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l. Introduc-tion.

In recenÈ years aspecEs of sysce¡¡ idenEi-
fication have been discuss.ed in a mulci-
tude of papers, at many conferences and in
an apprecia-ble nunrber of university cour_
ses. Appareïtly che interesÈ in thís sub-ject has different roots, e.g.:
o Definite needs by engineers in process

rndusÈries co obtain a.betEer knowledge
abouÈ Ëheir planrs for otìEaining irprã_
ved conÈrol. This holds not only foi the' chemical buË also for the mechanical and.
other producEion industries.

o The task to study high performance aero
and space vehicles, as well as Ehe dyna_
uics of more do¡rn-to-earÈh objects líke
railway carriages and hy<lrof oi.ls.

o Study of r.he human being in'tracking
action and in other types of conrrol.

o Research of biologÍcal functions, e.g.
of neuronuscular systems like thå eyã
pupil response, arm or leg conE.rol,
heart rate controL, etc.

Nôt only the needs for, but also the possi_
bilities of estimation have draroaricaily
changed with ¡he development of compute-r
hardware and softr.râre, More or less aDarÈ
fron the ttengineering,, ¿¡¿ I'biologicai',
approach the economeErieians and statísti-
cians have been working on dynamícal eco-
nonic models, leading io incidental cross-
-fertilization wiËh engineeri.ng.

Atrmany t¡niversities the field has been
recognized as a legitiurate subjecÈ for
faculty and ph.D. research.
It¡e net result of this developnent is alarge number of publications, either
accentuacing a particular type of approach
o¡-describing a certain case study.-in
this survey paper the "moÈivacioní' of Eheidentification is derived frou control
engineering app lications

Ttrroughout the history of conErol theory
it has been knor¡n thai ¿he tnowreage ãiåuta sysÈe¡r¡ and its environoent, r¡hich is re_quired ro design â sysÈem, i" s.t¿orn ãvãif
able a priori. Even if Ëhe equaÈiona
gsverning a system are knor¡n in princi¡le
it ofcen happens ihac knovledee är prili_
cular par¡meËers is missing. ft is ìot
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unco¡E¡o¡r tlì¿È rbe &ode15 whicll are. avail-
et'le are u¡¡cir toc cotaplex etc, Such situ-
arioûB natúrelly bccur in nany oÈher
f ic1ds. There are, hcr.rever, Èltq fåcÈs
rhicb are ranique for ¡he identificatiot
problens occurring in autooaric control
i. e.

o It la often pcsaible to perforn experi-
¡rcûls on the syatem in order to obcain
the lackiug knovledge.

o Ihe purpooe of thc identificatioa i¡ to
deaigu a conÈrol straÈegy.

Cnc of the facÈors ¡¡hich undoul'tedly co:r-
cributed very lruch to the great succees of
freguency tesponae techaiques in "cla¡si-
cal'f coritrol theory was the facc that the
design æthods rrere accompanie<i by a very
pcñterful technique f,or systens identifica-
tim, i.e. frequency analysis. Ttris tech-
nigræ nade ít possible to det,ermine the
tran¡fer functiong accurately, which is
precisely r¡hat is needed to apply the'ayn-
theais nethods based on logariehuic dia-
gr¡mo. The nodelg ueed in "oodcrntt control
'theory are ¡¡ich a felr excepcions para4p-
Èriç nodels in Èerns of sÈate equaÈions.-tñã-¿esire to deter¡¡ine euch nodel¡ from
experiEental dafa has na¿uraIly renesed
the iûterests of control engineers in pa-
tr¡¡¡ûeter estinåtioo and relaÈed rechniques.

Status of the Field
Altbough ic ia very difficulc to get ¡¡r¡
crervien of a field ía rapid develoþnent
r¡e r¡ill try to point out a few facts nhich
havri etruck us as being relevanÈ rrhen ¡¡e
prep.lred this survey.
The field of ídentificatioa is at thè næ
¡oen! raËher bewildering, even for so-caltred
experts. Many differenÈ n¡ethods and tech-
niques are being analysed antl treated.
¡rNes Eethodst' are sug¡gested en masse and,
on the surface, the field s.ppears to look
nore like a bag of Ëricks than a unified
subject. On Èhe other hand many of the
so-called different nethods are in fact
quice siroilar. It seems Èo be highly de-
sirabl-e ro achieve soue unification of the
field. thig means that an abstract frame-
r¡ork Ëo treat i.dentification problems ie
needed. In this context it appears to us
rhåt the definition of an identificarion
problen given by Zadeh (1962) can be used
as a sËarting point, i.e. an identifica'
tion probl.ern is characcerized by three
quantities: a class of rnodels, a class of
input signals and a critericn. We have
t jed to erophasize this poiut of vier¡
t\rcìighùut the p*;:er.

.:ì)( â sì¡t vcy Fap€,i Like iiirs lL iS out of
-,i:€5tioú ¡-o strise for corapl+:tenes:, Li:-l .

ìatic¡rs are giveu by: the 11r;""t er cf :e1.:-
vant pt!.,!-icilcions¡ the bal¿:nce ¡.::Ì1.êen thaIteiuca¿icuai" and the '',:xperÈ sl¿r¿t of
!his 1-'r'Es.¡¡átion; the lic)i..hrre:..:..r oi
che field ånd the viile speccr'.rn of rel:terl
topícs.

¡l,leo ir ía deeirs-bl* to Leep ín ¡riod thrt
uqi'il aon a nu¡uber of eurvey papera har
been çriÈcen, b*sed orr @ny refetences.
For a¡r indic¿tion çherc this netr paper
st¿nd6 with reapect to the older oneg.thc
reådèr ig presenÈed r.ri¡h an eûuoeråtioq
of Èopics dealt with ia the IFAC survey
pap€r{¡:

P. Eykhoff, P.M. van der Grinten,
H. Kuakernaak, B.?. Veltnån.
grc.rsq" gsgel¡lle_std .iÉ3ggigis*leg
lhircl congress IFAC, tondoa 1966

83 references

M. Cuenod, A.P. Sage.
Cornparicon of soæ rcethode used for
Pressee-!gs3!i€!ss¡lst
IFAC synpoaÍun or¡ "IdenÈification ia E
Automatic Gontrol Syotemsrt, Prague
1967; also in: .ô,utonatica, 4, (1968),
235-269 79 refereoces

P. Eykhoff.
!¡ocesq-p46qr¡oeter and state cstima-
!!eÊ
IFAC syuposium on 'rldentification in C
Autcmatic Control Syatenerr¡ Prague
1967; aleo in¡ AuÈooatica, 4, (1968),
205-233 I I reference¡

A.V. Ealakrishnan, V. .Peterks.
Iden t i!! cgg!$_i g-gglgnåti c-S9g!f9!
erglEgc
Fourth congre!¡s IFÀC, Warszava, 1969

125 references

and of this paper, indicated by
2l 3 refetences
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Boru¡lation of the_estinstion oroblg.

cl¿aóee of instrumentation
- nodels
- input signal
- criteria
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A¡¡otber survey paper of general interestie Bekey (1969) ae nell ãs Strobel (1967,
I 968) .

gradlent rethod
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inv¿riant inbedding

D,
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euto- ând cross correlaÈion ArgrCrEdifferential approxinacion ' '¡
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Grtirû¿tior¡ g

i¡¡truæntal varíablee DrE
geueralized ¡nodel/¡dninizarioa ofequation-error ArCrDrE

Puroose of IdentificgFion

llhen forrn¡laÈing and eolving au identífi-
cåÈton problen it ie inportant to have
_the gglpggg of the idenlificårioo io,i.n¿.In control problene the final goal ie of-teo to deeign eootrol strategiãs for a
l:ïicylar sysre I There are,-' toln".,.r,
alao situations vhere the prinary intárestis. to analyse rhe propertiå, oã-á ;;;;;;:uecelillnacion of rate coefficients inche¡rical-reacÈions, h"ac rr"osiei-"låiri-
c!'enta of industriål processes and reac-tíviry coefficienre in nucteai.;;;";;;;
:i: !ïi"tl-e¡auples of such a "dÍatriostia'altuation. In such a case deteruinaiion ofrpecific parañerer values rnigh¡i;-ü;" "
rrna¡. goal of the identification. Manyprobleus of thie Èype are also found inDtotogy, ecoÃ@), and ¡oedicine.
To"i i{ Èhe purpose of rhe identificarionra Eo de8lgn a conlrol system the ch¿rac_Èer-of the pro'o-lem night vary wiaefyìe_
-¡rending on Èhe narure of th"'"o;;;;i ;;o_blep. A fer examples are given ¡.iÀ",'-'
o Ecsign a ståble regulator.
o lÞeign a coûtrol progrrn for optiuraltransitioa from one state to another.
o Design-a regulator which nÍninizes thevarråtlons in process variables due tod18Èurbances.

In the firet case it roighr be sufficient
::_ïy:-" fairty crude iodel or .r,ã-"yri",cynantcs. The second control proUtero raigtrtreguire-a fairly accurat.e model of thesystem dynamics. fn the ttrira proUfem itis also necessary to fiave . ,.å"i-ii*.rrà
envlronnenÈ of-the system. A.seuninq that
Ene (¡lftnate aim of the identificalion ísto desi6lt a coûtrol strategy for a svstem-r¡hot would ccnsriÈa¡e . ooËi.ri""ror;';;i;:
tion .frcn¡ d pracrical l"r.a .¡-,ri._í """
l"-::rl ¡racuical probielrs tt"re-i" :cLdv¡uautttc]'ÊnÈ a priori. infor¡lation about asysteiu ¿rci iÈs em¡iroruacnL to des¡.grt acont!*ol systen fron a priori aata ãnfy. ft¡í11 ofren t,e :recessary Lo D¡åke sone kindof.expericent, obeerve rh" ,rro..ss "lrii.-usl:¿é perturt¡atione as inpr,c signals anãúeerve the-corresponding .h""ñ;-i; ;;:;cess variables. Iu prâccice tf,ã¡e a."l--hc,Jev¿r, often gevere linitations on at"

c
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experinents that can bé perforrned. In order to
geÈ realisÈic model.s it is often necesÊary to
caifry ot¡t rhe experinents dur!gg-g9l9gl:9P9gg:
tion. this rueans that if the syster[ ia pertur-
6ããl th. perturbations nust be snall 80 that
che production ià hardly dieturbed. It night
be necessary to have several tegulator6 itr
operâtion during Èhe experiroent in order to
keep the process fluctuations withín accepta-
ble lirdts. fhis nray have an inPortsot ioflu-
ence on the estindtion-resu1Ès.
When carrying our idèntifícation experioents
of this type there are mâny questionô which
arise naturally:
o Hor¡ should the experinenÈ be Plênned? Should

a sequential design be used, í.e. plan an
experiment using the available a priori in-
formation, perforn thac experineat, plan a
new experimenÈ based on the reéulte obtained,
etc: llhen should the expeiirneûtatiofr stop?

o What kind of analyeis should be applíed to
the resulEs of the experinqnt in order to
arrive at control stralegies r¡ith desired
propertie8? Ithat confiderce can be givea to
the results?

o l{hat type of perturbation signal ehould be
used to get as good results as poesible
within the li¡lits given by the exPeriúental
conditions?

o If a digital computer is used ¡¡hat ia a suít-
able choice of the sanpling i¡rterval?

In spite of the. large amount of work thaÈ ha8

been carried out ín the area of system idenci-
fication we have at present practicaLly no
general aûsrters to the problems raised above.
In practice most of these general problems are
therefore answered in an ad hoc manner,
leaving the analysio to more specified pro-
blens. In a recent paper Jacob and Zadeh (1969)

disçuss so¡oe of the questlons in connection
with the problen of identifying e finite etate
machiue; t.f. a1"o Angel and Bekey (1968).
Some aspects of the choice of sanpli¡g inter-
vals are gíven in Fantauzzi (¡968)''.[strön
(t969) anã Sano and Terao (t969)
Since the general probLens discussed above are
very difficult Èo fornalize one may wonder if
there erill ever be rational answeis to them.
Never¡heless it is worthr.¡hi1e to recognize the
fact, that the final purpose of identific¿tipn
is often the design of a control system, since
this sinple observation may resolve måny of
the arnbiguities of ao identífication problem.
A typieal example is the discussion ¡shether
the accuracy of an identification should be
judged on the basis of deviations in the roodel
pgIg99!9I9 or in Ehe !i$9:999P9!ge. If the
ultinaÈe purpose is to design control sysEems

chen.it seens logical that the âccuracy of an
identification should be judged on the basis
of the pgIlgIgglgg of the control systen de-
signed i;orû ihã iãsults of the identification.

problen given by Zadeh (1962) ig still rele-
v¡¡¡rt:
"Identífícation í.8 the deternrínatiottt ott tro
bosíe o-f input øtd output, of a lVltem ttithítt
a epecifíed cLaaa of ayatems' to uhich the
eyetem wtáer Þet ia equhtal'entn.

Uaing Zadehtg for¡ûulatioo ít is.'oecessary to
apecify a class of eysteros, .9 - {S}r a cta¡¡
of inpuÈ.signals, Lt, and the meaning of
"equivalenttt. In the following we vilI call
"the eystem under teet'f sirnply the procega aod
the e¡.emenrs qf S will be called gggg-lC.
Equivalence ie often defined in terns of a
criterion o¡ a loss function which ís a func-

Form¡lation of ification Problems

tional of the process outPut y and the nodel
output y¡r i.e.

v - v(r,Ç (2.t)

1\¡o nodele rn¡ and m2 are then said to be
gsglyg:glg ii t¡e vãlue of the loee function
i;-ahe Jarne for both nodele i.e.

v(T,Irr) - v(yryrr).

.lt¡ere is a large freedom in the problern formr-
lation whích is reflected in the líteratr¡re on
identification problens. The selectioo of thc
class of models, 5, the class of input sigoak,
U, and the criterion is largely influenced by
the a priori knowledge of the Process ag vell
as by the purpose of the identificatioo.
t{hen- equivãlence is defined by neanå of a loss
function thé identification problem is sirnply
an gpliplgglieg-pgeÞlee: find a nodel Soa9
sucñ ihãt the loss function is ae emall as
possible. ln such a case it is uatural to ask
several questions:

o Is the rninirnr¡m achieved?

o IE there a unique eolution?

o Is the uníqueness of the solution influenced
by the choice of input signals?

o If the solution is not unique, ¡¡hat ig the
character of the rnodels whích giveu the ssae
value of the loss function and hor¡ should 5
be resÈ¡icted in order to ensure uniquenesa?

Answers to some of these problens have beeo
given for a sinple class of línear systeE8
arislng in biooedical applications by Bellnan
and Sström (t969). The class of nodels .9 ha¡
been called identifiable if the optinization
problen has a unique solution. Exanples of
identifiable and non-identifiable classes are
also given.
The fon¡ulation of an identification problen

-as an optinizatíorL problern also makes it clear
that there are connections betrseen identifica-
tion theory and approxiuration theory.
Many examples of these are for¡nd itr the lite-
rature e.g. Larnpard (1955)' Kitamori (1960)t
Barker and llawley (1966), Roberts (1966 and
1967) and oËhersr. ¡¡here covariance fr¡nctions
are identified as coefficients in orthogonal
series expansions. RecenÈ examples are
Schl¡artze (t969), Gorecki and Tt¡ro¡icz (f969).

0.1

The follor¡ing formulation of the identificatio¡r

4



Another type of identification problem is ob-
tained by irnbedding in a probabilistic frar¡e-
q¡ork. Äf 5 is defined aB a parametric class,
I - {So}, where ß is a parameter, the identi-
ficatiön problen then reduces to a paraneÈer
estinaËion problem. Such a for¡¡ulation nakes
it poseible to exploit Ehe tools of estiuration
and decision. theory. In particular it is poss-
ible to use special estimation nethods e.g.

.tbe naxinum likelihood nethod, Bayesr method,
or the rnín-max nethod. It is possible to
assigg accuracies to the parameter eatiE¡ates'
and to test various hypocheses.

Alao in roany probabilistic situations it turns
oi¡t that the estination problem can be reduced
to an optimizaEion problen. In such a case the
loss function (2.1) is, however, given by the
probabilistic a6suroptions. Conversely to a
given loss function it is often possible to
fínd a probabilistic interpretation.
[¡ere are several good books on estimation
theory available, e.g. Deurech (1965) and Nahi

.(1969). A sumailof the irnportant concepts
a¡rd their application Ëo process identifica-
tior¡ íe given by Eykhoff (¡967). An expösé of
the e.lements of esti¡qation theory is also
given ia Appendix A.

