w00

— lmin(H) N—-1\*> N—-1\*» H
AP oL € g

< AL owyas e @)

= ;ti'f(!{) <2_l+ld+1(Vz%(%) ~D) + j 16*(3%)) S0 (54)

as | — oo, where H = blkdiag(Q, R) and, since H is positive definite,
the smallest eigenvalue Amin(H) > 0. The first inequality follows from
Cauchy-Schwarz inequality and Courant-Fischer-Weyl min-max principle,
the second inequality comes from Lemma 3 and the third comes from
(53). By definition of X3, we have Azj_,(%,0) € int(X) which through
(54) implies that A% (%,8) € X for some large enough by finite /, i.e.,
small enough &, and for algorithm iteration % such that (52) holds.

What is left to show argument 2 is that (51) holds for every o <
1— ¢ —x(V2e + V®y)?(V2¢ 4 1)? for large enough but finite / whenever
(52) holds. From Lemma 3 and (53) we know for large enough ! and any
algorithm iteration % such that (52) holds that

)12

2

< kT € %[ =
SN A+ @

-1 T S T =
2 61n1t(,u ) d+ 1 T 16 (x) S el (x)

1
2

for any 7 =0,..., N—1, where H = blkdiag(®, R). Taking the square-root
and applying the reversed triangle inequality gives

NI, -0, =000 - (2

-

]Hsz¢&%ﬂ. (55)
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This implies that
‘ |:§N 1]” ‘ [ }H + 24/ el (% =2 L(zN_1,UN_1) T2V el* (%
Vi1 UN_1
< 2Dy /L(25,05) + 2V el (%) < (V2DPn + 2V/€)\/E(2),v5)

Hl
volll

3
< (V@n + V2) (H [ig] H +2\/e€*(92)>

ol lla
Hl
vg )l
where we have used (55), zi = & = x, ||[2TvT)7||lg = /2T Qz+ vTRv =

\/2£(z,v) and Definition 1. Squaring both sides gives through the defini-
tion of x that

0 (AG) < £(Eh) = eh1k)
< (V@ + V26)2(1 + V2e)20(EE, vF). (56)

We get for large enough / and for % such that (52) holds that
DY (%, A", 1") > Py (x,v") — l—e (%) > Py (%, V") — e (%)
= Py(Az + Bug, vi) + (1= €)é(85,v6) — £°(AEy )
> Py (A% + Buk,vh)+
(1—6—]('\/ N+ V26) (1+\/—))€(xvo)
> Py (A% + Buk,vh) + at(%,vF) (57)
where the first inequality comes from (52), the second since [ > 0, the
equality is due to (22), the third inequality comes from (56), and the final
inequality comes from (36). This concludes the proof for argument 2. Thus,
the do loop will terminate with finite / and %2 which implies that vy (%) is
well defined for every & € int(X%).
Finally, to show (37) we have that
VN (%) 2 Dy (%, A%, u*) — 5d" u*
> Py(A% + Buk,vh) — et (%) + al(&,0v})
> VI (AZ + Bok) + (o — €)£(%,vf)
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where the first inequality comes from Lemma 1, the second from (50) and

(51), and the third holds since Py (A% + Bvk,v*) > Vy (A% + Buk) and by
definition of ¢*. This concludes the proof. O
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Paper VI

Output Feedback Distributed Model
Predictive Control with Inherent
Robustness Properties

Pontus Giselsson

Abstract

We consider robust output feedback distributed model predictive
control (DMPC). The proposed controller is based on the results in
[Giselsson and Rantzer, 2012] in which nominal stability and feasibil-
ity was proven for a DMPC formulation without terminal constraint
set or terminal cost in the optimization. We extend these results to
show robust stability under state feedback as well as output feedback
when dynamics and measurements are affected by bounded noise.
The provided numerical example suggests that the region of attrac-
tion without terminal constraint set may be significantly larger than
if a terminal constraint set is used.

Submitted to 2013 American Control Conference, Washington, D.C., 2013.
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1. Introduction
1. Introduction

In the model predictive control (MPC) literature nominal stability of the
closed loop system is a well studied subject and is usually proven using
a terminal constraint set, a terminal cost and a terminal controller, see
[Mayne et al., 2000] for a survey of such methods. Also robustness prop-
erties in MPC has received increased attention. In [Mayne et al, 2000]
different approaches from the literature to achieve robustness are pre-
sented. The survey shows three main approaches to guarantee robustness
in MPC: to exploit the inherent robustness in nominal MPC, to design the
MPC controller to deal with any possible realization of the disturbance, or
to introduce feedback in the design that compensates for the disturbances.
Within the first category, it was shown in [Grimm et al., 2004] that linear
systems with convex constraints are inherently robust to small distur-
bances. This is due to the fact that the value function of the optimization
problem is continuous [Bemporad et al, 2002, Grimm et al., 2004]. To
address both robust feasibility and robust stability, a tube-based model
predictive controller for linear systems was presented in [Mayne et al.,
2005]. This was extended to tube-based output feedback model predictive
control in [Mayne et al, 2006]. These tube-based MPC controllers also
rely on a terminal cost and terminal constraints to show stability.

It was pointed out in [Giselsson and Rantzer, 2012] that terminal costs,
terminal constraint sets, and terminal controllers usually involve all de-
cision variables and are therefore not directly applicable for distributed
model predictive control formulations where a centralized optimization
problem is solved in distributed fashion. This is circumvented in [Doan
et al., 2009] where stability is proven by setting a terminal point con-
straint in the origin, which is not desirable for performance and region of
attraction reasons. In [Giselsson and Rantzer, 2012] a DMPC controller
based on an optimization problem without terminal constraint set or ter-
minal cost is proposed. Nominal stability for this is shown based on a
controllability assumption on the optimal stage costs. Another formula-
tion that solves a centralized MPC problem in distributed fashion can be
found in [Negenborn et al., 2008] but no stability guarantees are given. In
the DMPC literature some formulations do not solve a centralized prob-
lem but local optimization problems that take neighboring interaction into
account, [Dunbar, 2007, Richards and How, 2007,R.M. Hermans, 2010]. In
[Dunbar, 2007, Richards and How, 2007] stability (and robustness in the
latter case) is guaranteed by letting the subsystems solve local optimiza-
tion problems sequentially and pass the local solutions downstream to be
used in the remaining local optimizations. In [R.M. Hermans, 2010] stabil-
ity is shown by setting explicit stabilizing constraints in the optimization.
In the case of output feedback, there are quite few contributions in the
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DMPC literature. One exception is [Venkat et al., 2006] in which nominal
stability is proven using a decentralized estimator and local optimizations
with full model data.

In this paper we extend the DMPC formulation presented in [Giselsson
and Rantzer, 2012] to guarantee robustness to small disturbances using
a constraint tightening approach and the inherent robustness of linear
MPC. In [Giselsson and Rantzer, 2012] stability is shown without the
use of a terminal constraint set which in many applications increases
the region of attraction since there are no constraints on the end point.
Using ideas from [Mayne et al., 2006] we also propose an output feedback
DMPC controller that is shown to be robustly stable and robustly feasible
for small disturbances. Stability is shown by containing the estimation
error within a positively robust invariant set and view the estimation
error as a (bounded) disturbance. The inherent robustness of linear MPC
is then used to show robust stability. To cope with the output feedback
case, we restrict our treatment to systems with input couplings only since
this allows for decentralized observer design. Such system descriptions
arise, for instance, when flow between subsystems is controlled. The flow
might be power in an electric network [Almassalkhi and Hiskens, 2011],
water in hydro power valley [Petrone, 2010] or intermediate products in a
supply chain [Dunbar and Desa, 2005].

The paper is organized as follows. In Section 2 we formulate the prob-
lem and present useful results from [Giselsson and Rantzer, 2012]. In
Section 3 we show robust stability and robust feasibility in the state feed-
back case. These results are used in Section 4 to show robust stability and
feasibility in the output feedback case. A numerical example is provided
in Section 5 and the paper is concluded in Section 6.

2. Setup and Preliminaries

We consider linear dynamical systems, where each subsystemi=1,..., M
is described by

i i Jog i i i
X1 = Ajxy + E B;ju; + w; Xy =%
JEN;
i (i Fi
v, = Cixy +&;

where xi € R, ul € R™, w' € R%, yi € RPi, {8 € RP, and A is the
neighboring interaction defined by

%:{je {1,...,M} | Bij 750}
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We assume that the system has some sparsity structure, i.e., that some
B;j = 0. We introduce the global variables

x = [(xl)T""’ (xM)T]T’ U= [(ul)T""’ (uM)T]Ta
w= [(wl)T""’(wM)T]T’ y= [(yl)T""’(yM)T]T,
&=[EH",...(MT"

where x € R", u € R, w € R*, y € R? and £ € RP. This gives the
following global system

X1 = Axt + But + wy (1)
ye=Cx; + & (2)

x

IS
I

Ky

where the matrices A and C are block-diagonal and B is sparse. We as-
sume hereafter that the pair (A, B) is stabilizable and the pair (A, C)
is detectable. The local control and state variables as well as the distur-
bances are constrained, i.e., u' € U;, x' € X;, w' € W; and &' € E; where

xi — {xi c R™ Fixxi S gf}, ui — {ui c R™ Fiuui S g?}’
W, ={w' e R"|Frw' < g},  E={'eR"|F&<g)

where le c Rn’fxixni’ gzc c Rn’fxi’ Flu c Rnfuix'ni’ g? c Rnfui, Flw c Rn’fwixni’
gy € Rt | Ff € R and gf € R"#. We denote the total number of
inequalities in X; and U; for alli =1,...,M by g, i.e,q=>;(ns, +ns,).
The global constraint sets X, U, W and = are defined as the set product
of their respective local constraint sets. By introducing the predicted state
and control vectors

z= [z;";,...,z%_l]T V= [U%,...,U%_I]T (3)

we formulate the following optimization problem which was used in the
DMPC formulation in [Giselsson and Rantzer, 2012]

Vy(x) := min Jy(z,V) (4)
z,v
st. 2z € X, r=0,... N—1,
v € U, 7=0,...,N—1,
ZT+1=Az’[+BU7, T=0,...,N—2,
20 = X.
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We denote the optimal state and control at time step 7 for (4) by z:(x) and
vi(x) respectively. The cost in (4) is assumed quadratic and separable

N-1 N-1 M o
JIn(z,v) = £(zr,07) = 4;(22,0L)

where @; > 0 and R; > 0. Problem (4) can be solved efficiently in dis-
tributed fashion using the method developed in [Giselsson et al, 2012]
which was also used in [Giselsson and Rantzer, 2012]. A short description
of the optimization algorithm is given below. By introducing the vector

7z = [2",vT]T the optimization problem (4) can more compactly be written
as
Vn(%) == mzin 17"Hy
st. Ax=bx
Fr<g

where H and F are block-diagonal and A has the same structure as B in
(1). We introduce dual variables u € ]Rivg for the inequality constraints
and A € R*™=1) for the equality constraints. As shown in [Giselsson et al.,
2012] the dual problem can be written as

max —— (ATA +FT )" H Y ATA+FTu) — ATbx — u'g. (5)
>

The dual function was in [Giselsson et al, 2012] shown to have Lipschitz
continuous gradient with Lipschitz constant L = ||[AT FT]T H~[AT FT]|
and can hence be maximized using accelerated gradient methods. The
algorithm from [Giselsson et al, 2012] is presented here

Zk _ _H—l (FT,uk + ATA,k) (6)
P=r+ @ -2 (7)
A= 2k ]}:—Jr;(xk — A % (AZ" — bx) (8)
M = max [O M+ ]Z;;(ﬂk T (Fx"’ g) (9)

where k& denotes the iteration number. Due to the structure of the matri-
ces A F and H the algorithm can be implemented in distributed fashion
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where communication between subsystems i and j takes place if j € A
or i € N, see [Giselsson et al., 2012] for details. Further results from
[Giselsson et al., 2012] shows that the algorithm converges as O() in
dual function value. This is a significant enhancement compared to if the
classical gradient method was used which converges as O(%).

In [Giselsson and Rantzer, 2012] feasibility, stability and performance
of the closed loop system when solving (4), which has neither terminal
cost nor terminal constraints, using (6)-(9) was established. Since (6)-(9)
gives a primal feasible solution only in the limit of iterations, an adaptive
constraint tightening approach was used to ensure feasibility, stability,
and performance with finite number of algorithm iterations. However, in
this paper we state all results as if the optimal solution to (6)-(9) is found
in each iteration. The generalization to allow for early termination using
the stopping condition in [Giselsson and Rantzer, 2012] is straightforward
but requires quite some notation to be introduced. We introduce

Xy ={x € R"| Vy(x) < o0 and Az} _;(x) € X}.
We also define the infinite horizon steerable set
Xoo :={x € R" | Vo (x) < o0}
and the following definition.

DeriniTION 1
The constant @ is the smallest constant such that the optimal solution
{25() VL, {vi(x) V! to (4) for given N and every x € Xy satisfies

' (2y-1(%)) < Pne(x, vp(x)). (10)

O

We introduce the optimal feedback control law vy (x) := vj(x) and define
the nominal and actual next states

Xip1 = Axt + BVN(xt)
Xey1 := Axy + Bvy(x:) + wy

where w, € W. We define x = ||@ Y/2AT Q AQ~'/?|| and state the following
result from [Giselsson and Rantzer, 2012, Corollary 1].

173



Paper VI. Output Feedback Distributed Model Predictive Control

THEOREM 1
Suppose that « < 1 — kP . Then

VN(x) > VN(Ax + BVN(x)) + Otf(x, VN(x))

holds for every x € Xy. O

Throughout the remainder of the paper we assume that « > 0 and N are
chosen in accordance with Theorem 1.

