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I. Introduction.
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In recent years aspects of system identi-~
fication have been discussed in a multi-
tude of papers, at many conferences and in
an appreciable number of university cour-
ses. Apparently the interest in this sub-
ject has different roots, e.g.:

o Definite needs by engineers in process
industries to obtain a better knowledge
about their plants for obtaining impro-
ved control. This holds not only for the
chemical but also for the mechanical and
other production industries.

o The task to study high performance aero
and space vehicles, as well as the dyna-
mics of more down-to~earth objects 1like
railway carriages and hydrofoils.

0 Study of the human being in'tracking
action and in other types of control.

0 Research of biological functions, e.g.
of neuromuscular systems like the eye
pupil response, arm or leg control,
heart rate control, etec.

Not only the needs for, but also the possi~
bilities of estimation have dramatically
changed with the development of couputer
hardware and software. More or less apart
from the "engineering" and "biological"
approach the econometricians and statisti-
cians have been working on dynamical eco-
nomic moedels, leading to incidental cross—
—fertilization with engineering.

At:many universities the field has been
recognized as a legitimate subject for
faculty and Ph.D. research.

The net result of this development is a
large number of publications, either
accentuating a particular type of approach
or describing a certain case study. In
this survey paper the "motivation" of the
identification is derived from control
engineering applications.

Throughout the history of control theory
it has been known that the knowledge about
a system and its environment, which is re-
quired to design a system, is seldom avail-
able a priori. Even if the equations
governing a system are known in principle
it often happens 'that knowledge of parti-
cular parameters ig missing, It is not
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uncommon that the models which are avail—-
shle are much too complex etc. Such situ-
ations naturally occur in many other
fialde., There &re, however, twq facts
which are uniyue for the identification
problems occurring in automatic control,
i.e,

o It is often possible to perform experi-
wments on the system im order to cbtain
the lacking kaowledge.

o The purpose of the identification is to
design a coatrol strategy.

One of the factors which undoubtedly con-—
tributed very much to the great success of
frequency response techniques in "classi-
cal" control theory was the fact that the
design methods were accompanied by a very
powerful technique for systems identifica-
tion, i.e. frequency analysis. This tech-
nique made it possible to determine the
transfer functions accurately, which is
precisely what is needed to apply the'syn-~
thesis methods based on logarithmic dia-
grams, The models used in "modern” control
tric models in terms of state eguationa,
The desire to determine such models fram
experimental data has naturally renewed
the interests of control engineers in pa~
rameter estimation and related techniques.

Status of the Field

Although it 18 very difficult to get an
overview of a field in rapid development
we will try to point out a few facts which
have struck us as being relevant when we
prepared this survey.

The field of identification is at the mo-
ment rather bewildering, even for so—called
experts. Many different metheds and tech—
niques are being analysed and treated.
-"New methods" are suggested en masse and,
on the surface, the field appears to look
more like a bag of tricks than a unified
subject. On the other hand wany of the
so—-called different methods are in fact
quite similar. It seems to be highly de-
sirable to achieve some unification of the
field. This means that an abstract frame-
work to treat identification problems is
needed. In this context it appears to us
that the definition of an identification
problem given by Zadeh (1962) can be used
as a starting point, i.e. an identifica-
tion problem is characterized by three
quantities: a class of models, a class of
input signals and a critericn. We have

v “ed to emphasize this point of view
thrcughout the parer,

Jur a sutvey papev like this 1t 13 out of
suestion to stvive for completenese, Liri
taticns are given by: the mewher ¢f rela-
vant puhlications; the balance hzzween the
"ecucatiovnal and the '2xpert slant of
this miesenration; the {in)ccheven to of
the field end the wide speccrum of relited
topies.

0.1

Algo it is desiratle to keep in mind that
uatil now a number of survey papers has
been written, based on many refevences,
For an indication wherc this new paper
stands with respect to the older ones the
reader is presented with an enumeratiom
of topics dealt with in the IFAC survey
papers:

P. Eykhoff, P.M. van der Grinten,

H, Kwakernaak, B.P, Veltman,

Systems modelling and identification

Third congress IFAC, London 1966 A
83 references

M. Cuenod, A.P. Sage.
Comparison of some methods used for
process identification

IFAC symposium on "Identification im B
Automatic Control Systems", Prague

1967; also in: Automatica, 4, (1968),
235-269 79 references

P. Eykhoff. .
Process parameter and state cstima-~
tion

IFAC symposium on "Identification in ¢
Automatic Control Systems”, Prague

1967; also in: Automatica, 4, (1968),
205-233 |1 references

A.V, Balakrishnan, V. Peterka.
Identification in automatic control
systems

Fourth congress IFAC, Warszawa, 1969 D
125 references

and of this paper, indicated by E
213 references

CENERAL ASPECTS|

The purpose of identification/estimation
procedures.

identification

- definition and formulation E
- and control D,E
model representation

~ a priori knowledge

- linear A,B,C,D
- linear in the parameters c
- nonlinear, general

- nonlinear, Wiener

- nonlinear, Volterra

- lin,/nonlin.-in-parameters

- mltivariable

Industrial models

- nge

~ 2xarpleg dynamic/static
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Formulation of the estimation problem.

classes of instrumentation A,C,D,E
=~ models E
- ioput signal E
~ criteria E
- explicit mathemat./model adjust- A
ment

"one-shot" techn./iterative E
techn.

achievable accuracy D,E
input noise E
identifiability E

{ PARAMETER ESTIMATION |

relationship between estimation
techniques c

Least squares/generalized least squares.
A,C,D,E

"one-shot"_techniques:

auto- and cross correlation A,B,C,E
differential approximation

deconvolution, numerical B
normal equations (sampled

signals) A,C,D,E
residuals E
test of model order E
combined model and noise param.

estimation E
instrumental variables D,E
generalized model/minimization of

equation-error A,C,D,E

iterative techniques:;

model adjustment, A,C,D
- on-line, real time D,
~ sensitivity A
= hill climbing techniques
.8tochastic approximation c,D,
relation with Kalman filtering

Maximum likelihood.- I A,C,D,E

achievable accuracy D
properties C,E

Bayes' estimation. c

Use of deterministic testsignals.

(<]

choice of input signals

comparison of a number of test-
signale

siruscidal testsignais

peeudo-randow binary-aoise A,

9w

ISTAE ESTIriarzon|

state descriprion, examples
state' estimation, A,
= mnonlinear filtering

= >

[PARAVETER AND STATE ESTUNATION COMBINGD]

gradient method B
quasilinearization B,C,E
invariant imbedding B,E

Anotber survey paper of general interest
is Bekey (1968) as well as Strobel (1967,
1968). S .

2. General properties of identification

problems,

Purpose of Identification

When formulating and solving an identifi-
cation problem it is important to have

the purpose of the identification in mind.
In control problems the final goal is of-
ten to design control strategies for a
particular system. There are, however,
algo situations where the primary interest
is to analyse the properties of a system.
Determination of rate coefficients in
chemical reactions, heat transfer coeffi-
cients of industrial processes and reac—
tivity coefficients in nuclear reactors
are typical examples of such a "diagnostid'
situation. In such a case determination of
specific parameter values might be the
final goal of the identification, Many
problems of this type are also found in
biology, economy and medicine,

Even if the purpose of the identification
is to design a control system the charac-
ter of the problem might vary widely de-~
pending on the nature of the control pPro—
blep. A few examples are given below:

o Design a stable regulator.

o Design 2 control program for optimal
transition from one state to another.

0 Design a regulator which minimizes the
variations in process variables due to
disturbances.

In the first case it might be sufficient
to have a fairly crude model of the system
dynamics. The second control problem might
require a fairly accurate model of the
system dynamics. In the third problem it
is also necessary to have a model of the
environment of the system. Assuming that
the ultimate aim of the identification is
to desizn a control strategy for a system,
what would censtitute a satisfactory solu-
tion from 4 practical poins of yiew?

Tn most sraciical problems there is zclduw
sufficient a priori information about a
systea aud its envircenmeul o design a
control system from a wpriori data only, It
Wwill often be necessary Lo make some kind
of experiment, observe the #rucess while
usiig perturbations as input signals and
observe the corresponding changes in pro-
cess variables. In practice there are,
hewever, ofien severe limitations on the
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experiments that can be performed. In order to
get realistic models it is often necessary to
carry out the experiments during normal -opera-
tion., This means that if the system is pertur-
bed, the perturbatlons must be small so that
the production is hardly disturbed. It mlght
be necessary to have several regulators in
operation during the experiment in order to
keep the process fluctuations within accepta-
ble limits. This may have an important influ-
ence on the estimdtion-results.

When carrying out identification experxments
of this type there are many questions which
arise naturally:

o How should the experiment be planned? Should
a sequential design be used, i.e. plan an
experiment using the available a priori im-
formation, perform that experiment, plan a
new experiment based on the results obtained,
etc. When should the experimentation stop?

o What kind of analysis should be applied to
the results of the experiment in order to
arrive at control strategies with desired
properties? What confidence can be given to
the results?

o What type of perturbation signal should be
used to get as good results as possible
within the limits given by the experimental
conditions?

o If a digital computer is used what is a suit-
able choice of the sampling interval?

In spite of the large amount of work that has
been carried out in the area of system identi-
fication we have at present practically no
general answers to the problems raised above.
In practice most of these general problems are
therefore answered in an ad hoc manner,
leaving the analysis to more specified pro-
blems, In a recent paper Jacob and Zadeh (1969)
discuss some of the questions in conmection
with the problem of identifying a finite state
machine; c.f. also Angel and Bekey (1968).

Some aspects of the choice of sampling inter-
vals are given in Fantauzzi (1968), Astrim
(1969) and Sano and Terao (1969).

Since the general problems discussed above are
very difficult to formalize one may wonder if
there will ever be rational answers to them.
Nevertheless it is worthwhile to recognize the
fact, that the final purpose of identificatien
is often the design of a control system, sinmce
this simple observation may resolve many of
the ambiguities of an identification problem.
A typical example is the discussion whether
the accuracy of an identification should be
judged on the basis of deviations in the model
parameters or in the time-response. If the
ultimate purpose is to design control systems
then.it seems logical that the accuracy of an
identification should be judged on the basis

signed from the results of the identification.

Formulation of Identification Problems

The following formulation of the identification

problem given by Zadeh (1962) is still rele-
vant:

“Tdentification i8 the determination, on the
basis of input and output, of a system within
a specified class of syatems, to which the
system under test is equwaZent"

Using Zadeh's formulation it is necessary to
specify a class of systems, S = {S}. a class
of input signals, U, and the meaning of
"equivalent". In the following we will call
"the system under test" simply the process and
the elements Qf S will be called models.
Equivalence is often defined in terms of a
criterion or a loss_function which is a func-
tional of the process output y and the model
output yp, i.e.

Ve V(Y-ym) 2.1

Two models m) and m, are then said to be
is the same for both models i.e.
V(y.yml) V(y.ymz)

There is a large freedom in the problem formu-
lation which is reflected in the literature on
identification problems. The selection of the
class of models, S, the class of input signals,
U, and the criterion is largely influenced by
the a priori knowledge of the process as well
as by the purpose of the identificationm.

When equivalence is defined by means of a loss
function thé identification problem is simply
an optimization problem: find a model S,eS
such that the loss function is as small as
possible. In such a case it is natural to ask
several questions:

o Is the minimum achieved?
o Is there a unique solution?

o Is the uniqueness of the solution influenced
by the choice of input signals?

o If the solution is not unique, what is the
character of the models which given the same
value of the loss function and how should §
be restricted in order to ensure uniqueness?

Answers to some of these problems have been
given for a simple class of linear systems
arising in biomedical applications by Bellman
and Rstrdm (1969) The class of models S has
problem has zuaﬁique solution. Examples of
identifiable and non-identifiable classes are
also given.

The formulation of an identification problem
as an optimization problem also makes it clear
that there are conmnections between identifica-
tion theory and approximation theory.

Many examples of these are found in the lite-
rature e.g. Lampard (1955), Kitamori (1960),
Barker and Hawley (1966), Roberts (1966 and
1967) and others, where covariance functions
are identified as coefficients in orthogonal
series expansions. Recent examples are
Schwartze (1969), Gorecki and Turowicz (1969).



Another type of identification problem is ob—
tained by imbedding in a probabilistic frame-
work. If S is defined as a parametric class,

S = {S,}, where B is a parameter, the identi-
ficatigu problem then reduces to a parameter
estimation problem. Such a formulation makes
it possible to exploit the tools of estimation
end decision.theory. In particular it is poss-—
ible to use special estimation methods e.g.
.the maximum likelihood method, Bayes' method,
or the min-max method. It is possible to _
assign accuracies to the parameter estimates
and to test various hypotheses.

Also in many probabilistiec situations it turns
out that the estimation problem can be reduced
to an optimization problem. In such a case the
loss function (2.1) is, however, given by the
probabilistic assumptions, Conversely to a
given loss function it is often possible to
find a probabilistic interpretation.