Aleo ia the probabilistic case it is possible
to define a concept or igglsiÊleÞi-lity using
the fra¡nework of escÍnation théõiy.-fñ Âprrärn
and Bohlin (19ó5) a system ig calléd idenri-
fi¿b1e if the estimare is consistent. A heces-
rary condition is, thet Èhe ínfornation matrix
ir positive definite. This ðoncept of identi-
fiability is pursued further in Balakrish.ran
(1969), Staley and Yue (1969).

Rela¡ions betr¡een Identification aod Control:
- the SeÞaration Hvpothesis

llhenever the design of a control aysÈen around
a partially knonrn process is approached via
identification iÈ is an a priori assunption
that the design can be divided intó rr.ro steps:
identification and concrol. In analogy with
the theory of stochastic control ne refer to
thia assurrpCion as the separation hypothesis.

con¡Pare Section 7.
It can also be argued that the probleu of
controlling å process wÍth unknom parameters
can be approached ¡víthou¡ naking reference
to identification at all. As a iypical example
we Eention on-line tuning of pID regulators.
In any case it seems ^to be a vorthr¡híle pro-
blen to ir¡vestigate rigorously under whai
conditions the separation hypothesis is valid.
Initi.al atterûprs in chis direction have been
oade by qchr¡arÈz and Sreiglirz (1968), fuirön
and llittennark (1969)

Apart fron the obvious fact that it ie desi-
rabte to choose a class of nodels 

^g fo¡ ¡¡hích
there is a control theory available, there are
also nany othel interesting questioni¡ in the
area of idenËífication and control e.g.
o Is i't poeeible to obt¿in rational choices

of rnodel aËructures and criteria for the
identification if v¡e knor¡ that the results
of identificarion will be used to design
control strategies?

o l{hat I'accuracy" is required of the solution
of an identification problen if the separa-
tÍon hypothesís,should be valid at leaãt

. with ¿ specified error?
Partiel anslrers Èo these qrr"rtiorrc are given
by Ãströn and Witrenmark (1969) for a restric-
tèd class of problens.

0.1

Accuracv of IdenÈification

the approach is very narural, in pãitlãulãi-if
r¡e consider the multitude of techniques ¡¡hích
have been developed for the design of systems
r¡ith knorm process dynamics and known environ-
ænta. However, it is seldom true that opÈirnun
colutions are obÈained if a process is iãenti-
fied and the resulÈs of the identification
are used in a design procedurerdeveloped
under the assumption that the process and its
esviron¡nent. are known precisely. IÈ can be
¡recesaary to modify the control straÈegy to
take into account the fact that Èhe identifi-
cation is not precíse. Conceprually it is
l¡nor¡o ho¡¡ these probleus should be handled.
I¡ the extretrþ'case ¡¡hen identification and
control are done sim¡ltaneously for a system
yith ti¡oe-va¡ying parameters the dual càntrol
coocept of Felrdbato (t960,t96'¡) ;ã" 6ã-----
applied. Ihis approach wi11, however, lead to
exorbitant conputational problens even for
aiople cases. C.f. also Mendes (1970), and

Ttre problem of assigning accuracy to the
result of an identification is au importaat
ptoblen ¡nd also a problern whi.ch always seeus
go giye rise to discussions¡ e.g. qvainströn
(1964). The reason is rhat it iã poasible to
defi¡e accuracy in many different r¡ays and
that an identification r¡hích is accuiate in
one sense nay be very inaccurate ín another
sense.
Fo¡ exaropLe in the special case of linear
qystems it ís possible co defíne accuracv in
terr¡s of deviations in the transfer funciion,

. in the weighting function (inpulse response)'or in the paraneters of a paramecric ,ã¿"t.
Since the Fourier transforn is an unbounded
operator small errors in the weighcing function
can very well give ríse to large errors in the
Sransfer funcÈion and vice versa. A discussion
9!-!!:" is given by Unbehauen and Schlegel
(1967) and by Srrobel (t961). rc is alsã pos-
eible to construct examples where there aie
large variations in a parametric nodel in spiteof the facË that the cotresponding irnpulse-
respônae doeE not change mròt. Suã e.i. Strobel
(r967).
Maoy controve¡sies can be resolved if we take
the ult,imate goal of the identification into
accounÈ. This approach has been taken by
Stëpán (t967) whò considers rhe variaríán or
the ampliÈude margin r^rith the 6ystem dynamìcs.
the follqriog exaople illustrates the point.

Fxaoole. Consíde,r the process S, givén b]l

dx
ãE - u(r-Î) Q.2'

5



The traasf,er fuact,ion i¡

\(")'*'u-"r
¿nd the uoit atep reeponre Lr

3. c I ¿gqil i.cagþs _qf i*,¡ r i f tq¡ti oû" r,Ð!þqg.

Ît¡e different Ídentificarion ¡chæ¡ thst rr.
¡r¡ei}¿ble can bc cl¡saified according to thc
b¡¡ic eleæ¡t¡ of the problen i.e. the,clar¡ of
ry8te¡¡ra S, the ioput signãla It atd, tbe cflrc,
rion. Apart fro thie it night rlro be of
interest to claeeify then sitb retp€ct to i¡-
pleæûtåtÍoû a¡d d¿t¡ proceaaiug requirenencl.
?or exaarplet í¡ nÊny caeee it Eight be ¡uffi-
cie¡t to do all coraputatiooa off line. vhih
other problena night require äiliñã-rc¡ulrr
are obtain¿d on_lige, i.e. et the ¡aæ tin tbo
æaaur€æBts are d6e. Classific¡tioo¡ h¡vr
been dooe extcnsively in Eykhoff (1967),
Balalriehna¡ r¡d Petetka (¡969).

ltre Clags of üode1¡ S.

Ihe mdel¡ can be characterí:ed in nany diftF
retrt tr¡y8! by gSÊpg¡4ggtric repreeenÈationr
auch rs iupuiaã-iããiõñããJr*äter furcriø,
cor¡¡ria¡rce functioat, Bp€ctral denritier,
Volterra s€rig¡ od : by ¡3gggggg¿S ¡¡odel¡ rucb
aa state sodet¡

$ - r(x,ur9)

y . g(xru¡0) (3. l,
where x ir-thc state vects¡, u the iBputr't tha
qrtput ar¡d ß a par!æter (vector). It ic Lnø¡
that the paranetric uodels can gÍve re¡ult¡
rith large errora if the orde¡ of the nodel
does not agree trith the order of the proccat.
An illust¡¿tion of chis is giveo in ao exarylc
of Section 5. A ¡¡ore detaÍled diecuseion of
paranetric nodel strucÈure is gíven in Scction
4. ftre nonparaætric representationa have tbc
advantage that it is not neoessãry to rpecify
the order of the proceas explicitely. Theae
repre8eDÈatioûa sae, honever, intrinrically in-
finite díæneion¡l vhich nean¡ rhat it 1s fre-
quently pocsible to obtain ¡ oodel ai¡ch thrt
ita output agreea ex¿ctly yith tbe procesa out-
put. A typical
io given bela.

exaople takeh fr@ Gerdi¡

Exælqle. Suppoee that Èhe cla¡c of nodel¡ ir
tsken ss the cla¡e of linear tiue-invarl¡tt
systênr8 r¡ith a giræn trauafer function. A
reasor¡able eotin¡te of the transfer fu¡ctloo ír
then given by

Ê, {") - s.fT r{t)"-ttat

ofT o{t).-tÈdt

¡rhere u ia the ioput to the process and y ir
the output. 1o tteliminaÈe disturbanceStt re
might, inetead first conpure the input cor¡ri-
aace functiot¡

n,(t) - { I

\(u 't
0

r,-T

o

rrl

(2.3)

(2. ¿)

tl

It

A¡su¡ae thet the proçea! S. ie.identified ar SO.

Ie'ic poaeible to give a àensible !¡eaoing to -
the ¿ceuracy of the ideotificatioo? It i¡ ioe-
diately. cle¡r ÈhåÈ the.díffererces

r!8r I nrtt) - ho(r)l (2.5)

oax I url5or) - fr(io)l (2.6)

can be nade ¡rbitrarily euall if T i¡ cho¡et
aaa11 eoangh. On this baeie it thus ¡eerf
reasoqsble to say thst S^ ie ¡n accuratc repre-
gentation of S- if I i¡ ã¡¡¡11. Oa the othcr
hån¡¡ the diffelence

llog n, (jr) - log Bo (jo)l - l¡¡rl (2.7,

i.e. the difference in phaee shif't, cao bê üsdè
arbitrarily large, ao ¡!¡tter boe euall re cåoose
T.
finally aaaumê that it ie desired to c@trot
rbe 8yBÈeE (2.2) ritb the initial cooditioa

x(0) - t (2.8)

in euch a ray, that the criteri@
.o

v - I {o2*2(t} + u2(r) }dr (2.9)

0

ia nioinal. Suppoae thst at ídeatific¡tioo h¡s
resulted in the rnodel S^ sl¡ile the proceos i8
och¡ålly S.. Eør large t deviation of the loss
fr¡rctiou iÉ obtained? For S^ the cmtrol ttrr-
tegy vhich ninimizes (2.9) Íe given by

u(t)--cx(t) (2.10)

Tt¡e ¡niniu¿l value of the loc¡ i¡

uioY-c

If a - ¡ it \a¡ be ¡honn that I very elight ln-
creaae of the lose functÍon is obtsined if ray
? - 0.001.
BcÊrever, if s - 2000 (>r/ 21) the criteri@
(2.9) ¡¡ill be Ínflnite for the strategy (2.10)
becau¡e the'systeE is unstable. We thus find
that rhe esæ !ûodel error ie either neglígible
or di¡astrq¡o dependíng od the properties of
the los8 fugctiq¡. 11-

o

6

u(t) u(t+r)dt
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rd Èhe iuput-output corariance

I
î u(t)y(t+r)¿t r > 0

rry(1)

¡od the¡ estíE te the tr¡¡¡fer fulction by

I
t rr(t)e-ttdr

8r(r) -
t r(t)e-8tdt

ia poaltive.definice, is auffíeient to get coû-a1afent estlalatea for le¡et squarea, maximrn
likelihood and ¡¡axiu¡m likelÍhood in rtre ap*-cial c¡se of rhite !¡eagurenert errors.
One raight therefore perhape dare to coniecÈure
tbåt, a coadltion of this r¡ature r¡ill be re-quired {n. geaeral.

Apart fron peraistent excítation nany applicr
tions will reguÍre Èhår rhe oucpur ii tåitsffhin specified linite during ihu "*pu"ir"ot.llr¡ ¡loUfen of designing inpui signali, energ¡r
a¡¡d- tiæ-cor¡rtraiued, which are optinai. e. g.ln the seose thst they nininize the varíanðes
9f tlg estipåtes, h.ave been diecuased byIæv¡{i (t966), Aoki and sraley (t969). ih" 

"ur.probleu ís ¡l.so diecussed ín itault er ¡1, (1969IIt is clogely related ro the probleo of optio¿t
-1içryl deaigl in cs¡r'unic¡rion theory¡ ."ã u.g.l{iddleron (t960)

ftre danger of identifying ryåto* under clo¡ed
loop_coutrol al¡o desär¡ãs lo be 

"rpt""i"ua.Consider rbe cl¡seical exanple of fi.g. 3.i.

. F¡9 3.t
ân e¡teon¡-¡o ideatify f" frair neasureænrs ofu ard y ri'Il give E

rl
"P 'q

i.e. the i¡verse of the trensfer functio,n o!the feedback. In iodusttial epplicatioos the
feedbact can ecter in very 

",rùit" ,"y" 
".g.thrq¡gh the action of aa operator ¡strã ¡nakãs

occasion¡l adjustoenËa. fiiUer (1965) ha¡ sbffiûthe interesting reeult thst Èhe'pro"."" roåy beide¡tified if rhe feedback i¡ oade ¡onlínel.

1-r

0

I

{ J 
.(.lvr.',¡¿¡ o1

I+
I

It ir eaay to ¡hon that û,-fi". rtre reagoa i¡rirply thaÈ Èhe cho¡e¡ rrånsfer fr¡ncrioo vill¡úc the ncüel ortput exacÈly equal to lfr.-p.o-cer. outpuc, ¡t 1es8t if the proce¡s is inili_¡lly ¡t rest.
Intereatiog åspect! of paraætric yeraua ¡on-parr'¡etric uodel¡ are for¡nd in the líteretuEe
T.t_ìt-rqliee^ anatysia. See'for exæpf. Uøro
¡ø ¡lold (t943), I.'hiftle (t963), creoärder and.losenblart (l917r, Je¡kine and W¡tr¡ (t96¡).
Itccdlcac to ray the ¡odels ¡¡¡st of courae 

-

filrlly be jrdged rith respect to the ultiua¡e
alL

n

fhc C lass of Inu¡t 1e

It i¡ nell k¡<rrn that aigaificant eirytífica-
:i:ï,i" rhe c@F{¡rarionã can u" 

""r,Ë"ãã-uig:llS-i"p"t signala of a epecial ÈJ¡?e e.g.¡To¡.e functionr, ctep functions, ,rcäioredñ
ot ebite-uoÍae, sinuaoidal signalå, paeudo-radg_binary ooiae (pRBs), eic. r'uitfiograplry
9n ?BBS is giveo iu Níkiforuk aod Grpra tiseö1.lot tbc use of deterui¡igtic signale'c.fì
Strobcl (t968), citt (t969)t wiifert iiõOgl.Fr6 the poinr of vier of alplicatione ii-!"*
htShfy deeirable to u8e teciroiq,rer ptrictr ¿o noct ¡e stricr linit¡tions on the'inp{¡ts. O"-i¡"
-oChcr- 

hrnd if the input eigoal" 
"* U" .ho"uo

3ø ltrort! thia be done? It has been ahorn byIr:tg. a¡¡d Bohtío (t965), Rstrðo (t96e), Aokirad Staley (t969) thar tire conditioo-ü'o.ì.ir_
fçDi:Sxciggllgg (ot order n), ¿...-rn"l ËE::gll¡lt.

.!d

ßu(i) - i* i r!, ,u,nr-Ï, {u(r+i).i}

G¡fut ü¡d th. Eatair Au defiaad by

\ - {"¡j - tu(i-jl} i¡j-tr...rn (3.2,

It r¡ae mentioned in Section 2 th¿t the crire_tlon ia oftea a nininizatioa 
"t "-".ii.r-io""functioa. Ibe loos funcrion i¡ choeen ad h*

ehen the ideatifíca¿ion probleo is forü¡lrted
aB an optit¡i.ation problero arrd it ie ¿ co¡""-
querce of other aeaurgËiona ¡¡l¡en the probleo iefor¡r¡l¿ted as a¡¡ eËri;stioo proúf"i

lloetly the criterion in expreeaed as ¿ fuoc-tionsl of err error e.g.

t i, ",',
li¡
llþ

g

the terion

7

v(yrt¡) -
I

I
t,

u2(.)¿. (3.3)
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where y is rhe process or'ltput, Yr the model 

.
ouÈPuC and e the error; y, yr 11d,3 

âre-consl-
deräd as functions defined oä (0,T) ' Notice
at,.a at" cricerion (3.3) can be interpreted as

a leasc squares criterion for the error e'
T'tìe cese

e-Y-Ym (3.4)

is referred to as the 99!PC!-9IE9!' It is the

naEural definition ethen the only disturbances
are r¿hite noise elrors in the ueasurement of
the cütput.
the case

-r -le = ¡t-t(y) - u-n(Ir) 'u - u, (3'5)

where M(u) denotes the outPut of the model uhen

rhe inpur is u and tl' = M-l(V.) denotee the

inpur äf the model which produces the *ll"i-t

"*. 
i" called the inPuÈ-error' The notaËio

'läiri"t -.r.," ."",rtpîîãñ-iñã!-îtte ¡nodel is llygg:
¡!!!g, roughly speaking that it is.always-
pãããIúr" tã rin¿ a unique input which Produces
a girrun ouÈPu!. Rigorous definitioas of- the

"oi"upt 
of invertibility are-discussed by.