AssumptioN 1

We assume that the disturbance sets W/, = are bounded and that 0 €
intW, 0 € intZ. Further we assume that B%(r,) C X;, B™(r,) C U; for
some r,r, > 0 where B2 (r) is defined in (11). O

2.1 Notation

We denote by R the real numbers and by R>o non-negative real numbers.
The norm ||- || refers to the Euclidean norm or the induced Euclidean norm
unless otherwise is specified. The norm ball is defined as

Bi(r) = {x € R" | [|x[l: <r}. (11)

The @ denotes the Minkowski sum defined by X1 & X2 = {x1 +x2 | 1 €
X1,x2 € X} and © denotes the Pontryagin difference defined by

X1 6 Xy £ {x | {.’XJ} ® Xy C Xl}. (12)
Finally A x(0) is the support function which is defined as

hx(8) £ sup 67 x.
xeX

REMARK 1

For polytopic sets X; = {x € R" | X1x < y1}, Xo = {x € R" | Xox < y»}
we have from [Kolmanovsky and Gilbert, 1998, Theorem 2.3] that

X180 Xy ={x € R" | [X1]jx < [n];—hx,(X1]]), j=1,....,p}
where X; has p rows, [X1]; is the j:th row of X; and [yi]; is the j:th

element of y;. Thus, X; & Xy and X; can be described using the same
number of linear inequalities. O
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3. Robust State Feedback DMPC

In this section we consider the state feedback problem, i.e., with C =
I and & = 0 in (2). We will see that by tightening the constraints in
the optimization problem we can guarantee robust stability and robust
feasibility. We start by investigating robust feasibility.

3.1 One-step Robust Feasibility

To guarantee that the system is one-step robustly feasible, a constraint
tightening approach is used. We introduce the sets X;oW, fori=1,...,. M
which can be computed as in Remark 1. Since the number of constraints
that describes X; & W, is the same as the number of constraints that de-
scribes X;, these tightened constraint sets can be used in the optimization
without increasing the complexity. Defining the corresponding global con-
straint set X @7/ as the set product of the local sets, we get the following
optimization problem with tightened constraints

Vy(x) := min Jy(z,v) (13)
z,v
st. zzEXeW, t=0,...,N—1,
v € U, 7=0,...,N—1,
2ri1 =Az; +Bv,, 7=0,...,N—2,
z(0) = «.

The state constraint set is changed in (13) compared to in (4). Thus, we
get a different control law vy, infinite horizon steerable set X, set Xy,
and value function Vy. To avoid introducing new notation we use the same
notation but the quantities are in this section based on optimization prob-
lem (13) instead of (4). The following proposition shows one-step robust
feasibility.

ProposiTion 1
For any x; € Xy we have that x;,1 € X for any disturbance w, € W. 0O

Proor

From the problem formulation we have that x;.; € X © W. From [Kol-
manovsky and Gilbert, 1998, Theorem 2.1] we know that (X e W)@ W C
X. Further, 2,41 = %41 +w; € (X © W) @& W C X. This concludes the
proof. O

This shows that if the optimization problem is feasible, we get one-step
robust feasibility.
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3.2 Robust Stability

For systems with linear dynamics, quadratic cost and polytopic constraints
we know that the value function is continuous [Grimm et al., 2004, Bem-
porad et al, 2002]. Thus, for every x € Xy © W we have for some finite
Bw > 0 that

max Vn(x +w) — Vu(x) < Bu (14)

since x + w € Xy for any x € Xy © W and w € W. This observation
is used to prove inherent robustness of the closed loop system to small
disturbance sets /. To show robust stability we need to introduce some
sets. The first is the following ellipsoid

E(y) :={x e R" | (@ —e)¢'(x) <7} (15)

where ¢*(x) = 27 Qx, ¢ > 0 is small and & > ¢ is from Theorem 1. The
second is the value function level sets

Qe) :={x € R* | Vy(x) < c}.

We also introduce the following recursive definition of the maximal posi-
tively robust invariant set

X = {x € Xy I {Ax + BVN(.'XJ)} ew C er}.

Before we state the theorem about asymptotic convergence, we need the
following assumption.

AssUMPTION 2
We assume that the disturbance set 7/ is small enough to guarantee
Q(6) C Xy where 0 = 2max,cz(g,) V(). O

THEOREM 2

Suppose that Assumption 2 holds. Then for any initial condition xy € X,
the closed loop system is asymptotically converging to Q(d), where § =
2max,cg,) Vn(x). Further, x, € X for all £ > 0. O

Proor
For any x; € X.\’E(fB,) we have
Vn(x:) 2 Vv (Xe1) + ol(x, v (x))+

+ max V(%41 + w;) — max Vi (&:41 + wy)
wew wew

Z max VN(fEt+1 + wt) + af*(xt) — ,Bw
wew

ePuw

> Vi (%e41) + €€ (x1) > Vv (x141) + o — ¢
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where the first inequality comes from Theorem 1 since x; € X.\’E(S,) C
Xn. The second inequality is by definition of ¢* and from (14) since by
definition of X,f and of © we have ;11 € X, © W C Xy © W. The third
and fourth inequalities are from (15) since x; ¢ E(fB,). By definition of
6 we have E(f,) C Q(5/2) which implies X;£\Q(6/2) C X;\E(Sy). This
implies that for any x; € X,¢\Q(J/2) we have

Bu

> .
V(%) > Vi (41) + o —c

(16)

By definition of X, we have x;;1 € X,y which implies that the preced-
ing argument can be applied recursively. Thus, for any initial state xo €
X\ Q(0/2) there is a finite time ¢ = ¢y such that x;, € Q(5/2). Note that
if xo € Q(5/2) we get tp = 0.

The system state can leave Q(6/2) ones entered. However, the depar-
ture from this set is bounded. We have that

° = max Vy(x) > max ¢£*(x) > max {'(x) =

2 xeQ(d) x€Q(Js) x€E(Buw) o—e€
This gives that for every x;, € Q(J/2) we have

max VN (X1 +wi) < Viv(xe) — al(x, v (x:)) + Buw < Vv (x:) + Bu

Thus, for x; € Q(6/2) we have x,41 € Q(J) for any w € W. Since by
Assumption 2 we have Q(9) C X,r get from (16) that system never leaves
Q(9).

To show that x; € X for all ¢ > 0 we note due to the definition of X,¢
that %41 € X;r © W for any ¢ > 1. This implies that x,.1 = %11 + w; €
Xepo W)W C X C X for any ¢ > 1.

This completes the proof. O

In the following section we will see that the result presented in this
section can be used to prove robust stability and robust feasibility for
output feedback DMPC.

4. Output Feedback DMPC

We will use the result presented in the previous section to prove feasi-
bility and stability properties in the output feedback setting. We start by
designing the observer.
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4.1 Observer Design

A crucial part for keeping the resulting output feedback controller sim-
ple is that the observer design can be performed in decentralized fash-
ion. With the assumed structure on the dynamics, i.e., block-diagonal A-
matrix, we can design local observers for each subsystem. In each subsys-
tem the following observer is used

55;_,_1 = Aiifci + Z (Biju{) + Ki(yi - Cifcé)'
JEN;

The information, besides the local information, needed to update the local
estimates are the control action from neighboring nodes. This information
is available in node i from the optimization algorithm communications.
The local observers together form the following global observer

£t+1 = A.’)’(\Jt + But + K(yt - C-’)?:t) (17)

where K = blkdiag(Ki,...,K)s). The error dynamics for the observer is
purely local. We introduce the local error variables as x* = x* — &' and get
the following local error dynamics

By = i+ 3 (Bl ) +wi— Ausi = 3 (Byul) — Kilyl = Git)
JEN; jEN
= (A — K;C)x: — K&+ wl.

This shows that the poles of the observer dynamics can be placed arbi-
trarily using a block-diagonal observer gain K. For given K; such that
p(Aii — K;C;) < 1 there exists a robust invariant set for the estimation er-
ror [Kolmanovsky and Gilbert, 1998]. In [Rakovi¢ et al., 2005] it was shown
how an invariant outer approximation of the minimal robust invariant set
can be computed. The minimal robust invariant set is (cf. [Rakovié et al.,
2005])

Ri=DF
j=0

where 7/ := (A;; — K;C;) [—K; Z; ® W}]. In the approximation only a finite
number of terms in the Minkowski sum is used and the resulting set
sum is scaled to guarantee a certain accuracy of the approximation. The
approximation is

1 AN
R; = 7
Jj=0

_1—Ki
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where s; and k; can, for given accuracy ¢,, be computed without performing
the Minkowski summation (cf. [Rakovié et al, 2005]). The approximation
is also robust invariant and satisfies (cf. [Rakovié et al., 2005])

Ri CK; CRi © B(ce)-
From the definition of a robust invariant set we get that if xj € R we
have x; € K for all t > 0 and any disturbance sequences {&}}°,, {w}}2,.
We define the global robust invariant set as R = X1 X ... x R and the
approximation R accordingly. We get

RER: C R B (ce)
since B (e.) = B () X ... X B (¢,).

4.2 One-step Robust Feasibility

The feedback in the output feedback case is based on the estimated cur-
rent state £;. The objective of this section is to show how the original
constraints need to be tightened to guarantee feasibility of the next state
xs41 and the estimated next state £;,1 for any disturbances w € W,& € Z.
We rewrite the observer dynamics (17) as

%41 = A% + Bu, + Wy, w; = K(Cx; + &) (18)

and introduce the following set W, = KCR‘ ® K £ and the corresponding
local sets W, ; = K;C;R; ®K; %;. We will see that the following optimization
problem gives one-step robust feasibility when the initial condition is the
estimated state:

Vn(£):= min Jy(z,V) (19)
z,v
st. zeXoW,0R, 7=0,...,N—1,
v € U, 7=0,...,N—1,
zT+1=Az’[+BU7, T=0,...,N—2,
Z():.??Z
REMARK 2

The tightened state constraint set X © W, © K% is the product of the
corresponding tightened local constraint sets X; © W,; © R which can be
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computed efficiently by noting that

XioW,;0R: =X;0 KiCGR; 6 K; 5 © R

- X; (é(ﬁf{) o KiZ O (2 f{‘))

j=0 1—K; j=0 1—Ki
_ € KiG o s KiG J - €

where [Kolmanovsky and Gilbert, 1998, Theorem 2.1] is used in all steps.
This implies that the local tightened constraint set can be computed by
taking the Pontryagin difference © recursively set by set. The number of
inequalities that describes the final tightened constraint set is the same
as in X; due to Remark 1. This way, an explicit description of KX, which
can be very expensive to compute, is avoided. O

The new optimization problem with tightened constraints gives a new
feedback control law vy, infinite horizon steerable set X, set Xy and
value function V. The notation is kept from previous sections, but the
respective definitions refer in this section to optimization problem (19).
Also, the definition of the recursively feasible set is different, we define

Xee = {% € Xy | {A% + Bvy(2)} @ R*) ® W, C X'}
We also define the one-step nominal prediction
Xi41 = Aa%t + BVN(.’)E:)

The following proposition shows that when using optimization problem
(19) one-step robust feasibility in plant state x and estimated state &£ is
achieved regardless of disturbances we W, & € Z.

ProposiTiON 2
Suppose that x; € R and £; € Xy. Then £;,1 € XOR* and x;.1 € X. O

Proor

From the problem formulation we have that %, € X © R~ © W,. Further
R =X+ € (XOR oW, & W, C X oRe. Since x; € R we have
X1 € R and xp41 = 1 + X1 € X © R @ R C X. This concludes the
proof. O
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4.3 Robust Stability

The estimation is affected by additive noise 1; which satisfies ; € W, for
all ¢ > 0 if the estimation error x; € K for all ¢ > 0. From the discussion
in Section 3 we conclude that for every x € Xy © W, we have with finite
B, > 0 that

max Vy(x + ) — Vy(x) < Bu,-

wew,
In the following theorem we show that the estimated state £; and plant
state x; converges to robust invariant sets. Before we state the theorem,
the following assumption is needed.

AssumpTION 3
We assume that the disturbance sets 7/ and Z are small enough to guar-
antee Q(J) C X where § = 2max,cgg, ) Vv (x). O

THEOREM 3

Suppose that Assumption 3 holds and that xo = xop — £y € R°. Then
for any %y € Xr the state estimation £; converges to Q(d) where § =
2max,cz(g,,) Vn(x) and the plant state x; converges to Q(5) ® X’ . Further
x; € X for all ¢ > 1. O

Proor

Since xyp € R we have x; € K¢ for all ¢ > 0. This implies that the dis-
turbance to the estimated state (18) satisfies w, € W, for all ¢ > 0.
Convergence of the estimated state &; to () is then given by Theorem 2
since the situation for £; is analogous to the situation for x; in Theorem 2.
Further, Theorem 2 also gives together with the definition of X,¢ that
X € X © R for all ¢ > 1.

Convergence of the plant state x; = £; +x; to Q(J) ® R follows directly
from the estimated state £; convergence to Q(J) and since x; € R for all
t > 0. That x; € X for all ¢ > 1 follows directly from x; = &% + x; €
(ereﬂfe) @Rfe g ergx-

This concludes the proof. O

5. Numerical Example

We evaluate the efficiency of the proposed output feedback controller by
applying it to a randomly generated system. The system is composed of
six subsystems with five states, one control signal, and one output each.
The measurement and system noise are bounded and within the following
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sets
E={eR||E <001}, W, = {w' € R® | ||[w'||s < 0.01}
and the state and control constraint sets are

U ={u' € R||u'| <0.1},
Xi={x'€eR®°| —011<[x'];<2,j=1,...,5}.

The observer gain is chosen as Kalman gain computed using unit noise
variances. The tightened constraint set X{ © K;GR © K, Z; © K is com-
puted using accuracy e, = 0.0001 in X’f. The resulting set has upper
bounds on all state variables in the range [1.895,1.959] and lower bounds
on the state variables in the range [—0.069,—0.005]. The nominal next
state must satisfy these constraints to ensure that the estimated and
true states satisfy the original constraints defined by X;. State and con-
trol costs are chosen, @ = I, R = 1.