There are several good books on estimation
theory available, e.g. Deutsch (1965) and Nahi
.(1969). A summary* of the important concepts
and their application to process identifica-
tion is given by Eykhoff (1967). An exposé of
the elements of estimation theory is also
given in Appendix A.

Also in the probabilistic case it is possible
to define a concept of identifiability using
the framework of estimation theory, In fstrdm
and Bohlin (1965) a system is calléd identi-
fiable if the estimate is consistent. A neces-
sary condition is, that the information matrix
is positive definite, This concept of identi-
fiability is pursued further in Balakrishaan
(1969), Staley and Yue (1969).

Relations between Identification 'and Controlj;
= the Separation Hypothesis

Whenever the design of a control system around
a partially known process is approached via
identification it is an a priori assumption
that the design can be divided into two steps:
identification and control, In analogy with
the theory of stochastic control we refer to
this assumption as the separation hypothesis.
The approach is very natural, in particular if
we consider the multitude of techniques which
have been developed for the design of systems
with known process dynamics and known environ-
ments., However, it is seldom true that optimum
solutions are obtained if a process is identi-
fied and the results of the identification

are used in a design procedure,developed

under the assumption that the process and its
environment are known precisely, It can be
necessary to modify the control strategy to
take into account the fact that the identifi-
cation is not precise, Conceptually it is
known how these problems should be handled.

In the extreme case when identification and
control are done simultaneously for a system
wvith time-varying parameters the dual control
concept of Fel'dbaum (1960,1961) can be
applied. This approach will, however, lead to
exorbitant computational problems even for
simple cases. C.f. also Mendes (1970), and
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compare Section 7.

It can also be argued that the problem of
controlling a process with unknown parameters
can be approached without making reference

to identification at all. As a typical example
we mention on-line tuning of PID regulators,
In any case it seems to be a worthwhile pro-
blem to investigate rigorously under what
conditions the separation hypothesis is valid.
Initial attempts in this direction have been
made by Schwartz and Steiglitz (1968), Lstrom
and Wittenmark (1969). . '

Apart from the obvious fact that it is desi-
rable to choose a class of models S for which
there is a control theory available, there are
also many other interesting questions in the
area of identification and control e.g,

o Is it poseible to obtain rational choices
of model structures and criteria for the
identification if we know that the results
of identification will be used to design
control strategies?

o What "accuracy" is required of the solution
of an identification problem if the separa-
tion hypothesis ,should be valid at least
with a specified error?

Partial answers to these quesfions are given
by xgtram and Wittenmark (1969) for a restrie-
ted class of problems.

Accuracy of Identification

The problem of assigning accuracy to the
result of an identification is an important
problem and also a problem which always seems
to give rise to discussions; e.g. Qvarnstrom
(1964). The reason is that it is possible to
define accuracy in many different ways and
that an identification which is accurate in
one sense may be very inaccurate in another
sense.

For example in the special case of linear
systems it is possible to define accuracy in
terms of deviations in the transfer function,
in the weighting function (impulse response)

“or in the parameters of a parametric model.

Since the Fourier transform is an unbounded
operator small errors in the weighting function
can very well give rise to large errors inm the
transfer function and vice versa. A discussion
of this is given by Unbehauen and Schlegel
(1967) and by Strobel (1967). It is also pos=-
sible to construct examples where there are
large variations in a parametric model in spite
of the fact that the corresponding impulse-
response does not change much, See e.g. Strobel
(1967).

Many controversies can be resolved if we take
the ultimate goal of the identification into
account, This approach has been taken by

Stépén (1967) who considers the variation of
the amplitude margin with the system dynamics.,
The following example illustrdtes the point.

Example. Cog51dgr the process ST given by

& e uen) (2.2)
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The transfer function is

Ho(s) = % .ot (2.3)

and the unit step response is

0<t<T
(2.4

0
©
R =

Assume that the process S, is identified as 54
Is it possible to give a sensible meam.ng to
the accuracy of the idemtification? It is imme-
diately clear that the differences

t>»T

max | by (t) - ho(‘t)l (2.5)
t

max | Hy(ju) - Hy(jw) | (2.6)
w

can be made arbitrarily small if T is chosen
snall enough. On this basis it thus seems
reasonable to say that S, is an accurate repre-
sentation of S, if T is small. On the other
hand the dxffe;‘ence

|10 Hy (jw) - log H, G| = Jut] (@D

i.e. the difference in phase shift, cen be made
arbitrarily large, no matter how small we choose
T.

Finally agsume that it is desired to control
the system (2.2) with the initial condition

x(0) = 1 (2.8)
in such a way that the criterion
V= J 2x2(t) + uz(t) dt (2.9)
0

is minimal. Suppose that an identification has
resulted in the model S, while the process is
actually § . How large a deviation of the loss
_ funcrion is obtained? For S, the control stra-
tegy which minimizes (2.9) is given by

u(t) = - ax(t) (2.10)

The minimal value of the loss is
min V= a

If a = ] it tan be shown that a very slight in-
crease of the loss function is obtained if say
T = 0.001.

However, if @ = 2000 (>7/ 2T) the criterion
(2.9) will be infinite for the strategy (2.10)
because the 'system is unstable. We thus find
that the same model error is either negligible
or disastrous depending on the properties of
the loss fupction.

*

3. Classification of identification methods,

The different identification schemes that are
available can be classified according to the
basic elements of the problem i.e. the:class of
systems S, the input signals U and the critew
rion, Apart from this it might also be of
interest to classify them with respect to i
plementation and data processing requirements,
For example: in many cases it might be suffi=
cient to do all cmputauona off line, while
other problems might requxre that the results
are obtained on_line, i.e. at the same time the
measurements are done. Classifications have
been done extensively in Eykhoff (1967),
Balakrishnan end Peterka (1969),

The Class of Models S,

The models can be characterixed in many diffe-
such as 1nrpulae “responce, transfer functiom,
covariance funcn.om, spectral densities,
Volterra series and : by parametric models such
as state models

dt f(xlu’ B)

y = g(x,u,8) @3.1)
where x is-the state vectcr, u the input, y the
output and 8 a parameter (vector)., It is known
that the parametric models can give results
with large errors if the order of the model
does not agree with the order of the process,
An illustration of this is given in an example
of Section 5, A more detailed discussion of
parametric model structure is gl.ven in Section
4, The nonparnmetnc representations have the
advantage that it is not necessary to specify
the order of the process explicitely. These
representstions are, however, intrinsically in-
finite dimensional which means that it is fre-
quently possible to obtain a model such that
its output agrees exactly with the process out-
put. A typical example taken from Gerdin

is given below,

Example, Suppose that the class of models is

taken as the class of linear time-invariant
systems with a given transfer function. A
reasonable estimate of the transfer function is
then given by

o[T y(t)e %tae

H (s) =
. of u(®)eae

where u is the input to the process and y is
the output, To "eliminate disturbances" we
might instead first compute the input covari-
ance function

™1

Ru(x)'-«% 'I u(t)u(t+o)de
0
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and the input-output covariance

T=-1

_; u(t)y(t+r)de 150
lu,(t) -

—.; u(t)y(t+1)dt <0

) Sy =3 Oty )

and then estimate the transfer function by

H ¥
I Ruy(t)e-"d'r

N =T
) =

I gu(t)e”'Tdt
=T

It is easy to show that ﬁI-B . The reason is
simply that the chosen trinsfer function will
meke the model output exactly equal to the pro-
cess output, at least if the process is initi-
ally at rest,
Interesting aspects of parametric versus non-
parametric models are found in the literature
on time series analysis. See for example Mann
and Wold (1943), Whittle (1963), Grenander and.
Rosenblatt (1957), Jenkins and Watts (1963).
Needless to say the models must of course
ﬁnnlly be judged with respect to the ultimate
M.

The Class of Input Signals

It is well known that significant simplifica-
tions in the computations can be achieved by
choosing input signals of a special type e.g.
impulse functions, step functicns, "colored"

or white noise, sinusoidal signals, pseudo-
random binary noise (PRBS), etc, A bibliography
on PRBS is given in Nikiforuk and Gupta (1969),
For the use of deterministic signals c.f,
Strobel (1968), Gitr (1969), Wilfert (1969),
From the point of view of applications it seems
highly desirable to use techniques which do not
make ptrict limitations on the inputs, On the
other hand if the input signals can be chosen
how should this be done? It has been shown by
Rstrm and Bohlin (1965), Retrém (1968), Aoki
and Staley (1969) that the condition of persis-
tent excitation (of order n), i.e. that the
1inits ’

: N
- lim 1
u = = u(k)
Lind ngl

' . N ~ _
R (1) = U2 ',',kgl {u()-3} {u(kri)-a)
exist and the matrix A, definad by

A = {aij R, G-j')  ijjel,...,n (3.2)

is positive definite, is sufficient to get con-
sigtent estimates for least squares, maximum
likelihood and maximum likelihood in the spe-
cial case of white measurement errors.

One might therefore perhaps dare to conjecture
that a condition of this nature will be re-
quired in general,

Apart from persistent excitation many applica-
tions will require that the output is kept
within specified limits during the experiment,
The problem of designing input signals, energy-
and time-constrained, which are optimal e.g.

in the sense that they minimize the variances
of the estimates, have been discussed by

Levadi (1966), Aoki and Staley (1969)., The same
problem is also discussed in Rault et al. (1969)
It is closely related to the problem of optimal
signal design in communication theory; see e.g.
Middleton (1960)

The danger of identifying sy;tema under closed
loop control also deserves to be emphasized,
Consider the classical example of Fig. 3.1,

Fig 3.1

An attempt to identify HP from measurements of
u and y will give

B g
i.e. the inverse of the transfer function of
the feedback. In industrial applications the
feedback can erter in very subtle ways e.g.
through the action of an operator who makes
occasional adjustments. Fisher (1965) has shown

the interesting result that the process may be
identified if the feedback is made nonlinear,

The Criterion
L ererlon

* It was mentioned in Section 2 that the crite-

rion is often a minimization of a scalar loss
function. The loss function i chosen ad hoc
when the identification problem is formulated
&8 an optimization problem and it is a conse-
quence of other assumptions when the problem is
formulated as an estimation problem,

Mostly the criterion is expressed as a func—
tional of an error e.g.

T

V(y,y,) ™ I e?(e)at 3.3)
0
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where y is the process output, ¥ the model
output and e the error; y, y, and € are consi-
dered as functions defined on (0,T). Notice
that the criterion (3.3) can be interpreted as N | process y
a least squares criterion for the error e.
The case

e=y-y, (3.4) | Yom

natural definition when the only disturbances output error
are white noise errors in the measurement of

the output.

The case n

process -

is referred to as the output error. It is the a) ’ e

e = M-l(y) B M_‘(ym) =u-uy (3.5)

where M(u) denotes the out?ut of the model when
the input is u and uy = M~ !(y,) denotes the

input of the model which produces the output
ym» 4§ called the input error. The notation M~}
implies the assumption that the model is inver-

tible, roughly speaking that it is always. ) )
possible to find a unique input which produces input error
a given ocutput. Rigorous definitions of the

concept of invertibility are discussed by

Brockett and Mesarovic (1965), Silverman (1969),

inverse
model

Sain aind Massey (1969). From the point of view u process
of estimation theory the criterion (3.4) with
the error defined as the input error (3.5)
would be the natural criterion if the distur—
bances are white noise entering at the system gereralized model

: . -1
In a more general case the error can be defined M, -+ M.
as

-1 c) e '

e =M, (y) - M (W) (3.6) generalized error.

where M, represents an invertible model. This Fig 3.2

type of model and error (3.6) are referred to
as peneralized model and generalized error;
Eykhoff (1963). A special case of the gene-

c) steepest descent method:

ralized error is the "equation error" intro- i+1) = 8(1) - TA) V i rG) > 0
duced by Potts, Ornstein and Clymer (1961). B(. ) B(L) @ B(B( )) . _(1) ]
Fig. 3.2 gises an interpretation of the differ— I(i) chosen such that V(B) is minimm in
ent error concepts in terms of a block diagram. the direction of the gradient,
d) Newton's method:
Computational Aspects B(is1) = B(1) - I(i) Vg(B(A)
. , . =1
All solutions to parametric identification pro- rday = [VBB(B(l))]
blems consist of flmilxng the extremm'of the e) conjugate gradient method:
loss function V considered as a function of the . PR . :
P S g B(i+1) = 8(1) - I(i)s(i)

parameters B. The minimization can be done in
many different ways e.g. ”VB (B(i)) H2
- as a "one-ghot" approach, i.e. solving the s(i) = VB(B(i) - —; 8(i-D)

relations that have to be satisfied for the HVB (8(1-1)) H

extremum of the function or functional or:

, . r(i) > 0, minimi v(B() - T s@
- as an iterative approach, i.e. by some type @ » minimizes (8(1) s(1))

of hillclimbing. In-this case numerous tech-
niques are available, e.g.

a) cyclic adjustment of the parameters one- ¢ V. is used-as a short_hand notation for the
-by-one, a.o. Southwell relaxation method ggadient of V with respect to B:
b) gradient method: . /
. B . def av av
g(i+1) = B(d) - T VB(B(].)) 94 r=>0 VB = VBV = [Tnl-,...,-——aﬂm]

I' = congtant
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This method, applied to a positive definite
quadratic function of n variables, can
reach the minimym in at most n steps.

