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Dqdo|vlv ri Vorz Iuhtxhqf| Krsslqj Qhwzrunv
Iuhguln Ioruìq/ Dqguì Vwudqqh/ Ryh Hgiruv

Ghsw1 ri Dssolhg Hohfwurqlfv/ Oxqg Xqlyhuvlw|
Er{ 44;/ VH0554 33 Oxqg/ Vzhghq

~iiq/dvh/rhv€Cwgh1owk1vh

Devwudfw� Zh ghulyh dq dssur{lpdwlrq ri wkh wkurxjk0
sxw ri vwurqjo| lqwhuihulqj iuhtxhqf|0krsslqj udglr v|vw hpv/
zkhuh sdfnhw froolvlrqv dozd|v uhvxow lq orvw gdwd1 D v|vwhp
lv gh�qhg wr frqvlvw ri d fhuwdlq qxpehu ri udglr qhwzrunv/
hdfk qhwzrun zlwk dq duelwudu| qxpehu ri frppxqlfdwlqj
xqlwv frruglqdwhg wr frppxqlfdwh zlwkrxw lqwhuihuhqfh1

L1 Lqwurgxfwlrq

Wkh ghyhorsphqw ri vpdoo dqg preloh odswrsv dqg whu0
plqdov kdv fuhdwhg d ghpdqg iru idvw dqg frqyhqlhqw Zluh0
ohvv Orfdo Duhd Qhwzrun +ZODQ, dffhvv1 D srvvlelolw| iru
wkhvh v|vwhpv lv wr xvh wkh xqolfhqvhg LVP0edqg zklfk lv
rshq wr wkh sxeolf dqg wr doo nlqgv ri udglr v|vwhpv/ dv
iru h{dpsoh Eoxhwrrwk^4`/ d vkruw udqjh v|vwhp iru zluhohvv
frqqhfwlylw|1 Dv wkh LVP0edqg lv vkduhg ehwzhhq pdq|
xvhuv dqg v|vwhpv/ lqwhuihuhqfh dqg uhgxfhg shuirupdqfh
pxvw eh dffhswhg1

Iru frppxqlfdwlrq lq wkh LVP0edqg uhjxodwlrqv uhtxluh
wkdw vrph w|sh ri vsuhdg vshfwuxp whfkqltxh lv xvhg1 Lq
wklv sdshu zh irfxv rq vorz iuhtxhqf|0krsslqj +IK, vsuhdg
vshfwuxp v|vwhpv/ zkhuh wkh wudqvplwwhuv ri sdfnhwv krs
ehwzhhq vhyhudo dydlodeoh iuhtxhqf| fkdqqhov1 Pruh vshfli0
lfdoo|/ zh frqvlghu sdfnhw edvhg IK v|vwhpv wkdw lqwhuihuh
vwurqjo|/ zklfk phdqv wkdw li wkhuh lv d sdfnhw froolvlrq zh
dvvxph wkdw doo gdwd lv orvw1 Wklv dvvxpswlrq lv qrw dozd|v
uhdolvwlf/ exw lw zloo pdnh lw srvvleoh wr ghulyh d xvhixo dq0
do|wlfdo h{suhvvlrq iru wkh gdwd wkurxjksxw ri wkh v|vwhpv1
Wkh qryhow| ri rxu dssurdfk olhv lq wkh idfw wkdw zh frqvlghu
sdfnhwv ri ydu|lqj ohqjwkv1

Wklv sdshu frqvlvwv ri suholplqdu| uhvxowv shuiruphg
zlwklq wkh SFF surmhfw �Preloh Zluhohvv Dffhvv wr Il{hg
Qhwzrunv1� Wkhvh uhvxowv kdyh dovr ehhq vxeplwwhg wr YWF
5334 Vsulqj lq Who Dyly1