Numerical simulations suggest that for « = 0.5 we get N = 15 in
Theorem 1 and for ¢ = 0.2 we get N = 6. In Figure 1 the largest and
smallest state values for each time step are plotted. The initial state vector
comes from a uniform distribution and is scaled such that the largest
element in the vector equals the original upper bound, i.e., 2 and the
smallest element in the vector equals the original lower bound, i.e., -0.11.

We also analyze the size of the region of attraction and compare it to
standard MPC where the terminal set is chosen as the maximal positive
invariant set for the LQ-feedback computed using @ = I, R = I (see
[Gilbert and Tan, 1991]). The system is initialized with 40000 different
initial conditions and each element in the initial state vector is chosen
from a uniform distribution in the interval [—0.11 2], i.e., in the original
constraint set. We have made two comparisons, the first is with ¢ = 0.2
which gives N = 6. Using N = 6 our controller managed to steer 98.9%
of the initial conditions to the origin while respecting all constraints. The
corresponding number in standard MPC with terminal constraint set and
N = 6, was that 21.9% of the initial conditions were controlled to the
origin. In the case for & = 0.5 which gives N = 15 our controller managed
to steer 98.9% of the initial conditions to the origin. For standard MPC
with N = 15 the corresponding number was 52.8%. Note that the same
set of initial conditions was used for all controllers. This shows that by not
using a terminal constraint set, the region of attraction can be increased
significantly while the computational burden is reduced.
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Figure 1. Region within which all state trajectories are confined for N = 15 in the
output feedback case. Guaranteed upper and lower bounds for the all state variables
are —0.11 <x < 2.

6. Conclusions

A robust distributed output feedback DMPC controller is proposed where
the nominal behavior is optimized and the optimization problem has no
terminal constraint set or terminal cost. Nominal stability for such DMPC
formulations was proven in [Giselsson and Rantzer, 2012]. The results in
[Giselsson and Rantzer, 2012] are in this paper extended to show robust
stability in the state feedback case as well as the output feedback case.
The provided numerical example also suggests that the lack of terminal
constraint set can increase the region of attraction significantly.
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Paper VII

A Distributed Accelerated Gradient
Algorithm for DMPC of a Hydro
Power Valley

Minh Dang Doan, Pontus Giselsson, Tamas Keviczky,
Bart De Schutter, and Anders Rantzer

Abstract

A distributed model predictive control (DMPC) approach based on
distributed optimization is applied to the power reference tracking
problem of a hydro power valley (HPV) system. The applied optimiza-
tion algorithm is based on accelerated gradient methods and achieves
a convergence rate of O (%), where & is the iteration number. Major
challenges in the control of the HPV include a nonlinear and large-
scale model, nonsmoothness in the power-production functions, and
a globally coupled cost function that prevents distributed schemes to
be applied directly. We propose a linearization and approximation ap-
proach that accommodates the proposed DMPC framework and pro-
vides very similar performance compared to a centralized solution
in simulations. The provided numerical studies also suggest that for
the sparsely interconnected system at hand, the distributed algorithm
we propose is faster than a centralized state-of-the-art solver, namely
CPLEX.

Submitted to Control Engineering Practice.
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1. Introduction
1. Introduction

Hydro power plants generate electricity from potential energy and kinetic
energy of natural water, and often a number of power plants are placed
along a long river or a water body system to generate the power at dif-
ferent stages. Currently, hydro power is one of the most important means
of renewable power generation in the world. In order to meet the world’s
electricity demand, hydro power production should continue to grow due
to the increasing cost of fossil fuels. However, hydro electricity, like any re-
newable energy, depends on the availability of a primary resource, in this
case: water. Most natural locations where power-generating infrastruc-
ture can be built economically have already been utilized [PEW Center
on Global Climate Change, 2011]. The expected trend for future use of
hydro power is to build small-scale plants that can generate electricity for
a single community. Thus, an increasingly important objective of hydro
power plants is to manage the available water resources efficiently, while
following an optimal production profile with respect to changes in the elec-
tricity market, to maximize the long-term benefit of the plant. This water
resource management must be compatible with ship navigation and irri-
gation, and it must respect environmental and safety constraints on levels
and flow rates in the lakes and the rivers. This is why real-time control
of the water flows in a hydro power valley (HPV) becomes important and
can increase significantly the power efficiency of these systems.

An HPV may contain several rivers and lakes, spanning a wide geo-
graphical area and exhibiting complex dynamics. In order to tackle the
plant-wide control of such a complex system, an HPV is often treated as a
large-scale system consisting of interacting subsystems. Large-scale sys-
tem control has been an active research area that has resulted in a variety
of control techniques, which can be classified in three main categories:
decentralized control, distributed control, and centralized control. Appli-
cation of these approaches can be found in a rich literature on control of
water canals for irrigation and hydro systems [Mareels et al, 2005, Litrico
and Fromion, 2009]. We are interested in applying model predictive control
(MPC), a control method that has been successfully used in industry [Qin
and Badgwell, 2003], thanks to its capability of handling hard constraints
and the simple way of incorporating an economical objective by means of
an optimization problem. For the control problem of open water systems,
centralized MPC has been studied in numerical examples using nonlin-
ear MPC approaches in combination with model smoothing and/or model
reduction techniques [Igreja and Lemos, 2009, Nederkoorn et al., 2011],
and in real implementations with linear MPC of low-dimensional systems
[van Overloop, 2006,van Overloop et al., 2010]. However, centralized MPC
has a drawback when controlling large-scale systems due to limitations
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in communications and the computational burden. These issues fostered
the studies of decentralized MPC and distributed MPC for large-scale wa-
ter systems. Early decentralized MPC methods for irrigation canals used
the decomposition-coordination approach to obtain decentralized versions
of LQ control [Fawal et al, 1998]. Several decentralized MPC simula-
tions applied to irrigation canals and rivers were presented in [Georges,
1994, Sawadogo et al., 1998, Gomez et al., 2002, Sahin and Morari, 2010].
Distributed MPC approaches based on coordination and cooperation for
water delivery canals were presented in [Georges, 1994, Negenborn et al.,
2009, Igreja et al., 2011, Anand et al., 2011]. The typical control objective
in these studies is to regulate water levels and to deliver the required
amount of water to the right place at some time in the future, i.e., the
cost function does not have any special term except the quadratic penal-
ties on the states and the inputs. On the other hand, in hydro power con-
trol, there are output penalty terms in the cost function that represent
the objective of manipulating power production. Recent literature taking
into account this cost function includes centralized nonlinear MPC with
a parallel version of the multiple-shooting method for the optimal control
problem using continuous nonlinear dynamics [Savorgnan et al., 2011],
and a software framework that formulates a discrete-time linear MPC
controller with the possibility to integrate a nonlinear prediction model
and to use commercial solvers to solve the optimization problem [Petrone,
2010]. The hydro power control problem considered in the current paper
is similar to the setup in [Savorgnan et al., 2011, Petrone, 2010]. However,
it distinguishes itself by using a distributed control structure that aims
to avoid global communications and that divides the computational tasks
into local sub-tasks that are handled by subsystems, making the approach
more suitable for scaling up to even more complicated hydro power plants.

The distributed MPC design approach proposed in this paper is en-
abled by a distributed optimization algorithm that has recently been de-
veloped by the authors in [Giselsson et al, 2012]. This optimization al-
gorithm is designed for a class of strongly convex problems with mixed
1-norm and 2-norm terms in the cost function, which perfectly suits the
power reference tracking objective in the HPV control benchmark. The
underlying optimization algorithm in [Giselsson et al, 2012], although
being implemented in a distributed way, is proved to achieve the global
optimum with an O(k—lz) convergence rate, where % is the iteration num-
ber. This is a significant improvement compared to the distributed MPC
methods presented in [Doan et al, 2011, Doan et al., 2009, Giselsson and
Rantzer, 2010,Negenborn et al., 2008], which achieve an O(3) convergence
rate. There are three main challenges in applying distributed MPC using
the algorithm from [Giselsson et al, 2012] to the HPV benchmark prob-
lem. The first one is that the nonlinear continuous-time model yields a
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relatively large linear model after spatial and temporal discretizations. We
present a decentralized model order reduction method that significantly
reduces the model complexity while maintaining prominent dynamics. The
second challenge is that the power production functions are nonsmooth,
which prevents gradient-based methods to be applied directly. A method to
overcome this difficulty and to enable optimal control using the algorithm
from [Giselsson et al., 2012] is also presented. The third challenge is that
the whole system should follow a centralized power reference which, if the
algorithm from [Giselsson et al., 2012] is applied directly, requires central-
ized communication. We propose a dynamic power division approach that
allows to track this centralized power reference with only distributed com-
munications. By means of numerical examples, we will demonstrate the
fast convergence property of the distributed algorithm which, when im-
plemented on a single core, can outperform a state-of-the-art centralized
solver (CPLEX) when solving the same optimization problem.

The remaining parts of the paper are organized as follows. In Section 2,
we describe the HPV system and the power reference tracking problem
that were formulated in the HPV benchmark problem [Savorgnan and
Diehl, 2011]. Section 3 provides a summary of the distributed optimiza-
tion framework that the authors have developed in [Giselsson et al., 2012].
In Section 4, we present our approach for modeling and model reduction
of the HPV system, followed by a reformulation of the MPC optimization
problem, and developing a distributed estimator so that the closed loop
distributed MPC scheme can be implemented using neighbor-to-neighbor
communications only. The simulation results are presented in Section 5,
which also features a comparison with centralized MPC and decentralized
MPC. Through the various aspects of the comparison including perfor-
mance, computational efficiency, and communication requirements, the
advantages of the distributed MPC algorithm will be highlighted. Sec-
tion 6 concludes the paper and outlines future work.

2. Problem Description

In this section, we provide a summary of the hydro power valley bench-
mark [Savorgnan and Diehl, 2011] and we present the linearized model
that serves as the starting point of our controller design.

2.1 Hydro Power Valley System

We consider a hydro power plant composed of several interconnected sub-
systems, as illustrated in Figure 1. The plant can be divided into 8 subsys-
tems, of which subsystem S; is composed of the lakes L1, Ly, the duct U;
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Figure 1. Overview of the HD-MPC hydro power valley system [Savorgnan and
Diehl, 2011]

connecting them, and the ducts Cj, T} that connect L; with the reaches’
R1, R9, respectively. Subsystem Ss is composed of the lake Ls and the
ducts Cy, Ty that connect L3 to the reaches R4, R5, respectively. There are
6 other subsystems, each of which consists of a reach and a dam at the end
of the reach. These six reaches Ri,Rs, R3, R4, R5, and Rg are connected
in series, separated by the dams D, Dy, D3, D4, and Ds5. The large lake
that follows the dam Dg is assumed to have a fixed water level, which will
absorb all the discharge. The outside water flows enter the system at the
upstream end of reach R, and at the middle of reach Rs.

There are structures placed in the ducts and at the dams to control the
flows. These are the turbines placed in the ducts 77, T2 and at each dam
for power production. In the ducts Ci, Cs there are composite structures
that can either function as pumps (for transporting water to the lakes) or
as turbines (when water is drained from the lakes).

The whole system has 10 manipulated variables, which are composed
of six dam flows (qDl, qdp2, 94D3, 9D4, 9D5, qDﬁ), two turbine flows (qu,
qr2) and two pump/turbine flows (qc1, qcz2). Further, the system has 9
measured variables, the water levels in the three lakes (A1, hre, Ar3)
and the water levels at the end of each reach (hri, hre, hrs, hra, hgs,

hRe).

2.2 Power Reference Tracking Problem
One of the control problems specified in [Savorgnan and Diehl, 2011] is the

1A reach is a river segment between two dams.
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power reference tracking problem. We introduce state variables x, which
consist of water levels in the lakes and reaches and water flows within the
reaches, and control variables g, which are the manipulated water flows.
The problem is to track a power production profile, p™/(¢), on a daily basis
using the following cost function:

8

JE | y|pei@) - Zpi(x(t),q(t)) dit+

+ Z/o (i (£) — x5%)" Qi (i (£) — x°)dt+

+ 3 [ @) =) Rilal) - i)t (1

subject to the nonlinear dynamics and linear constraints on outputs and
inputs as specified in [Savorgnan and Diehl, 2011]. The weights @;, R;,i =
1,...,8, 7, and the testing period T are parameters of the benchmark.
The quadratic term in the cost function represents the penalties on
the state deviation from the steady state x* and the energy used for
manipulating the inputs away from the steady state flows ¢*. The 1-
norm term represents the power reference tracking mismatch, in which
the function p™f is the power reference and the function p; represents
the locally produced/consumed power by a subsystem i € {1,...,8}. For
i = 1,2 the produced/consumed power is (cf. [Savorgnan and Diehl, 2011])

pi(x(2),q(8)) = ke (qc, (1)) g (8)Axc, () + krqr, () Axr, (2) (2)

where g¢, and gr are the flows through ducts C; and T;, Axc, and Axry,
are the relative differences in water levels before and after ducts C; and
T; respectively, kr, is the power coefficient of the turbine T;, and

kCi (in (t)) _ { chi’ in(t) >0 (3)

chi’ qci(t) <0

is a discontinuous power coefficient that depends on whether the duct C;
acts as a turbine (qc,(¢) > 0) or as a pump (gc¢,(¢) < 0). Fori = 3,...,8
we have

bi (x(t)’ q(t)) = kDi—Zqu—Z (t)AxDifz (t) (4)
which is the power produced by the turbine located at dam D; 5. The
produced/consumed power functions given in (2) and (4) are nonlinear
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and even nonsmooth for subsystems 1 and 2 due to (3), thus complicating
a direct application of a standard MPC scheme.