Brockett and Mesarovic ilgos), Silvernan (1969)t

õ"in 
"t¿ 

l'lassey (1969). trlom thè point of viev
of estinatior, ch"oty the criteÌion (3'4) r¡itu
ih" .ttot defined as the input error (3'5)
r¡oul<t be the natural criterion if tbe diatur
bances are white noise eniering at the eystem

inpuÈ.

In a more general câse the error ctl bè defined
as

. = *-zl(y) - M,(u) (3'6)

where M' reDresents an invertible nodel' ltric
iype of'modãl and error (3.6) are re.ferred to

, àá' ecle:-,lise g-geggl and g91e5-8li39g-9rl9l ;
Eykhõff (1963). A special case ot the gene-

râtize¿ error is thã t'equation errortt intro-
duced by Pottsr Ornstein and Clynel (1961)'

riã. s.i gires an interpreration -of 
the.differ

".rI 
ur.ot concePts in terms of a block diagran'

ComDutaÈional AsPects

All solutions to paranetríc identification Pr(F
blet" corrsist of linding the extreu'rn of the

Ioss function V consideied as a function of the

p"r"tut.r" B. fhe rninimization can be done in
nany different rtåYs e.g.

- as a "ggg:gbgltt approach, i'e' sotving the

reratiãñã-îñãî rta"ã to be satisfied for the
ã*at"t.rt of the fr¡oction or funcÈional or:

- as a¡ iggfgglyg approach, i'e' by oom€ tyPe

ot uirîãIîã6Ï;ã. i; this case numerous tech-
niques are available' e.g.

. a) cyclic adjustment of the Parasleter8 one-

-¡r.orer a.o. SouËhwell relaxation nethod

b). gradient nethod:-. 
ã?i;ît _ ß(i) - r vß(ß(i, s r > o

f = constant

u

¡)

b)

output ¿rror

u

in¡rt crror

n

u

c) 3
g?ncr¿t¡zcd Grfof

Fig 3.2

c) steepest descent method!-' ã¡i;ii-- ß(i) - r(i) vß(B(í)) r(i) > 0

t(i) chosen such that V(B) i8 niniu¡r¡ in
the direction of the gradieat.

d) Newtonrs nethod:-' ;i;;;t: ãiit - r(i) vu(eri)

r(i) = [vuuþ<rÐ]-t
e) coniueate sradient nethod:

ß(ilri-ß(i)-r(i)s(í)

s(i) = vß(Ê(iÐ -
llv ¡eco) I12 s(i-l)
llvu(oti-t) ll

r(i) ' 0, ninicizee v(B(i) - r s(i))

ñT.rr.d'às a shorthand ootation for the
gËadÍent of V with resPect to ß:

ouue' ouu - I+ü,...,+tl'

proccJS

mod¿t

pKrccss

modct
nvcrs?

Præcs:t

çrrralizcd rnodet

MrMl

I



0.1
ftis nethod, applied to a Positíve definite
quadratic function of n variableÊr c¿¡n

rèach the rûiniuqn in at most n Éteps.

In these ¡ne.thods it has trot beeu taken into
accqrrt that in the pracÈice of estination
the determinåtion of the gradient is degraded
througþ the stochastic aspects of the pro-
blen. A rnethod ¡¡hich considers this uncer-
tainty in the gradient-dete'r¡oinatíon is the:

f) etochastic approxinatioo rethod:
ß(i+r) - ß(i) - r(i) vB(B(it
ohere 1(i) has to fulfill the corditionss

I(i)+ - agn+@

The two different uses of the teros linear and
nonlinear üay cause solire confusion. Íhis is due
to the nixing of concepts from the fietds of
systen Èheory and regression analysís. I
EenceforËh t¡e l¡ill use the term 'rlinear'r for the
úynamic behaviour and use rrlinear-in-the-para-
ñÈers" fo¡ the other type.
In conoection r¡ith estiroation sche¡nes the great
iuportance of linearity-in-the-paraneters will
becore cléar. Therefore it Pays to Ery to find
transfornations of the variabLes to obtain such
a linearity if possible. Sone sinple examples
nay illustrate this.

o2t2 * *t
+ z ' Irar+9ru,or*r*2

¡l

.Ta-

r(i) > 0
ó
f r'1i¡.- and

i-l
A¡ ¡n exanple nay be used: f(i) - l/i

A good survey of optirnization techniques is
found in the book by l{ilde (19ó4). See also
Bekey and Mccee (t964)

lgþl9g. For parameter estination anothel die-
Iinãtior¡ betl¡een linearity and nonlinearity ie
of ae urch importance viz. r¡ith respect to the

I
*r

'Ioz-"1;E-"2;E -e,;{-0,
reciprocal Èranaf ornaÈion

at oz
t-ol *2 Y*ßo+ß tu t+8tui

1og "-ßo
o¡'ßl
oz- Bz

4. Choice of Model Structure

l1re choice of nodel atructure is one of the ba-
aic. ingredients in the form¡latioa of the iden-
tificatioa probl.em. The choice will greatly
ínfluence the character of\the identification
problen, such as: the way in which the results
of the ideotification can be used in subsequent
opeiaÈions, the conputatiooal effort, the possi-
bility to get unígue solucions etc. Itrere are
very ferl general resulÈs available with regard
Èo the cåoice of structures.
I¡ this sectioo r¡e r¡ill first discuss the con-
cepÈ of linearity-in-Ëhe-par¡mters and l¡e ¡ri1l
then discuss the structure of linear syste¡ns.

fte Concepc of LineerigÈ:iEl!þ=@g

In cmtrol theory the distíactioqr between
linear and non-linear is usually based on the
dyoanic behaviour, i;e. the relation betr¡eeu
the deoendent aud the independenÈ ti¡oe var-

Log z

log x, - u,
1oB x, + u,

telatid betneen the dependent variables and
the paraoeterg. ApparenÈly, these t¡¡o notions
õf linéarity have no imdiate relation as cå¡l
'be seen frm the fol.lowing exaroples.
ffe assrne a process with input signal u and
d¡tput aignal y. Then the "uodel[ roay be chosen
to fora a¡¡ t'errortt e betr¿een process and nodel
d¡Èpr¡È in the folloning way:

Proceas

}IODEL
i¡Fthe-parameters:

linear nonliuear

ira)rrt

9*"y3-.,

logaríthnÍc transf ornaÈioo

Soch noolinear expressions, that can be 4ade :

linear-in-the-parärnetets tirrough trånsf oroatí on,
are called intrinsically linear. If such a
li-nearization is not possible
sor¡linear is
rn4tlons even

used. It nay pay
if Èhe systen is intrinsically non-

Diskind ( ¡969) .linear; r¡ee e¡9..

A typical example is the identificati.on of a
discrgte-tine Linear system lthen the output is
.æagured with white ¡neasure¡nent noise. The re-
presentation of the syntem by Ëhe coefficie¡ts
of the pulse transfer functíon leads to a non-
linear regression problem r¡hile the represeaÈa-
tion of the nodel by coefficieûts of a general-
iaed model or by the ordinates of the weighting
funetion leads to an esti¡nation problen which
is illinear-in-the-paraneterstr.

t Note that also the term ttordert' Inay cause
coúueion. In regression analysis this cern
refers to the highest degree of the indepen-
dent variable:

.]/-8o+ßlul+n

y* ßo+ß lu | 
+B2u

r8o+ß¡ul+g

2+"' +ßu+n
mm

model of the
first order

¡nodel of the
second order

2
zul

9

e-j+cy-u
å=v-*y- ¡ä
ù+sr¡=u

¡{
ct
ru
É
H

!u,.lO
ã'ídnlh-ca, q,

J¡
,{

Édoc,ÉÉ
d

e-Í+ay3-u e-y-yy-g[u,c]
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dr
dr
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| -o,

l.*

br r b¡a
b bzz

(4.1'

(¿.8)

cgordinåtes the o¿trix A can be brq¡ghÈ tordiagonal forn.Li¡rear tine-ir¡v.¿rianr syste(û5 c¿n be represen-ted in rany <Iiffere.tÈ ¡¡ày":. by input-ortput
deecríptione euch as iuput*e i*rp,roru or tra¡u¡_fer fuoction lI or by thã sr"r. oodel S(ArBrCrD)
defined by

dx
¡¡rA:<+8u

y - cx + Þ¡ 
(4'l)

nhcre x ig an n-vec¿or, the input u ia ap-vecÈor aIld the sjtput y.ie ao r_v€ctor.It is lrellkuor¡n th¡r-Che syrs¡ems S(lr¡ròrn) a¡¿
lflll-t: rs, cllr D) r'here r is "';;;insurarEÂtrix_ are eqrrivalenÈ in the eense that tùey
have the BaE€ itrput-or¡tput relatior¡.It is aleo easy ro veriiy that Èhe sv¡ters
s(A,B,c-,D) and S(Ã,8,ðrô) are e,¡uivaieut in thesense that they have Èhe e¡-e input_artpui re_larion if

o.ñ
c¿L¡. õÃkõ ,. orrr...rn {4'2)

the reletíoq¡ between the different reDrdsen_tation¡ rrere clarified by Kaknanro ,oi[i 
"""e-.9. Kalnau (¡9ó3). Ttre inpulse reeponaå andthe transfer funcrion only represeoi ttã pr.rof-!he_eyeten S which is ccmpietety-controff_able. Ic ís thus clear lhar onfy rúe cøpletelycoatrollable and ccmpletçly obeánrabl. orra ota 8tåte nodeL S(A'B;C'D) can be deteruined frcor'nF¡t-or¡ Cpu t ¡r¡e¿u¡ure[enta. ?he irnpu leé respo¡aeaûd the tran¡fer frmcrion .r" ou"ily obiaiiredfrca rhe er¡re dcscriprion. The proúrõ-àf

determining a er¡¡re nodel frcm ti," iryof". ,""-pouse is nore subrle, eveo íf 
"u ai..ätiia tu".fact thst æly the co¡trollable and sbsenrablesubsyoten can be deteruíned tr* tU"-irp,rf".

reapo¡rse. The probl.en of aasigning ¡ etate¡¡oJeI of the lowe¡t poesible ãr¿"i,ti"i"tr" .given iopuloe reËponae has beeo ¡olved bv Hoand.Kals¡n (¡966). See also Kalman, Falb andArbíb (1969).. A8ain ¿he solutio; iå 
""r-"niqu".The ¡¡odel S(ArBrC,D) contai¡g

.. Nt.o2*np+Dr+pr (4.3)

ParaDeters. The fact that Èhe inpr¡t-drtput rela-tion i¡ i¡variaar under a 1i"";;';;¡Jiär.riooof the srare vâriables irapliee *,"I-iii-¡nêtera canno¿ be dererrnínäd f;;-i"Fr;:;¿nËt-
Eeå8ure!ßoÈr. Io obtain unique eoluiioûr asvell ¡¡ to be able to eoostiuct efficient algo_
IiÈh", it is thereËore of g"urt i"i."ãii-cofind reprecerrårions of rhã 

"yutãÃ-"uíIi .*_t¿in the ¡¡o¿lleer nu¡¡ber oe pår"*tii-|.".
s3sedss¡-ggprcsËggågÁssg .

ËTä

ânooicrl foro¡ for linear s)¡rten3 ¡rc díocus¡edg.s. Þy K¡lo¿n er ¡L (t963): Ibeo the o¡irÍx .th¡¡ di¡tincc cigerwaluer 
"roorri"rf Jo.J-c¿n ueoDCâ¡æd ¡¡ follano. By a cuitable choíca of

\2dx
a;
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: l*'l:. I ¡.
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d¡2 '"'

lhia repreaeotation cortåios o * np + nr + pEpårseleters. n of tbe8e are redund¿¡t ¡í¡ce allstate variables cao be ecaled sithor¡t affectin¡the íûput-ourput relations. Il¡e ioprrt-o.riput
relation can thus be characterízed by

ll, ' n(p+r) + pr (4.S1

paraEeter8. Si¡ce the sy8t€l¡ i¡ csøletelv
controllable and observable there Íå ac tå¡¡t
otre noû zero eleoent in e¡ch,16, of tbe Bnatrir and of each coluør of the C q"trii.
lae redundancy io (4.4) ca¡ thu¡ Ue reauccd byiryosing conditio¡ like

y*ßi¡ - l, i- lr2r...rD (4.ót
¡

ï lut¡ | r I i - lr2r...ro. (4.1,

or einilar.conditioas on the C-oatrlr.
I{hen the natrix A has nultiple eigemralues tbGproblen of -finding a ni¡i¡¡ai p""åt.i ,àor*
aenraÈloo ie n¡ch more cmplex. If A i¡ cvclic(i.e. there exisç a vecror b euch ür.l-.ñË-
vectors b,'Âb, A2b,..., À;-fu-.p."-.îà 

"]ãr**sroral-8pace) the qatrix can be tra¡¡foræd toccnrpariion forn and a oinin¿l par¡!ùeter rao..-¡entation ís Èhel given by

0

t.

0.
o.

ctz "'. cto
c22 "' "2o

,,fl b-ll

¡

0

0

0

2

t,nl
o.nl

:þ
;J
bl¡D¡

ba2

:
b-Lt
b¡l

[l:

dr i dr¿ '.' Í¡Pdzt dzz ... d-
¿P

d¡l dr2 ,..

33410 Z2

to

,-
ct2

x+ t¡



4.1
shere n additional ccnditiona, e.g. of the forn
(4.6) or (4.7) are inpooed on the €leû¿rts of
the'natrices B and C.
Iû the caae of proceaaes with one ot¡tput the
¡dditional conditions are cor¡ve¡iently intræ
duced by-spec_ifyíng all eleuente of tire vector
C e.g. c': [l ô... oi. The canonical fo¡nn
theD becæg

r(¡) -

'Ftr* bt n-2
a + ... t bnt+

be characterized by fer¡er than n para¡¡eters.
the oners in the superdiagonal of thc Jordan
forn can, h*'ever, be arrangerl in rnany díff*¡:nt
uays dependi.ng on Èhe internal couplings which
leade to nany differeût. structuresi

C¿aonical foræs for linear etochaetic oystctrs

We ¡¡il1 ¡o¡ discuse canonical f r.¡rms for ato-
chastic 6y8teûr. To avoid the tech¡¡icaf diffi-
culciee ¿ssociated níLh conrinuous -Èine nhite
noise ¡¡e nil! present the resulÈs for dÍscrere
tine systeDs. ltre.analogcus results are, hcw-
ever, trù€ also for con¡inuo.¡s.tíEe systens.
Coneider the systeo

x(tc+l) - ox(k) + Iu(k) +v(k)

y(k) - gr(k) + Du(k) + ¿(¡¡ 
(4'12)

.r*l¡ere k takes integer values. The state vector
x, the iûput u and che outpt¡t y have rliæueisna
r¡, p and r¡ {v(k)} and {e(k)} are sequence* of
indepeadent equally-disrributed r¿ndon vèc¿orc
çith zero r¡ean values and.covariance R, aod Rr.
Since the cor¡arisnce natricea are aydrrÍc 

.the Dodel (4.12) contai¡s

O3 - o2 " np * nr + pr +-þ<n+l) +{r(r+t¡ -

- oé2n *å * n + r) + r1p *{'* jt

+ ]u,r') *aa t¡ + ... + an

+ id+
b. sn-l + b^ sn-2 +...+ b I4 tp ¿Þ np rr, /-\

lr û-t .+â 
Jp.'

3 +A¡a *.. 
¡¡

P

(4.e)

yhere Y aud U, deoote the Laplace tranoforn¡ of
y ¡r'd uf. A cânor¡ical repreeenÈati.on of a pt(F
cess of-the n th order rith p inErta and ooe
q¡Èput csû thus be vritten aà

.n .D-l dtru-

#. .,ïr-T t ... t .,r - Lo;çj r ... r

bå¡.r] r ... r ptr* r ... ì brulnP p.l

(4. t0)

t

Àn analogoua forrû for systens ¡ríth eeveral qrt-
puÈs i!