In these methods it has not been taken into
account that in the practice of estimation
the determination of the gradient is degraded
through the stochastic aspects of the pro-

. blem. A method which considers this uncer-~

: tainty in the gradient-determination is the:

f) stochastic approximation method:
BE+1) = 8(i) - T{E) V (8(1))

where T'(i) has to fu1f111 the conditions:

@)= 0
1 rz(i) < » and Z ri)»~ asnre
i=1 =1

As an example may be used: I'(i) = I/1

A good survey of optimization techniques is
found in the book by Wilde (1964). See also
Bekey and McGee (1964).

&4, Choice of Model Structure

The choice of model structure is one of the ba-
sic ingredients in the formulation of the iden-
tification problem, The choice will greatly
influence the character of"the identification
problem, such as: the way in which the results
of the identification can Be used in subsequent
operations, the computational effort, the possi-
bility to get unique solutions etc. There are
very few general results available with regard
to the choice of structures.

In this section we will first discuss the con-
cept of linearity-in-the-parameters and we will
then discuss the structure of linear systems.

The Concept of Linearity-in-the-Parameters

In control theory the distinction between
linear and non~linear is usually based on the
dynamic behaviour, i.e. the relation between
the dependent and_the independent time var-

tinction between 11near1ty and nonlinearity is
of as much importance viz., with respect to the
relation between the dependent variables and

of linearity have no immediate relation as can
‘be seen from the following examples.

We assume a process with input signal u and
output signal y. Then the "model" may be chosen
to form an "error" e between process and model
output in the following way:

MODEL
Process in-the-parameters:
linear nonlinear
" .

oo u
v3 o =Y~V=Y~ Bra
a8 8 =4 D+a

jray=u S'S 4 {° yray=u | eraw=u
3 el ., .3 e=y-w=y-F[u a]
ay =u =y+ - 4
$+ay ] g E e=y+ay —u arawl=a
-

33410 P2

The two different uses of the terms linear and
nonlinear may cause some confusion, This is due
to the mixing of concepts from the fields of
system theory and regression analysis., ¥
Henceforth we will use the term "linear" for the
dynamic behaviour and use "linear-in-the-para-
meters" for the other type. ’
In connection with estimation schemes the great
importance of linearity-in-the-parameters will
become clear. Therefore it pays to try to find
transformations of the variables to obtain such
a linearity if possible, Some simple examples
may illustrate this,

22 T X
z - = z B‘ul+82u2
17172
i
~ a ~
-l—- u,: l—. =y, ——2- = g ° _l._. = 8
> 3
x, i X, 2 a 1 a 2
reciprocal transformation
% %
z=ex X = =B B U By,
A
”~ Ty
logz =y log ¢ = Bo
log x, =u, a = BI
log X, = u, ay = 82

logarithmic transformationm

Such nonlinear expressions, that can be made
linear-in-the-parameters through transformation,
are called intrinsically linear. If such a
llnearlzatlon is not possible then 1nLr1n51callx

mations even if the system is intrinsically non-
linear; see e,g, Diskind (1969).

A typical example is the identification of a
discrete-time linear system when the output is
measured with white measurement noise., The re-—
presentation of the system by the coefficients
of the pulse transfer function leads to a non-
linear regression problem while the representa-
tion of the model by coefficients of a general-
ized model or by the ordlnates of the welghtlng
function leads to an estimation ptoblem which
is "linear-in-the-parameters",

1 Note that also the term "order" may cause
confusion. In regression analysis this term
refers to the highest degree of the indepen-
dent variable:

+ +
y-B 8 M model of the
y=B +B v +B U4 +...+B SN first order
model of the

2
y‘B°+B N +B?.ul second order
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Reyresentation of Linear Systemg

Linear time-invariant systems can be represen—
ted in many different ways: by input=output
descriptions such as impulse Tesponse or trang-~
fer function H or by the state model 5(A,B,C,D)
defined by ‘

dx

" Ax + Bu
4.1)

y=Cx +Du

where x is an n-vector, the input u is a
p-vector and the cutput y is an r-vector,

It ia wellknown that the systems S(A,B,C,D) and
B(TAT", T8, CT"', D) where T is a nonsingular
matrix are equivalent in the sense that they
have the same input-output relation,

It is also easy to verify that the systems
5(4,B,C,D) and S(&,B,E,D) are equivalent in the
sense that they have the same input-output re-
lation if

D=D

k

ca¥s « gik

- 4.2)
CA'B ,

k=0,1,...,0

The relations between the different représen~
tations were clarified by Kalman's work; see
e.g. Kalman (1963). The impulse response and
the transfer function only represent the part
of the system § which is campletely controll~
able, It is thus clear that only the completely
controllable and completely observable part of
2 state model §(A,B,C,D) can be determined from
input-output measurements. The impulse response
and the transfer function are easily obtained
from the state description, The problem of
determining a state model from the impulse res-
ponse is more subtle, even if we disregard the-
fact that only the controllable and observable
subsystem can be determined from the impulse
response, The problem of assigning a state
model of the lowest possible order which has a
given impulse response has been solved by Ho
and Kalman (1966). See also Kalman, Falb and
Arbib (1969), Again the solution is not unique.
The model S(A,B,C,D) contains

N = n? + np + nr + pr (4.3)
parameters. The fact that the input~output rela-
tion is invariant under a linear transformation
of the state variables implies that all N para-
meters cannot be determined from input—ou!put
measurements. To obtain unique solutions as
well as to be able to construct efficient algo-
rithms it is therefore of great interest to
find representations of the system which con-
tain the smallest number of parameter i.e.
canonical representations,

Canonical Porms for Linear Deterministic Sys-
tems

QGinonical forms for linear systeme are discussed
€.g. by Kalman et al. (1963). When the matrix A
has distinct eigenvalues canonical forms can be
obtained as follows. By a suitable choice of

10

cqordinates the matrix A can be brought to
sdiagonal form, .
Xj 0 .00 8, 85 Bp
0 Ay aes O B B sas B
dx 2. 21 P22 °* Fpp
FC @ (X s "
b-0 0 ... A B0y an Wt Bnp.
(4.8)
Yll *iz... Y]n dll dlz sae dlp
Yo1 Yopees Y. d dyy see d
= .21 22 -2n < _21 22 .2p -
_"'rl Yypgese Ym.: :{rl dog .o d:p_

This representation contains n + np + nr + pr
parameters. n of these are redundant since all
state variables can be scaled without affecting
the input-output relations, The input-output
relation can thus be characterized by
Nz = n(p+r) + pr 4.5)
parameters, Since the system is completely .
controllable and observable there is at least
one non zero element in each row of the B
matrix and of each column of the C matrix,
The redundancy in (4.4) can thus be reduced by
imposing conditions like

max Bij =1 , i=1,2,...,0 (5.6)
3
.§ IBij' =] im 152,.005m .7
J

or similar conditions on the C-matrix.

When the matrix A has multiple eigenvalues the
problem of finding a minimal parameter repre-
sentation is much more complex, If A is cyclic
(i.e. there exist a vector b such that the
vectors b, 'Ab, A“b,..., A" !b span the n-dimen-
sional space) the matrix can be transformed to
compariion form and a minimal parameter repre~
gentation is then given by

-a, 1 0 ...0 By By eeehy
) -8, 0 1...0 byy Byy eee by
'a% = . s X+, .
“-a l0 0...1 bn-l,l bn-l,2 con M’
-alfl 0 0 onas 0 _bnl bﬂz sae bﬂﬂ-
(4.8)
Ci1 ©12 vee Cyy 4y 943 »e0 4y,
€21 €32 +++ € a1 dgp «e- 4y,
y=|: o X+ |, . [}
c‘l' crz tea ¢rn d.l' dxz ses dl’.‘p

33510 22

%
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where n additional conditions, e.g. of the form
(4.6) or (4.7) are imposed on the elements of
the matrices B and C,

In the case of processes with one output the
additional conditions are conveniently intro-
duced by specifying all elements of the vector
Ce.g. ¢’ =« {1 0,.. 0. The canonical form
then becomes ’

Y(s) = _
bys™ !+ bys™ e L e b
= [2y + B el Jupe +
s + als + ese *+ ﬂn
=1 n-2
r b, 8" " +b, s +..4t D
LR E . 2, 5PNy (s)
~ P sn + a8’ o+ «ss + 8 P
1 n
(4.9)

wvhere Y and Ui denote the Laplace transforms of
y and u.. A canonical representation of a pro-
cess of the n th order with p inputs and one
output can thus be written as

n
n n~1 . du
4y +a1-—-—xd I+...+ly‘[h‘| ]+...+
de? dt™ o - O g

_— d®u
+ b'u]+...*[b'—1+...+b'u
nl} L 0P 4,0 np p|

(4.10)

"An analogous form for systems with several out-
puts is

& dn-l dnul
—1+Al——%¢...+Ay-[n| ..k
ar® ac™” L U

dnu
+ Bn1“1] *ieen +[n°p—d§ ot Bnpup]

.1)

This form was introduced by Koepcke (1963), It
has been used among others by Wong et al.(1968)
and Rowe (1968).

The determination of the order of the process
(4.11), which in general is different from n,
as well as the reduction of (4.11) for state
form has been done by Tuel (1966). Canonical
forms for linear multivariable systems have
also been studied by Luenberger (1967)., The
simplification of large linear dynamic process-
es has been treated by several authors; the
reader may cousult Davison (1968) for an ap-
proach in the time domain. Analogous results
hold for discrete time systens.

When the matrix A has multiple eigenvalues and
is not cyclic it is not clear what a "minimal
parameter representation” wmeans. The matrix A
can of course always be transformed to Jordan
canonical form. Since the eigenvalues of A are
not distinct the matrix A can strictly speaking

n

be characterized by fewer than n parameters.
The one's ia the superdiagonal of the Jordan
form can, however, be arranged in many differmt
waye depending on the internal couplings which
leads to many different structures.

Canonical forms for linear etochastic systems

We will now discuss canonical forms for sto-
chastic systems, To avoid the technical diffi-
culties associated with continuous.time white
noise we will present the results for discrete
time systems. The analogous results are, how-
ever, true also for continuous.time systems.
Congider the system

x(k+1l) = ox(k) + Tu(k) + v(k)
(4.12)
y(k) = 0x(k) + Du(k) + e(k)

vhere k takes integer values. The state vector
x, the input u and the output y have dimeusiams
n, p and v {v(k)} and {e(k)} are sequences of
independent equally-distributed random vectors
with zero mean values and covariance R, and R,
Since the covariance matrices are symmetric
the model (4.12) contains

Ny = o + np + nr + pr +-%n(n+l) + %r(r+l) =

-n(—;n'*-%*?*l';*!(l’*';‘*-;)

(4.13)

parameters. Two models of the type (4,12) are
said to be equivalent if: (i) their input-oue-
put relations are the same when ¢ = 0 and v = O
and (ii) the stochastic properties ot the out-
puts are the same when u = 0. The parameters of
¢, T and 8 can be reduced by the techniques
applied previously,

It still remains to reduce the parameters re-
presenting the disturbances. Tais is accom-
plished e.g. by the Kalman filtering theozcm,
It follows from this that the output process
can be represented as

R(k+1) = s%(k) + Tu(k) + Ke(k)
(4.18)
y(k) = 6R(k) + Du(k) + e(k)

where X(k) denotes the conditional mean of x(k)
given y(k-1), y(k~2), ... , and {e(k)} is 2 te-
quence of independent equally distributed ran-
dom varisbles with zero mean values and cova-
riance R,
The single cutput versiom of the model (4,14}
was used in Ratrdm (1965). Kailath f196B) c1lls
(4.16) an inngvations representation of the
rocess. A detalled discusalon is given in
Astrdm (1970). The model (4.14) is also used by
Mehra (1959),
Notice thet if the model (4.14) is known the
gsteady state filtering end estimation problems
are very easy to solve. fipce X is the filrter
gain it is not neceassary to sclve amy Riccati
equation. Also notice thar the state of the
model (4.14) hue physical interpretation as the

SR
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conditional mean of the state of (4.12),

If ¢ is cuosen to be in diagonal form and if
conditions such as (4.6) are introduced on T
and © the model (4.14) is a canonical represen—
tation which contains
r 1
NQ =a(p + 2r) + r(p + 3+ i) (4.15)

parameters,

For systems with one output, where the addition-
al conditions are as 6/ = [1 0 ,., 0;, the equa-
tion (4.14) then reduces to

y(k) + ajy(k=1) + ... + a_y(k-n) =[b;lul(k) +

oo d bl Genle ., by ju (k) + .ol

- .
t b;p“p(k'“X' + e(k) + cle(k—l) + L.+ cne(k-n)

(4.16)
By introducing the shift operator q defined by
qy(k) = y(k+1) 4.17)

the polynomials

n n~1
A(g) = q + a,q * oo tay
- Bt L0 v -l v
Bi(@) = bg;a + bjza H .. + by

i=1,2,000,p

n-1 .
’ + e t C

) = q" + ¢ q ,n

(4.18)

and the corresponding reciprocal polynomials
A%(@) = ¢"Ag D)
- -1
B.(q) = ani(q )
¢ = ¢"cq™) (4.19)

the equation (4.16) can be written as

Ay § ol e+ e hem
i=]

(4.16")

P
Al@y(k) = ] B, (qdu(k) + C(g)e(k)
i=il '
\ (4.16'")

This canonical form of an n-th order system was
introduced in Rstrdm, Bohlin and Wensmark (1965)
and has since then been used extensively. The
corr=aponding form for multivariable systems is
obtained by interpreting y and u. as vectors and
A,B. and C as polynomials whose coefficients are
matrices. Such models have been discussed by
Eaton (1967), Kashyap (1970) and Rowe (1968).
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following canonical form .