Still, the complexity of the system and control objective suggests an op-
timization based control strategy, such as MPC. Further, the distributed
nature of the system makes it possible to consider distributed MPC tech-
niques. However, the stated optimization problem (1) is a nonlinear con-
tinuous time dynamic optimization problem, which in general is very hard
to solve. In the next sections we will discuss the modeling of the hydro
power valley that leads to a linearized model.

2.3 Nonlinear Hydro Power Valley Model

The model of the reaches is based on the one-dimensional Saint Venant
partial differential equation, representing the mass and momentum bal-
ance (see [Savorgnan and Diehl, 2011] for details):

9q(t, 2) N 9s(t, 2)

0z a0
10 (q(t,2)) 10 (¢*(t,2)\ , 0h(t2) NV
gat <s(t,z)) + 29 0z (32(t,2)) + Oz +If(t, ) 10( ) 0

(5)
with z the spatial variable, ¢ the time variable, ¢ the river flow (or dis-
charge), s the cross-section surface of the river, A the water level w.r.t.
the river bed, Ir the friction slope, Io(z) the river bed slope, and g the
gravitational acceleration constant.

The partial differential equation (5) is converted into a system of or-
dinary differential equations by using spatial discretization. To achieve
this, each reach is divided into 20 cells, yielding 20 additional states,
which are the water levels at the beginning of the cells. For details of
the spatial discretization and the equations for the resulting nonlinear
dynamical system the reader is referred to [Savorgnan and Diehl, 2011,
Section 2.1.1]. The resulting nonlinear dynamical system has in total 249
states, 10 inputs, and 9 outputs.

2.4 Model Linearization and Discretization

As mentioned in Section 2.3 a set of nonlinear ordinary differential equa-
tions that describe the hydro power valley dynamics is presented in [Sa-
vorgnan and Diehl, 2011, Section 2.1.1]. A linear continuous-time model
which is linearized around the steady state operating point (x*, ¢*) is also
provided in the HPV benchmark package [Savorgnan and Diehl, 2011].
Discretizing this model using zero-order-hold gives a discrete-time linear
system with 249 states and 10 inputs. The coupling of the subsystems is
through the inputs only. This implies that discretization using zero-order-
hold of the continuous-time system keeps the structure of the original
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system description. Thus, the resulting discrete time system has a block-
diagonal dynamics matrix, a block-diagonal output matrix, and a sparse
input matrix, and each subsystem i = 1,...,8 can be expressed in the
following form:

x{(k+1) = A (k) + ) Bijd} (k) (6)

yi (k) = Cix{l (k)

in which the variables x¢ g9, and y? stand for the deviation from the
steady-state values, and the subscripts i, j stand for the subsystem indices.
As mentioned the subsystems are coupled through the inputs only and at
least for some j € {1,...,8} we have B;; =0 for every i = 1,...,8.

The use of a discrete-time linearized model enables controller design
with some specific approaches, which include our proposed distributed op-
timization technique presented in [Giselsson et al, 2012]. Before describ-
ing our main contributions, we now provide a summary of this distributed
optimization framework in the next section.

3. Distributed Optimization Framework for MPC

In this section, we describe the distributed optimization algorithm devel-
oped in [Giselsson et al., 2012] which is based on an accelerated gradient
method. The first accelerated gradient method was developed in [Nes-
terov, 1983] and further elaborated and extended in [Beck and Teboulle,
2009, Nesterov, 1988, Nesterov, 2005, Toh and Yun, 2010, Tseng, 2008]. The
main idea of the algorithm presented in [Giselsson et al., 2012] is to ex-
ploit the problem structure of the dual problem such that accelerated
gradient computations can be distributed to subsystems. Hence, the dis-
tributed algorithm effectively solves the centralized optimization problem.
Dual decomposition has been used in the past to tackle the complexity of
large-scale optimization problems arising in water supply networks [Car-
pentier and Cohen, 1993]. In our work however, in addition to simplifying
the local computations, we apply this decomposition philosophy in order
to distribute the decision-making process.

The algorithm in [Giselsson et al., 2012] is developed to handle opti-
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mization problems of the form

1
min §XTHX +97x + 7|1Xall1 (7)
st.Ax=Db
Cx<d
X, =Px—p

where x € R” and x, € R™ are vectors of decision variables, and x is
partitioned according to:

T T 1T
X=[X7,...,.Xy]|, (8)
and x; € R™. Further, the matrix H € R"" is positive definite and

block-diagonal, the matrices A € R?*, C € R™", and P € R™*" have
sparse structures, and g € R*, p € R™, b € R?, d € R". We introduce

the partitions g = [¢7,...,9%1%, p = [p},....05]7, b = [bf,..., b7,
d=[d,....dL]",
rH rAu ... Ay
H = ’ A= . . .
L Hy, LAyt ... Aywum
rCu ... Ciy rPii ... Py
C = 5 P:
LCy1 ... Cum LPy1 ... Pywm

where the partitions are introduced in accordance with (8) and g; € R™,
pi € R™i | bi € RY%, di e R, Hi e Rnixni’ Aij c Rlb'xnj, Cij c Rrixnj
and P;; € R™*%. The assumption on sparsity of A, C and P is that
A;; =0,C;; =0, and P;; = 0 for some i,j and we assume that the
constraint matrices are built such that A;; # 0, C;; # 0, and P;; # 0 for
all i = 1,...,M. Based on the coupling, we define for each subsystem a
neighborhood set, denoted by A;, as follows:

Ni={j€{1,....M}| A;j#0or Aj; #0or C;; #0 or C;; # 0 or
or Pij 75001‘ Pji #0} (9)

We introduce dual variables 1 € R?, u € R",v € R™ for the equality con-
straints, inequality constraints, and equality constraints originating from
the 1-norm cost in (7) respectively. We also introduce the dual variable
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partitions 1 = [AT,.. . AT)T, u = [WF,. . 4l and v = PE,. . VDT
where A; € R%, y; € R, and v; € R™. Based on [Giselsson et al., 2012],
the dual problem of (7) can be cast as minimization of the negative dual
function

ATA+ AT+ P"V)TH Y ATA+ AT+ PTv)+

N =

f(A,u,v) =
+B{ A+ B u+pTv (10)

where the dual variables are constrained to satisfy
A€ RY, 1E R, VE =y (11)

and R, denotes the non-negative real orthant. The negative dual function
(10) has a Lipschitz continuous gradient with constant (cf. [Giselsson
et al., 2012])

L =|[[AT cT PT)TH[AT CT PT]|, (12)

and can hence be minimized using accelerated gradient methods. The
distributed accelerated gradient method as presented in [Giselsson et al.,
2012] is summarized below in a slightly different form.

ALGORITHM 1—DISTRIBUTED ACCELERATED GRADIENT ALGORITHM

Initialize A° = 171, 4% = u=%, v* = v~! and x! with the last values from

previous sampling time. For the first sampling time, these variables are
initialized by zeros.

In every node, i, the following computations are performed:

For £ =0,1,2,...

1. Compute
xt =~ (Y (AL + Ol + PR )

JEN;

_ k—1 _
xfzxf+k—+2(xf—xf Y

_k . . _k .
2. Send X! to each j € Afj, receive X from each j € N
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3. Compute
lk+1 )uk k (/'Lk )uk 1 <Z AlJ i)
JENG
- { Ly, (Zcux )}
JEN;
k+1_ k—1 ko k=1
min { y, max | —y,v¥ +k+2(V‘ viT)+

(S n)])

4. Send AFHL, uk 1 vE+1 o each j € A, receive Z,f’”, ,uf“, vE+L from
each j € A/;.
O

The Lipschitz constant L of V f is used in the algorithm. For MPC
purposes, we only need to compute L once in a centralized way and use
it through all MPC problem instances.

Besides the suitability for distributed implementation, another merit
of Algorithm 1 is its fast convergence rate. The main convergence results
of Algorithm 1 are given in [Giselsson et al, 2012], stating that both
the dual function value and the primal variables converge towards their
respective optima with the rate of O ( k2) where £ is the iteration index.
This convergence rate is much better than the convergence rate of classical
gradient-based optimization algorithms, which is O (3).

4. Control of HPV using Distributed MPC

We have so far described the linear discrete-time model of the HPV in
Section 2 and the fast distributed optimization method, Algorithm 1, that
serves as a basis for designing a distributed model predictive controller to
be applied to the HPV. However, there are three major challenges for this
application. First, the linear discrete-time model cannot be directly used
in an MPC context due to the existence of a number of unobservable and
uncontrollable modes. These unobservable/uncontrollable modes are a re-
sult of the discretization in space and time. Second, the power functions
associated with the ducts C; and C; are nonsmooth (cf. (2) and (3)). The
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nonsmoothness is caused by the fact that the flow through C; and C: is
bidirectional and the powers consumed/produced do not have equivalent
coefficients. The third major challenge is the global coupling in the cost
function due to the fact that we have to track a central power reference
function that specifies the desired sum of locally generated power outputs.
This global coupling prevents a distributed implementation of Algorithm 1
since the sparsity in the constraints is lost. These issues are addressed in
the following sections.

4.1 Modification of the Linear Model

In this section we show how to create a model of the HPV that is suitable
for the DMPC framework presented in [Giselsson et al., 2012]. First we
present a model reduction technique that keeps the system structure, then
the nonsmooth power function is treated.

Decentralized Model Order Reduction

The block-diagonal structure of the discrete-time dynamical system (6)
makes it possible to perform model reduction on each subsystem indi-
vidually. We use balanced truncation [Gugercin and Antoulas, 2004] to
reduce the order of each local model (6).

Let us introduce B; = [B;;...B;s| and g = [(¢9)T...(¢3)T]T to get the
following discrete-time linear model of each subsystem:

xl(k+ 1) = Aux? (k) + B;iq® (k) (13)
Wk = Gt ().

Applying the balanced truncation technique yields transformation matri-
ces denoted by T} and T, for each subsystem, where T/T,"™ = I. By
denoting the new state variables, ¥ = T7xd, and the control variable
q" = q, we represent the reduced order model as:

al(k+1) = A%a (k) + Brq" (k) (14)

12044

yi (k) = Cix; (k) (15)

where A, = TfA; ™, Bf = T'B; and C! = G;T"™. It should be noted
that the block-sparsity structure of B] is the same as in the non-reduced
input matrix B;, since the model reduction is performed for each local
model separately.

The model reduction gives a 32-state reduced model that approxi-
mately represents the dynamics of the full linear model with 249 states.
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Treatment of Nonlinear and Nonsmooth Power Function

One of the difficulties in applying a linear MPC approach to the hydro
power valley is the nonsmoothness of the power functions associated with
the ducts C; and Cs. The nonsmoothness is caused by the fact that the flow
through C; and C; is bidirectional and the power generated or consumed
have different coefficients. The consumed/produced power in ducts C; and
C, is included in the expression for power generation (2) in subsystem 1
and subsystem 2, respectively. In order to handle this nonsmoothness, we
use a double-flow technique, which means introducing two nonnegative
variables to express the flow in C;,i = 1,2 at a sampling step k:

¢ qc,(k): virtual flow such that C; functions as a pump
e qc,(k): virtual flow such that C; functions as a turbine

The introduction of virtual flows requires the input-matrices B/ to be aug-
mented with two extra columns identical to the ones multiplying q¢,,i =
1,2 with the opposite sign to capture that pump action is also introduced
with a positive flow. The resulting reduced order model has 12 inputs
instead of the original 10. Using the introduced flows q¢, and q¢,, the
power function (2) for subsystems 1 and 2 can be rewritten as

pi(x(k), a(k)) = (r, acx (k) = kro qcs (k) ) Axc,(k) + krar, (k) Az, (1)
(16)

with the additional constraints that

qCy (k) >0, inP(k) >0, qCy (k)inP (k) =0.

The last constraint expresses the fact that water flows in only one direction
at a time, i.e., that either the pump or the turbine is active. The resulting
nonlinear expression (16) can in turn be linearized around the steady-
state solution (x*,¢*). Since ¢ = 0 for i = 1,2 we get the following
linear local power production/consumption approximation for subsystems
i=1,2:

A0 = a5 [, ] [170]

+ kr,q7 (AxTi (k) — Ax?ps) + k1, AxT (qTi (k) — q%s) +
+ kr,q7. ART.

This reformulation results in a linear expression with a nonlinear con-
straint, that is q¢,(k)qc, (k) = 0, that approximates the original nons-
mooth nonlinear power production/consumption expression (2). We pro-
pose a method to handle the nonlinear constraint in Section 4.2.
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For subsystems i = 3,...,8 we have smooth power production expres-
sions (4) that can be directly linearized without introducing virtual flows:

pi(x(k),q(k)) = kp,q3,Ax3 + kp,qp, (Axp, (k) — Axg) +
+ kp,Ax% (qp, (k) —q3) -

4.2 HPV Optimization Problem Formulation

In this section we will formulate an optimization problem of the form
(7) that can be used for power reference tracking in the HPV benchmark
using MPC. We have obtained a linear discrete-time dynamical system
(14)-(15) for the HPV with state variables x" and control variables ¢".
The constraints are upper and lower bounds on the outputs and inputs
and their values can be found in [Savorgnan and Diehl, 2011]. Using the
transformations matrices T and 7;"™", these constraints can readily be
recast as linear constraints for the reduced order model variables x", g".
The power reference problem formulation (1) specifies a quadratic cost on
states and control variables and a 1-norm penalty on deviations from the
provided power reference, p*f. For control horizon, N, this optimization
problem can be written as

X,X5 -
t=0 i=1

N-1 8
min ) {Z [} (k)" Qix (k) + ¢} (k)" Rig} (k)] + 7’||xa(k)||1} (17)

st (14), (15) k=0,..,N—1 i=1,..,8
Crxr(k) € 9, k=0,..,N—1 i=1,...,8
ai(k) € Q; k=0,...N—1 i=1,...,8

xa (k) = pi(k) — %, pi(x*(k),q"(k)) k=0,...,N—1
qc.(B)gc, (k) =0 k=0,...,.N—1 i=1,...,2

where 9; and Q; are sets representing the local output and input con-
straints, the additional variable x, captures the power reference tracking
mismatch, and the notation x represents the stack of variables x(%) and
q’ (k) for all i and &, while x, is the stacked variable of x, (%) for all . Note
that we can write x = [x7,...,x! |7 where each x;,i = 1,...,8 includes all
the variables that belong to subsystem i.