*. ^# + ... + o", - [r",] + ... +

-n

. Bofr] +.... +[r"r* + ... + ,on nl
(4' I l)

thia forn sas introduced by Koepcke (tSó¡). ft
b¡c been uaed anoag ochers by llong er ¿I, (¡968)
¡¡d Rane (1968).
lbc deterninatio! of the order of the process
(4.11), shich in general is different frm n,
¡a eell ae the reductioo of (4.11) for Et¡to
foro h¿s beeo dooe by Î\rel (19ó6). Ca¡onical
forn¡ for. linea¡ u¡ltivariab!.e ayatemc have
¡1ro been ¡tudied by Luenberger (1967). n¡e
rirplif,ication of large linear dynarcic proceos-
o ha¡ been'treated by several authorcr¡ tbe
rcrdeË ney corult DsvÍsoa (1968) for s¡¡ ap-
prorch in the tiæ dø¿i¡. Analogouo re¡ult¡
bold for discretc tin¿ syrrens.
llhcn the antrÍ¡ A haa rerltiple cigcrvalue¡ ¡nd
lr no¿ cyelic iÈ i¡ aoÈ clesr rh¿t ¡ ',¡uinir¡al
püaæter reprereût¡tion. ea¡'. Tl¡e ¡utri¡ a
cr¡ of cq¡isc alrayr 'be tr¿n¡foræd to Jordsa
c¡nmic¡l fo¡r. Siucc the eigeavaluea of A r¡c
aot dÍ¡tÍ¡ct tbc a¡Èrix A c¡n ¡trictly rpeel,iag

, (4. 13)

¡raråmeters. l\lo nodels of the type (4.12) are
said to be equivalenc if¡ (i) rtieir Ír¡pr¡t-qlc-
put relatioos are. the ganc sire¡r * - 0 ¿od v . 0
a¡d (ii) the srochâsríc propertieB of the {r¡r-
puts are the_ a¿ne r¡hen u . 0. Itre par'åt¡eters of
ô, f and g can be reduced by rhe tàchniquee
applied previously.
.It stlll remains to reduce the pErññ€ters re-
preÉenting the disturbances. Tr¡i¡ is accor
pliahed e.g. by the Kaln¿n fiLteting theo¡en.
It follons fron this that the output process
can be represented a8

t(t+l) - ôi(k) + ru(k) r Ke(k)

y(k) . oÎ(k) + Du(k) + e(k) 
("'14)

rhere Î(k) deuoree the cor¡ditional ms¡ ef x(k)
giveu y(k-l), y(k*2), ... ¡ and ie(k)i i* a rc-
quence of Índepeadent equally dÍ¡tribute,,l r*È-
dour varisblee with rero æsn valuea .¡¡¡d cor.a.-
riauce L.
The aingle or¡tpuÈ ver¡ion of tlÉ uÐ,ó¿l (4.ït-,t
va¡ u¡ed i¡ R¡tr$u (1965). {¿ilaeh t!96e) c¡lle(4.14) ¿n !¡¡1qyaçiqna re1:r*rcnÈ.rtíotr of thcr

Rroces¡. Â-ãöäïïä-Aüü;;üñ-fiÌIven in
ã.otr8o (1970), thc. mdrl {¿.14) i¡ al¡o u*ed by
llebr¡ (1969),
llotice thst if the uodsl (6. tA) is hnq¡u the
.s ter¿y ¡ tste f ikeriag' l.nd e¡ ri¡eEÈiq[ prob lenr
rre very û¿sy to solvÊ. Ëíuce K i¡ tåe filrer
gain lt is ac¡t RrrceæåÌy Eo ¡ol.r¡e æ:r Rj.ccati
equatiø. Â1so ¡otica t!¡.rt Èile at¿te sf tlre
nodel (4.14) har pþrícal irtêrpret.tion ¿e the

i1

t
,
i

u



4.1
c.onditional mean of rhe stâÈe of (4.12).
If S is. cirosen to be in diagonal for¡n and if
conditione such as (4.6) are inrroduced on I
an<i 0 the nodel (4.14) is a canonical represen-
tat.ion which coqtains

N4 - o(o + 2r) + rlo * -l * jt (4.r5)

pår¿u¡eÈers.

For sysËeEa r¡ith one outpuÈ, r¡hare the addition-
al conditions are as or -'l-l 0 ... Ojrrhe equa-
tion (4. 14) then reduces tri

y(k) + a,r(k-l) + ... + aor(k-n) -[bå¡ut(k) +

+... + ti,u,(f-nl+... +[uioun(k) + ... +

t blnunG-nf + e(k) + c,e(k-t) + ... + cne(k-n)

(4. t6)

By introducing the shift operaror q defiued by

sy(k) - y(k+t) (4.t7)

the polyncmials

e(S) - qn + a,9t-l * ... * .o

Bi(s) - bfrtn * blrln-l+ ... * båi

i = tr2r...19

C(s) - qo * 
"lqo-t 

¡ ... + 
1o

(4' I 8)

and the corresponding reciprocal polynorniate

tt(s) - cnA(c-¡)

Bi(d - q\i(s-r)

ct(q) . soc("q-l) (4. t9)

the equation (4.16) can be r¡ritten a¡

e'(q-l)y(r) = .f. ritn-t)ur(k) + cl(q-t)"G)
i-l

(4. l6r)
o.

P
¡(s)v(k) - .[. nr{e)"(k) + c(q)e(k)

' 
i-l 

i (o'fu")
Tbis canooical forr¡ of an n-th order system t'âr¡
introduced i.n Sströru, Bohliu and tlensnãrk (t965)
and has Bince then been used extensively. The
corr.spondínq forn for rnrltivariable syst€ns ís
obtarned by ínterpreting y and u, as vectors and
À,8- and C as polyoooials nhose êoefficientg are
natÊices. Such models have been discussed by
Eaton (1967)¡ Kashyap (1970) and Ror¡e (t968).

I1¡e following canonical form

B, (q) B.(q)
y(k) - fþ u,(k) * 

ú;, 
ur(k) + ... +

B-(q) c(q)
- ãþ un(k) + ãGt e(t) (4'2o)

- log L -å i. þ,tr)n,-!.,{k) + e,(k)Rr-leG!+-t-l -

hae been used by Bohlin (1969) as an alterna-
Èive Ëo (4.16).
fhe choice of nodel strucÈure catr greatly in-
fluence the a¡nount of l¡ork rèquired to solve a
particular probleo. lle illustrate this by:

A filtering example. Assume that the final goal.
of the identificacion is to desigo a predictor
uaing Kalnan filtering. If the proceas ia
nodeled by

x(t+l) '.qx(k) + v(k)
(4.2t'

y(k) -ox(k)+e(k)

shere {e(k)} and {v(k)} are díscrete-tioe shite
noi¡e ¡¡ith cor¡ariances R, and R' the lÍkeli-
hood function for the estinatioá probLen can be
sritteo aa

+ t rog(det R,)(det R2) + cor¡sr. <4.22,

rrhere the system equalions are congidered aa
conatraincs. Íhe evaluation of gradients of the
loss function Leads to trro point boundary
value proble¡¡s. Also shen the identifícatíoa is
dooe. the solution of the Kalman filtering pro-
blen reguires the solution of a RiccaÈi equ¿-
tion.
Asaræ instead that the proceas ie identified
using the structur€

¿(k+¡)-oz(b)+Ke(k)

y(k) - oz(L) + e(k) 
lú'2tt

t\e likelihood fuoction then becæea

- log L - + _i, 
e,(k)nll e(k) + å ,o, ur. 

-l . .
<4.24)

lte evaluacion of gradienÈs of Èhe lose func-
tion in thie case is done sinply as .an initial
value problen. tlhen the identification ie do¡e
the steady state Kalüån filter ie sinply given
by

î(k+t) - oÎ(k) + r[rG) - oÎ(k[ (4.25)

tle¡ce if the model r¡ith rhe structure (4.23) is
kno¡n there.is no need Èo solve a Riccati equa-
tioa in oider Èo obtain the eteady state K¡ln¿n
filter.

t2



5. Identifica¡ion of Linear Systens

Linear systems naturally represenÈ the nost ex-
tensively developed area in the field of eys-
tens identification. In this section we will
consíder linear systems as rrell as rrlinear en-
vironrentsrr, í.e. environmenÈs thât can be
characterized by linear stochastic ¡nodels. In
most cont¡ol probleras the properties of the
environ¡nenË will be just as iDporÈant as the
System dyno-ics, because it is the presence of
disturbancee that creates a control problem in
the first place.
To form¡late the identification problen using
the framer¡ork of section 2 the class of nodels
g, the inpuÈs U and the criterion nu.¡st be
defined. These proble!¡s were discussed in sec-
tion¡ 3 and 4. If classical design techniques
are to be used the uodel can be characterized
by a transfer function or by an irpulse res-
ponse. l{aoy recenÈly developed design Eethods
will however require a state nodel i.e. a para-
netric eodel.

Sever¡l problens laturally årisêa

o Suppose the inpulse response is desired.
Should thie be identified directty or is itrrbettertt to identify a parametric nodel and
then conpute the irnpulse response?

o Assræ that a paranetric model is desired.
Should this be fitted direcËly or is itItbettertr to first detennine the impulse res-
ponee and then fit a parametric nodel to that?

o Since a parameËric model contains the order
of the sy8tem explicitly what happens if the
rroþ order is assr¡ued io the problem for¡¡u-
lation?

Itrere are not yet any general ananera to Ëhese

Problcns. Special casee h¿ve been irwestigated
by Gustavsion (1969) in connection ¡¡ith ídenti-
fication of nuclear reactor and distillation
torer dynanícs as r¡ell as on simulated daÈa.
Since. correlation techniques, their properties
and a¡rplications by nolr are very well known ve
uill uot diecuss Èhese here. Let it suffice to
nentí@ the recent papers by Rake (1968),
Ifelfæder (1969), Buchta (1969), llayaghi (1969)'
Reid (1969 arb), Stassen (1969). Inste¿d se will
coûcentråte o¡r the more recent resultg qn the
ideatification of paraætric ¡nodels.

I¿ast Squaree ldentification of a Paraoetric
Mode1.

Consíder å linear, tiue invarianç, discrete-
tiæ nodel r¡ith one input and one output. A
canooical form for the nodel ig

t (k) + atynG-l) + ... + aorfk-n) -

- btu(k-l) * ..: * bou(k-n) (5.1)

nherg u ig the input. ard y, the ouÈput of the
node1.
llaing the ûotaÈion introduced in.section 4 the
nodef (5.1) catr be nritten sB

A(a)vr(k) 'B(q)u(k) (5. | ')

lr{l-t)rrtr) = Bt(s-l)u(k) (5. t")

LeÈ the crÍterion be chosen as to ninimize the
loss fuucÈion (2. l) i.e.

N+n ,
v - v(yryr) - 

*lo 
.'tn) (5.2)

¡¡here e is the generalized error defined by

e(k) - A'(c-l)[vtrt - yn(kl
or (5.3)

e(k) = e*(q-l)y(r.)-Bt(q-l)u(k)

ând the last egualiÈy follows from (5.lrr).
Ite nain reason for chooeing this particular
criterion is uhat the error e is linear-in-t!¡e-
DaraûEters a. and b.. The function V is conse-
iuently quadiatic 

"å¿ 
it í.s easy to find its

nioinun analytically. Notice that (5.3) inplies

y(k) + arr(k-l) + ... + any(k-n) '
(5.4)

- btu(k-t) + ... + bou(k-n) + e(k)

The quantities e(k) are ¿lso called lgglggg::
or equation errors. The criterion (5.2) is
caliãã-ilññiããElãn of I'cquation error".
In fig. 5.1 ve give a bloek diagraro which i1-
lustrates how the generalized error c¡¿n be ob-
t,ained fron the process inputs and crtpucs and
the.nodel parameters a, and b, ín the leaet

"qrr.r"" 
rulhod".

u(k)

c(k)

a)

¿tk)

0.1

or

y(k)

ff k)

dh)

b)

FlCCs5

.f(q")

B%-l
Ãi-î

pfoccrs

s"f) ff{q'l
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1o fiad rhc nri.nimrn of the lossfuncÈion V weíatroduce

û,1

.. .-y(l)l u(n) u(n-t)...u(t

y(n+l
y (n+2)

"y(n- l)
-v(n)

l'¡+n

-)
k-n+ t

v

-y(¡¡+ ¡)

Çc

L;*"-

Tàe ei¡iur¡
9^V . O. if
¡l-'q is ,r¡

i.Ð

lte-oguation defíning rhe error (5.3) then bc_cooÊ!

r u(lt+a- l) .. .

Ê' . f*l a,2 ... .o bl b2 ... oo]

c'y-09

...-v(2) u(n+l) u(n) ...u(2)

l) -y([+n-2) ...-y(li)

(5.5)

(s.6)

k-n

l{+o-l
y(k)y(k-l)"., I y(h)y(k-n+l)

k-n

y(¡c) u(L-a)

0.t0 -

N+o-l
y(L)u(k) -I r'(k)u(k-t)...

L-¡

!¡+r-l.I
h-¡

y(k) y(k-¡)

N+n.I y(k) yß-2)
k*n+ |

a

:
tl+¡

_ i yG) y(k-û)
k nrt

N+o

I v0.) u(l¡-l)
k-n+l

lf+n

I vG) u(lc-2)
k*s+l

þ'y. (s"8)

(5.e)

N+a

i
L.n+I

ff-t$e los,; fuqcciür i¡ found rhrq¡gh
. [.]'Èj i" not eíngu].ar theo this ni--Eixl¡têdfo¡ß*È:

B - fo'¡-l-lery (j.7)
It Í¡ tbus a aí:çle ñåCter to deternioe thereaat F(¡uares esria¿Êe. _lhe naÈricea Ory ád ôr0
_are qireu in (.1. ß) ¿nd (5.9). - - , *
Ío¡ l,ire¡ature o¿ oai:rix invereim the re¡der i¡:Eeferod ro l{e*tlahe (t9óS). -'-- -: ---
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ìlotice that the technique of this BecrioB caq
imediately be applied to Èhe idenrificatiou of
r¡onlinear processes which .are linearin-the-
-gara¡0etera e.g.

t(hi + ay(tr-.|) . bru(k-t) * tru2(t-l)
(5. r0)

A P¡obabilistic Interoretarion.

Con¡ider the leåst squares identificatiori pr(r
blen which hae juat been diacuesed. Assr¡æ
lhat it i¡ of intereet to assíga accuracies to
ttre paræter estiuâtes a¡ well as to find
uethode to deternir¡e the order of the sysÈen if
it í¡ oot kno¡¡¡¡. Such queation¡ can be 

-ansrrered

by lubedding rhe proble¡¡ in a probabilistic
fro-esork by nakiog guitable aasuroptiooa on the
re¡idu¡ls. lle have e.g.:
theoren. A¡¡r¡ae ÈhåÈ the inprt-oreput dat¿ ic
geaereçed by (5.4) uhere the reaidual¡ e(k) are
iadepeodent, equally distributed ritb zero

..,Dea¡¡. Aecuûê that the E<xre¡¡la of e(k) of fanrth
". order c¡i¡t ¿nd ¿re fi.nite. Iæt all ihe rootg

of
,o*atro-lr....r"o-o

bavc n¡gaítude¡ le¡e than o¡re. A¡sune thet thè
liuitc

o2[g'o]-¡. ttorice thar rhis do€s !o! follcrr
fr& ¡-he general prop€rries of thË-äaximrn
likelihood estimate since they are. derived
under the assuû¡pt,íor¡ of indepeadent experi-
Deata.

0.1

In practice the order of the systea is eeldm
tno¡¡n. It cao algo be deñonstraÈed that serioui¡
errora can be obtained if a ¡nodel of the wrong
otder is used.,IÈ is thcrefore inportant to
heve goæ nethods avail¡ble to deter¡r^ine the
order of the.nodel, i.e. ¡re coneider 5 as the
clae¡ of lineer nodels nith arbitråry order.

1o deteruine the order of the systeú lre caq
fit teaet aqüarea mo<Iele of different orders
aûd aoslyse tbê reduction of the lose fuûctioû.

1o test if the loas functÍo¡ ia aigrrificætly
reduced ¡shen the number of para¡¡utero is io-
cree¡ed froa n, to n, re can r¡ðe the folloring
Èeút qr¡anÈity '

Vr-V¡ N-nor-T;r-i (5.r2)

¡trich ie asyopÈoticalty ¡2 if Èhe oodel resi-
dualg ¡re gausaian,
ftre ide¿ to vie¡r the test of order ag a
decleion problen hss been discuseed by
A¡dereon (1962). It ie eleo a etaadard rool in
regreaeion anatysic.
Notiee that the le¿st square8 ¡rethod also in-
cludee. pâra¡¡euric tiue series analysi* in the
seaoe of fitting an arrtoregreision. this hå,s
beeo diacus¡ed by l{otd (!938) and Whictle
(1963). Rccont applicacions to EEC analyeie
have been gives by Gersch (1969).