LL1 V|vwhp Prgho dqg Dqdo|vlv

Jhqhudoo|/ lq udglr frppxqlfdwlrq/ wkhuh lv rqh vhqghu
wudqvplwwlqj dqg rqh ru pruh uhfhlyhuv olvwhqlqj1 Zh zloo
gh�qh d qhwzrun wr frqvlvw ri vxfk dq duelwudu| qxpehu ri
xqlwv wkdw frppxqlfdwh zlwkrxw lqwhuihuhqfh1 Wkh wudqv0
plvvlrqv zlwklq d qhwzrun frxog h1j1 eh frruglqdwhg e|
vrph pdvwhu xqlw/ zklfk lv wkh fdvh lq d Eoxhwrrwk sl0
frqhw1 Ixuwkhupruh ohw wkh qhwzrunv wudqvplw sdfnhwv frq0
wlqxrxvo| lq wkh iroorzlqj zd|1 Iluvwo|/ d qhwzrun vhohfwv d
sdfnhw iurp d vhw ri sdfnhw w|shv1 Hdfk sdfnhw w|sh lv vh0
ohfwhg zlwk d vshfl�hg suredelolw| dqg frqvlvwv ri d khdghu/
d sd|ordg dqg d jxdug lqwhuydo1 Diwhu wudqvplwwlqj wkh
khdghu dqg sd|ordg wkh qhwzrun krogv wudqvplvvlrq gxulqj
wkh jxdug lqwhuydo/ dqg vhohfwv erwk d qhz fkdqqho dqg d
qhz sdfnhw w|sh ehiruh qh{w wudqvplvvlrq +vhh �jxuh 4,1
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Ilj1 41 Wkuhh sdfnhwv dqg wkhlu frpsrqhqwv wudqvplwwhg e| d
iuhtxhqf|0krsslqj qhwzrun1

Xvlqj wkh v|vwhp prgho deryh zh ghulyh dq dqdo|wlfdo
h{suhvvlrq iru wkh gdwd wkurxjksxw ri wkh qhwzrunv/ jlyhq
wkh iroorzlqj dvvxpswlrqv= froolvlrqv dozd|v uhvxow lq orvw
sdfnhwv> li qr froolvlrqv rffxu/ sdfnhwv duh vxffhvvixoo| uh0
fhlyhg> iuhtxhqf| krsv duh shuihfwo| udqgrp> doo qhwzrunv
wudqvplw sdfnhw w|shv gudzq iurp wkh vdph suredelolw| glv0
wulexwlrq xsrq wudqvplvvlrq> qhwzrunv dozd|v kdyh sdfnhwv
wr wudqvplw> wkhuh lv qr wlph v|qfkurql}dwlrq ehwzhhq qhw0
zrunv1

Wkhvh dvvxpswlrqv hqdeoh xv wr h{suhvv wkh suredelolw|/
Sv+W,>ri vxffhvvixo wudqvplvvlrq ri d sdfnhw ri d fhuwdlq
ohqjwkW1 Zkhq dqdo|}lqj wkh sureohp zh fdofxodwhSv+W,
iru rqh uhihuhqfh qhwzrun dqg uhjdug doo rwkhu qhwzrunv
dv mdpphuv1 Lq rughu wr shuirup wklv fdofxodwlrq zh qrwh
wkdw/ zlwkt dydlodeoh fkdqqhov/ wkh suredelolw| ri vxffhvvixo
wudqvplvvlrq lv+4� 4@t,K +W, / jlyhq wkdw wkhQ� 4 mdpphuv
lq wrwdo kdyhK +W, sdfnhwv ryhuodsslqj wkh sdfnhw ri ohqjwk
Wlq wlph1 Dyhudjlqj ryhu wkh suredelolw| rik ryhuodsslqj
sdfnhwv/ wkh jhqhudo h{suhvvlrq iruSv+W, ehfrphv

Sv+W, @
4[

k @3

sK +W, +k,
�

4 �
4
t

� k

> +4,

zkhuh sK +W, +k, lv wkh SGI ri K +W,1 Li dq h{suhvvlrq iru
Sv+W, lv ghulyhg/ wkh wkurxjksxw iru d qhwzrun fdq hdvlo|
eh fdofxodwhg1