Power Reference Division

Since the original cost function contains a non-separable 1-norm term,
the power reference constraints in the optimization problem (17) are cou-
pled between all subsystems. This implies that Algorithm 1 requires some
global communication even though the only information that is sent to the
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global coordinator is p;(x"(k),q"(k)) for £ = 0,..., N — 1 from each subsys-
temi=1,...,8.

In order to obtain a suitable dual problem, we first need to reformulate
the cost function in a separable form. For the sake of brevity, we focus on
one sampling step and drop the time index .. Thus for now our simplified
objective is to decompose the following problem:

min ref Px 18

{xi}i-1,..8 P Z ! (18)
i=1

with x = [x],...,x}]7, and P; the matrix coefficient such that the power

function produced or consumed by each subsystem p;(x"(k), ¢"(k)) is lin-
earized as P;x(k).

In this section we present two different ways that avoid global com-
munication when solving this problem. In the first approach, we divide
and distribute the global power reference to the subsystems in a static
fashion. In the second approach, we show how the subsystems can trade
power references between neighbors to achieve a satisfactory centralized
reference tracking.

Static local power references. The idea here is straightforward. We
divide the global power reference into local ones, i.e., p* is divided into
local parts pi*f, i = 1,...,8. We have chosen to compute pf such that it
satisfies
ref [ +SS oSS
L (kz - f‘(x 9) k=0, N-1 (19)
Y P (k) Xy pi(x%,q%)

with p;(x%,¢*) the power produced by subsystem i in the steady-state
condition.

This means that the fraction of the total power reference given to sub-
system i is constant. The optimization problem is changed accordingly,
i.e., the following cost function can be used instead of (18):

8

min ref _ Pix 20
{xi}iz1,..8 ; Pi ' ( )
with x = [xT,...,xT]7. This allows for a distributed implementation since

the matrix P; introduces only local couplings, i.e., subsystem i needs only
neighboring and local water levels and local water flows to compute the
corresponding power output. The disadvantage of the static power ref-
erence division is that the global power reference tracking is not very
accurate, as will be shown in the simulations section.
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Dynamic local power references. The static power division essen-
tially means that each subsystem always tracks a fraction of power refer-
ence that is equal to the proportion it produces in the steady-state con-
dition. When the total power reference deviates significantly from the
steady-state power, this idea may not work well since the proportional
change of the local power reference can lead to sub-optimal performance.
Inspired by an idea in [Madjidian et al., 2011], we now introduce the dy-
namic power division, in which the subsystems have more flexibility in
choosing the appropriate local power reference to be tracked. The main
idea is that each subsystem will exchange power references with its direct
neighbors.

Let us define for each pair (i,7) with j € A; a node that is in charge
of determining the power exchange variable between subsystems i and J,
denoted by &;; if node i is in charge and by §;; if node j is in charge?®.
Then, for each subsystem we form the set?:

A; ={j | J € N},i is in charge of §;;}. (21)
Now we replace (18) by the following cost function:

pref + Z 0ij — Z 0ji — Pix

JEA; JEAG\A;

8

min Z
{xi,0i}i=1...8

i=1

(22)

with §; the vector containing all 9;;,j € A;, and p?ef the nominal power
reference for subsystem i. In words, the local power reference for each sub-
system i deviates from the nominal value by adding the exchange amounts
of the links that i manages and subtracting the exchange amounts of the
links that affect i but that are decided upon by its neighbors. Note that
problem (22) has a sparse structure that complies with the existing sparse
structure of the HPV system, i.e., this method does not expand the neigh-
borhood set of each subsystem.

The advantage of this dynamic power division is that it makes use of
the existing network topology to form a sparse cost function, and the total
power reference is preserved even if the local power references can deviate
from the nominal values, i.e., we always have:

28: {pief+ S sii— > 5,,} =p. (23)

i=1 JEA; JEN\A;

2Note that here we discuss the power division for each sampling step, i.e., there are J; (k)
or §j;(k) with k=0,...,N — 1.
3A simple way is to let the subsystem with smaller index lead the exchange, i.e., A; =

{li € NG, J > i}
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Table 1. Neighborhoods of subsystems (A(;)

Subsystem | GLOBAL-REF | LOC-REF-DYN | LOC-REF-STAT

1 {1,...,8} {1,3,4} {1,3,4}
2 {1,...,8} {2,6,7} {2,6,7}
3 {1,...,8} {3,1,4} {3,1,4}
4 {1,...,8} {4,1,3,5} {4,1,3,5}
5 {1,...,8} {5,4,6} {5,4,6}
6 {1,...,8} {6,2,7,5} {6,2,7,5}
7 {1,...,8} {7,2,6,8} {7,2,6,8}
8 {1,...,8} {8,7} {8,7}

Now that we have a separable cost function by using either a static or a
dynamic power division technique, we can cast the approximate optimiza-
tion problem in the form (7) that has a separable dual problem, and apply
Algorithm 1 at every sampling step. However, due to the requirement of
positive definiteness of the quadratic term in the objective function, the
introduced power exchange variables d;; must be penalized with a positive
definite quadratic term. This implies that power reference exchange has
an associated cost.

Communication structures. In the preceding sections we have pre-
sented three different ways to handle the power reference term. The first
is the one with centralized power reference term which we hereby denote
by GLOBAL-REF. The second is the one with static local power references
which we denote by LOC-REF-STAT. The third is the dynamic local power
reference which from here on is denoted by LOC-REF-DYN. In Table 1
we provide an overview of the neighborhood sets A(; for the different power
reference tracking schemes. We can see that all subsystems have the same
neighborhood sets for the dynamic local reference tracking and the static
local reference tracking.

Relaxation of Nonlinear Constraint

The second issue that hinders the optimization problem (17) from being
solved using Algorithm 1 are the nonlinear constraints gc,(k)qc, (k) = 0
with i = 1,2. In this section we present a way to relax these constraints.

Assuming a diagonal cost, we have the following penalty on the pump
and turbine action in ducts C;, i = 1,2

Re, O
Rc = [ Cir ] . (24)
’ 0 Re,
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We also have the constraints that

inP(k) >0, qCy (k) >0, inT(k)inP (k) =0.

We relax this by removing the nonlinear constraint and adding a cross-
penalty a+/R¢,, Rc,, for some a € (0,1) in the cost function, i.e., we set

Re = RCiT A/ RCiPRCiT

t A/ RCiPRCiT RCiP
This relaxation is implementable using the proposed algorithm since the
nonlinear constraint is removed and replaced by a cross-penalty. The
cross-penalty gives an additional cost if both g¢, and g¢, are non-zero.
The closer « is to 1, the larger the penalty. For o > 1 it is easily verified
that we lose strong convexity on the quadratic cost function, i.e., R¢, loses

positive definiteness and such choices for o are therefore prohibited.
The relaxation is not equivalent to the original nonlinear constraint
and thus cannot guarantee that the nonlinear constraint is respected us-
ing this relaxation. However, it turns out that the optimal solution using
the cross-penalty in the cost (25) in most simulated cases coincides with
the optimal solution when the nonlinear constraint gc, (k)gc, (k) = 0 is
enforced and the original diagonal cost (24) is used. In some cases, how-
ever, the optimal solution using the relaxation does not respect the non-
linear constraint. To address this, a two-phase optimization strategy is

developed and presented next.

(25)

Two-phase Optimization

We propose a two-phase optimization strategy as an ad-hoc branch and
bound optimization routine that uses two consecutive optimizations. In
the first optimization, the relaxed optimization problem is solved. If the
nonlinear constraints are respected, i.e., we get a solution that satisfies
qcy (R)gce, (k) = 0, the global optimal solution for the non-relaxed problem
is found. If some of the nonlinear constraints do not hold, the optimization
routine is restarted with the smallest flow, q¢, (k) or qc,(k) for i = 1,2,
k=0,...,N—1, set to zero. The resulting algorithm is summarized below.

ALGORITHM 2—DISTRIBUTED BRANCH AND BOUND ALGORITHM

1. Solve the relaxed problem using Algorithm 1

2. If g, (k) > qc, (k) i=1,2k=0,....N—1
Add constraint: g¢, (k) =0
Else
Add constraint: q¢, (k) =0
End
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3. Solve relaxed problem using Algorithm 1 with the additional flow
constraints

O

This ad-hoc branch and bound technique does not theoretically guarantee
that the optimal flow directions are chosen. However, we can guarantee
that the nonlinear constraints are always satisfied. Further, for the dis-
tributed MPC formulation we will see in the simulations section that the
global optimal solution for the non-relaxed problem is found at every time
step using this branch and bound algorithm.

4.3 Distributed Estimation

From Section 2 we know that not all states can be measured, which im-
plies that an observer needs to be used to feed an initial condition to
the optimizer. The reduced-order linear model (14)-(15) has local dynam-
ics and outputs only, which implies that an observer can be designed in
decentralized fashion. We introduce the local estimate %] and the local
observer-gain K; and the following local observer dynamics

2 (k+1) = Az (k) + B/q' (k) + Ki(y] (k) — C/£] (k).

Because of the sparse structure of B} this observer can be implemented
in a distributed fashion where only the inflows to subsystem i need to be
communicated. The estimation error x} = x} — &/ has local error dynamics

xi(k+1) = (A} — KiC))x; (k).

Thus, the observer can be designed in a decentralized fashion and be
implemented in a distributed fashion.

5. Simulation Results

We perform distributed MPC simulations of the hydro power valley using
3 different ways of handling the power reference: GLOBAL-REF, LOC-
REF-DYN, and LOC-REF-STAT, using the proposed Algorithm 2. We
also solve the problem (17) using a state-of-the-art MIQP-solver, namely
CPLEX. In CPLEX the nonlinear constraints given in (17) can be ad-
dressed by introducing binary variables. More specifically, for each duct
C,i = 1,2, we define two virtual flows, q¢, and qc,, and require that
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both values are nonnegative. Each virtual flow has a maximum capacity,
hence the constraints for these flows are:

0<gqc, < g

max

(26)

O S qC,‘T S inT
We introduce binary variables b, € {0,1} and impose the following con-
straints:

qcy < qearbi (27)
qcr < g0 (1—by)

The constraints (26) and (27) ensure that either q¢, = 0,9¢, > 0 (if
bi = 1) or qc,, = O,inP Z 0 (if bi = 0).

This formulation results in an MIQP for which there are efficient
Branch-and-Bound algorithms implemented in CPLEX. To make the 1-
norm term in (17) fit the MIQP-formulation used in CPLEX we introduce
auxiliary variables v and use the following equivalent reformulation

min||Px — p||x = min 17y
x x,0

st.—v<Px—p<v

We also compare the proposed distributed MPC method to a decentralized
MPC approach in which each subsystem solves its own local MPC problem
without any communication, in order to show the advantage of DMPC
w.r.t. decentralized MPC.

5.1 Simulation Details

We use the original nonlinear continuous model presented in [Savorgnan
and Diehl, 2011] as simulation model. The ode-solver odel5s in MATLAB
is used to perform the simulations. A MATLAB function that computes
the derivatives needed by odel5s is provided in the benchmark package
[Savorgnan and Diehl, 2011]. The control system consists of the distributed
observer from Section 4.3 which feeds Algorithm 2, with estimates of the
current state.

Besides the mismatch between the model used for control and the
model used for simulation, we have also added bounded process noise
to capture mismatch between the simulation model and the real plant.
The magnitude of the worst case process noise was chosen to be 1% of the
steady-state level x%°. We also use bounded additive measurement noise
where the measured water levels are within £3 cm from the actual water
levels.

207



Paper VII. Distributed Control of a Hydro Power Valley

220

220
£ 200 I" - & 200 ' “1
) PR ]
& 180 :' 5
160 '
140
0 10 15 20 0 10 15 20
¢ [h] ¢ [h]
(a) Decentralized MPC (b) DMPC and LOC-REF-STAT
220 220
£ 200 & 200
=) =)
% 180 % 180
a9 A~
160 160
140 140
0 20 0 20

10 15
t [h]
(d) DMPC and GLOBAL-REF

10 15
¢ [b]
(¢) DMPC and LOC-REF-DYN

Figure 2. Comparison of power reference tracking performance using DMPC and
decentralized MPC approaches. Solid lines: produced power, dashed lines: reference
power, dotted lines: steady state power.

We use a sampling time of 30 minutes in all simulations and the control
horizon is N = 10, i.e., 5 hours. The simulations are performed over a 24
hour period since the power reference trajectories are periodic with this
interval.

All simulations and optimizations were implemented on a PC running
MATLAB on Linux with an Intel(R) Core(TM) i7 CPU running at 3 GHz
and with 4 GB RAM.

5.2 Control Performance Comparison

The power reference tracking results are plotted in Figures 2(a)-2(d)
where the full power reference and the sum of the local power produc-
tions are plotted. The scheme GLOBAL-REF achieves very good track-
ing performance, while the scheme LOC-REF-STAT shows a significant
deterioration in tracking performance. However, the introduction of the
possibility to exchange power references in LOC-REF-DYN between sub-
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Table 2. Comparison of computation time between Algorithm 2 and CPLEX for
48 instances of the same problem

Algorithm 2 | CPLEX for MIQP | CPLEX for QP
min ¢ (s) 0.023 0.087 0.049
max ¢t (s) 0.086 0.121 0.089
average t (s) 0.054 0.098 0.063
std dev ¢ (s) 0.017 0.009 0.009

systems restores the very good tracking performance while keeping the
computations distributed. The tracking performance of the decentralized
MPC approach is very poor, due to the lack of communications. Hence, it
is recommended not to use a decentralized MPC approach, unless commu-
nication is prohibited due to the lack of communication facilities or due
to the policy of different authorities.