Usiag the probabilietic fraæe¡rork ¡¡e cao al¡o
live aootber interpretation of the leaet
aquares loethds in terng of the gcneral defi-
nition of an identificati.on problen gíven in
sectíon 3, Fir¡t observe thât in ttre gene¡¿]-
Ízed error defined by (5.3) snoth€r V, can Ue
used¡

e(k) - Ar(q-l)y(k) - ¡t(q-l)t.r(r.) .
.

- y(k) - Ïo¡G) , (s.l¡)
Cæsequontly:

yr(k) - 9(klk-r) * [r-A*(c-tÙy&) +

* st(q-l)o(r) : -a,y(k-t) - ... - aoy(kr)+

+ btu(k-l) + ... + bou(k-a) (5.t4)

l{otice that y-(k) - i(kllt-t) baa a phyuical.
iuterpretatioË as the bcst liueer $e¿n sqsares
predictor of y(k) based on y(k-l), ¡'(k*lj, ...
for the system (5.4). tUe gãneralir,oA errår
(5.3) can. thus be inrerpreted ¿a Èl-te rlif,lareace
betr¡eec Èhe sctual output.at tine k and it¡
predictiou usiag the nodel (5.14).
lbe leaet squarer procedure can tlure bi: i¡¿ter-
preted ås the probleu of findiug the Faruu¿Lers
for tl¡e (predictioc) rcdel (5. 14) in auch 'a 

way

lir
X{-

.tl1
N rÍr

u(k) ed

.N
ti'* .[-'u(t) u(k+i,) . Ru(i)
[-r- " L-l

cxi¡t a¡á lêt the Ear¡i¡ß A defíned by

^n 

- {aij R¡(i-j)} í,j - 1,2,...,,t'

be positiye defínite. Tlre leasr squares 
(5'll)

estiDate Ê then convergea to the ir,ru p""r,
Detera b in ¡oean squaie as Næ.

lhe rpecial case of thie rheoren shen b.-0 forall i, vhich correspond eo rhe identítiåationof the p¿ranetere .in aû autoregresaiou, was
proven by Hann and t{ald (1943). The exieneísato the cass wíth brf0 is given in gsrritú (¡9åBI

It Ía cÍnple Ëo Éiûd an expresaion for rhe
rccu¡rcy of 8 in this case¡

c.," [ô] - o2[o',ûJ-l

rrhere c2 i¡ the variance of e(t).
EgtioaÈe¡ of the variancee of the paremter
esÈi!åtes ¡re obraiqed fron tl¡e diågonal ele-
ne¡t¡ of thÍa Datrix.

If it ir al¡o aeeuû€d thåt the residuåls are
gouaoirn re find that the leaec oq$ares esri-
a¿t€ c¡n be inËerpreted ag the msxím¡ú likelj.-
bood e¡tioate, i.e. r¡e obtain i.h€ locs function(5.2) in a uatursl uay.
It ha¡ been ahcnm thai the estilo¿ce É i¡ a-
tJrqÈoÈicô¡,ly norual citb ¡Êe.aa 6 strd cwsÀiaûce
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that the criterion

u(k)

N
v (y, yn) - I !-r tr) - yra(ki 2 

{s. r s).. k-l L

is as snall as possible. Compare r¡íth the blockdiagran of fig. 5.2. fhis inierpretacion is uge-fu1 because iu can be extended ic u¡ch nore
general cases. The .interpreÈation can also be
used in situaÈions ¡¡here there are no inputse.g. in time seriee analysis.

Cornparing with the leasÈ squares idencification
of process dynanics we find thaÈ the elenents ofthe natrices ôtô and Ory of Èhe least 

"o*.""procedure are essentially correlaËions or cro88_correlationa. Negleeting terns-in th. beginning
and end of the series we find I "

0.1

-Ry(¡)

-Ry(2)

-nr(a)

(5. I 6)

(s. I 8)

*:¡i v(k)u(k+i)

R,,r(i) " #, :i; uG) y(k+i)

Rru(i) =

oty '

:
I

t

I

)

nft)

+ 0(t

Fig 5,2

Conoari Êon !¡1 Èh Conelati on Methodg.

N-i
Ro(i) . -1- I "G) u(k+i)

k-l

No¡r ¡re wiLl conpare the least squares nethod
rcith the correlat.ion technique ior determining
the impulse response. ¡.Ihen deternininÊ process
dyn¡ni cs for .a-single-input singte-ouãput systemusing correlatioo ¡nethods the f;1lowing quanti=ties are conputed.

Eence if a corrêlation analysis is perforned,
it is a sirnple EatÈer to calculate the lêast
sç'¡areÊ estinaÈe by forning the natricea ô10
and 0ry from the values of the sarnple covariaq-
ce functions and solving the least squarea
equation. Since the order of the system is sel-
dom knom aprÍori ir is often convenient to
compute the least squ¿rres esÈiuate recursively
using the test of order r¡e have described pre-
viously.

*Ror(n- t )

-R,r"(n-2)

(n)

Ruy

Ruy

Ruy

(t)

(2)

. N-i
nr(i) - Ë nl, 

y(k) y(k+i)
I

(s. I 6)

\rttl
-Rp(o)

I

ôtO -

Ry(o) Ry(t) ...
Ry(o) ...

Rr(n-r) 
i-**,t

Rr(n-2) (t)

Ry(o) 
i-Ryu(n- I ) -\u(n-2)...-R,r(o)

1
I

(5. r7)
Ru(o) Ru(t)

Ru(o)

... R,r(n-l)

... R,,(n-2)

Proccss

y(k-l)

modcl

t6

Bu(o)



0.1a

Gorrelpted Residuals

lleny of the oice properties of the least squares
æÈhod depend eritically upon the assumption
tbaÈ the.residuale {e(k)} ¿¡" uncorrelated. It
ir eaey to find real-life exanples r¡here Lhis
esouuptioa does not hold.

Exanple. Consider a noise-free first order eys-
t€r

r(t+l)+ax(k)-bu(k)

À¡sune that x is observed with independent
æasureænt errors (additive noise) i.e:

yG)-x(k)+n(k)

túen

y(k+l) +'ay(k) - bu(k) + n(k+t) + an(k)

lfc thus get a system sinilar to (5.4) but with
curelated residu¿ls.

lûeo the residuals a¡e correlated the least
al¡leres estimate vill be l¡iased. The bias is
given by

l

B(A-b) = [u<o'oi] 
-l rlo'"¡ (s. te)

r¡[ere B is the estinrte and b is Ëhe true value
of the para¡Deter. The reason for this bias can
be índicated as foll*rs¡ c.f. Fig. 5.3.

r(h-l) y(k- r )

Fig5.3

üe estínåte results from a nini¡oization of thela¡furction

"2(r)

ln (¡.¿O) rl¡e addirive'uoise n ie only present
in é a1a not in u_; consequently ir ¿oå"-oot 

"t-fecr the expecrarion of B. fn (3.2¡) rt¡e additivenoise is presenr both in . *d y; iti"-re"a" toa term

.N,
I o,(k-t)

k-l

r¡hich does cause a bias of ô.
To see how this ¡¡orks out coasider an exanple.

li*olf ..-A.sr,'ure rhar rhe process is acrually
described by the nodel

y¡t+t)+ols yG) = rlo ,r(r)*o(r+r)+o.r n(k)

vhere {n(k)l is a sequence of independent norual(0rl) randon variables, but thaÈ tir. 
"v"eu, i"identified using rhe låast square" Ã"riJ uoa",the assurnpÈion that che resijual" ..u-uo"o.""_

lated.-Belq¿ we give a typical resuk oUi"¡.nu¿fron 500 pairs of inputs atrd outputs

procesS
Pã;.t";;r estinates
'a-0.5 a=o.i¿s:0.029
b-t.0 Ê=l.olS+0.062

lle.-ar9 apparently in a very bad situation: notonly is the estinate ô wrong buc r¿e have åIso agreat deal of confidence iu the wrong result.(The true value 0.500 deviares fro, Ën"-ãutir"t"with about 5o).

ttre correlation of the residuals can thus easily
-lead to wrong conclusions. Several techniques
have been suggesred ro deal wirh correlate'ã-;._
eiduals, viz:

a) repeated least squarea
b) generalized least squares
c) the ¡¡axi¡num likelihood ¡¡ethod
d) instr".ental variables
e) Levínts ¡ethod

.ad.a) F.epeateg. teast_ squares. Suppose rhat weEts nof know the order of the system discussedin the previous exanples. tt r¡outa tfrã"-i" o"_tural to continue the least Êquares procedure
and to test the order of the systen.'ft¡ã-resuftsfor the particular exauple. are shor¡¡ in ta¡Le5.1. lfe rhue find rhar Lhe cesr vill i"¿i""."that the system is of fifth order

et(q-l) y(k) * ¡'(q-t) u(k) + Àe(k)

¡¡here

At (q- I )- ¡* ¡ . t9q- t-0. I I q-2+0. 52q-3-0. 35q-4+0. I 2q-5

s*(s-t)- l.o8g-l-0.75q-2*0.48q-3-0. 2sq-4+0. r2q-5

v0d

' Xececear¡r conditiooe are¡

kã

fr

avE e(k) u(k-l) - 0

tt
Ik-f

N-T

* =j, eß) y(k-r) = o

(s.20)

Pfoccss

detay

(s.2t)
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0.643 r 0,029 t.0t8 ro.0ó2 592.&5

t,015 r 0.045

-0,377 r 0,039

¡.086 f0.056

-0,520 r0.0t2
469.64 50.94

l. l¡g r 0.050

-0.624 r 0.068

0. t78 * 0.043

¡.1 t5 10.055

-0,660 r0.078

0.263 10.076

447.25 9.67

t.r57 r 0.050

-0.756 r 0.074

0,412 t 0.o74

-0,197 r 0.044

1.085 i0.055

-0.733 r0.07g

0.409 40.083

-0. t46 10.07ó

426.4A 9.43

. l.lB5 I o.05t

-0.8t4 ¡ 0.077

01518.0.093
-0.349 r 0.076

0.1t7 r 0.044

¡.080 10.054

-0.745 i0.078

0.475 ¡0.086

'0.252:ro.O8ó
0. t23 10.076

4t8.î2 3.51

l;195 r 0.051

-0.339 r 0.079

0.555 r O.O8g

-0.4t0 r 0.088

0.208 r 0.079

-0.06! r 0.045

t .079

-0.7 5t

0,497

-0.290
0. lg3

-0.080

r0.055

r0.078

i0.087

r0.090

r0.087

r0.07ó

4r6.5ó 0.99

4t4.62 0.89

u r o(a) B . r(B) 2
\'-

0.1

.l1re baslc idea is ac follcrr¡. f.€t the ?roaers
be goveroed by

e'(q-l) y(k) - Bt(s-l) uft) + v1¡¡ $.22'
vhere At srd Di are polyaoninals arä {v(t)} a
s€queûce of correlated randm variable¡. Suppoaa
thåt Èhe corretstion¡ of the residual¡ ¡¡e l.¡c¡¡r.
Say that they car¡ be repreaercêd ü

v(k) - 6r(s-l) eG) (5.b)

çhere te(k)l ie a ãeqr¡cnce of uncorrel¿ted ranr
do¡p vari¿ble¡ e¡¡d G a pulae traa¡fer fimctim.
The equatioo deecribíng the procecl cæ b¿ then
sríÈtea a¡

et(c-l) r(k) - ¡t(q-l) u(L) r ct(q-l) "(r'
(5.24)

or

At(s-l) y(k) - ßt(s-l) û(k) + c(k) (5.25)

rherc

2

3

4

5

6

eß) -¡fu xu

il(k) - ¡fu "ctl

(5.2ó)

(5.27'

7
Eeneo íf the signala û and i a¡e eqrgidered å¡
the i¡¡puts and outputs ¡¡e have an ordluary
least sguåree problem. Corpàre with (5.3). lle
thus find that the generalized leaat aquaret
can be iúterpreted.as a least sguares ideotifi-
cation problen vhere the criterion ig chosen'a¡
(5.2) rÍttr the generalized er¡or defiaed ¡r

e(k) -*ty(k) -ffiu(k) -

- e"(q-r) i*h yorl +

-s'(s-r)ffi""r]
(5.28)

Compare with the bLock diagran of Fig. 5.4.
this shons hor¡ the generalized euor can be ob-
tained fro¡û the procegr¡ inputs and outputs'å¡rd
the model paråûì€te¡s o and ß i¡ the generalized
leas! equareg oÈthod,

ïhe correlation of the residuals snd the pulbe
transfer function G are seldom kncr*n i¡ prseti-
ce. Clarke (t967) has propcaed an i.terative
procedure to determine G r¡hich ha¡ been cested
on eim¡¡.ateC data as íell as o¡r Fracgícal Eea-
surerents (dieti llation col¡rmr ide¡tif ication) .

Tabte 5.1

DÍviding A by B we fird
-t-lroBAE')-t+0.495c-t

¡(q- r)

r¡irh ¿ resr R - 0.03q-2-0.07q-3+0. rzq-a-o.ooq-s
laking the rmcertainties of ttre coeff-iciãrra" o
anC B inco accor¡nt ¡¡e fínd that Ëhe reet is notsigaificantly different from zero. He thus fiodthat the process can be deecribed by

v(k) - q+d# "rk¡ .;rf5 
"s¡

We can thue concloCe thât if re choose Strot as the class of 1ío..r firet order ayste¡tgb¡¡t ss che clase of 1inear sy8tere, of arúirrary
or<ier ic is at Leasr possiblã to overco¡¡e thedífficulty of correlaied residuals i"-itu ,p"-
:ifå"- ":"'gil:_Thi: irtea r¡as e"ti"nua'-uiiorry
¡D 4cÈriJn (¡967)i íÈ has, hnûrever, not been per
sued in general.

td b) @ Anorher eay ro
cfvercotfe Èhe dÍfficulry with coirelated resiclualsi¡ to uee Èhe eerhod ol generaliz*a i*Ll-"q,rur"".
See e.g. Clarke (t967).
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ot(s-l) - AT_rts-ll

chus rulcing a le¿et squ¡rres fit of Èhe eodel
:

dtq-¡l nT(q-ll:(L)'4*¡T v(k) -{ËT u(ri) '

r sltq-¡l I ¿ltq-rl-r(¡,) 
i,T"GJfrF5

dftt

Fig.1ô

?hc procedurc cø¡í¡t¡ of the folloring 8teps.

l. Hats an ordincy leaat sguares fit of che

. 
nodel

¡ -lei<r-ll y(t) . rltr-ll u(k) r v(k) (5.2e)

2. Ânalyze Èhe residuala v and fit a¡ autore-
gressioo i.e.

titt-lr v&) - "1¡¡ (5,30)

r¡ùere {e(lc)} is diecrete-ti¡¡e whíte noige.

3. Pilter the groceee inguts and odrpute through

gG) - olfe-tl yg)i û(¡<) - oJfe-tt ,,crl

(5.3 I )

4. l{ake a reu least squarea fit to the filtered
inpu.ta and outputs and repeat frm 2.

thie procedure has the drawbeck rhat ther€ are
Do systenatic rulee for the choice of order of
the nodel (5.29) and of the ¿uroregression (5.30).
Neither are any convergence proofs yel available.
It h¿s, however, bees ehonn to wo¡k very well
sith reasonable ad hoc choices of order in ggeci-
fic. exarnples.

lbe fotlor¡íng observation night also be north-
while. Assune that the generalized least squares
procedure will converge. Say A, * A, 8, + B a¡rd
Oj * o. We will then obtain J J

¡t(c-l) nt(s-l) y(k) - B*(s-l) o'(s-l) u(k) +

+ e(k) (s.32,

i.G. a desctiption of ¡he proceas yith uncorre-
l¿ted residuale. It thus appears that rhe diffe-
reqcea betueen the repeated leaet squaree ¡nd
thc generalized leaet.squares a¡e snall.