B,(q B,(q)
y(k) -'?TTEF ul(k) + E;fay Uz(k) + cee

B _(q) c(q)

+ KE—G)- up(k) * REY e(t) (4.20)

has been used by Bohlin (i968) as an alterna-
tive to (4,16). :

The choice of model structure can greatly in-
fluence the amount of work required to solve a
particular problem, We illustrate this by:

A filtering example., Assume that the final goal
of the identification is to design a predictor
using Kalman filtering., If the process is
modeled by

x(t+1) = .ox(k) + v(k)

y (k)

(4.21)
= gx(k) + e(k)

where {e(k)} and {v(k)} are discrete~time white
noise with covariances R, and R,, the likeli-
hood function for the es{imation problem can be
written as

1Y, -1 , -1
-log L=+ kzl [+ @R, v + et (R, Te(w)]+

n

*3

log(det R,)(det R,) + const, (4.22)

where the system equations are considered as
constraints, The evaluation of gradients of the
loss function leads to two point boundary

value problems, Also when the identification is
done the solution of the Kalman filtering pro-
blem requires the solution of a Riccati equa-
tion,

Assume instead that the process is identified
using the structure

z(k+1) = oz(k) + Ke(k)

y(k)

(4.23)
= G;(k) + e(k)

the likelihood function then becomes

a .
- log L -1 Z e’(k)R.-I e(k) + 2 log det R
e ) '
(4.26)

The evaluation ‘of gradients of the loss func-
tion in this case is done simply as -an initial
value problem, When the identification is done
the steady state Kalman filter is simply given
by

R(k+1) = 0R(k) + K[y(k) - 0R(K)]  (4.25)
Hence if the model with the structure (4.23) is
known there is no need to solve a Riccati equa-

tion in order to obtain the steady state Kalman
filter,
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5. Identification of Linear Systems

Linear systems naturally represent the most ex-
tensively developed area in the field of sys—
tems identification., In this section we will
consider linear systems as well as "linear en-
vironments”, i.e. environments that can be
characterized by linear stochastic models. In
most control problems the properties of the
environment will be just as important as the
system dynamics, because it is the presence of
disturbances that creates a control problem in
the first place.

To formulate the identification problem using
the framework of section 2 the class of models
8, the inputs ¥ and the criterion must be
defined. These problems were discussed in sec-
tions 3 and 4. If classical design techniques
are to be used the model can be characterized
by a transfer function or by an impulse res-
ponse. Many recently developed design methods
will however require a state model i.e. a para-
metric model.

Several problems naturally arise:

o Suppose the impulse response is desired.
Should this be identified directly or is it
"better" to identify a parametric model and
then compute the impulse response?

0 Assume that a parametric model is desired,
Should this be fitted directly or is it
"better" to first determine the impulse res-
ponse and then fit a parametric model to that?

o Since a parametric model contains the order
of the system explicitly what happens if the
wrong order is assumed in the problem formu-—
lation?

There are not yet any general answers to these
problems, Special cases have been invegtigated
by Gustavsson (1969) in connection with identi-
fication of nuclear reactor and distillation
tover dynamics as well as on simulated data.
Since. correlation techniques, their properties
and applications by now are very well known we
will mot discuss these here. Let it suffice to
mention the recent papers by Rake (1968),
Welfonder (1969), Buchta (1969), Uayashi (1969),
Reid (1969 a,b), Stassen (1969). Instead we will
concentrate on the more recent results on the
identification of parametric models.

Least Squares Identification of a Parametric

Model.

Consider a linear, time invariant, discrete-
time model with one input and one output. A
canonical form for the model is

ym(k) + alym(k—l) * 400+ anym(k-n) -
- blu(k-l) e bnu(k—n) (5.1)

where u is the input and ¥y the output of the
model. .
Using the notation introduced in section 4 the
model (5.1) can be written as

13

A(Q)y, (k) = B(q)u(k) ! (5.1%)
or

@y, 0 = 3@ Huwo (5.1

Let the criterion be chosen as to minimize the
loss function (2.1) i.e.

N+n

V=Vly,y) = [ e 2(k) (5.2)
ke=n

where e is the generalized error defined by

e® = 2@ H[yw - y @]
or (5.3)
e = A%y -8" (g Hu)

and the last equality follows from (5.1'').

The main reason for choosing this particular
criterion is that the error e is linear-in-the-
parameters a, and b.. The function V is conse-
quently quadratic and it is easy to find its
minimum analytically, Notice that (5.3) implies

y(k) + aly(k-l) + .ee * any(k-n) =

(5.4)
= blu(k—l) + ...t bnu(k—n) + e(k)

or eg_atlun errors. The criterion (5. 2) is
called minimization of ' 'equation error”,

In fig. 5.1 we give a block diagram which il-
lustrates how the generalized error can be ob-
tained from the process inputs and outputs and
the- model parameters a; and b. in the least
squares methods.

ulk) o) process
a)
J g
&lq™
k)
LU process | (k)

b

elk)

Fig 5.1
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To find the winimum of the logsfunction Vv we

introduce
—y(n+l)'
[T N+n N
y(n+2) -7 vk yk-1)
. ken+|
y= . N+n
-1y yx-2)
* ken+1
Ly (n+N) | .
Fy(n) ~y(n~1) oo~y (1){ u(n) u(n=1),..u(1)] .
| H+n
y(n+1) y(n) ...-y(?.); u(ntl) u(n) .,,u(2) ‘X y(k) y(k-a)
8| i ’ oty = (Xl (5.6)
. . ! . . N+n
: | Iy uk-1)
. . l - - kan*l
=y (N+o-1) =y (4n=2) ., .~y () yu(lita~1) ... oo (N)] Nén
Iy u-2)
t e 3 a2t
8" = {a, 8y ce- @ b b, ... bn] ken+]
(5.5) z
. P N+n
:hozeiquatxm defining the error (5.3) then be z 7(%) u(k-n)
kwn+ ] =
e=y-38 (5.6)
The winimm of the loss function is found through
V.V a=o0, 1¢ [:}"3 is vot singular then this mi-
n?nnm is obtained for g = §;
B = [ora] ety (5.7
It is thus a simple matter to determine the
least rquares estimate, The matrices ¢'y and p'9
are given in (5.8) and (5.9),
For Qiterature on wacris inversion the reader is 0 = (5.9)
teferred ro Westlake {1968),
Rn~1 W+n-1 N+n-1 ' Neg~] N+n-1 N+n-1 5
vl yz{k) I yye-1)... I y&)y(k-n+1)' -1 y®u) -1 o yuk-1)... -7 y()u(k-n+1)
k=n k=n k=n : k=n k=n k=n
|
N+n-2 N+n=-2 N+n~-2 N+n-2 N+n-2
Z yz(k) e Z y(k)y(k—m»z): -): y(kds ) —Z y(klu(k) ... "E y(k)u(k-n+2)
k=n~1 k=n~] . k=n~1 keen~-1| k=n=-1
: I : : :
N, , N N N
I y'w - yMuletn-) -1 y®u@kn-2... -l y®u(x)
= “kel | gmg k=1 ' k=1
_____________ e e e e b e e e e
IN+n~} 2 N+n-1 N+n-)
T (9] I u@ut-D.s § ul®uken+)
I k=n k=n k=n
|
| N+n-2 2 N+n-2 -
. 1 vl coo 1 u(k)u(k-n+2)
| kemp=1 k=n~1
I .
] N -
! )
L o ! k=1 .

14



Notice that the technique of this sectiom can
immediately be applied to the identification of
nonlinear processes which,are linear-in-the-
—parameters e.g.
() + ay(e=1) = buk-1) + byu’(k-1)
‘ (5.10)

A Probabilistic Interpretation.

Consider the least squares identification pro-
blem which has just been discussed. Assume
that it is of interest to assign accuracies to
the parameter estimates as well as to find
methods to determine the order of the system if
it is not known. Such questions can be answered
by imbedding the problem in a probabilistic

' framework by making suitable assumptions on the

residuals. We have e,g.:

Theorem. Assume that the input~output data is
generated by (5.4) where the residuals e(k) are
independent, equally distributed with zero

mean, Assume that the muments of e(k) of fourth

order exist and are finite. Let all the roots

ok n n-1
x+alz ¢...+nn-0

have magnitudes less than one. Assume that the
limits

N
‘1::{, ] u®)  and
k=1 .

N
P | .
lim (k) u(k+i) = R (i
i k-z-l u u(k+i u(x.)

exist and let the matrix A defined by

‘A= {a13 = R (i-D)} i =1,2,...,n

. : (5.1
be positiye definite¢, The least squares

estimate 8 then converges to the true para-
meters b in mean square as N+e,

The special case of this theorem when b.=0 for
2ll i, which correspond to the identifitation
of the parameters in an autoregression, was
proven by Mann and Wald (1943), The extension
to the case with b;#0 is given in Rstrém (1968)

It is simple to find an expression for the
accuracy of B in this case:

cov [3] = 023 ”!

where g2 is the variance of e(t),

Estimates of the veriances of the parameter
estimates are obtained from the diagonal ele~
ments of this matrix,

If it is also assumed that the residusls are
gaussian we find that the least squares esti-
mate can be interpreted as the maximum likeli-
hood estimate, i.e. we obtain the loss function
(5.2) in a natural way. ’

It has been shown that the estimate B is a-
symptotically normal with mean B and covaiiance
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o? [@'OJ_I. Notice that this does mot follow
from the general properties of the maximum

likelihood estimate since they are derived

under the assumption of independent experi~
ments.

In practice the order of the system is seldom
known, It can also be demonstrated that serious
errors can be obtained if a model of the wrong
order is used, .It is therefore important to
have some wmethods available to determine the
order of the model, i.e., we consider 5 as the
clase of linear models with arbitrary order.

To determine the order of the system we can

fit least squares wmodels of different orders

and analyse the reduction of the loss functiom.
o

To teat if the loss function is significantly
reduced vhen the number of parameters is in-
creased from n, to n, we can use the following
test quantity

¢ W (5.12)

2 if the wmodel resi=~

which is asymptotically x
duals sre gaussian,

The idea to view the test of order as a
decision problem has been discussed by

Anderson (1962), It is also a standard tool in
regression analysis. :

Notice that the least squares method also in-
¢ludes. parametric tiwe series analysis in the
sense of fitting an antoregression. This haa
been discussed by Wold (!938) and Whittle
(1963). Recent applications to EEG analysis
have been given by Gersch (i969).

Using the probabilistic framework we can also
give another interpretation of the least

squares wetheds in terms of the general defi-
nition of an ideatificstion problem given in
section 3, First observe that in the general-
ized error defined by (5.3) another ¥, can be

used:

e = A"(q Ny - 3% Hu) =
= y(k) = y.(k) (5.13)

Consequently:
¥ = klk-1) = [1-a*@ ]y +
+ 3% Hu) = -,y k-1 - ... - a_yClen) +

+ blu(k—l) L SN buu(k-n) (5.14)

Notice that y (k) = §(k|k~1) has a physical
interpretation as the beet linear mean squares
predictor of y(k) based on y(k-1), y(k-2),
for the system (5.4). The generalized error
(5.3) can thus be interpreted as the difference
between the actual cutput at time k and its
prediction using the model (5.14),

The least squares procedure can thus bg inter—
preted as the problem of finding the parameters
for the (prediction) model (5.14) in such a way
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that the criterion

N L
Vv = L [yo -y 002 (5.15)

is as small as possible, Compare with the block
diagram of fig. 5.2, This interpretation is use-
ful because it can be extended tc much more
general cases, The interpretation can also be
used in situations where there are no inputs
e.g. in time series analysis.

nk)
; é y)

u(k)

process

y(k-1)

model

YIIl“d el

Fig 5,2

Comparison with Correlation Methods.