In Appendices A.1 and A.2 there are figures that show the input and
output evolutions and the corresponding constraints with the scheme
LOC-REF-DYN. We can observe that all constraints are satisfied de-
spite disturbances, model mismatch, and the use of an observer. For the
schemes GLOBAL-REF and LOC-REF-STAT all the constraints on the
inputs and outputs are also satisfied.

5.3 Computational Efficiency

In Table 2 we provide a comparison of the execution times of the central-
ized MPC problem (17). We compare the distributed Algorithm 2 to the
solver CPLEX when solving (17), i.e., with power-division GLOBAL-REF.
To solve this problem using CPLEX, an MIQP formulation is used, and to
solve the problem using Algorithm 2, the relaxed problem is solved twice.
We also compare the above execution times to the case when we solve the
first relaxed problem in Algorithm 2, which is a QP, using CPLEX. At each
sampling step, the same problem is solved with the different solvers, and
the execution times ¢ are measured. Although in this example the solvers
easily solve the problem within the time frame of the sampling time, we
can see that the computation time for our MATLAB-implemented algo-
rithm is lower than the C-implemented CPLEX for both the MIQP and
QP cases. As previously discussed, Algorithm 2 cannot guarantee that
the global optimum for (17) is found. However, in the DMPC simulations
presented in this section the global optimum of (17) is found at every
sampling step using Algorithm 2.
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Table 3. Number of iterations to solve the MPC optimization in one step

Alg. 1 with Alg. 1 with Alg. 1 with
GLOBAL-REF | LOC-REF-DYN | LOC-REF-STAT
average Niter 311.3 579.1 942.5
max Niger 498 1054 2751
std dev nijter 93.8 210.9 440.8

5.4 Communication Requirements

The sizes of the optimization problems using power reference division
GLOBAL-REF, LOC-REF-DYN or LOC-REF-STAT are almost equal.
Comparing GLOBAL-REF to LOC-REF-STAT we get some additional
constraints due to the power reference division and comparing LOC-REF-
DYN to LOC-REF-STAT we get some additional decision variables J;; to
enable distributed power reference re-assignment.

In Table 3 the number of iterations n.- needed to obtain the solution
is presented. The mean and max values of nj,, and the standard devia-
tion are computed using 48 simulation steps, i.e., 24 hours. We can notice
that different DMPC schemes converge with different average numbers of
iterations. The reason is that for LOC-REF-STAT it is more difficult to
satisfy the different 1-norm terms with equality, i.e., to follow the local
power references. This implies that the corresponding dual variable v be-
comes large (close or equal to ¥) and it takes more iterations to achieve
convergence. As a result, the scheme LOC-REF-STAT with a simpler
communication structure might require more communication resources
than e.g., GLOBAL-REF, which has a more complicated communication
structure but needs fewer iterations.

The scheme LOC-REF-DYN performs very well in terms of communi-
cation, computation, as well as performance aspects and is therefore the
chosen candidate for distributed implementation for the given case study.

6. Conclusions and Future Work

The proposed distributed MPC approach has been applied to the power
reference tracking problem of the HD-MPC hydro power valley bench-
mark. Two distributed schemes have been compared to centralized and
decentralized MPC methods. We have provided relaxations and approxi-
mations for the original nonlinear nonsmooth problem formulation as well
as proposed a way to follow a centralized power reference in a distributed
fashion. Furthermore, we have presented a practical branch-and-bound
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algorithm that solves all optimization problems encountered in the sim-
ulations and achieves as good performance as the centralized MPC that
is known to have global optimum. The simulation results show that the
introduced approximations and relaxations capture the behavior of the
system well and that very good control performance is achieved. Finally,
a comparison to state-of-the-art optimization software (CPLEX) shows
that the proposed algorithm has better execution times in general.

As the next step before implementation in real plants, the proposed
distributed MPC approach should be tested against different hydraulic
scenarios and other HPV setups. To cope with varying water flows en-
tering the system, these should be estimated and compensated for. Fur-
thermore, a weather model could be included that estimates the future
inflows to the system.
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Figure 3. Input constraint satisfaction using Algorithm 2 and power division
LOC-REF-DYN. Dash-dotted lines: upper bounds, dashed lines: lower bounds.
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Paper VIII

Gradient-Based Model Predictive
Control in a Pendulum System

Pontus Giselsson

Abstract

Model predictive control (MPC) is applied to a physical pendulum
system consisting of a pendulum and a cart. The objective of the MPC
controller is to steer the system towards precomputed, time-optimal
feedforward trajectories that move the system from one stationary
point to another. The sample time of the controller sets hard limita-
tions on the execution time of the optimization algorithm in the MPC
controller. The MPC optimization problem is stated as a quadratic
program, which is solved using the algorithm presented in [Giselsson,
2012a]. The algorithm in [Giselsson, 2012a] is an accelerated gradi-
ent method that is applied to solve a dual formulation of the MPC
optimization problem. Experiments show that the optimization algo-
rithm is efficient enough to be implemented in a real-time pendulum
application.

Technical report based on and extending the conference paper

Giselsson, P. (2011): “Model predictive control in a pendulum system.” In Proceed-
ings of the 31st IASTED Conference on Modelling, Identification and Control.
Innsbruck, Austria.

and with some material from the conference paper

Giselsson, P., J. Akesson, and A. Robertsson (2009): “Optimization of a pendulum
system using Optimica and Modelica.” In Proceedings of the 7th International
Modelica Conference 2009, pp 480-489. Como, Italy.
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1. Introduction
1. Introduction

Model predictive control (MPC) is a widely recognized control method-
ology for control of complex systems with state and control constraints.
The idea of model predictive control is to determine a control trajectory
by minimizing a cost function based on predictions of future states over
a finite time interval, with the current state of the system as initial con-
dition. The first control action in the obtained trajectory is applied to the
system. When new state measurements become available, the optimiza-
tion procedure is repeated with the new measurements as initial values
to the state predictions. There are hard timing constraints on the opti-
mization routine before the control action must be applied. Solving an
optimization problem can be a time consuming task, which is why MPC
has traditionally been considered a control methodology for systems with
relatively slow dynamics. Over the past decade, faster computers and in-
creasingly efficient algorithms have been developed. This development has
enabled for systems with faster dynamics to be controlled using MPC. If
the system dimensions are small, explicit MPC can be used, [Bemporad
et al., 2002,Bemporad and Filippi, 2001] for linear systems and [Johansen,
2004] for systems with nonlinear dynamics, to speed up online execution
times. In [Wang and Boyd, 2010] the structure and sparsity inherent in
MPC optimization problems are exploited to reduce the execution time
when using an interior point algorithm to solve the online optimization
problem. For systems with input constraints only, accelerated gradient
methods are used to solve the resulting MPC optimization problem in
[Richter et al, 2009]. For more on MPC see [Maciejowski, 2002, Morari
and Lee, 1999,Rawlings and Mayne, 2009], and for examples of industrial
processes that have successfully been controlled using MPC see [Camacho
and Bordons, 1997].

In this paper optimal control and model predictive control of a pen-
dulum system is considered. The pendulum system consists of a cart,
which is mounted on a track, and has a pendulum attached to it. The
track length sets limitations on the cart movement. Two minimum time
optimization problems for the pendulum system are posed: one swing-up
problem and one translation problem with constraints on the location of
the pendulum end-point. The solutions to the minimum time optimization
problems are precomputed and used as feedforward trajectories. We intro-
duce feedback by designing an MPC controller with the objective to steer
the system towards the optimal feedforward trajectories. The model used
in the MPC optimization problem is a time dependent linear system that
is obtained by linearizing the nonlinear pendulum dynamics around the
precomputed feedforward trajectories. We use a quadratic cost and linear
constraints in the MPC optimization problem. This gives a quadratic pro-
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gram to be solved in the MPC controller. To solve the quadratic program
the algorithm presented in [Giselsson, 2012a] is used. The algorithm is
an accelerated gradient method applied to a dual formulation of the opti-
mization problem.

This report is based on the material in [Giselsson, 2011] and to some
extent on the material in [Giselsson et al., 2009]. The paper is organized as
follows. In Section 2, the problem formulated is stated. Section 3 describes
the pendulum system. In Section 4 the minimum-time optimization prob-
lems are stated and the optimal trajectories are plotted. The model pre-
dictive controller is described in Section 5 and experimental results are
presented. Finally, in Section 6 the paper is concluded.

2. Problem Setup

The problem considered in this paper is to achieve time optimal transitions
through the nonlinear dynamics of the pendulum system. We use the
following minimum time optimization formulation

minimize tf
subject to % = f(x) + g(x)u

(x,u) e X (1)
x(0) = xo
x(tf) = Xt;

where f(x) and g(x) describes the nonlinear dynamics of the pendulum
system. The optimization objective is to minimize the transition time,
tr, between the initial state, x(0), and the terminal state, x(¢;), while
satisfying state and control constraints defined by the set X. We consider
two different minimum time optimization problems. The first problem
concerns swing-up of the pendulum. The second problem is to move the
cart from one side of the track to the other with the pendulum starting and
stopping in the downward position, while the end-point of the pendulum
must avoid a prespecified fixed obstacle.

The resulting optimal control trajectories are applied to the pendulum
system as feedforward control trajectories. The problem considered in this
paper is to design an MPC controller that controls the system towards the
precomputed optimal feedforward trajectories. The resulting optimization
problem is solved using the method presented in [Giselsson, 2012a] in
which an accelerated gradient method is applied to a dual formulation
to the optimization problem. The dynamics of the system are relatively
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fast, which sets requirements on the execution time of the optimization
algorithm.

3. The Pendulum System

The pendulum system consists of a cart that is mounted on a track with
a pendulum freely hanging from the cart. The length of the pendulum
is [ = 0.4 m. The cart is driven by a Faulhaber DC-motor and a rack
and pinion to convert the rotating motion of the motor to linear motion
of the cart. Further, the system is equipped with a Hall effect sensor to
measure pendulum angle, a current sensor to measure motor current,
and a magnetic motor encoder to extract position measurements of the
cart. There are also two programmable Atmel ATmega 16 microproces-
sors mounted on the cart for control purposes. The first microprocessor
can output motor voltage to the motor drive unit and receive current mea-
surements. The second microprocessor receives the motor encoder signals
and the angle measurement signal. The two microprocessors can commu-
nicate with each other and the second microprocessor communicates with
Matlab/Simulink on a PC via the serial interface.

3.1 Cart Control

The motion of the cart is controlled in a cascaded control structure. See
Figure 1 for a schematic view of the cascaded control structure. The in-
nermost loop controls the current through the DC-motor. P; represents
the current dynamics that is modeled as a first order dynamical system
with a time constant of 0.17 ms. C; represents the current controller,
which is a PI controller that controls the actual motor current, i, to its
reference, i,. This current controller runs at a sampling rate of 28.8 kHz
on the first microprocessor. The current reference, i,, is set by the outer
control loop that controls the cart velocity. The current dynamics are fast
in comparison to the velocity dynamics, which makes i, ~ i a good ap-
proximation. The transfer function from i to v, i.e., Py, is modeled as an
integrator with a gain. The velocity dynamics are controlled with another

LT cz P T
1]

L-1]

<

Figure 1. Cascaded control structure for the cart control.
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PI-controller, Cs. This controller runs on the second microprocessor at a
sampling rate of 1 kHz. There are no velocity measurements available. A
velocity estimate is obtained by applying a derivative filter to the position
measurement in the micro processor at a frequency of 1 kHz. The ref-
erence to the velocity control loop, v,, is received from Matlab/Simulink
that runs on a PC. The velocity reference sent form the PC is updated at
a frequency of about 50 Hz. We denote the corresponding sampling time
by h. The settling time for the velocity controller is faster than the update
frequency of the velocity reference. To avoid nonsmooth behavior of the
cart, the velocity reference is updated in a first-order-hold manner in the
microprocessor. That is, a piece-wise constant acceleration reference u is
sent to the microprocessor. The velocity reference is updated internally in
the microprocessor at the same rate as the velocity controller. The refer-
ence is updated according to v,(t) = v.(to) + u(to)(t — to) where v, (to) is
the integrated velocity reference and u(#o) is the acceleration reference at
sampling time ¢o, and ¢ € [to,to + A].

This cascaded control structure is suitable when fast closed loop dy-
namics from v, to v is desired. Since the PC communication is performed
at a much slower frequency than the velocity controller updates, v, = v is
a good approximation. Using this approximation, the cart motion can be
modeled as a double integrator from acceleration reference to cart posi-
tion.

3.2 System Modeling

Due to the low level control previously described, the cart position p de-
pends on the control signal u according to

p=u. (2)

A pendulum is attached to the cart. When the pendulum is swinging,
reaction forces in the mounting point creates disturbances to the cart mo-
tion. These disturbances are attenuated by the cascaded control structure
on the cart, making the double integrator model of the cart accurate de-
spite these disturbances. The pendulum is modeled as a simple gravity
pendulum in which the weight of the rod is neglected. The pendulum dy-
namics are well known; let 6 be the pendulum angle and the dynamics
are described by

9:—%Sin9+%cose, (3)

where 6 = 0 is defined to be the pendulum downward position, g is the
gravitational acceleration, / is the length of the pendulum, and u is the
cart acceleration. The full system dynamics are described by Equations
(2) and (3). Note that since the cart acceleration is used as control signal,
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the cart and pendulum dynamics are decoupled. They can be seen as two
separate dynamical systems that are driven by the same control signal.