Another approach along these liaee is the pro-
porel by Steiglitz and HcB¡ide (1965).
They uee ar the j-cb iteratioa:

ut) t {hl
nûl

4.1

(5.33)

Thcy rlao suggest that, afÈer the convergence
haa proceeded far enangir, Èhie "generalizgd -
¡nodelt' be switched Eo ¿n ovdinsry nodel B_i/Al
for further imprwemeat of the ""-rir"c*. TùenJ
the ¡ddltive noi¡e does not câuae biased eati-
[ates. Near the optimio adjuotg;ent the nonli-
aearit¡r-in-che-pararatera" of À" herdly has a
detrinental effect oâ the coavergeûce.

fte no¡1i¡earity-in-the-p¿r¿neters can also be
ha¡dl.ed by neane of quarilinearization, c.f.
Scbul¡ (t968),

¡d c) lbe'sa¡im¡¡¡ lihelihood mechod. A¡orher
r.ay to deal uitb the proble¡n of correlated re-
¡idu¡l¡ ia to poetulate.a BysteÐ ni.¡b corre-
lated reaiduala e.g. a canonical representatioo
of an rtb order eystem rith one input aod one
oußput

rt(f lly(r) - Br(q-l)u(k) * rc'(q-l).(t)

(s.34)

r¡here u í¡ the input, y the ourpur and {e(k)}
a aequence of independenÈ. nomal (0rl) randon
variable¡. Cørpare Section 4. Ttre parauetera of
(5.34) can be determined uoing t.he oethod of
naximrm likeliboorl .
The likelihocd function L is given by

-los L(€,r) . 
* J,",1¡¡ 

* {rogr + {rog zn

(s.35)

nhere

ct(c-l) e(h) - ar(q-l) y(k) - r*¡q--¡¡ .(tr¡
. (s.36)

and tu(k), k - lr 2, ,..r Nl ie the applied ín-
puÈ 8íg¡a1 and {y(k), L - l; 2, ..., N} ie'rhe
observed output signal. The líkelihood function
is con¡idered at a function of € a¡¡d Àrwhere 0
is a veqtor whose couponenÈB ¿rre the pararæters

ll'"iå'.iå'å ini.T¿i k;oi;i;,3.;r"i;.!a;. " "
U8tice th6r rhé lcgaríchn of rhe likelihood
functÍon is linear ín the pårs$eters ¡.and b.
but strorgly nonline¿r in c..

ProccSt

P'q-tc'q'l
li'tq'tÌ
GÞ(q'1
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Àleo notic.e that the opuí,mization of L with res-
pect to.€ ald À c¿n be performed separaÈe1y
iu che lollowing way: Firsc deÈerníne € such
that Èhe loss fg¡ctibn

.2 (r.)v(€) - (5.37)

iä urinimal with respect to 0. Ttre optiruizariou
with respect to I can then be perfonnetl analy-
tically. We get

î2 - + ¡riq v(0) (5.38)
^e

(5.40)

ís a9 sroall as possible.

Notice that (5.34) can also be ¡rritten ag

and 6pectral densities, one night expect that
the esÈinÂtes can be expreesed as oonlinear
functions of the sample cor¡ariances. Estin¡teg
of this. Eature which are asynptoÈically equiva-
lenÈ Èo the naxim¡n likelihood estimåte¡ for
pårametric Èirne series.aaalysis have been giveo
by Zetterbere (1968).

ad d) Instru¡oental variables. Repeated leaat
Équares, generalized least sguares and the naxi-
nu¡u likelihood ¡nethod all give a model of the
envÍronment in terús of a nodel for the distur-
banceg as a filter driven by white noige. If r¡e
are only interested in the systen dynanics there
are other rethods to avoid the difficulties with
correlated residuals í.e. tbe instrumental va-
riabLe Dethod.
The equation for the least squarea esti¡t¡ate c¿o
be obtaLned fron che eguatiþn

ltre maximuro likelihood estimate can be shot¡n to
have nice asynptotic properties. Estimates of
the accuracy of the paramecer8 csn atso be pro-
yided. See Eström, Bol¡lin and l{ensmark (1965),
XstriSrn and Bohlin (1965), Rogers and Steiglitz
(1967), Panuska (1968), Bohlin (1968), l{oo
(,1970) , Sström ( t3'è7a) .

Itre maxirum likelihood procedure'can also be ia-
terpreted as finding the coefficieûta of the
prediccion model

r,(k)-e G I k- t)4.{.s=þ 1r¡- dÇ${d' )'r1¡¡

(5'3e)

ia such a way that the criterior

N -^ r
v - v(y,yJ - 

*i,[r<nl 
- y,(l)]t.- 

ni, 
.'{n)

N

Tk"l

0.1

y-9ß+e (5.42,

by premrltiplying with 0', neglecting the teru
0t e and solving the equation

0'y-otoô ' .(5.43)

The estimåte ô'¡¡ill be r¡nbiased if the term Ole
has zero nean. l{hen the residuals are correlated
it is easy to show that EÕt e * O.
In the instrr¡mental variable nethod (KendaLl and
Stuart, t96l; ltong and Pol-ak, ¡967) the equation
(5.36) is multiplied with Wr ¡¡here hl (called the
instrunental matrix) is a natrix ¡¡hose eLenents
aie functions of the data r¡i¡h the properties

Eïl o positive itefínite

EWle . 0

(5.44)

(5.4s)

+ r,e(k) (5.41)

Thig means that the uaxim,rn likelihood ru*o¿
can also be interpreÈed as a generalized leasç
sguåres nrethod ¡¡here the filter fuactioa G - '
ii deternrined aut.omatically. ' - T
It has been showr¡ that predictors and ¡nini¡ual
variance control algorithms are eaqily deter
nined fron the model (5.34); c.f. Xström (1967,
t970). The maxim¡m likelihood rnethod.has been
applied excensively to industriaL ueasurenents.
See e.g. Gustavsson (¡969); in this paper conF
parisons r¡ith other techniques such as correla-
tion neÈhods and generalized.leasÈ squares are
also given. The maxi¡¡urn likelihood nethod has
also been applied to tiure series analysis (put
B - 0). The ¡oaxiu¡n likelihood estimate is ¿
strongly nonlinear function of the påraneters.
Si"nce tirneseries analysis is noatly concerned
with quadratic fi¡nctions, such as covariancea

ltre parameter estimate obtained fron

n'y - wtof (5.46)

will theo be r¡nbiäsed. It is also possible to
fínd instrr¡u¡ental variables such that the esti-
mate hae optimal properties. the schemes propo-
sed by Peterka and Smuk (1969), Heia and Land-
grebe (1967) are closely related to Èhe instru-
nental variable technique.

ad e) Levinrs method. A particular roethod for
estimáilnartr lãue Eo correlated residuals
has been proposed by Levin (¡958) for the par-
ticular case of a deter¡¡inistic systen with in-
dependent observatiòn errors. Levints results
are based on a technique due Eo Koopn¿¡ns and it
gives the estimates in terms of an eigen vaLue
problen for the matrix 0l 0. A careful analysic
of Levinrs meÈhod which includes convelgence
proofs and errors esÈimates has been done by
Aoki and Yue (1969). The rnethod is used by
Snith (¡968) for estimatiug thè Laplace rrans-
form of a process iurpulse respo¡rae.

*A(q-') 
[c*T',:,] = n.<a-¡rl¡þ "<r!
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Multivariable Systems

lhe essential difficulty ín the identification
of nr¡ltivariable eysËens is to find a suitable
reprcsentation of the sysÈem. once a particular
representation is chosen it is a fairly straight
- for¡rard procedure to construct identification
methods analogous to those given for the case of
systens with one inpuE and one output. I{e refer
to Section 4 for a discussion of structures for
nultivariable systems. Also c.f. Graupe, Sr¡anick
agd Cassír (1968). For the alructure (4.14) the
likelihood function is given by

-be L(e,R) - ìtJf der R'+ *j,.'(k)R-re(t) +

ì

I + $ rog zÍ (s.47,
'!

Eve¡ for multivariable syste!ûs the maxí¡rization
of L(O'R, can be performed separately ç¡ith tes-
pecÈ to € and R. It r¡as shown b;r Eaton (1967)
that the maximrlo of L(OrR) ie obtained by finding
e whieh minimizes

rN lv(€)-aetl [ €(k)€'(k)l ts.¿slLËr )
Itre laxinization uith ¡espect to.R can then be
done analytically to yield

(s.4e)

thl¡ fact is aleo oentioned in Rore (1968).

6. Identifieation of nonlinear systerûa

Reptusentation of Nonlinear Systems

l{otê again that nonlioearity doee not neceseari-
ly i¡pfy a nonlinearity-in-the-parameters too
(c.f. Section 4).
For linear eystems úhe irnpulse response offers a
Dol-paråmetric system description Èhat does not
deped on specific a priori assumptions. For a
vidc class of nonlinear systena a Volt.erra eeries
expansion offers analogous possibilities, using
iuErlee responses of increaeing dimensionality.
Approxination of these functions by a finite nun:
ber of points leads to a model that is linear-in-
theTarameters; c.f. Eykhoff (t9ó3); Alper
(1965), Roy.and Sherman (1967). For many pracri-
cel cases the nr¡nber of parametera nceded for
thi"c description is roo large.

lJl¡e¡ considering nonlinear systems as well as
linca¡ slrstems with roultiple inpurs and nultiple
outpüts it therefore is necessary to oake speci-
fic aesunptions concerning the model sEructure.
It ie usually assumed that the systen equations
are Lnown ètcept.for a number of parameters b.
In a typical case the idencification problem can
then be formulated as followa¡

Let the class of nodele be all Bystens descri-
bed by the stäte equatíon

*l - ta*, u, ß, t)

Ym - g(xr u, ß, t)

¡rhere the paraaeter vector I belonge tcÍ e given
set. Let the criterion be given by the lose
funcÈion

U-* j, es)er(t)

0.1

For special classes of nonlinear svsÈems, Lrhere
the linear dynarnics ahd the nonlinearity-with-
out-memory can be separated, the identification
technique by roeans of an adjuscable model is
sonetiaee feasible; c.f. Butler and Bohn (1966),
Narenda and Gall¡nan (1966).

In the general case of nonlinearity-in-the-pa-
ràmetera the. nodel output nay.be

' Y. -'g(ul r .. ., toi ß1, ..., ßr)

the error and error(loss) function rnay be given
again as

T^
Y(y,y¡r) - v(ß) - 

{[r<nl 
- yn(k,Bl'ur 

rr,r,

where y ie the procesa output and y- the ¡¡odel
outpuc. ' 'm

Esti¡¡ation for a parametric ¡¡odel

N

v - v(y,rn) - 
ni,,r,n-, 

- yn(k)12

!\ro nethods of solving the estination problem
åre the following; c.f. l{arquardÈ (¡963).

a) ßxpaneion of g in a Taylor series (9gggg-gf
9s¿eg:Iscggg-scllsg)

y;(ur8 + 
^B) =g(u,ß). rÏ,4fu,

ouj (6.3)

(6. t)

(6.4)

or

fr-8+MÂß
No¡¡ y_ is línear in AB; consequently AB can
be foünd by the standard least squares tech-
nique discussed before. Il"re nodel is adjusc-
ed according to fôß and Ehe sane procedure
is followed in the next iteration.

b) Gradient Method. Non the gradíent is deter-
nined:

oeu - (+q, ... ,-!þr'

2t

and the. rnodel adjustment is chosen as fVaV;
c.f. SecÈion 3 - compuÈational aspects. "



0.1
Ge:rerally speeki.ng oeËhd a) rnay €uffer fron
tlivergance, EetliÕd b) nay converge very alør1y
in the vinciníty cf ¡he optiruurû. In the paper
cited both DetlìodÊ are cocùined.

Using quaailir¡eari¿ation Bellnan ¡¡,d Kalaba
(1965) have presenred a solution for the non-
línear optinization probleo. Incerestiog appli-
catious of thir technique are found ia Buel,
K*giwada and K¿laba (1967), Buel and Kalaba
(19ó9). A fairly general co¡Dputer progrem to
solve Èhe problern has beea ¡¡ritten by Buel.

Ânother Dethod to sotve the nonlinear optinizs-
tion problen hae been giverr by laylor, Iliff
and Porrers (1969) in connecrioû with applícatiou
to infLight deterr¡ination of stebility deriva-
tivee.
fuain the critcrion (6.2) can be given a proba-
bilÍatic ioterpretation if it ig assrned ih¿t
the only diaturbance¡ are uhire aoiee rneagure-
uent errors. A tecbnique phich adr¡ite the aea-
surerneût errors to be a BtsEi.onsry proceea nith
uaknotrn rqtíonal EpecÈral densicy hae beea pro-
posed by Äströn, Bohlio and tJensm¡rk (1965).
Du€ to apecific âÊÊu!ûptions that are made con-
ceroing the ôt:uc[ure of (6.t) one rnight expect
Èhåt Berious niacake¡ can be rn¡de if these as-
suuptiona are noÈ true. Re8ulta rhich pto.9e or.
disprove this ar¿ not L¡orm.

tiue. This ie called real-ti¡¡e identification.
one uay recognize two-õäfiiãIïãããî-õiõãããüiã¡¡
ån gs.cggglgllyg eolution (opea loop nirh reepcct
to the parameter estiDåre) ard a rggglglyg. aolu:
tion (cloted loop ni'rh respect to the paræter
esÈiroste); c.f. Genin (¡9ó8).

Hodel Ref ï:ence lecbnÍque.s

îhe on-line identification problen is aoceti¡¡e¡
for¡oulated as a model tracking problen. A ¡iæ
ple case is illustrated in Fig. 7. l. .Note that
this is an exople of a recur¡ive (cloeed loop)
approach.

b D

Rather fer publicatione have appcar€d oû the
use of Bayeet ¡oerhod (c.f. Appendix A) in ide¡r
tification techniques;Mae1w Q963), Galrieri 0963).thi¡ is probably due ro the cornpulationel pro-
ble¡¡e ¡rhen evaluati.ng the conditioaal expecta-
tione. !{cGee and lJalford (t968) propo¡e i ¡o-
lutioa by uring a ldo¡rte Garlo approach.

7. On-line and reel- identification

Fig.Zl

Tbe ínput is aiuultaneouely fcd to the procesr
and to ¡ r¡odel eith ¿djustable parlortere. Itê
adjuetable parå¡Deters are changed by an adjuct-
oentnechanignshích receives the procesa output
y and the nodel output y_ âB inputs. Tt¡i¡ for-
n¡latior of the on-line idenrification probler
wae first considered by tÍhitaker (195S).
Îl¡e eesentisl problen is to detetrnine thc rd-
juetnent nechanig¡o guch that the rnodel parr¡¡ê-
tere in sone sense ¡rill be cloee to the procel!
parmeterei, If there is no ooise û present theû
a siraple adjuetnent scheme, referred to as
'r learning identif icationrt, with good convergcuco
ProPerËie8 can be used:

Ê(N+r) - ß(N)+r.(ryJ 
lþ

c.f . Nagr¡mo ¿ad Noda (1967), BÉlogcr (196S).
TÌre effect of uorLing rith a qusntized aignel
aign u is di¡ci¡eeed in Cruo and lfu (1968). fo
oinple cases the adjustuent uechanicu o¡ke¡ thc
rare of ch&¡ge of the parsmetêr adju8t¡ûeotr
proporti.onål to the eensitivity derivatives.
Sêe e.g. lrleiseinger and Eekey (1966). A rsce¡t
applicatioo of thig idea is given by Rosc aûd
Lance (1969). llre requireû¡ent th¡t the closed
loop ia etable is a necessary deaigr criterio¡.
Since the Byrt€e conaicting of rhe adjuetrbto
nodeI, the process and the adjuctlcnt ¡¡¿ct¡nl¡¡
ia highly nonliaear the ¡rabiliry problen lr
aot trivial. Ueiug Liapunov û€thods, Lioa
(1966), ShacLclorh and BurcharÈ (1965). p¡rt¡
(1966), t{inson and Ray (t9ó9), pszdc¡¡-¡¡d
Pottínger (1967) have deaigned ltabte syrtcr¡.
LÍonra results h¡ve receutly beeù gcocriürcd
to stoch¿rtic sy¡reos by Kurhner (1969), fhc
ponerful rtability tests developcd by popov
(1962) ¡¡d Z¡¡c¡ (t966) have given uer roolt

In oa*y applications it íe highlv desirable to
obtain the resulc of the ide¡tificatior rêcur-
eively as the process develops. For exople it
night be of io¡eresr ro proceed until a ipeci-
fied paroeter accuracy i¡ achíeved. Ttte pro-
blen i¡ then ¡s follor¡e; AsÉu¡e that an eeti-
nate ßo is obtained based on N pairo of in¡ut-
output-'sepleg. Is it necessary to tepest the
r¡hole identifícacion procedure frm the begin-
ning, ueing th¿ rrhol€ string of input/output
dE¡a in order to obtain Êrr., oE ic it possible
to arrange the co¡ilputatioñò'rccur¡ively? An
identification ache¡ce shich i¡ recu¡¡ive aod
t¡hich.docs not require thf,t Èhe vholc etriog of
input/output data iB brought i¡.at e¡ch atep ia
called an on-line hethod..
orline iaËãiî?ü¡tio¡ c!ú thu¡ be looked upon
¡8 a coJrveûienc ¡ray of arranging the.cøputa-
tions. Apart fro,o beíng of prrctical-ioteresÈ
chia point of vicr oû idestificetion problernc
vill al¡o n¡tte it pocaiblc to eetablÍBh connec-
tionr uith other fieldg e.g. nonlinear filter-
i¡¡g, rtochrrtic approriaation, learaiûg ¿nd
odapÈíør.
If ¡he prrecter¡ of tl¡e procela âre Èruly tiûe
verying it i¡ of courre neaninglerr to do any-
thia3 elre but to ttsct the p¡råætGrs i¡ ra¡!.-

Procer¡

modcl
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to deaign adjuetment mechanisos t¡hich will re-
eult in ståble Bysten¡s. lni.tial efforts in this
directÍon have been done by Landau (1969) who
has propoaed Btablq oodel refe¡ence ayatenc
uaíng the Popov criteríon.