Now we will compare the least squares method
with the correlation technique for determining
the impulse response, When determining process
dynamics for a single-input single-output system
using correlation methods the following quanti-
ties are computed,

. g Bt .
Rn(l) =¥ kzl u(k) u(k+i)

0.1

1 N-i
R, =3 k§1 y(&) ule+i)

(5.16)
| N=i
Ruy(i) * N I uk) y(k+i)

k=1

Comparing with the least squares identification
of process dynamics we find that the elements of
the matrices ¢'¢ and ¢'y of the least squares
procedure are essentially correlations or cross-
correlations. Neglecting terms in the beginning
and end of the series we find ¥

-R&(I)

-Ry(2)

R, (0)

Ruy(l)

Ruy(Z)

@'y = (5.]8)

Rhy(nl

—

Hence if a correlation analysis is performed,
it is a simple matter to calculate the least
scuares estimate by forming the matrices ¢'?
and ¢'y from the values of the sample covarian-
ce functions and solving the least squares
equation, Since the order of the system is sel-
dom known apriori it is often convenient to
compute the least squares estimate regursxvely
using the test of order we have described pre-
viously,

N-i (5.16)
. 1 N [
Ry =g T v yeri)
k-l :
1 B (0 R (1) ... R (n-1)|-R_(0) =R (1) ~R (n—l)_ [
Ty y A j yut ey 3 Z : '
R (O) ... R (a-2) i-nyu(x) R, © R,y (8=2)
- . - - " - - - - - - - . 'w - - 7- -
L ] R y y_(oi '-_l.zy“_( n:l)__ RZ"En f)'_' ;'R!'.“EO)_.. (5.17)
—! R (0) R ... Ru(n-l)'
et
X R, (0) ... R (n-2) ‘
I e s e, '
i KON
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Correlated Residuals

Hany of the nice properties of the least squares
method depend critically upon the assumption
that the residuals {e(k)} are uncorrelated., It
is easy to find real-life examples where this
assumption does not hold.

Example, Consider a noise~free first order sys-
tem

x(k+1) + ax(k) = bu(k)

Assume that x is observed with independent
measurement errors (additive noise) i,e:

y(&) = x(k) + n(k)
then
y(k+1) + ay(k) = bu(k) + n(k+1) + an(k)

\
We thus get a system similar to (5.4) but with
correlated residuals,

Uhen the residuals are correlated the least
squares estimate will be biased. The bias is
given by
- /

! -
E@E-b) = [E@'9)] ! E(o'e) (5.19)

where § is the estimate and b is the true value
of the parameter. The reason for this bias can
be indicated as follows; c.f. Fig. 5.3,

k) '
()
w1 process -«i——:—

Fig5.3

The estimate results from a minimization of the
lossfunction - ’

V= J e“(x)
k=T -

" Hecessary conditions are:

v N

% :k{I e(k) u(k-1) = 0 (5.20)

w X

35 = L e® yk-1) =0 (5.21)
k=1 -

In (5.20) the additive noise n is only present
in e and not in u; consequently it does not af-
fect the expectation of 8. In (5.21) the additive
noise is present both in e and y; this leads to
a term

N .
Z nz(k-l)
k=1

which does cause a bias of §.

To see how this works out consider an example,

Example. Assume that the process is actually
described by the model

a b
y(k+1)+0.5 y(k) = 1,0 u(k)+n(k+1)+0.1 n(k)

where {n(k)} is a sequence of independent normal
(0,1) random variables, but that the system is
identified using the least squares method under
the assumption that the residuals are uncorre-
lated. Below we give a typical result obtained
from 500 pairs of inputs and outputs

process .
parameter esflmates
a=0,5 &=0.643+ 0,029
b=1.0 §=1,018+ 0,062

We are apparently in a very bad situation; not
only is the estimate § wrong but we have also a
great deal of confidence in the wrong result,
(The true value 0.500 deviates from the estimate

with about 50).

The correlation of the residuals can thus easily
lead to wrong conclusions. Several techniques
have been suggested to deal with correlated re-
siduals, viz:

a) repeated least squares

b) generalized least squares

¢) the maximum likelihood method
d) instrumental variables

e) Levin's method

ad a) Repeated least squares. Suppose that we
did not know the order of the system discussed
in the previous examples. It would then be na-
tural to continue the least squares procedure
and to test the order of the system. The results
for the particular example are shown in Table
5.1. We thus find that the test will indicate
that the system is of fifth order

A'(q-l) y(k) = B'(q") u(k) + Ae(k)
where

A"q =141, l9q"—0.81q'2+0.52q'3—o.35q""+o. 12q~>

B'(q "= 1.08q7'-0.75q 240,484 -0. 25040, 12473
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S I Bro@®| o |
1] 0,643 ¢ 0,029 1.018 *0,062| 592,65
Z| 1,015 * 0,045 1,086 *0,056| 459,64 | 50.94
-0,377 * 0,039 -0,520 0,072
3] 1,118 *+ 0,050 1,115 *0,055] 447,25 | 9,67
-0,624 * 0,068| ~-0,660 20,078
0,178 *+ 0,043 0.263 %0,076
41 1,157 * 0,050| 1,085 :0,055| 426,46 | 9.43
=0,756 * 0,074 | -0,733 20,078
0.412 £ 0,074 | 0,409 20,083
~0,187 * 0,044 | -0,146 20,076
5§ 1,185 ¢ 0,051 1,080 *0,0554 | 418,72 ! 3,51
-0,814 + 0,077 | -0,745 0,078
0,518 + 0,083 | 0,475 20,086
~-0,349 * 0,076 -0,252>{9.036
0.117 ¢ 0,044 | 0,123 %0,076
6} 1,195 ¢ 0,051 1,079 20,055 ] 416,56 | 0,99
-0,339 * 0,079 | -0,751 0,078
0,555 * 0,088 0,487 %0,087
-0,410 * 0,088 | -0,290 *0.090
0.208 * 0,079 | 0,183 +0,087
-0.061 * 0,045 | -0,080 0,076
7 414.62 | 0,89

Table 5.1

Dividing A by B we find

-] L
L0 ) Ly 0.49sq7!
B(q ) R

with a rest R = 0,03q 2-0.07q +0,12q"*~0,06">
Taking the uncertainties of the coefficients a
and B into account we find that the rest is not
significantly different from zero. We thus find
that the process can be described by

1,08 u(k) + - A-] e(k)
A(g )

k) =
y (k) 0.5

We can thus conclude that if we choose S

not as the class of linesr first order systems
buE as the class of linear systems of arbitrary
order 1t is at least poscibie to overcome the
d%fficulty of correlated residuals in the spe—
cific example, This idea was mentioned briefly
in Rserda (1967); it has, however, not been per—
sued in general, ’

ad b) Generalized least squares. Another way to

overcome the difficulty with correlated residuals
16 to use the method of generalized least squares,

See e.g. Clarke (1967).

The bssic idea is as follows, Let the procesg
be govermed by

A 700 = %) w® ¢ v (5.22)

where A‘ and B" are polynominals and {v(k)} a
sequence of correlated random variables. Suppose
that the correlations of the residuals are known,
Say that they can be represented as

2, ~1 .
v(k) = G (¢ ) e(k) (5.23)
where {e(k)} is a sequence of uncorrelated ran—
dow variables end G a pulse transfer functiom,
The equation describing the process csn be then
written as

@y = 3 @H w@ » 6"@H e

(5.24)
orT

2@ 300 = %) 1) ce®@  (5.29)

where
§lk) = -r'-:,— y(k) (5.26)

G (q )
03 = ~grmrm u (k) (5.21)
q ) '

Hence if the signals § and ¥ are considered as
the inputs and outputs we have an ordinary
least squares problem. Compare with (5.3). We
thus find that the generalized least squares
can be irterpreted as a least squares identifi-
cation problem where the criteriom is chosen ‘as
(5.2) with the generalized error defined as

5, -1 _ -}
et = 2000 ya - 200y -
G () G )

= 4" N [———' y(k):l +
'@ h

- B‘(q-l) [ 1 u(k{]
@
(5.28)

Compare with the block diagram of Fig. S.4.
This shows how the generalized error can be ob-
tained from the procees inputs and cutputs‘and
the model parameters a and § in the generalized
least squareg method.

The correlation of the residuals snd the pulse
transfer function G are seldom known in practi-
ce, Clarke (1967) has preoposed an iterative
procedure to determine G which has been tested
on simulated data as well as on practical mea-
surements (distillation column identification),
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process

B”"(q Ag9
G g |-T+| 6*q™

Fig.54

The procedure consists of the following steps.

}. Make an ordinary least squares fit of the
model

A;(q_') yk) = B;(q-l) u(k) + v(k)  (5.29)

2. Analyze the residuals v and fit an autore~
gression i.e,

pi(a™") v = e(®) (5.30)

‘where {e(k)} is discrete-time white noise.

3. Filter the process inputs and outputs through

§00 = 03 ) y(; Gk = 23" ulk)
(5.31)

4. Make a new least squares fit to the filtered
inputs and outputs and repeat from 2.

This procedure has the drawback that thazre are
no systematic rules for the choice of order of
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the model (5,29) and of the autoregression (5.30).

Neither are any conveargence proofs yet available.

It has, however, been shown to work very well
with reasonable ad hoc choices of order in gpeci-
fic examples.

The following observation might also be worth—
while, Assume that the generalized least squares
procedure will converge. Say A, + A, B. +~ B and
D + D. We will then obtain 1

®, -] W, =] . - =
A 0'e™) yw = 5@ 07w +
+ e(k) (5.32)
i.e. a description of the process with uncorre-
lated residuals, It thus appears that the diffe-

rences between the repeated least squares and
the generalized least squares are small.

Another approach along these lines is the pro~
posal by Steiglitz and McBride (1965).
They use at the j-th iteration:
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0"’ = A;_,(q")

thus making a least squares fit of the model

«, =1 ¥, =]
A.(q ) - B.(q )
@ =y - A uw -
Aj_l(q ) aj__l(q
Bi(q ") 1I(q"J
= |y = =t u) . g

(5.33)

They also suggest that, after the convergence
has proceeded far enough, this "generalizgd .
model" be switched to an ordinary model B./A,
for further improvement of the estimate, TRen
the additive noise does not cause biased esti-
mates, Near the optimum adjustgent the nonli-
nearity-in-the-paraceters, of A" hardly has a
detrimental effect on the coavergence,

The nonlinearity-in-the-parameters can also be
handled by meamns of quasilinearization, c.f.
Schulz (1968) .

ad c) The'marioum likelihood method., Another
way to deal with the problem of correlated re—
siduals is to postrulate a system with corre-
lated residuals e,g., a canonical representation
of an n-th order system with one input and one
output

A"q Hyw = (@ e + ac*@q@ e
(5.34)

where u is the input, y the output and {e(k)}

a sequence of independent normal (0,1) random
variables, Compare Section 4. The parameters of
(5.354) can be determined using the method of
maximm likelibood.

The likelihocd function L is given by

: - N
~log L(8,7) = --'—2- z cz(k) + -tzilog)\ + -l;log 2
227 kel :

(5.35)

where

'@l ew = 2% vy - 2% ww
(5.36)

and {u(k), k=1, 2, ..,, N} iz the applied in-
put signal and {y(k), k = 1, 2, ..., N} is ‘the
observed output signal. The likelihood function
is considered as a function of 8 and A,where @
is a vector whose components are the paramcters
81y 8gp euey B, b,y b,y eeey b, c,

c

)% 'S o' n Car veey

and the n initial coanditiomns of t5.3g).
NOtice that the logarithm of the likelihood
function is linear in the parameters aiand bi
but strongly nonlinear in ;.

s et o
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Also notice that the optimization of L with res-
pect to 8 and A can be performed separately

in the following way: First determine @ such
that the loss function

1,
ve) = § e"(k)
k=1

(5.37)

is minimal with respect to 8. The optimization
with respect to A can then be performed analy—
tically, We get

2

32 2L niavee) (5.38)
N o

The maximum likelihood estimate can be shown to
have nice asymptotic properties. Estimates of
the accuracy of the parameters can also be pro-
vided. See §str6m, Bohlin and Wensmark (1965),
Xstrsm and Bohlin (1965), Rogers and Steiglitz
(1967), Panuska (1968), Bohlin (1968), Woo
(1970), Rstrém (1967a).