The position of the cart and the pendulum angle are defined such that
the pendulum end point in the horizontal direction, x,, and in the vertical
direction, y,, are given by

xp =p—1siné, yp = —lcos 6.

4. Optimal Feedforward Trajectories

Two different minimum-time optimal control problems are considered in
this paper. The first problem is a minimum-time swing-up problem with
additional constraints on cart position and control signal magnitude. The
second problem is a path-constrained minimum-time problem. The opti-
mization problems are solved using the JModelica.org platform [Akesson
et al., 2009] which allow for solving dynamic optimization problems by
specifying the dynamical model, the cost function and constraints using a
high-level language. The optimal control problems and the solutions ob-
tained by the JModelica.org platform are presented below. For more infor-
mation on how these optimal control problems were solved, see [Giselsson
et al., 2009].

4.1 Pendulum Swing-Up

The optimization objective is to reach the inverted position as fast as pos-
sible, starting from the downward position. Further constraints include
that the cart should start and stop at the same position. The cart and
angular velocities should be zero when the pendulum has reached the in-
verted position. The applied control signal, i.e., the cart acceleration, u,
is limited to be in the interval +5m/ s* and its derivative must satisfy
—100m/s® < & < 100m/s®. Since the cart track is finite, the cart posi-
tion must satisfy —0.5m < p < 0.5m. The optimization problem is stated
mathematically below.

minimize ¢f

subject to 6 = —%sin6 + % cos 6
p=u
—05<p<05 (4)
lul <5 || <100

0(0)=0 6(0)=0 p0)=0 p(0)=0
0(tr)=n O(tr)=0 bp(tr)=0 p(tr)=0
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0.4

Actual trajectory
0.3} - — — Nominal trajectory ]

0.2}

0.1+
Cart track

xp (m)

Figure 2. Pendulum end point trajectories for swing-up problem. Both the optimal
trajectory and the trajectory obtained when optimal control trajectory is applied to
the physical pendulum system in open loop, are plotted.

where ¢/ is the final time. To analyze the plant-model accuracy, the op-
timal feedforward trajectory was applied to the physical plant with the
same initial conditions as in the optimization. The resulting pendulum
end point trajectory, together with the optimal trajectory, is found in Fig-
ure 2. The optimal control trajectory for the swing-up example is found in
Figure 4(a).

4.2 Optimization with Path-Constraints

In this optimization problem, the cart should move from one side of the
track to the other side, while the end point of the pendulum must avoid
an obstacle defined by

X, +0.3 2+ yp+0.4 2:1
0.05 0.3 '

The pendulum should start and stop at rest in the downward position.
Track and control limitations are equivalent to in the swing-up problem.
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Figure 3. Pendulum end point trajectories for path-constrained problem. Both
the optimal trajectory and the trajectory obtained when optimal control trajectory
is applied to the physical pendulum system in open loop, are plotted.

We get the following optimization problem

minimize ¢

subject to 6 = —94sin6 + %cos 6
p=u
xXp =p—1sin6 yp = —lcos 6
54037 | (5404)? 1 (5)
o5 ) T (703 ) 2
09<p<0.1 | <5  |al <100

p(0)=—08 p(0)=0 6(0)=0 6(0)=0
pltr)=0  p(tr)=0 6(ty) =0 6(tf) =

where t; again is the final time. This is a highly nonconvex problem
due to the nonlinear dynamics and, more significantly, due to the obstacle.
To solve this problem using the JModelica.org platform, an initial guess
needs to be constructed and sent to the solver. An initial guess is created
by dividing the optimization problem into two parts. The first part has
the same initial condition as the original problem and the terminal point
constraint at a position above the obstacle. The second part has the initial
condition at the position above the obstacle and the same terminal con-
straint as the original problem. These trajectories are merged and sent to
the solver as initial condition. For more details on how these trajectories
were created, see [Giselsson et al, 2009]. Optimization results, as well as
the trajectory obtained when applying the control action to the physical
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Figure 4. Optimal control trajectories for the swing-up problem (a) and the path-
constrained problem (b).

system with the same initial condition as in the optimization, are found in
Figure 3. The optimal control trajectory for the path-constrained problem
is found in Figure 4(b).

4.3 Discretization of the Optimal Trajectories

The results from optimization problems (4) and (5) are continuous time
state and control trajectories which we denote by p*(t), p*(¢),0"(¢) and
0*(t) respectively. The sampling time of the PC communication is denoted
by h and we introduce the sampling counter n € N. This implies that the
actual time ¢ at sampling instant n is ¢ = An. We define the discrete time
variables p°, p°, 8°,6° and u° at the sampling instants as

(nh), p°(n) := p* (nh),
(nh), 0°(n) := 0’ (nh),

p’(n) :=p" 2
o* 6

for every n € N such that nhA < ¢r. We also define

2%(n) = [p°(n) p°(n) 6°(n) 6°(n)]".

Using these definitions, discrete time trajectories are created and used as
feedforward trajectories to the pendulum system.

5. Model Predictive Control

The feedforward control trajectories from the previous section gives close
to optimal state trajectories when applied to the physical pendulum sys-

228



0.4

0.3r
0.2}

0.1

5. Model Predictive Control

Actual trajectory
4 - — — Nominal trajectory []

Cart track

Figure 5. Pendulum end point trajectory for the swing-up problem when the real
pendulum is swinging initially and no feedback is used.

0.2

Actual trajectory - - - Nominal trajectory %

Cart track

Figure 6. Pendulum end point trajectory for the path-constrained problem when
the real pendulum is swinging initially and no feedback is used.

tem, see Figures 2 and 3. This behavior cannot be expected when distur-
bances are present. In the optimization problems in the previous section
it is specified that the pendulum should start at rest in the downward po-
sition. When disturbances are present in the initial condition of the pen-
dulum, the resulting pendulum end point trajectories are very far from
the optimal ones. This is shown in Figure 5 for the swing-up problem
and in Figure 6 for the path constrained problem. In the experiments, the
pendulum was initially swinging back and forth with a magnitude of ap-
proximately 45°. In this section we introduce MPC feedback to cope with
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such disturbances.

5.1 Discrete Time Pendulum Model

The continuous time dynamics of the pendulum system is discretized and
linearized to be used for model predictive control. In each sampling in-
stant, n, the system, (2)-(3), is linearized around the nominal states,
x%(n), and the nominal control, u°(n). We introduce actual states p(n),
p(n), 8(n), 8(n) and x(n) = [p(n) p(n) 6(n) 8(n)]* and the actual con-
trol u(n). We also introduce the deviation between the actual states and
nominal states

Ap(n) := p(n) = p°(n), Ap(n) = p(n) = p°(n),
AB(n) := 0(n) — 6°(n), Ab(n) := 8(n) — 6°(n),
Ax(n) == x(n) —x°(n), Au(n) :=u(n) —u’(n)

Since the cart dynamics are linear, only the pendulum dynamics need to
be linearized. To achieve this, we introduce Azy(¢) which is the deviation
from the linearization point for the continuous pendulum states and Av(t)
which is the continuous control signal for the linearized model. This gives
the following linearized pendulum dynamics when linearized around pen-
dulum angle 6°

A:ZQ (t)

(e s, 8o
_ w Az(t) + ((w‘ﬂ

A(6°) B(6Y)

where (@°)? = ¢ cos 6°. The resulting linear time-varying dynamics de-
pend on the nominal pendulum angle 6° only. To obtain a discrete time
model for sampling instant n, the linearization is performed around pen-
dulum angle 8°(n) and the resulting linear model is discretized using zero-
order-hold. The discrete time control signal, which we denote by Au(n) is
constant during the sample. The discretized zero-order-hold equations be-
comes

h
Axg(n + 1) = A Axy(n) + / A M=) B(9°(n))dsAu(n)  (6)
=0

S
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AP _ 1 1 AP h + AT T
0o 1 ‘()0 ’
:I+< 0(,,)2 )h_(w(n) 0 2)h_
—0’(n)* 0 0 @°(n) 2!
0 —o’(n)*\ A  [(@’(n)* O K
+ @°(n)* 0 B 0 @(n)*) 41
0 @’(n)*\ K (&) 0 \&®
+ —0°(n)® 5 0 @(n)® 6
0 —0(n)f\ A7
) (n) 0 7!
X\ o —1)
5 CU (00 (n) ) ) 2 oy (@°(r)R)
= @ (m) S @I+
- —0°(n) Y- &7 (@0 (n)h) 2+ I CHODE
= (27+1)! 1=0 @0
cos @°(n)h w+w sinw’(n)h
- —wo(n) sin a)O(n)h cos wo(n)h

with (@°(n))? = ¢ cos 6°(n). The last equality comes from the Taylor series
expansion of cosine and sine. The integral in (6) becomes

3 h ©°(n) sin (0°(n
/ eA(HO(n))(h—S)B(QO(n))ds = / - @l
o Mcos (a)o(n,)(h —3))

=
|
[Va)
=
~
ISH
»

s=0

A discrete time model of the double integrator (2) is well known to be
1 h e
Axc(n+1) = (0 1) Ax.(n) + < Z > Au(n)
where Ax, = [Ap Ap]T. This gives the following full linearized model
Ax(n + 1) = ®(6°(n))Ax(n) + T'(6°(n))Au(n) (7)
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where
1 h 0 0
0 0 1 0 0
O =14 o cos 0’ (n)h w()#(n) sin °(n)h
0 0 —w°n)sinw’(n)h cos 0 (n)h
B
(6°(n)) "
re“(n)) = 1 0
7(1—cosw®(n)h)
20 sin 0°(n)h

and (@°(n))? = ¢ cos 8°(n).

5.2 MPC Optimization Problem

The model developed in the previous section is unstable for some pendu-
lum angles. Due to this, predicting future states directly with (7) may
result in poor predictions. To avoid that, a discrete time LQ-feedback
term that depends on the nominal pendulum angle is introduced, ug(n) =
—L(6°(n))Ax(n), where L(6°(n)) is the optimal LQ-feedback for (7). The
prediction model becomes

Ax(n +1) = (®(6°(n)) — T(6°(n))L(6°(n))) Ax(n) + ['(8°(n))Au(n)
= @(6°(n))Ax(n) + T (6°(n))Au(n) (8)

where @7,(8°(n)) := ®(6°(n)) —T'(6°(n))L(6°(n)). This model is stable for
every nominal pendulum angle 8°(n). The decision variables in the MPC
problem are state and control signal deviations from the nominal trajec-
tories. In every sample instant, u(n) = u’(n) + Au(n) + ugp(n), is sent
as control signal (acceleration reference) to the system. The maximal al-
lowed acceleration is £7m /s? which is the maximal acceleration for which
the inner control loops do not saturate. The track on which the cart is at-
tached is one meter. The track length and control magnitude constraints
are captured in the following sample dependent constraint set

X(n) = {Au(n) € R,Ax(n) € R* | |Au(n) +u’(n) — L(6°(n))Ax(n)| < 1,
( (n) <1—po,
) >

( (n) > —po} 9)

where py € [0,1] is the initial position of the cart on the track. We use
a quadratic cost, hence the MPC problem to be solved in each sampling

Ap(n) + p°
Ap(n) + p°
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instant, n, is

n+N
giAI; Ax()TQAx(1) + Au(l)T RAu(l) (10)
s.t. ;x(l +1) =@,(0°(1)Ax(l) + T(6°())Au(l), l=n,...,n+ N —1,
(x(1),u(l)) € X(1), l=n,...,n+ N,
Ax(n) =%

where @ > 0 and R > 0. The optimal Au(rn + N) = 0 and can hence be
removed from the optimization. Since the objective function is quadratic
and the dynamics and constraints are linear, the resulting optimization
problem is a quadratic program.

5.3 Optimization Algorithm

The optimization problem (10) is solved using the algorithm presented in
[Giselsson, 2012a]. The algorithm in [Giselsson, 2012a] is an accelerated
gradient algorithm that is applied to the dual of a condensed version of
(10). A condensed version it obtained by eliminating the state variables
by expressing them in the control variables. We present the condensed
version of (10) and the optimization algorithm from [Giselsson, 2012a]
below. To this end we introduce the following matrices

Ai(n) Bii(n) -+ Bin(n)
A(n) = : s B(n) =
Apn(n) Byi(n) -+ Ban(n)
where

Ai(n) = [] @®u(6°()),
l=n

[ II ¢L(9°(l))} L@°(n+j-1) Jj<i,
Bij(n):=q L=t/

L(e°(n+j—1)) Jj=i,
0 J>i.
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We denote the predicted future state and control variables by
Ax(n) Au(n)
ax(m)=| i |, Au@)= :
Ax(n + N) Au(n + N —1)

The predicted future state variables can be expressed in the current state
Ax(n) = % and in the control variables Au(n) as

Ax(n) = A(n)x + B(n)Au(n). (11)

By introducing the matrices I, := [1,0,0,0], C, := blkdiag(l,,...,I,) and

Ci(n) := blkdiag(—L(6°(n)),...,—L(6°(n + N —1)))
the constraint set (9) for all n,...,n 4+ N can be written as
Cp 0 1—po—p°(n)
—Cp 0 Po + pO(n)
A A < 12
am || | e (12)
—Cr(n) —I 7 +u’(n)
—_—— ———
C:(n) Cu d(n)
where
Po = [PO,---,PO]Ta po(n) = [po(n)i'“’po(n-’-N)]T’
1=11,...,1]7, u’(n) = [’(n),...,u’(n+ N - 1)|7,
7=117,...,7".