Fohduo|/ dq h{suhvvlrq irusK +W, +k, zloo eh gl!fxow wr
rewdlq lq forvhg irup1 Wkhuhiruh zh zrxog olnh wr kdyh dq
dssur{lpdwlrq ri sK +W, +k,=Wr wklv hqg/ zh xvh wkh fhqwudo
olplw wkhruhp zklfk vwdwhv wkdw wkh qxpehu ri ryhuodsslqj
sdfnhwvK +W, lv dv|pswrwlfdoo| Jdxvvldq dv wkh qxpehu ri
mdpphuv jrhv wrzdugv lq�qlw|^5`1 VlqfhK +W, lv d glvfuhwh
vwrfkdvwlf yduldeoh zh khqfh dvvxph wkdwsK +W, +k, kdv dq
dssur{lpdwho| Jdxvvldq vkdsh dv wkh qxpehu ri mdpphuv
lqfuhdvhv1 Ghqrwlqj wkh dssur{lpdwh h{suhvvlrq riSv+W,
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Ilj1 51 Vlpxodwlrq dqg dssur{lpdwlrq iru ^ ' .b c o• ' • * 2c o2 ' • *Sc
o� ' • * � c ,• ' efD c ,2 ' •SDD c ,� ' 2bfD c dqg B• ' B2 ' B� '
22f �

dv •Sv+W, zh rewdlq

•Sv+W, *

4]
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i K +W, +k,
�

4 �
4
t

� k

gk> +5,

zkhuh i K +W, +k, lv d Jdxvvldq glvwulexwlrq1 Wr ixuwkhu vlp0
soli| wkh h{suhvvlrq deryh/ zh dssur{lpdwh i K +W, +k, zlwk
d Gludf ixqfwlrq orfdwhg dw wkh phdq riK +W,=Wklv |lhogv

•Sv+W, *

4]

�4

� +k � H K̂ +W,`,
�
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4
t

� k

gk +6,
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4
t

� H K̂ +W,`

= +7,

Dowkrxjk zh jlyh qr erxqgv iru wkh dssur{lpdwlrq khuh/
vlpxodwlrqv vkrz wkdw wkh dssur{lpdwlrq lv yhu| dffxudwh1
Wkh dssur{lpdwh suredelolw| ri vxffhvvixo wudqvplvvlrq dqg
uhvxowv iurp d vlpxodwlrq duh vkrzhg lq �jxuh 51

Li zh prgho d mdpphu dv d vhpl0Pdunry surfhvv/ zh fdq
fdofxodwh wkh phdq qxpehu ri iuhtxhqf| krsv d mdpphu
shuirupv gxulqj wkh wudqvplwwhu*v sdfnhw wudqvplvvlrq wlph
e| vroylqj wkh vwdwlrqdu| vwdwh suredelolwlhv1 Wklv jlyhv
xv wkh suredelolw| ri vxffhvvixo wudqvplvvlrq ri d sdfnhw
lq wkh suhvhqfh ri d vlqjoh mdpphu1 Wkh jhqhudol}dwlrq
wr Q � 4 mdpphuv lv wkhq vwudljkwiruzdug vlqfh wkh| duh
doo lqghshqghqw ri hdfk rwkhu1 Xvlqj wkh suredelolw| ri
vxffhvvixo wudqvplvvlrq wkh h{suhvvlrq iru wkh qrupdol}hg
v|vwhp wkurxjksxw lv ghulyhg1

Zh zloo qrz fdofxodwh wkh suredelolw| wkdw d sdfnhw wudqv0
plwwhg e| wkh wudqvplwwhu grhv qrw froolgh zlwk rqh ru pruh
sdfnhwv wudqvplwwhg e| wkh mdpphu1 Wkh mdpphu wudqvplwv
d sdfnhw ri ohqjwk� n zlwk suredelolw|un=Wkh sdfnhw ohqjwk
lqfoxghv erwk khdghu dqg sd|ordg/ dqg khqfh� n @kn . On1
Diwhu wkh wudqvplvvlrq ri wkh sdfnhw/ d wlph� n lv vshqw lq
d jxdug lqwhuydo gxulqj zklfk wkh mdpphu lv lgoh/ dqg wkhq
wkh surfhvv vwduwv ryhu djdlq1 Wklv surfhvv lv ghslfwhg lq
�jxuh 6/ zkhuh wkh xsshu urz ri vwdwhv duh wudqvplvvlrq
vwdwhv dqg wkh orzhu urz uhsuhvhqwv jxdug lqwhuydo vwdwhv1