The maximum likelihood procedure can also be im-
terpreted as finding the coefficients of the
prediction model

¥ ()= (k| k=1) B (g 1u(k)- A% )-c” i 2
h

c*(q” C(q
(5.39)
in such a way that the criterion
N N
- + 72 2

VeVl = L [y® -y W] = ] ek
. k-l[ m ] . k=l

(5.40)

is as small as possible,

Notice that (5.34) can also be written as

A" h [.—'_r— y(k)] B*(q” )[——— (k)]
C( ) . C(q )

+ e(k) (5.41)
This means that the maximum likelihood method
can also be interpreted as a generalized leas
squares method where the filter function G = T
is determined automatically,

It has been shown that predictors and minimal
variance control algorithms are easily deter-
mined from the model (5.34); c.f. trdm (1967,
1970) . The maximum likelihood method has been
applied extensively to industrial measurements.
See e,g. Gustavsson (1969); in this paper com—
parisons with other techniques such as correla-
tion mwethods and generalized,K least squares are
also given. The maximum likelihood method has
also been applied to time series analysis (put
B = 0)., The maximum likelihood estimate is a
strongly nonlinear function of ‘the parameters.
Since timeseries analysis is mostly concerned
with quadratic functions, such as covariances
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and spectral densities, one might expect that
the estimates can be expressed as aonlinear
functions of the sample covariances, Estimates
of this nature which are asymptotically equiva-
lent to the maximum likelihood estimates for
parametric time series analysis have been given
by Zetterberg (1968).

ad d) Instrumental variables., Repeated least
squares, generalized least squares and the maxi-
mum likelihood method all give a model of the
environment in terms of a model for the distur-
bances as a filter driven by white noise, If we
are only interested in the system dynamics there
are other methods to avoid the difficulties with
correlated residuals i,e, the instrumental va-
riable method. ’

The equation for the least squares estimate can
be obtained from the equatibn

y=49 +e (5.42)
by premultiplying with ¢', neglecting the term
¢'e and solving the equation
o'y = o' o8 (5.43)
The estimate # will be unbiased if the term ¢'e
has zero mean. When the residuals are correlated
it is easy to show that E¢'e # O.
In the instrumental variable method (Kendall and
Stuart, 1961; Wong and Polak, 1967) the equation
(5.36) is multiplied with W' where W (called the
instrumental matrix) is a matrix whose elements
are functions of the data with the properties

EW'® positive definite (5.44)

m'e = 0 (5.45)
The parameter estimate obtained from

Wy =wed (5.46)

will then be unbiased. It is also possible to
find instrumental variables such that the esti~-
mate has optimal properties., The schemes propo-
sed by Peterka and Smuk (1969), Hsia and Land-
grebe (1967) are closely related to the instru-
mental variable techaique,

ad e) Levin's method. A particular method for
estimating the bias due to correlated residuals
has been proposed by Levin (1958) for the par-
ticular case of a deterministic system with in-
dependent observation errors. Levin's results
are based on a technique due to Koopmans and it
gives the estimates in terms of an eigen value
problem for the matrix ¢'¢. A careful analysis
of Levin's method which includes convergence
proofs and errors estimates has been done by
Aoki and Yue (1969). The method is used by
Smith (1968) for estimating the Laplace trans-—
form of a process impulse response.
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Multivariable Systems

The essential difficulty in the identification
of multivariable systems is to find a suitable
representation of the system. Once a particular
representation is chosen it is a fairly straight
~ forward procedure to construct identification
methods analogous to those given for the case of
systems with one input and one output. We refer
to Section 4 for a discussion of structures for
multivariable systems. Also c.f. Graupe, Swanick
and Cassir (1968). For the structure (4.14) the
likelihood function is given by

'
\

\ N _
-log L(O,R) --%log det R'+-% X e! (k)R le(k) +

. k=1

|

+ B g 2r  (5.47)
Even for multivariable systems the maximization
of L(0,R) can be performed separately with res~
pect to  and R. It was shown by Eaton (1967)
that the maximum of L(8,R) is obtained by finding
8 which minimizes

N
V(9) = det [ I eoe’ (k)] (5.48)
k=1

The maximization with respect to-R can then be
done analytically to yield

N
R=1 § ee'W (5.49)
¥ et

This fact is also mentioned in Rowe (1968),

6. Identification of nonlinear systems

Representation of Nonlinear Systems

Note again that nonlinearity does not necessari-
ly imply a nonlinearity-in-the-parameters too
(c.E. Section 4),

For linear systems the impulse response offers a
non-parametric system description that does not
depend on specific a priori assumptions. For a
wide class of nonlinear systems a Volterra series
expansion offers analogous possibilities, using
impulse responses of increasing dimensionality.
Approximation of these functions by a finite num~
ber of points leads to a model that is linear-in-
the-parameters; c.f. Eykhoff (1963), Alper
(1965), Roy .and Sherman (1967). For many practi-
cal cases the number of parameters needed for
this description is too large.

When considering nonlinear systems as well as
linear systems with multiple inputs and multiple
outputs it therefore is necessary to make speci-
fic assumptions concerning the model structure.
It is usually assumed that the system equations
are known éxcept for a number of parameters b,
In a typical case the identification problem can
then be formulated as follows:
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Let the class of models be all systems descri-
bed by the state equation

%% = f(x, u, B, t)

Y¥n " g(x, u, B, t) (6.1)

where the parameter vector B belongs toc a given
set, Let the criterion be given by the loss
function

T
Vi) = V(B = [[y(k) = y (k,B)] %ae
0 (6.2)

where y is the process output and Ym the model
output.

Estimation for a parametric model

For special classes of nonlinear svstems, where
the linear dynamics and the nonlinearity-with-
out-memory can be separated, the identification
technique by means of an adiustable model is
sometimes feasible; c.f. Butler and Bohn (1966),
Narenda and Gallman (1966).

In the general case of nonlinearity-in-the~pa-
rameters the model output may be

ym--g(ul. sney un; Bl’ seey Bm)
the error and error(loss) function may be given
again as
“ 2
Ve Vlyy) = [y -y ()}
k=i

Two methods of solving the estimation problem
are the following; c.f. Marquardt (1963).

Geass-Newton method)

m
¥, (U8 + 88) = g(u,B) + jglcgg?wj (6.3)

or

ym-g+MAB ]
Now y_is linear in AB; consequently AB can
be found by the standard least squares tech-
nique discussed before. The model is adjust-
ed according to T'AB and the same procedure
is followed in the next iteration,

b) Gradient Method. Now the gradient is deter-

9 9
e G, L 2y (6.

and the model adjustment is chosen as TV _v;
c.f. Section 3 - computational aspects.

T P R
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Genexally speaking method a) may suffer from
d1VQrgence, method b) may converge very slowly
in the vincinity of the optimum, In the paper
cited hoth methods are combined.

Using quasilinearization Bellman and Kalaba
(1565) have presented a solution for the non-
linear optimization problem. Interesting appli-

time. This is called real-time identificationm.
One may tecognize two computational ptoceduresz

tion (closed loop with respect to the parameter
estimate); c.f. Genin (1968).

Model Reference Techniques

cations of this technique are found in Buel,
Kagiweda and Kalaba (1967), Buel and Kalaba
(1969). A fairly general computer program to
solve the problem has been written by Buel.

Another method to solve the nonlinear optimiza-
tion problem has been given by Taylor, Iliff
and Powers (1969) in connection with application
to inflight determination of stability deriva-
tives.,

Again the criterion (6,2) can be given a proba-
biligtic interpretation if it is assumed that
the only disturbances are white noise measure-
ment errors. A technique which admits the mea-
surement errors to be a stationary process with
unknown ratlonal spectral density has been pro-
posed by Astrﬁm, Bohlin and Wensmark (1965).

Due to specific assumptions that are made con=-
cerning the structure of (6.1) one might expect
that serious mistakes can be made if these as-
sumptions are not true, Results which prove or
disprove this are not known,

Rather few publications have appeared on the
use of Bayes' method (c.f. Appendix A) in iden-
tification tectiniques;Maslov (1963), Galtieri (1963).
This is probably due to the computational pro-
blems when evaluating the conditional expecta-
tions, McGee and Walford (1968) propose a so-
lution by using a lMonte Carlo approach,

7. On-line and real-time identification

In many applications it is highly desirable to
obtain the result of the identification recur-
sively as the process develops, For example it
might be of interest to proceed until a speci-
fied parameter accuracy is achieved. The pro-
blem is then as follows. Assume that an esti-
mate 8, is obtained based on N pairs of input-
output samples. Is it necessary to repeat the
whole identification procedure from the begin-
ning, using the whole string of input/output
data in order to obtain £ or is it possible
to arrange the computations rccursively? An
identification scheme which is recursive and
which does not tequlre that the whole string of
input/output dsta is brought in .at each step is
called an on-line method,

On-line identification can thus be looked upon
bs a convenient way of arranging the computa-
ticns. Apart from being of practical interest
this point of view on identification problems
will also make it possible to establish connec~
tions with other fields e.g. nonlinear filter-
ing, stochastic approximation, learn1ng and
adaption.

If the parameters of the process are truly time
varying it is of course meaningless to do any-
thing else but to track the parameters in real-
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The on-line identification problem is sometimes
formulated as a model tracking problem. A sim
ple case is illustrated in Fig. 7.1. Note that
this is an example of a recursive (closed loop)
approach,

b [
y »{ process
y adjusiment
mechanism
Ym
=] model

Bt __

Fig.7.1

The input is simultaneously fed to the process
and to a model with adjustable parameters, The
adjustable parameters are changed by an adjust-
mentmechanism which receives the process output
y and the model output y_ as inputs, This for-
mulation of the on~line ldentification problem
was first considered by Whitaker (1958).

The essential problem is to determine the ad~
Justment mechanism such that the model parame-
ters in some sense will be close to the process
parameters. If there is no noise o present then
a gimple adjustment scheme, referred to as
“learnxng identification”, with good convergence
properties can be used:

B(N+1) = B(N) +T.(y~y,) -'—“i-!
. . e

c.f. Nagumo and Noda (1967), B&langer (1968),
The effect of workxng with a quantized signal
sign u is discussed in Crum and Wu (1968), Ia
simple cases the adjustment mechanism makes the
rate of change of the parameter adjustments
proportional to the semsitivity derivatives,
See e.g. Meissinger and Bekey (1966). A recent
application of this idea is given by Rose and
Lance (19569). The requirement that the closed
loop is stable is a necessary design criterion,
Since the system consisting of the adjustable
model, the process and the adjustment wechanism
is highly nonlinear the stability problem is
not trivial. Using Liapuncv methods, Lion
(1966), Shackcloth and Butchart (1965), Parks
(1966), Winson and Ray (1969), Pazdera and
Pottlnger (1967) have designed stable systems,
Lion's resuits have recently been generalized
to stochastic systems by Kushner (1969), The
powerful stability tests deveIOpnd by Popov
(1962) and Zames (1966) have given new tools
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to design adjustment mechanisms which will re-
sult in stable systems. Initial efforts in this
direction have been done by Landau (1969) who
has proposed stable model reference systems
using the Popov criterion.

On-line Least Squares

The conversion of any identification method to
an on-line technique consists of showing that
the estimate satisfies a recursive equation.
This is easily done for the least squares method
Consider the least squares model of Sectionm 5.

1.e.

y(L) + a,y(k=1) + ... + a y(k-n) =
= b'u(k-l) + el * bnu(k-n) a.1

Define
8= 808y cees 20b5byy veny B ] (7.2)
and
P(N+1) = [~y (R),=y(N-1),...,~y(N-n+1),
su(M, u®¥-1),., u-n+1)]  (7.3)

The least squares estimate is then given by
(5.7). 1t can be shown by simple algebraical
manipulations that the least squares estimate
satiefies the recursive equation

BOWD=B(0AT (M) [y (v 1)-g(we1) 8] (7.4

vwhere B(N) denotes the least squares estimate
based on N pairs of input/output data and

T =B g+ D) [t 3R] 7 (705)

R(N+ 1)=P(N) =P (N) f{N+ 1) [a p(N+ 1 )2 (N) 68+ 1)] "
*PNEDP(N) = P(N)-T(N)P(N+1)P(N) =
=[T-r (%) gve 1)) P () (7.6)

PO ) =afoln yorny] ! .7

and N is a number such that ¢kN Yo(N ) is po~
sitive definite. £ =g

The recursive equation (7.4) has a strong in-
tuitive appeal. The next estimate B(N) is form-
ed by adding a correction to the previous esti-
mate, The correction is proportional to

y(N+1) =~ @(N+1)B(N). The term @8 would be the
value of y at time N+l if the model were per—
fect and there were no disturbances, The correc-
tion term is thus proportional to the differen-
ce between the measured value of y(¥+1) and the
prediction of y(N+1) based on the previous model
parameters. The components of the vector T'(N)
are weighting factors which tell how the correc-
tions and the previous estimate should be weigh-
ted,
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Notice that in order to obtain the recursive
equations it is necessary to introduce the
auxiliary quantity P, The state of the system
(7.4), (7.5). and (7.6) governing the on-line
estimator is thus the vector 8, which is the
current estimate, and the symmetric matrix P.
The pair (B8,P) thus represents the smallest
ovumber of variables, characterizing the input/
output data, which are necessary to carry along
in the computations,
If the model of the system is actually given by
(5.4), where {é&k)} are independent residuals
with variance ¢4, the matrix P can be interpre-
ted as the covariance matrix of the estimate if
o is chosen as 02, A special discussion is
needed of the start of the iterative procedure.
That can be done by:
- using possible a priori knowledge about 8 and
| H
- by using a "one shot" least squares estimation
procedure using the firsc series of cbserva-
tions;
-by starting with P(0) = =I; c.f. Klinger (1968),

Notice that since B(N) given by (7.4) is the
least squares estimate the convergence of the
equations (7.4) - (7.6) follows directly from
the consistency proofs of the least squares es—
timate.