The constraints in (12) can, using the state predictions in (11), be written
as

(C(n)B(n) + C,) Au(n) < d(n) — Ci(n)A(n)x. (13)
By further defining
Q := blkdiag(Q,...,Q), R := blkdiag(R,...,R),
C(n) := C,(n)B(n) + C,, g(n, %) :=d(n) — Cy(n)A(n)x

the optimization problem (10) at sample instant n is equivalently written
as
min  ;Au(n)"H(n)Au(n) + 7 G(n)Au(n) (14)

Au(n)
s.t. C(n)Au(n) < g(n,x)

234



5. Model Predictive Control

where H(n) = B(n)TQB(n) + R and G(n) = A(n)7QB(n). To solve (14)
we introduce dual variables u € R for the inequality constraints where
p is the total number of constraints. We get the following dual problem

IﬂggiAmu%’rll)lAu(n)TH(n)Au(n) + 7 G(n)Au(n) + u’ (C(n)Au(n) — g(n, %))

which, as shown in [Giselsson et al., 2012], can explicitly be written as

max —2 (C(n) pt + G(n) %) (H(n) ™ (C(n) u + G(n) %) — " g(n, ).

u>0
(15)
We define the dual function as the maximand in (15) and denote the dual
function by Dy (%, u,n). The dual function Dy has Lipschitz continuous
gradient with Lipschitz constant L(n) = ||C(n)(H (n))"1C(n)T| and the
gradient is given by

VDy(x,u,n) = —C(n)(H(n)) " (C(n)" p+ G(n)" %) — g(n,%).

As shown in [Giselsson et al., 2012, Giselsson, 2012a] this implies that the
dual function can be maximized using an accelerated gradient method.
The iterations defining the accelerated gradient algorithm applied to the
dual problem (15) are stated below (cf. [Giselsson, 2012a]).

Aut = —(H(n)) ™ (C(n)" " + G(n)"5) (16)
AW = Au” + %(Auk — Auft) (17)
4+ = max {o,uk + g =B+ £ (Cln)AR" — g(n, )

(18)

where k is the iteration number. The algorithm converges as O(1/k?)
in both dual function value and in distance between the primal variables
Au* and the optimal primal variables (cf. [Giselsson et al., 2012,Giselsson,
2012a]). For more on accelerated gradient methods the reader is referred
to [Nesterov, 2003, Beck and Teboulle, 2009, Tseng, 2008, Giselsson et al.,
2012].

5.4 Implementational Aspects and Stopping Conditions

The MPC controller is implemented in Matlab/Simulink and communi-
cates with the second microprocessor on the cart via the serial interface.
Not all state variables can be measured directly, only cart and pendu-
lum positions are measured. The cart velocity is estimated in the second
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Figure 7. Pendulum end point trajectory for the swing-up problem when the real
pendulum is swinging initially and feedback is used.

microprocessor and is sent to the PC when asked for by the MPC con-
troller. The pendulum angular velocity is estimated by a derivative filter
in Simulink that is updated ones in every MPC sample. This gives ac-
curate enough pendulum angular velocity estimates since the pendulum
dynamics are quite slow. The control horizon is chosen to N = 40. The
sampling time, which is chosen to 2 = 0.025s, sets hard limitations on the
allowed execution time of the MPC controller. In each sampling instant,
the matrices A(n), B(n), C(n) and g(n,x) are built. These matrices are
sampling dependent, but can be precomputed and stored for faster online
execution. The optimization algorithm (16)-(18) is warm-started in every
sample with the solution to the optimization problem in the previous sam-
ple, shifted one step, as initial guess. A constraint tightening approach is
used to guarantee a feasible solution with finite number of iterations. We
use a relative constraint tightening of 0.005, i.e., if the actual constraint is
x < 0.5 the corresponding constraint is set to x < (1 —0.005)0.5 = 0.4975
in the optimization problem. The stopping condition of the algorithm is to
have primal feasibility, i.e., x < 0.5 in the example above and a relative
duality gap less than 0.005. By construction of the optimization problem,
the equality constraints originating from the dynamic equations always
hold.

5.5 Experimental Results

In Figures 7 and 8 pendulum end point trajectories when feedforward
and MPC feedback is used, are plotted. The experiments are initialized
with the pendulum swinging back and forth with a magnitude of approx-
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Figure 8. Pendulum end point trajectory for the path-constrained problem when
the real pendulum is swinging initially and feedback is used.
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Figure 9. Control trajectory applied to the real system (solid) and feedforward
trajectory (dashed) when initial swinging and feedback is used for the swing-up
problem (a) and the path-constrained problem (b).

imately 45° as in the examples without feedback in Figures 5 and 6. The
weight matrices are chosen to be @ = diag(50,0.1,50,0.1), and R = 0.3
in the path-constrained problem and R = 1 in the swing-up problem. The
feedback gain vector L is the LQ-gain computed using unit weights on
both states and control.

Due to the initial swinging of the pendulum, the trajectories are far
from the optimal ones at start but the feedback brings the actual trajec-
tories closer to the optimal trajectories with time. This shows that the
introduced model approximations are accurate enough to achieve good
performance in the physical pendulum system. Figures 9(a) and 9(b)
show the control trajectories that are applied to the system for the swing-
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Figure 10. Total (solid) and optimization algorithm (dashed) execution times for
the MPC algorithm when initial swinging and feedback is used for the swing-up
problem (a) and the path-constrained problem (b).

up problem and the path-constrained problem respectively. Figures 10(a)
and 10(b) show the execution time of the MPC controller for the swing-
up problem and path-constrained problem respectively. Both total execu-
tion time, which include setup of the matrices used by the optimization
algorithm and solving the problem, and execution time used by the op-
timization algorithm are plotted. Figures 10(a) and 10(b) show that the
optimization algorithm is efficient enough to find a close to optimal so-
lution well within the sampling time of 2~ = 25 ms. Videos of similar
experiments, with and without initial swinging of the pendulum, can be
found in [Giselsson, 2012b].

6. Conclusions

We have developed an MPC controller that controls the actual system
trajectories towards precomputed feedforward trajectories in a pendulum
system. The feedforward trajectories take the system from one operating
point to another. One swing-up problem and one path-constrained problem
are considered and both have been applied to a physical pendulum system.
The MPC optimization problem is solved using an accelerated gradient
method technique presented in [Giselsson, 2012a]. The experiments show
that the algorithm is efficient enough for real-time implementation in a
pendulum system.
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Supplement A
Specification of Randomly Generated Systems

In this section, the randomly generated systems used in the numerical
sections of Paper III, Paper IV, Paper V, and Paper VI are presented. In
Paper III, Paper IV, and Paper V the same random system is used.

A.1. Random System in Paper lll, Paper IV, and Paper V

Dynamics

The dynamical system consists of three subsystems with five states and
one input in each subsystem. The full system dynamics are described by

x(t+1) = Ax(¢) + Bu(t)

where x € R u € R?, x = [x1,...,x15]7, and u = [u1,us,u3]”. The
dynamics-matrix is block-diagonal while the input-matrix is sparse:

Ay B;; 0 B
A= A, , B =| B1 Bz Bss
As 0 Bz Bss

The matrices for subsystem 1 are:

0.265 0.237 0.001 0.193 0.056
0.054 0426 0.154 0.209 0.079

A; = 0101 0.243 0.455 0.145 0.148
0.084 0.111 0.059 0.453 0.210
0.0568 0.238 0.236 0.083 0.326
and
0 0
0 0
By = 0 , B3 = 0
0 0
0.403 0.827
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The matrices for subsystem 2 are:

0.455 0.109 0.098 0.070 0.127
0.027 0.398 0.109 0.157 0.132
Ay, =1 0208 0.177 0.495 0.149 0.023
0.213 0.188 0.145 0.496 0.229
0.090 0.192 0.215 0.022 0.476

and
0 0 0
0 0 0
By = 0 , By = 0 , Bys = 0
0 0 0
0.476 0.439 0.620

The matrices for subsystem 3 are:

0.455 0.095 0.102 0.182 0.100
0.250 0.499 0.160 0.122 0.251

As =] 0.040 0.246 0.502 0.162 0.102
0.060 0.163 0.141 0477 0.167
0.178 0.217 0.236 0.050 0.481
and
0 0
0 0
B3y = 0 , B33 = 0
0 0

o
W
o
~
(@)
©
©
(%)}

Constraints

The states are subject to the following constraints:
—0.116 < x1 <1.246, —0.076 <x9 <1.023, —0.104 < x3 < 1.462,
—0.120 < x4 <£0.530, —0.056 < x5 <1.020, —0.083 < x6 < 1.390,
—0.061 <x7 <0.730, —0.073 <x3<0.811, —0.057<ux9<1.152,
—0.078 < x190 < 0.775, —0.094 < x1; <1.380, —0.110 < x19 < 1.256,
—0.061 < x13 < 1.283, —0.135 < x14 <1.479, —0.097 < x15 < 0.551,

and the controls are subject to the following constraints:

—0.608 <u; <1.153, —1.118<uy <0.536, —1.462 <u3 <1.067.
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A.2. Random System in Paper VI

Cost Function

Two different quadratic cost functions are used in Paper III, Paper IV, and
Paper V; one with identity-matrices defining the cost for states and con-
trols and one with randomly generated diagonal matrices. The randomly
generated matrices are

Q1
Q= Q2 ,
Q3
where
32.11
7.53
Q= 34.59 )
24.88
18.72
59.63
63.64
Qs = 8.19 ,
69.01
36.26
2.71
10.90
Qs = 88.09 ,
37.31
1.45
and
53.66
R = 51.05
83.70

A.2. Random System in Paper VI

Dynamics

The dynamical system consists of six subsystems with five states, one
input, and one output in each subsystem. The full system dynamics are
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described by

¥(t) = Cx(2)
where x € R3°, u € R, y € R x = [x1,...,x30]7, u = [u1,...,ue]”, and
Yy = [y1,...,¥6]T. The dynamics-matrix and the output-matrix are block-
diagonal:
Aq C,
A= s C= . )
AG CG

while the input-matrix is sparse:

Bin 0 Bz By Bis 0

0 By Bos By 0 0

s | © 0 Bs 0 Bs 0
By 0 By By O 0

0 0 0 0 Bss O

0 Bgo 0 0 0 Bgg

The output-matrices satisfy Ci,...,Cs = [0 0 0 0 1] and the matrices for
subsystem 1 are:

0.299 0.144 0.015 0.236 0.248
0.088 0.449 0.123 0.011 0.226
0.175 0.137 0.449 0.101 0.028
0.086 0.015 0.0564 0.322 0.140
0.045 0.242 0.111 0.197 0.422

Ay
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and

By =

o

By =

= =
NOOOOQOOOO

e

The matrices for subsystem 2 are:

0.493
0.108
Ay = | 0.098
0.187
0.091
and
0
0
By = 0 ,
0
0.748

0.094
0.396
0.241
0.168
0.162

Bys =

The matrices for subsystem 3 are:

0.382
0.228
0.040
0.058
0.244

As

0.069
0.416
0.162
0.123
0.155

A.2. Random System in Paper VI

0.171
0.120
0.382
0.080
0.032

S O O O

=
=
DN
3

0.240
0.167
0.275
0.119
0.070

B3 =

Bi5 =

0.096
0.118
0.240
0.286
0.040

0.146
0.100
0.155
0.311
0.250

=
o 3
SoocoocoJoooo

o

0.027
0.207
0.139
0.105
0.342

Byy =

0.071
0.230
0.246
0.142
0.489

S O o O

N
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and

B33 =

0.

oS O O O

=

35

The matrices for subsystem 4 are:

Ay =

and

oS O O O

0.356
0.076
0.034
0.115
0.252

>

0.907

0.147 0.015
0.463 0.008
0.072 0.326
0.033 0.158
0.139 0.173

oS O O O

o
o
>
3

The matrices for subsystem 5 are:

0.448
0.210
0.238
0.125
0.023

As

0.072
0.261
0.014
0.093
0.003

0.029
0.138
0.438
0.160
0.054

0.130
0.242
0.212
0.374
0.172

The matrices for subsystem 6 are:

Ag =

246

0.491
0.088
0.107
0.138
0.175

0.074 0.200
0.341 0.194
0.069 0.277
0.198 0.037
0.071 0.069

Bss =

0.160
0.223
0.063
0.306
0.118

0.110
0.120
0.229 |,
0.174
0.384

0.214
0.058
0.010
0.443
0.056

S O O O

o
o
®
>

0.190
0.042
0.177
0.140
0.318

By =

oS O o O

o
o
©
Do

Bss =

0.222
0.254
0.109
0.062
0.272

oS O O O

=l
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and

, Begg =

oS O O O
o O O O

0.374 0.

=~
W
[\

Constraints and Cost Function

The original state constraints are —0.11 < x1,...,x30 < 2. After constraint
tightening, which is performed to guarantee robust feasibility in the out-
put feedback case, the state constraints are:

—0.047 <x1 <1.937, —0.045<x3 <1935, —0.049 <x3<1.939,
—0.069 < x4 <1.959, —0.041 <x5 <1930, —0.030 < xg < 1.920,
—0.031 <x7 <1.921, —-0.015<x5 <1904, —0.040 <x9 < 1.930,
—0.057 < x190 £1.947, —0.037 <x1; <1.927, —0.009 < x192 < 1.899,
—0.032 < x13 <1.922, —0.046 < x14 <1936, —0.005 < x15 < 1.895,
—0.057 < x16 <1.946, —0.062 < x17 <1952, —0.069 < x13 < 1.959,
—0.065 < x19 < 1.955, —0.051 < x99 < 1.941, —0.054 < x9; < 1.945,
—0.036 < x99 <1.926, —0.029 < x93 < 1.915, —0.038 < x94 < 1.930,
—0.065 < x95 < 1.955, —0.018 < x96 < 1.913, —0.047 < x97 < 1.937,
—0.069 < x98 < 1.959, —0.041 < x99 <1.931, —0.060 < x30 < 1.950.

The control constraints are:

—0.1<u;<0.1, —0.1<us<0.1, —0.1<u3<0.1,
—0.1<us<0.1, —0.1<u5<0.1, —0.1<ug<0.1.

The quadratic cost function has identity cost-matrices for both states and
controls.
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