0n-line Least Squarea

The conversion of any identification $¡ethd to
atr on-line techoique consiats of ehowíng that,
the estinate satisfies a recursive equatíon.
ltie ie eaeily done for the 1eêsË squåres methd.
Gonsider the leaet aquares model of Section 5.
i.e.

Notice that in order to obtain the recursive
egùations it is Decessåry to introduce the
auxiliêry quantity.P. the etate of the system
(7.4), (7.5). and (7.6) governing che on-liue
estiu¡ttor is thus Èhe vector É, which is the
current eåtinaEe, snd the eymetríc natrix P.
Ttre pair (Brp) thus represents the Emallesr
ru¡ober of variables, characterizing the Ínput/
output data, uhích are neceacåry to carry along
in the co&prltations.
If the uroda!. oI Èhe syQten is actually given by
(5.4), where {e(k)} are independeat residuale
r¡ith variance o¿, the macrix. P can be incerpre-
ted as the covariance matrix of rhe esÈinåte if
a is chosen a6 02. A special dic.cuesion ie
needed of the sËart of the iterative procedure.
ft¡at can be done by:
- ucing possible a priori knooledge about.B end

P;
- by ueing a 'rone sl¡otrr least aquarea estinstion

procedure using tbe fírsr series of observa-
tíona 3

-by starting wirh P(0) - ÞI¡ c.f. Klinger (:968).
.Notice that si¡rce ß(N) given by (7.4) is the.
least squares estimate the coûvergeric.e of the
equations (7.1) - (7.6) follorys directly fron
the consistency proofs of the leaat squarea ee-
tiaat€.

Recur¡ive vereÍon¡ of the generalÍzed leact
sguar€s procedure have been derived by Young
(1969). Recureive versions of an ir¡atrrm€ntal
variable ûethôd has been derived by Feteika atd
Sn¡k (1969). Âa approxínative on-line version
of tbe ruoxinu¡o likelihood ¡cethod traa been pro-
pose¿ by Panuska (1968).

A diacussion of on-line ¡nethods is alao giveu
io Le¿thrun. (1969).

Cotrtractiori Haooinee

A .technique of consÈructing tecureive algoritlms
have been suggested by Oza and Jury (t96Br¡969).
lle rrill explain the techaique in connection trith
the leaet aquares problern. Irstead of solving
the equation

o tn)o(¡¡)eo) - o¡(r¡)y (7.s)

for e¡ch N and ghq¡ing rhat ß(N) catieflca a
recursive equation, Oza and Jury introduce the
ruppiog

r*(ß) - r - r [otxlo(N)r - oTu)y] (z.e)

trhere y ie a scalar. It is thetr shor¡n thåt the
aequence

ß(r{+t) - rn(otul) (7.t0)

under euitable conditÍous coûverge¡ to the trúe
psr&eters as N*. t{hen applíed to the orrlinary
leart aquaree probleoa the atgorithru (7.g) í¡
not efficient in conÈraor sith the.recurEive
least aquarea ncihod. To obtain an efficient
algorithn. ir ia seeeeaary to uale y a matrix.

y(L) + a,l(k-l) + ... + aoy(k-n) .

- btu(k-¡) + ... + bou(k-n) (7. l)

Defíne

B'- farrar, ..., anrb!rb2, ..., bo] Q.2,

¡[al

9(N+l) - f-r(11),-r(N-t),...,-y(N-n+t ),

ru(N), u(N-t),...,u(N-à+t):l (7.3)

lhe 1ea¡t aquces estinåte ie then given by
( 5.7). It c8r be aho¡.m by einple algebraical
ñfnipulations that the least aquareg estimete
¡¡tisfiee the recursive êquatioo

B(N+t)-B(Ð+r(N)[y(}l+¡)-r6n+r) acr)] (?.4)

r¡here ß(l{) denotea the leact squarca esti!¡åte
based on ll paifs of input/outpur data and

rG) -p(N)?tN+¡) [c+f(r+rr)p(n),rtx+rl] 
-t (7.5)

P(N+ t)-p¡!¡¡-p(N) 
'fi$+ I ) [o+ßN+ I )p (N) ø(n+ r l-]-l

' P(tt+l)P(tt) - ?(N)-r(r¡)P(N+t)p(N) -
.F-r(u) ßN+rl p(N) (7.6)

r{uo) -o[otno)o(NJ] (r.z)

qd.ll^ is ¡ nu¡ber ¡uch rbar otxo)o{tto) ie po-
¡itivË definite.

Îl¡e recur¡ive equation (7.4) hag a etrong in-
tuitive appeal. The nexÈ earimare B(N) iã forr
ed by adding ¡ correctíon to the previoua eati-
a¿te. The correction ia proportional to
t(tr+l) - 9(!¡+l)S(N). The terrnrp8 vould be the
v¡lue of y at tiue N+l if the ¡nodel lrere pet-
fect a¡d lhere eere no di¡turbancsg. The correc-
tioD te¡:r ir thug proportional to the differen-
ce betveea the mea¡ured v¡fue of y(N+l) aad the
predÍctioo of y(N+l) ba¡ed on the previour nodel
par@terr. Ttre conponeots of the vÉctor f (N)
lre veÍgbcing factora rhÍch tell hou rhe correc-
tíons æd thc previout eatiñate ehould be reigh-
tcd.

0.:f

23



0.1
ltith the choice

Y - [o'(N)o(Nt 
-l (7. I l)

the algorithn becomes equivalenË to the least
squares.

The method of. Oza and Jury can be applied Èo
more general cases than the leasË squares. It
was actually proven for the case when there are
errors in the meåsurements of both inputs and
outputs, provided Èhe covariance function of the
neasurenent errors are known. lte assunption of
known covariances of the measurement errors se-
verely liraits the practical applicabiliry of the
¡nethod.

S tochas t'i c Approximations

The forur¡1a for the recursive least squares

ß(k+t) - s(k) + r(k) [rG+r) - qG+r)ß(k)]

(7 .t2)

where f was chosen by the specific fornul¿ (7.5).
It can he shor¿n that there are many othet choices
of I for which the estiüate ß will converge to
Èhe true par¿¡meter value b. Using the theory of
étochastic approximaÈious it can be aho¡¡n that
the choice

Ir(k) - f Aff (k+t) (7.13)

¡¿ill ensure convergence if A is positive definite.
See e.g. Albert and Gardner (1967). A.particu-
larly simple choice is e.g. A - I. Ihe algorithos
obtained by such choices of I ¡¡ill in general
give estinates r¡ith variaucee that are larger
than the variance of the least-squares estimate.
Ttre algorithns are, hovever, of interest because
they nake it possible to reduce computåEions, at
the price of a larger variance. Using stochastic
approxiuations it is also poseible to obtain re-
cursive algorithros in cases where the exact otr-
line estimate is eithe¡ very complicated or very
difficulÈ to derive. Tt¡ere are excellent surveys
available on stochastic approraimations. See e.g.
Albert and Gardner (t967) and Tsypkin (¡966).
Recent applications are given by Sakrison (1967),
Saridis and Stein (19ó8a, t968b), ltolmes (1968),
Elliott and S¡¡order (1969), Ne¿l and Bekey (1969).

Real-time Identif i cation

The recursive version of the least squares me-
thod is closely reLated to the KaLnan filtering
theory. Kalnan considers a dynamical system

x(k+l)-0r(k)+e(k)
(7. I 4)

y(k)=cx(k)+v(k)

r¡here {e(k), k = I,2, ...} and {v(k), k - lr2r..}
are sequences of independent equally disuributed
rando¡¡ vectors with zero mean values and cova-
riance matrices R, and Ro respeccively. Kalman
has proven the following'theoren.

Theorem (Kalnan). LeË.the initial condiÈion of
þ.Jfifbe a norrnal randon variable (n,R^). 1X¿
best estinate of x(k) (in the eeose of Ïeasr
squares) given the observed ouÈputs y(l), y(2),
..., y(k) is given by the recursive equaÈions

î(k) - o î(k-l) + I(k)[y(t) - c o î(k-l)j
1(0) - (7. rs)

¡¡he¡e

r(k) = s(k) ct þ s<rl c' * nrl-l
s(k)-oP(k-l)0'+R,
P(k) - s(kì r(k) c s(k)

s(0) - Ro

(7.t7'

The matrix S(k) has a physical interpretation
as the covariance natrix of the apriori estinate
of x(k) given y(l),..., y(k-l) and the natrix
P(k) as Ehe covâriance of the posterior estiuate
of x(k) given y(t)r..., y(k)

Now consider the least squares identification of
the system

y(k) + aty(k-l) + ... + aDy(t(-D) -

- btu(k-l) +.... + bou(h-n) + e(k)

¡¡here {e(k)}. is a eequence of nor¡nal (0rl) ra¡-
don variablea.
Introduce the coefficients of the ¡¡odel as state
variables

x, (k) - a,

xr(k) . a,

(7. I 6)

(7. t8)
x(k)-an- - n

xr,*r(k) ' b,

xn*r(k) 'b,

xro(k) - bo

a¡d define the follqring vector

c(k)= [y(k- I ),.. .,-y(k-n),u(k;l),.. .,u(k-o)-l

(7. te)

Since the coefficients are constant we heve

x(k+t) - x(k) (7.2a,

The equation (7.17) can no¡¡ be wrítten ag

y(k) - c(k) x(k) + e(k) (7.r,t)
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anil the least squares identification problen can
bè stated as a Kal¡ran2filtering problen with 

.O-IrRl-0rRril.
Ihe recursive equations of the least squares ee-
tixte can thus be obtained directly fron Kal-
oanrs theorern. Ttris has an interesting conse-
queoce because it turns out that if. the parame-
teÌ¡ ai.are not constants but gauss-markov pro-
ceaaea 1.e.

si(k+l) -cai(k) +vr(k) (7.22,

the Kalnan theorem can still be applied. (Ihis
iequirea a slight generalízation of, Kalmanrs
proof since the parameters of the C vector are
etochaetic processes. )

Boùlin (1970) has extended the argrment to pro-
cesses of the structi¡re (7.17) with coefficients
wbieh are procqsses r¡ith rational spectral den-
eíties.
It thue is possible to obtain par¿Betèr estima-
tors for linear nodels with time úrying para-
metera. It is in fact not necessåry to assune
a firet order process but the parãleters aj can
be chosen to bè statio..ry proà."*es r,¡ith latio-
nal spectral densities.

In thie way it is possible to obt*in identifiere
fæ procesæs with rapidly varying parâneters.
this has been discussed by Bohlin (1969) and
Uieslander (1969). The nethod proposed by
Seçrst8hl (19ó9) can be consiãerôd as rire spe-
ci¡l case v- = 0. Nocice that witb this approach
it is neceeêary to knon the covari.ancee of Ehe
proceBses (v, Ì characterizing the variations in
the ¡odel paiameters. Such assumptÍons ¡¡i11.of
coNrree liait the practical applicability of the
æthods. One way to overcome this difficuluy is
to use the approxinative techniques for estina-
tiog the covariances in a Kalnan filter proposed
byllehra (¡969a) and Sage and Husa (1969). Tech-
niquee for validating the aseunrptions of the
frhao filtering problen have beee proposed by
Eerkovec (1969). Recursive estimatíon of the
tr¡¡rsition natrix is discussed by pearson (1967).
rln aoalog implementation is given by ltsia and
Viælvanich ( ¡969) .

Ñoqlinear riltering

lte relati.onship between the recursive leaet
ôqrarêa and the Kalman filtering theory l¡as ob-
teined. by introducing the par¿rneters of the
identification problen as state v¿riables. Iúe
lhru find that there are in principle no diffe-
rc¡ce8 betneen parameter estimation and state
c¡tinåtíon. A paraneter estimâticû problem can
bc e¡tended to a par€meter-and-statè estimation
Probl€E by introducing the par¿uêtera as auxi-
lr¡ry state variables.A conatant para¡ueter.b cor
rtrponda to the state equaÈio¡

db
æ - O (7,23)

for cootinuous tine eyetems and

b(L+t) - b(k)

-fcfr dÍecrete time oystems. the (atate) e6tinå-
'tion problem obtained ín thig way will, hooever,
.in general be a nonlinear probLen eince the pa-
rameters frequently occur in terns like bx(t)
in the original parameter problem. Only in spe-
cial cases an optinal identification schene can
be fo¡¡red (Farison, 1967); in ocher cases only
suboptimal nonlinear estimation eche¡ües are
knor¡n. In the general continuous time csse lre
sre thús faced with a filtering problen for the
nodel

¿¡¡ - f(xrt)dt.+ o(trx)dv
'(7 .25'

dy-g(xrt)dr+p(trx)de

shere {v(t)} and {e(t)} are l,Iiener processes
sith increnental covariances l__dt and I dt.
So¡ne of the components of x ."å "t.t" våriables
and other are parameters of the identification
problen. The nonlinear fiLtering problern is .com
pletely solved if the conditional probability
of x(t) given {y(s), t^ < s < t} can be conpured.
Ihe maxioum ¡iËritåo¿oeãtimãte is e.g. obrãined
by finding the value of x for ¡¡hich the condi-
t.ional density has its ¡naximum. Tt¡e least squares
estimate is given by the conditional mean etc.
Conpare the Eesume of estimatíon theory in ap-
pendix A.

ïl¡e nonlinear filrering problern has been rteolvedl
by Bucy (1965), Shiryaev (1966), Kushner (19674),
St¡atonovich (¡962), I,lonhan (1964) and oÈhers.

Under suitable regularity conditions it is sho$n
thåE the conditíonal probability density of x(t)
given.{y(s), to j s < t} sarisfies the iollowÍng
luncE].onal equaÈlon.

drp(r,x)' -ç[,iternr4r,T",iqioro, ril at

. [¿y - f g(x,r)p(x,t)dx1'þ u']-1.

. l¿y - f g(x,t)p(x,t)dx]

(7 '26)
rherè the differe.ntial d*p is interpreted in the
Ito, eease. In the speciat- case of linear syster¡a
vith gauss-markov parameters, diecussed beiore,
the functional equation has a solution r.¡hich is
a gaussian distribution. Apart fron thís special
ca8e the solution of the functional equation is
an extremely difficult numerical probien even in
sinple ca8ea. For a systeu of second order with
tno parameters the vecLor x r¿ill have four cor
poûente. If we dpproximace crudely e.g. by
qrantizing each state variable in 100 levels the
storage of the fr-¡nccion p(x,t) for a fixed.t
will require t004 - 108 äelis.

Aooroximations

Prø túe funcrional equaÈion for the coäditional
diet¡ibution it ie possible to derive equationg
for the -aximum likelihood estim¿te (the node),'the ninimt¡¡¡ variaoce eBcinate (the condicional
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0.1

llbere ie the Field Hovinc?