Recursive versions of the generalized least
squares procedure have been derived by Young
(1969), Recursive versions of an instrumental
variable wethod has been derived by Peterka and
Smuk (1969). An approximative on-line version
of the maximum likelihood method has been pro-
posed by Panuska (1968).

A discussion of on-line methods is also given
in Leathrum (1969).

Contraction Mappings

A technique of constructing recursive algorithms
have been suggested by Oza and Jury (1968,1269),
We will explain the technique in connection with
the least squares problem. Instead of solviug
the equation

o MeBMY) = o'(N)y (7.8)

for each N and showing that 8(N) satisfies a
recursive equation, Oza and Jury introduce the
mapping

T (8 = 8 -y [oMems - o My]  (7.9)

where y is a scalar. It is then shown that the
sequence

(1) = 7, (8(W)) (7.10)

under suitable conditions converges to the true
parameters as N+=, When applied to the ordinary
least squares problems the algorithm (7.9) is
not efficient in contrast with the recursive
least squares method., To obtain an efficient
algorithm it is necessary to make y a matrix,

o
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With the choice

y = [¢'(N)¢(N)]_‘l 7an

the algorithm becomes equivalent to the least
squares,

The method of Oza and Jury can be applied to
more general cases than the least squares. It
was actually proven for the case when there are
errors in the measurements of both inputs and
outputs, provided the covariance function of the
measurement errors are known, The assumption of
known covariances of the measurement errors se—
verely limits the practical applicability of the
method.

Stochastic Approximations

The formula for the recursive least squares
BUKD) = B(K) + T() [y(ke1) = P(k+1)B(K)]
(7.12)

where I' was chosen by the specific formula (7.5).
It can be shown that there are many other choices
of T for which the estimate B will converge to
the true parameter value b, Using the theory of
stochastic approximatious it can be shown that
the choice

I'k) -—llEAzp'(k-l-l) (7.13)

will ensure convergence if A is positive definite.
See e,g., Albert and Gardner (1967). A particu-
larly simple choice is e.g. A = I. The algorithms
obtained by such choices of T will in gemeral
give estimates with variances that are larger
than the variance of the least-squares estimate.
The algorithms are, however, of interest because
they make it possible to reduce computations, at
the price of a larger variance., Using stochastic
approximations it is also possible to obtain re-
cursive algorithms in cases where the exact on-
line estimate is either very complicated or very
difficult to derive, There are excellent surveys
available on stochastic approximations. See e.g.
Albert and Gardner (1967) and Tsypkin (1966).
Recent applications are given by Sakrison (1967),
Saridis and Stein (19683, 1968b), Holmes (1968),
Elliott and Sworder (1969), Neal and Bekey (1969).

Real-time Identification

The recursive version of the least squares me-
thod is closely related to the Kalman filtering
theory. Kalman considers a dyunamical system

x(k+1) = ¢ x(k) + e(k)
(7.14)
y(k) = C x(k) + v(k)

where {e(k), k = 1,2, ...} and {v(k), k= 1,2,..}
are sequences of independent equally distributed
random vectors with zero mean values and cova-
riance matrices R, and R, respectively. Kalman
has proven the following theorem.
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Theorem (Kalman). Let the initial condition of
(7.14) be a normal random variable (m,R ). The
best estimate of x(k) (in the sense of least
squares) given the observed outputs y(1), y(2),
+osp y(k) is given by the recursive equations

&(k) = 0 &(k-1) + T () [y(k) - C ¢ R(k=1)]
2(0) = m .19
where

ra) = s ¢ [esw ¢+ Rz]"
S(k) = ¢ P(k-1) ¢ + R,

' (7.16)
P(k) = 5(k) = T(k) € S(k)
$(0) = R

[+]

The matrix S(k) has a physical interpretation

as the covariance matrix of the apriori estimate
of x(k) given y(1),..., y(k-1) and the matrix
P(k) as the covariance of the posterior estimate
of x(k) given y(1),..., y(k).

Now consider the least squares.identification of
the system

y(k) + ay(k=1) + ... + any(k;n) =
(7.17)
= bu(k=1) + ... + b u(k-n). + e(k)

where {e(k)} is a sequence of normal (0,)A) ran-
dom variables. ’
Introduce the coefficients of the model as state
variables

xl(k) = a

xz(k) = a,

x (k) = a
N ? (7.18)

X (k) = b

1
xn+2(k) = b2

n+1

x, (k) = b_
and define the following vector
c(k)=[=y(k=1),...,~y(k-n) ,u(k~1),...,ulk-n)]
(7.19)
Siﬁce the coefficients are constant we have
x(k+1) = x(k) (7.20)
The equation (7.17) can now be written as

y(k) = C(k) x(k) + e(k) .80
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and the least squares identification problem can
be stated as a Kalman f11ter1ng problem thh

¢=I, R =0, R, =1}

The recursive equations of the least squares es-
tlnate can thus be obtained directly from Kal-
man's theorem. This has an interesting conse~
queace because it turns out that if the parame-
ters a., are not constants but gauss-markov pro-
cesses i.e.
a.(k+1) = a a.(k) + v.(k) (7.22)
i i i
the Kalman theorem can still be applied. (This
requires a slight generalization of Kalman's
proof since the parameters of the C vector are
stochastic processes,)

Boklin (1970) has extended the argument to pro-
cesses of the structure (7.17) with coefficients
which are processes with rational spectral den-
sities.

It thus is possible to obtain parameter estima~
tors for linear models with time warying para-
meters, It is in fact not necessary to assume

a first order process but the parameters a. can
be chosen to be stationary processes with Tatio-
nal spectral densities.

In this way it is possible to obtain identifiers
for processes with rapidly varying parameters.
This has been discussed by Bohlin (1969) and
erslander (1969). The method proposed by
Segerst3hl (1969) can be considered as the spe-
cial case v, = 0, Notice that with this approach
it is necessary to know the covariances of the
processes {v.} characterizing the variations in
the model parameters. Such assumptions will. of
course limit the practical applicability of the
methods. One way to overcome this difficulty is
to use the approximative techniques for estima~
ting the covariances in a Kalman filter proposed
by Mehra (1969a) and Sage and Husa (1969), Tech-
niques for validating the assumptions of the
Kalmsn filtering problem have beem proposed by
Berkovec (1969), Recursive estimation of the
transition matrix is discussed by Pearson (1967).
An analog implementation is given by Hsia and
Vimolvanich (1969).

Nonlinear Filtering

The relationship between the recursive least
squares and the Kalman filtering theory was ob~
tained by introducing the parameters of the
identification problem as state variables, We
thus find that there are in pr1nc1p1e no diffe-
rences between parameter estimation and state
estimation. A parameter estimatiom problem can
be extended to a parameter-and-state estimation
problem by introducing the parameters as auxi-
liary state variables.A constant parameter' b cor—
responds to the state equation

LI (7,23)
for continuous time systems and
b(k+1) = b(k) (7.28)
33410 p3
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for discrete time systems. The (state) est1ma~
‘tion problem obtained in this way will, however,
in general be a nonlinear problem since the pa-
rameters frequently occur in terms like bx(t)
in the original parameter problem, Only in spe-
cial cases an optimal identification scheme can
be formed (Farisom, 1967); in other cases only
suboptimal nonlinear estimation schemes are
known. In the general continuous time case we
are thus faced with a filtering problem for the
model

dx = f(x,t)dt + o(t,x)dv
(7.25)
dy = g(x,t)dt + u(t,x)de

vhere {v(t)} and {e(t)} are Wienmer processes
with incremental covariances I_dt and I dt,

Some of the components of x ar& state variables
and other are parameters of the identification
problem. The nonlinear filtering problem is com~
pletely solved if the conditional probability

of x(t) given {y(s), t_ < s < t} can be computed,
The maximum llkellhoodoestlmate is e.g. obtained
by finding the value of x for which the condi-
tional densxty has its maximum. The least squares
estimate is given by the conditional mean ete,
Compare the resume of estimation theory in ap-
pendix A.

The nonlinear filtering problem has been "solved"
by Bucy (1965), Shiryaev (1966), Kushner (19673),
Stratonovich (1962), Wonham (1964) and others.

Under suitable regularity conditions it is shown

that the conditional probability density of x(t)

given {y(s), £_ < s < t} satisfies the following
0=

functional equation. .

no. .. 0 a2 .
aep(e,0= [l g6y | gp(ogogm]ar
1=]""1 1,3=1"71i"7j

+ [ay - 7 g, O)pCx, 001 [u w'] 7',
B @y -f g(x,t)p(x,t)dx]
(7.26)

where the d1fferent1al d _p is interpreted in the
Ito sense, In the spec1af case of linear systems
with gauss-markov parameters, discussed befote,
the functional equation has a solution which is
a gaussian distribution, Apart from this special
case the solution of the functional equation is
an extremely difficult numerical problem even in
simple cases., For a system of second order with
two parameters the vector x will have four com—
ponents. If we approximate crudely e.g. by
quantizing each state variable in 100 levels the
storage of the function p(x,t) for a fixed t
will require 1004 = 108 cells.

Approximations

From the functional equation for the conditional
distribution it is possible to derive equations
for the maximum likelihood estimate (the mode) ,
the minimum variance estimate (the conditional
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mean) ete. It turns out that these equations are
also wvery unattractive for numerical cowputations,
If we want to compute the conditional mesn we
find that the differential equation for the mean
will contain not only covariances but also high-
er moments, It is therefore of great interest

to £find approximative methods to solve the non-
linear filtering problem. Approximative gchemes
have been suggested by Bass and Schwartz (1966),
Nishimura et al. (1969), Sunahara (1969), Kushner
(1967b), Jaszwinski (1966, 1969), Kushner's ar-
ticle contains a good survey of many of the dif=-
ficulties associated with the approximative
techniques, The following type of approximation
Las been suggested by several authors, Estimate
x of (7.25) by R given by

d® = £(2,0)de + T(t) [ay - g (8,£)at’]  (7.27)

The estimate R is sometimes referred to as the
extended Kalmen filter. The gain matrix T of
(7.27) can be chosen in many different ways e.g.

r(e) --: &' (x,t) (7.28)

in analogy with stochastic approximations, See
e.g. Cox (1964), The esgential difficulty with
all the approximative techniques is to establish
convergence. In practice it is often found that
the algorithms converge very well if good ini~
tial conditions are available, i.e, if there are
good initial estimates of the parameters, and if
suitable computational "tricks" are used, A com~
putational comparison of several nonlinear fil-
ters is given by Schwartz and Stear (1968), A
technique allowing second order nonlinearity in
8ystem measurements is discussed in Neal (1968),

The application of (7.27) to systenm identifica-
tion was first proposed by Kopp and Orford (1963),
It has recently been applied to several indug~
trial identification problems e.g. nuclear reac-
tors ia Habegger and Bailey (1969), stirred tank
reactor in Nells (1969) and head box dynamics in
Sastry and Vetter (1969),

8. Some concluding remarks.

In ihe previous sections applicable identifica-
tion techniques as well as (yet) unsolved pro-
blems have been mentioned, Particularly from the
point of view of the Practising engineers (being
university professors we are really sticking our
necks out now) there are many important questions
that remain to be answered. For example how
should the sampling interval be chosen? What is

énsured that the a priori assumptions reguired
to use a particular method are not violated?
If we leave the area of general problems and
Study specific methods the situation is better,

Linear Time~invariant Systems. There are good
techniquee available for identifing linear sta-

tionary systems as well as linear environmente
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(stationary stochastic Processes), The relations
between different techniques are reasonably well
understood and the choice of methods can be done
largely on the basis of the final purpose of the
identification, There are, however, unresolved
problems also in this area, for example conver-
gences proofs for the generalized least 8squares
mEthod.

Multivariable Systems. The essential difficuley
with multivariabie systems is to choose a suit-
able canonical form. A few such forms are avai-
lable but the structural problems are not yet
neatly resolved., For example there are few good
techniques to incorporate a priori knowledge of
the nature that there is no coupling between two
variables or that there is a strong coupling
between two other variables, If a multivariable
system is identified as a conglomerate of sin-
gle-input single-output systems, how should the
different single~input single~output systems be
combined into one model? How do we decide if a
particular mode is common to several loops ta-
king uncertainties into account?

Once a particular structure is chosen the go-~
lution of the multivariable identification pro-
blem is straightforward,

Nonlinear Systems. The techniques currently
used simply convert the identification problem
to an approximation problem by postulating a
Structure, The few non-parametric techniques
available are computationally extremely time
consuming,

On-line and Real-time Tdentification, This ig a
fiddlers paradise, Much work remains to be done
to prove convergence as well as to devise ap~-
proximation techniques,

Empirical Knowledge Available, The extensive
applications of identification methods which

are now available provide a source of empirical
information which might be worth a closer ana-
lysis,

One of the most striking facts is that most me-
thods yield very simple models even for complex
Systems, It seldom happens that models of a -
single-input single~output system are of an
order higher than 5, This fact, vhich is extre-
mely encouraging from the point of view of com-
plexity of the regulator, is not at all well-
understood,

Most methods seem to work extremely well on sgi-
mulated data, but not alwvays that well on actual
industrial data. This indicates that some methods
might be very sensitive to the a priori assump~
tions, It therefore seems highly desirable to
develop tests which insure that the a priori
assumptions are not contradicted by the experi-
mental data. It also means that it is highly
desirable to have techniques which are flexible
with respect to a priori assumptions, A typical
example is the assumption that the measurement
exrors or the residuals have a known covariance
function. It is of course highly unnatural
from a practical point of view to assume that
we have an unknown model but that the residuals
of this unknown model have known statistics,
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Comparison of Different Techniques

In spite of the large literature on identifica-
tion there are few papers which compare diffe-
rent techniques. The exceptions are Van den
Boom and Melis (1969), Cheruy and Menendez (1969),
Custavsson (1969). Of course it is more fun to
dream up nev methods than to work with somebody
else's scheme. Nevertheless for a person enga-
ged in applications it would be highly desira-
ble to have comparisons available. It would
also be nice to have a selection of data to
which several known techniques are tried which
can be used to evaluate new methods,

Where is the Field Moving?

It is our hope and expectation that the field
is moving towards more unification and that
there will be more comparisons of different
techniques, The textbooks which up to now have
been lacking will definitely contribute to that;
forthcoming are: Eykhoff (1970), Sage and Melsa
(1970). The area of identification will cex-
tainly also in the future be influenced by vi-
gorous development of other fields of control
systems theory. One may guess that the present-
1y active work on multivariable systems will
result in a deeper understanding of such systems
and consequently also of the structural problems.
The recent results in stability theory might
iofluence the real time identification algo-
rithms, Pattern recognition and related theories
will contribute also to the field of identifi-
cation; e.g. Tsypkin (1968),

Also after the IFAC, Prague, 1970 symposiun a
lot of work remains to be done,

= =
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Appendix A = A resumf of parameter estimation.

As a tutorial resumf of the statistical methods
the following example of utmost simplicity may
suffice, Consider the situation of fig, A.l

b n{l)
uli) y (k)
observ:d signls
Fig Al

where an estimate 8 has to be found for para-
meter b, This estimate has to be derived from
a number of signal samples u(k) and y(k)
where )

y(k) = b u(k) + n(k) (A.1)

and where the average (expected) value of n(k)
is zero, ' .

Using the least-squares method the estimate

is chosen in such a way that the loss function,
defined as

V) = § [y - sut)] % = (y-gu)' (y-pw),
& g
is a minimunm,
In fig. A.2 the differences between the obser-
vations y and the "predictions" Bu are indi-
cated, The minimization can be pursued analy-

tically; a necessary condition for the minimum
is
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B is the optimal estimate under the conditions
given. Note from (A.2) that the terms
y(k)-Bu(k) are weighted with respect to u(k);
quite naturally the larger the imput signal,
the more importance is assigned co the devia~
tion between observation y(k) and “prediction™
Bu(k)! Equation (A.3) refers to the correlation
methods, For the extension to the more-parame-
ter case and to the generalised least-squares
method c¢.f, section 5.

Using the maximum~-likelihood method for the
Bame .catz as before, we have to know p_, the
probability density function of n(k). In that
case the measurement of u(k) provides us with
the knowledge sketched in fig, A.3, the a-
priori probability density of y(k) with b as
parameter, Now the measurecment (or E-EEiEEEiEEi
knowledge) of y(k) brings us to the situation
indicated in fig. A.4. The function L(y(k);R)
is called likelihood function, We have to
assign an estimate B from this function L. A
reasonable and popular choice is to take that
value B, for which L(y(k);:B) has its maximal
value. Again this can be generalized to more-
-parameter cases.,

Using the Bayes' method ‘for the same case,.one
needs, as before, p_, but also the a priori
probability density function p_ of b. Note that
previously b was an unknown constant, and that
now b is a random variable, From Bayes' rule

(y,b) (y[b) p(b)
b = =
POl - 585 70
This can be interpreted as: the probability
density function of the parameter b, given the

result of the measurement on y, This can be
rewritten as:

P(y,b) = p(y-ub,b) i_a.(..x:;b)

E]
L ep—

- pn(y-ub) %(h)
]

as b and n are statistically independent, p,
and p_ give a probability demsity function as
indicated in fig. A.5. Note that this is the
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a_priori knowledge, available before the measu-
reweat of u(k) and y(k). These measurements
provide us with @a\"cut" through the probability-
=density function, from which the a_posteriori
probability function for b follows. This new
probability function now may be used as the a
priori knowledge for the following measurement,
In this way the development of p, with increas-
ing number of observations can be followed;
c.f, fig. A.6. Note that p_, the additive noise
being stationary, does not change.

The reader is invited to consider special cases
like u(k) = 0 and u(k) + =, Again the method
can be generalized to more parameters; its
vizualisation has severe limitations, however,
Note that in this case the knowledge on b is
given in terms of Pys @ funetion. In practice
the reduction from a function to a single value
(estimate) can be don2 by using a cost or loss
function, providing a minimum cost- or minimum
loss estimate.

ply,b)

ylk) e arctan uk)

Fig.AS
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The problem of input noise, The simple example

of fig. A.l also serves very well to illustrate
the so-called "problem of input noise",
Consider the system illustrated by the block
diagram in fig. A.7 where neither the input nor
the output can be’ observed exactly, .

It is wellknown in statistics (see e.g. Lindley,
(19565) that, unless specific assumptions are
made concerning the variations in u, n and v
it is not possible to estimate the dynamics of
the process,

Consider e.g.

y(k) = bu(k) + n(k)

(k) = u(k) + v(k)
Assume that v(k) and n(k) are independent
stochastic variables with zero mean values, If

v(k) = 0 we find that the estimate of b is given
by (A.3)

yto arctan ulk)
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However, if n(k) = 0 we find by the same argu-
ment that the estimate of b is

] ulk) y(k)
Iy yx)

=

This corresponds to choosing B such that

the difference between the observations u(k)
and the predictions -y(k) are as small as pos-—
sible in the least squares sense, See fig. A.8.
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Appendix B = An example of least squares; iden-
tification of a parametric model,

To illustrate the least squares method, its
applications and-some numerical problems which
might arise, we provide an example. The compu—
tations are carried out on input-output data
from a known process.

In fig. B.! we show input-output pairs which are
generated by the equation

a b

1 82 1

y(k) + 1.5y(k=1) + 0.7y(k~2) = 1,0 u(k~-1) +

b
. S g . . i 2
Without additional information it is of gourse
impossible to tell which estimate to choose, .+ 0.5u(k=2) + A e(k) (8.1
INPUT
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where {e(X)} is a sequence of independent nor-
mal (0,1) randem numbers generated by a pseudo
random generator. The following values of X
have been uwsed:z 0, 0.1, 0,5, 1.0 and 5.0.

In Table B.l we show the results obtained when
a model having the structure (B.1) is fitted to
the generated input-output data using the least
squares procedure.

The estimates are calculated recursively for
models of increasing order to illustrate the
very typical situation im practice whem the
order of the model is not known. In Table B.1
we, have shown the least squares parameter esti~
mates and their estimated accuracy, the loss
function and a conditioning number of the matrix
¢'¢, The conditioning number u = 2n max{(A),.}
'nax{(A")ij} is chosen rather arbitrarily.

We will nmow analyse the result of Table B,I.
Let us first consider the case of no disturban-
ces A = 0. In this case we find that it is only
possible to compute models of order ! and 2.
When we try to compute the third order model,
we find that the matrix #'¢ is singular as
would be expected. The conditioning number is
1.3 x 105, We also find that the estimated
standard deviations of the second order model
are zero,

To handle the numerical problems for a model of
third order im a case like this, we must use
numerical methbods which do not require the in-
version of ¢'® e.g. the reduction of ¢ to
triangular form using the QR algorithm, This

. has been persued by Peterka and Smuk (1969),
They have shown that this calculation can also
be done recursively in the order of the system.

0.1

Proceeding to the case of A = 0,1, i,e, the
standard deviation of the disturbances is one
tenth of the magnitude of the input signals, we
find that the matrix ¢'¢ is still badly condi-
tioned when a third. order model is computed.

Analysing the details we find, however, that
the Gauss Jordan method gives a reasonable
accurate inverse of ¢'®, Pre- and postmulti-
plying the matrix with its computed inverse, we
find that the largest off-diagonal element is
0,011 and the largest deviation of diagonal
elements from 1,000 is 0.0045. We also find
that the estimates a, and 83 do not differ sig-
nificantly from zero, .

We will also discuss some other ways to find
the order of the system. We can e.g., consider
the variances of the parameters. We find e.g,
from Table B,1 that the coefficients &, and R
do not differ significantly from zero in any
case, In Table B.2 we also summarize the values
of the loss function as well as the values of
the FP-testvariable when testing the reduction
of the loss function for a model of order n,
compared to a model of order n, as was,discus-
sed before. We have at the 102" level x~ = 2,32,
We thus find that by applying the x2-test in
this case we get as a result that the system is
of second order for all samples. The actual
parametervalues of Table B.l as well as the
estimated accuracies give an indication of the
accuracy that can be obtained in a case like
this.

It should, however, be emphasized that when the
same procedure is applied to pratical data the
results are very seldom aseclearcut as in this
simulated example. See, e.g., Gustavsson (1969),

order| 1 ) a3 8y B, 8, Ar v 2
L e 1.50 0.70 0.0 1.0 0.5 0.0
parameter
1 |0.880.03 1.2340, 18 1.71| 265.863| 59
A=00| 2 |[1.50:0.00[0.70:0,00 1.00+0, 00| 0.50+0. 00 0.00| 0.000| 203
3 - ~ - - - - - - 1.3x106
1 |o0.8820.03 1.19:0,18 1.66| 248.447| 60
A=0.] 2 [1.50%0.01/0.6940.01 0.99:0.,01|0.49%0,02 0.11| 0.987| 205
3 [1.5220.11]0.7320.16]0.02+0.08| 0.9920.01)0.4720.11 |-0.020.08| 0. 11| 0.983 (35974
1 |0.88:0.03 1.10£0,17 1.59| 227.848| 63
A=0,5]| 2 [1.48:0.04{0.6720.03 0.9640.06| 0.4820.07 0.53| 24.558| 206
3 |1.54¢0.11{0.76%0.16|0.04+0.08| 0.96%0.06| 0.42¢0.12|-0.0420.09|0.53| 24.451| 1518
1 |0.880.03 1.0020. 20 1.84] 308,131 75
A=1.0| 2 [1.47¢0.06|0.66%0.06 0.930.12|0.46%0.14 1.06| 99.863| 212
3 |1.55:0.11|0.8240.17|0.09+0.09]0.9320.13{0.37¢0.16(-0,02¢0.15/1.07| 98.698| 476
1 |0.86%0.05 0.20:0.83] 7.55/5131.905| 520
A=50| 2 |1.48:0.07]0.74¢0.08 0.9840.61|0.4140.61 5.29(2462.220| 1174
3 |1.55:0.11(0.8740.18/0.09%0.09|0.9740.64|0.2420.66| 0.1320.64]5,.32|2440,245| 2031

Table B,1 Least squares estimates of the parameters,
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cage ] A =0

n v u

0| 2666.23 59

1 285,86 205

2 0.00 35974
case 2 )\ = 0,1

n v B

0| 2644.15

1 248,447 60

2 0.987 205

3 0.983 35974
case 3 1 =0,5

n v B

0| 2701.35

1 227.848 63

2 24,558 206

3 24,451 1518

4 24,006 2982
case 4 A =1,0

n v u

0| 3166.78

1 308,131 212

2 99.863 476

3 98.698 873

4 96.813 1351

5 94,800 1647
case 5 A = 5,0

n i u

0 | 21467.64

1 5131.905 s20

2 2462,220 1174

3 2440.245 2031

4 2375.624 2910

5 2290,730 3847
Table B,2

Gives the values of the loss function V, the
conditioning number p of ¢'¢ and & table of

X“~values when identifying models of different

order to the example of Fig, B.lI,
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n 221 1 2
1
0 |442.4 =
1 -
e 2 3
1
0 | 472 57000 42100
1 12000 5900
2 0.191
“1?2 ! 2 3 4
0 | 532 2616 1715 1283
1 397 195 130
2 0.2 0.1
3 0.8
nI“z 1 2 3 4 s
0 [ 455 734 487 365 292
H 100 50 33 25
2 0.55 0.72 0,80
3 0.88 0.92
4 0.96
A 22| 1 2 3 4 5
1
0 [ 156 185 122 92 75
1 52 26 18 14
2 0.21 0.9 1,2
3 1.2 1.5
4 1.6