Canoarison of Different Technique¡

In apite of the large literature on identifica-
tioo there are few. fapeta ohich conpare diffe-
rê¡¡t techliqueo. Tl¡e exceptions are Van den
Boæ ¿¡d ¡reiis (t969), Cheruy and Heneudez (190))
Gustaveeot (t969). Of courao it i¡ ¡oore fun to
¿r"* up neu æthods Eha¡r to work r¡ith sonebody
el¡era schene. Neverthelees for a pereon enga-
geil in applicationu it r¡ou1d be higtrly desira-
bte to have conrpariaons available. It would
rl¡o be nice to have a selectio¡ of d¡ta to
rùich aeveral kno¡¡n techniquee are tried which
crn be ueed to evaluate ner oethod¡.

ångel, E.S. and G.A. Bekey (1968). Àilaptive
fiñità-et¡te uodela of osnual conrrol systeE8.
IEES Trana. ¡nan- ngchi¡re syste&r¡r Þtl'f-gr l'20.

Aokí. Dl. and R.!l' Staley (1969). on input oig-
nal åyntheaia in paraneÈer identificåtÍon.
Proc. fourth IFAC congreas, llars€N, PaPer 26'2r
to sppear in Àutomatica.

Àoki. ü. and R.H. Staley (t969a). Soce coiûputs-
Iiooåf coneiderstions in input signal êJrûthetís
orobleme. In: Zadeh, Neustadt, Balakrietrnsn
'tÈ¿it.l. Çonputiug uethode in optimizatioa pro-
bleoe -.3, N.Y., Academic Presa.

Âohi. H. and P.c. Yue (1969). on cerc¡in comter-

fd"cä q"estions in sysÈeú identífication. SIAI{'

Journal on controli to sppe¿r.

8¡trðtn. K.J. (1964). Coûtrol problenr in paper-
r"Liog. Þroc. IBu Scientific conPuting sllapr
sit¡o ;n control theory and applicritiouct
Yorkto¡n teightar l{,Ï.

Satrðm, ¡.¡. (1967). C@Futer controt of a paper

äachiná - ao applicatlon of li¡¡ear stochaátic
conÈrol thegry'- IBll Journal of Re¡eatch and

Developroeut, llr 389-405.

Rströ,q, r.¡. (t967¡). On the achievable accuracÜl

in í¿eititication problens. Proc. IF'ÀC eyq.
Identification in sutoú. coatrol 8y6te¡¡¡t
Praguer paper 1.8.

f,rtrìiirr.ç.¡. (19ó8). L€ctures oa thc Íilentifi-
ãation-piobtem. 1he leaat equarcs o€thod. EePôrtt
oivieioä of Autmatic Controlr Lund In¡tituce
of lechaologY, LuadrSweden.

Setrðm. K.J. (1969). Cmputational' aspects Óf a
ãi¡s¡ ãi identification probleua. Reportr ÐepÈ.

of fA, Ûniveraity of Southern California, Loe

Angelee.

Setrðu, K.J. ,(1970). Introduction to stoch¿¡tie
äo¡troi theory. l{.Y., Acadenic Preao¡ to r'ppe¡¡r'

8¡trtln. K.J. and T. BoÞ1iq.-(!965). Ntherical
{äentiiication of líneor dyaamic syetene frco
nor:u¿l operåting records. Papei IFAC eyrnp. i

Ttreory of aelf-adaptive codtrol systenst
ledditgcoa, Engl. In: P.f,. Haroond (Ed'),
ttcory of self-adaptive control Eysteroa, ?lenun
Preac, 19ó6.

$etqða, K.J. r. 1r, 8oh1ín-and $' Welensrt- C|-9-OS).
Ãurco¿iic cotrstrucÈion of liuear etochas¡ic
dvnaic uodela for industrial processee vith
r"o¿ot digturbánces usiug operaEing recorie.
lcport, IBt{ Nordic Laboratory, Stockhoim"

&ç¡Þt, X.J. and B. Witqeqa-qr&Jt969). Probles¡¡
ãÈ-iãåãtiri"ation a¡d cortrol. Iteport, Elec-
tronic Sciences teborcÈory, Univeraity oi
Southern California, Loa Angeles, Cslif.

Açþ.eü r ìl...-..R.-P. iti ¡ha-er and- A, -Þ-e¡let-in! -.09ç-81-.-subõptiraai-õtate 
es Èil¡at ion f or contiûuous-'Èiloe.

nonliaear syÊtetnl fro diecrete noisy measure-
Deat.. EBE lrana. ar¡to¡¡. conrrolr.é91!r S4-
516.
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IÊ ie our hope ånd expectation th¡È the field
ic'ooning toctarde oore uníficgtioa and that
there rriil be nore conparisoos of different
tcchaiquee. Tt¡e textbooks which uP to noint have

been lacking ¡¡i1l definitely. contribute to that;
fortbconiug are: Eykhoff (1970), Sage and Me1sa

(1970). Ttre area of identification.will cer
i.iofy also in the future be influcnced by vi-
gorous developænt of other field¡ of control
alrsteFs theory. one rnay guess that the prescnt-
ly active rork on r¡uttivari¿ble systeús wÍll
rl¡ult io a deeper undergt¿nding of spch systeus
æd coneequently also of the structural problena.
the receai regults in atability theory night
i¡fluence the real tino identifícaÊioa algo'
rltbo¡. PatterD recognition ard related theorie¡
sill cootribr¡te a18o to Èhe field of irtentifi-
cetíon¡ e.g. Teypkín (1968).
Al¡o aicer Èhe IFAC' Prågue' 1970 ayuporitn a

loG of sork reoains to be doae.
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Appendíx A:

-ugûp

ulB ---> u

ngA¿

I u(k) y(k)
8.-

I u(k) u(k)
k

î is the optinal estinate under the coaditio¡r¡
given. Note fron (4.2) thar the rerrns
y(k)-ßu(k) are weighted with reepect ro u(k)¡
quíte naturally the larger rhe input signal,
the nore inporcance is assigned co the devie-
tion betreen obeervation y(k) arrd I'predictionn
8u(k)l Equacion (4.3) refere ro rhe cor¡el¿tio¡
nethods. For che ettengion to the |nore-parane-
ter case ârid to the generaliaed.leaat-squarel
uethod c.f. eectioo 5.

Ilsíng the maximr¡rlikelihood qethod for the

v

I
v0d

.J.

(A.3)

tination.

n(kl

obscrvcd sigrúr

where an esrirn¡rre , ,:t:be found for para-
meter b. This eetiu¡ate has to be derived fron
a nu¡nber of eígna1 samplee u(k) aad y(k)
uhere

I(k).bu(k)+n(k) (A.t)

and where Èhe average (expected) value of n(k)
1S ZerO.

aa¡ne.cacp as before, r¡e have to tnor¡ p_, tbe
probability deneiry funcrion of n(k). ïn that
c¿rsê the neasuremenÈ of u(k) providea us lrith
the knowledge ske¡ched in fig. A.3, the 6-
pqigl! probability density of y(k)-wirh 6-as
parameEer. Now the meesuremenÈ (or a posteriori
kn.o.rledge) of y(k) brings rs to the-ãiË;Eiñ-'
iudicated ín fig. 4.4. The funcrion t(y(k);g)
is cailed likelihood function. l,le have- Èo'
assign an ããiîñãîã-E-¡;õ;-îñÎ" ruociion-i. A
reasonable and popular choice is to take th¡t
value g, for which t(y(k);ts) hag its naxinal
value. Again this can be generalized to rore-
-para¡Deter cases.

Ueing the f rlgt ¡oethod 'for the lrâ¡n€ cåaêr¡ oûê
needs, as before, p-¡ buc also the a priori
probability density"funcrion p. of, b. Note that
previously b was an unknoç¡n cofistant. and ti¡at
uot¡ b is a random variable. Fron Bayesr .rulc

p(blv) "+ftp. - P(vllì-\e$')

Tþis.can be interpreted as: che probability
density function of. the parameter b, given- tbe
result of the üeaÊuremer¡t on y. This can be
rewritten as:

p(y,b) . p(y-ub,b) igt - no(rub) qSù

I

as b and n åre atatieticalty independent. pO
and p. give a probability density function ã¡
Índicäted in fig. A¡5. Note ÈhaÈ rhls is the

A reeumÉ of oarameter e¡

As a tutorial resuoé of the statisticsl nethods
the-folloring-exærple of urooÉr sirnplicity nay
euff,ice. Consider the eiruation ot ìig, A. t

b
uû)

Using the
is chosen
defínçd as

v(8).

Leas t-scuares
in such a way

[v(tc)

method Èhe estimate
that the loss funccion,

ßu
2 * 1y-Ê,r)t (y-Êu),(k)r

ie a minimr¡m"
In fig. 4.2 the differences beÈ¡¿een the obser-
vations y and the ttpredictions'r ßu are indi-
cated. The nini¡ni¿aËion can be pursued analy-
tically; a necessary condition ior rhe miniàurn
1S

I
k

-ßu(r)](k)I t-v
k

d
ãE

2 rQ

or 8-B (^.2'

or

J u(k) ir(k)-ßu(rtl]. 6
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u{k}

Fi9.A3

p (y:b:01 
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po

t-ub

I t0ùp)

F,g.Af

a piori

¡_gIiS$ knowledge, available before rhe meaeu-
r€lcot of u(k) and y(k). These neaourementg
provide us with.ã.,rcut" through rhe probabilidy-
-denaity function, fron r¡hich the a posteriorÍ
¡rrobabilicy funcrion for b followel-ifrîã-ñãõ--
probabilÍty functiou now ¡rây be uaed as the aptiori knolledge for the fotlouing ttreasurement.
Ia tbia way the developuent of p. with increas-
Lng nunber of obeervationa can bË followed;
c.f. fig. 4.6. Note thar p_, rhe additive noise
being stationary, does not"change.

ll¡e reader is invÍted to coneider specíal cases
like u(k) - 0 and u(k) + -. Àgaia tire merhod
can be-generalízed to ¡0or€ parameters; its
vlzu¡ligation has eevere liariÈations, hor¿ever.
l{ote that in this case Èhe knowledge on b is
Eiven in te¡r¿s of p¡,r d functiotr. io pracrice
Èhe reduction frm ä fi¡nctÍon to â single value(caticate) can be dona by using a cosË or logs
function, providing a ninínrn co8È- or ¡rinín¡¡m
lo¡a estinate.

.:

Tle- 
=Brob1fl.j{_input 

noiee. The sinple exanple
ot tr'g. A.l also serve6 very welt to illustrate
the so-called rtproblem of input noisert.
Considcr the cysten illustrated by the block
di.agran in fig. 4.7 where neither the input. uor
.the output cen b¿¡ observed ex¿ctly.

It is wellknor¡n in statiatics (eee e.g. Líndley,
(1965) that, unlegs apecific assumptions are
rnade conce¡ning the variations in u, n and v
ít is not poeeÍble to estimate the dynamice of
the process.
Consider e.g.

y(k)-bu(k)+n(k)

û(k)-u(k)+v(k)

Assuee that v(k) and n(k) are independenr
stochastic variables with zero mean values. Ifv(k) * 0 we find rhar the estinate 9f b is giveo
by (4.3)

p(y,ul
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n(k)

u(k)

obscrvcd sþnat:

I r<r¡ y(r)
Ê - k-

I o(u) n(r)
k.

However, if n(k) - 0 r¿e find by the sæe argu-
ment thât the egtimate of b ig

ß
J u(k) y(k)

ãgAt

b2

.+0.5u(k-2)+re(b)
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Appendix B - Àn exanple of least squares: ideû-
tificatigg@.
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I Y(t) v(k)

This corresponds to choosíng ß such that
the difference betr¡een the observations u(k)
and the predicËions jy(k) are aa s¡nall as Pos-
sible in Èhe least slluarea Benae. See fig. 4.8.

I{ithout additional. infor¡nation it ia of. qoursc
irnpossible to tell r¡hich estin¿te to choose;

¡NPUT

To illu8trate the least squares nethod, itc
applicatíona and.some numericsl problena which
night ariee, we provide an exmple. The cmpu-
tations are carried out on input'output data
from a knorn procesr.

In fig. B.l r¡e ehow input-ontput pairs shich arc
generated by the equatioo

. "t "2. b¡

y(k).+ r.Sy(k-l) + 0.7y(h-2) - 1.0 u(k-t) +
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0.1
strere (eG)Ì ic a sequeoce of independent ûor-
nal (0, l) randm nr¡nbers generated by a pseudo
randoe gersrato!. Ihe foltroqting values of I
have been used: 0, 0.1, 0.5, I.0 and 5.0.

In Table t.l re ghow the resulËe obtained shen
¿ nodel having the structule (B.l) ie fítted to
the generated input-outpuÈ data using Èhe least
rquares procedure.
ftre eatintes are calculated recursívely for
rodels of increasing order to ilLusrrate the
yery typical situation in practice when the
order of the nodel is not knotn. In Table BiI.
se, have ¡hom¡ the least squares paraneter esci-
¡ratee anil their esÈimated accuracy, the loss
functíon ad a eonditioning nurnber of the natrix
0r0. The conditioning nu¡ber u - 2n uax{(A)tr}'¡sx((A-l)ij) is chosãn råther arbitrarily.

lfe will ncr ánalyse the result of lable B.l.
Iêt us first consíder the case of no digturban-
ces I - 0. Ia this case re find that it is only
possible to coj¡pute ¡¡odels of order I and 2.
Ift¡en ¡¡e try ro co¡¡pute tt¡e third order nodeI,
re find tbat Èhe ¡natrix lr'0 is singular as
rould be-erpected. The csrditioning nrmber is
1.3 x lOD. l,le also find thac the esÈinated
¡ta¡dard deviations of tl¡e eecond order nodel
are zero,
To ha¡dle the numerical problens for a nodel of
third oriler i¡ a case lilte this, ne ¡¡ust use
¡umerical oethÐds which do noc require the ín-
veraion of 0tÕ e.g. the reductíon of 0 to
triargulrr foun ueing the QR algoríthn. Íhis
has been persued by Peterka and S¡ouk (1969).
lhey have shdr¡ that thi¡ calculation can also
be doae rccursively iu tl¡e order of the systeu.

order
o3

0.0true | .50 o.70

l-0.û

l-0.1

l-0,5

I . l.O.

l-5-O

Proceeding to the caee of f - 0.1, t.e. the
standard deviation of the disturbances is one
tenth of the nagnitude of the input signale, we
find that the natrix 0r0 is still badly condi-
tioned ¡¡heo a third. order model is conputed.

Analysing the details we find, however, that
the Causa Jordan method gives a reasonable
eccurate inverse of 0r 0. Pre- and postnulti-
plying the matrix ¡¿ith Íts computed inverse, we
find that the largesE off-diagonal êlenent is
0.0t1 and the largest deviation of diagonal
elements fron 1.000 is 0.0045. Iùe also find
that the estimaÈes â. and âo do tot differ sig-
nificantly fron zeroi 5

l{e will also discuss some other ways to find
the order of the system. l.le can e.g. consider
the varíances of the parameters., We find e.g.
f¡on lable B.l that the coefficienÈs a3 and B,
do not differ sÍgníficantly from zero ín any -
case. In lable 8.2 r¿e also su¡nmarize the values
of the loss function as welL å6 Ëhe values of
the tr-teswariable when cesting the reductiori
of the loss function for a nodel of order n,
conpared to a model of order n, as was"díscus-
sed before. We have at thê lOZ-level x' - 2.32.
I{e thus find that by apptying the ¡¿-test in
this case we get as a result that the system Ís
of second order for all samples. The actual
parametervalues of Table B.l as ¡¡el1 as che
estinated accu¡acies give ao indication of the
accuracy that can be obtained in a case like
thi¡.

It ehould, however, be enphasized that when the
Bame procedure is applied to pratical data the
reeultg are very seldon as.clearcut as in this
ainulated exarple. See. e.g. Gustavsson (¡969).
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leble B,l l€a6t cguarea estierÈes of the paraneters.
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Gives the value¡ of the lo¡s funqtÍoa V. tte
conditioaíng n¡rnber u of 0t0 and a tablå of
¡¿-val.uea ¡¡hen identifyiag nodela of dÍfferenr
order to the exarople of Fig. B.t.
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