v4 v5

j 4 j 5 j P

4 4 4

u4 u5
uP

Wudqvplvvlrqƒvwdwhv

JxdugƒLqwhuydoƒvwdwhv

���

Ilj1 61 Wkh mdpphu prghohg dv d vhpl0Pdunry surfhvv1

Wkh wudqvplvvlrq vwdwhv duh odehohgvn iru n @
4>5> = = = > Pdqg wkhlu uhvshfwlyh jxdug lqwhuydo vwdwhv duh
odehohgj n iru n @ 4>5> = = = > P=Diwhu ylvlwlqj rqh ri wkh
wudqvplvvlrq vwdwhv/ wkh mdpphu mxpsv wr wkh jxdug lqwhu0
ydo vwdwh ehorqjlqj wr wkdw sduwlfxodu wudqvplvvlrq vwdwh
zlwk suredelolw| rqh1 Wkh mdpphu wkhq vhohfwv wudqvplv0
vlrq vwdwhvn zlwk suredelolw|un1 Iru frqyhqlhqfh/ d �exv�
kdv ehhq gudzq lq �jxuh 6 lqvwhdg ri gudzlqj dq duurz iurp
hdfk ri wkh jxdug lqwhuydo vwdwhv wr doo ri wkh wudqvplvvlrq
vwdwhv1

Zh ghqrwh wkh gxudwlrq ri wkh wudqvplvvlrq ri wkh wudqv0
plwwhu*v sdfnhw e|W/ dqg wkh phdq qxpehu ri mdpphu
wudqvlwlrqv rxw ri doo vwdwhvj n gxulqj W e| I +W,= Zlwk
vwdqgdug whfkqltxhv^5`I +W, fdq eh vkrzq wr eh

I +W, @ 4 .
W�

PS

n@4
un� n

PS

q @4
uq +� q . � q ,

= +8,

Lq rughu iru wkh wudqvplwwhu wr dyrlg froolvlrq zlwk wkh
mdpphu/ wkh wudqvplwwhu dqg wkh mdpphu pxvw qrw wudqvplw
rq wkh vdph iuhtxhqf| dw wkh vdph wlph1 Wkh suredelolw|
ri wkh wudqvplwwhu qrw vhohfwlqj wkh vdph iuhtxhqf| dv wkh
mdpphu lv/ dprqj t iuhtxhqflhv/ 4 � 4@t ^6`1 Wkxv/ df0
fruglqj wr wkh dssur{lpdwlrq/ li wkh mdpphu pdnhv I +W,
iuhtxhqf| krsv gxulqj W wklv suredelolw| lqvwhdg ehfrphv
+4� 4@t, I +W, = Vlqfh doo qhwzrunv kdyh wkh vdph sdfnhw
ohqjwk glvwulexwlrq/ zh uhdol}h wkdw lw lv vx!flhqw wr fdo0
fxodwh wkh phdq qxpehu ri krsv iru rqh mdpphu/ dqg wkhq
pxowlso|lqj zlwk wkh qxpehu ri mdpphuv/ lq rughu wr re0
wdlqH K̂ +W,`=Zh wkhuhiruh kdyhH K̂ +W,` @ +Q � 4,I +W,
li khuh duhQ � 4 mdpphuv1 Wkh suredelolw| ri vxffhvvixo
wudqvplvvlrq ri d sdfnhw ri ohqjwkWwkhq ehfrphv ^7`
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Li wkh wudqvplwwhu lv prghohg lq wkh vdph pdqqhu dv wkh
mdpphuv/ wkh dyhudjh suredelolw| ri vxffhvvixo wudqvplvvlrq
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ryhu doo sdfnhw w|shv iru wkh wudqvplwwhu lv

SD @
P[

n@4

unSv+� n,= +:,

Hyhq li wkh dyhudjh suredelolw| ri vxffhvvixo wudqvplvvlrq
lv dq lqwhuhvwlqj txdqwlw|/ wkh wkurxjksxw lv ri hyhq pruh
vljql�fdqfh1 Wkh wkurxjksxw lv vlpso| wkh udwlr ehwzhhq
wkh phdq ohqjwk ri wkh vxffhvvixoo| wudqvplwwhg sd|ordgv
dqg wkh phdq sdfnhw ohqjwk/ lqfoxglqj wkh jxdug lqwhu0
ydo1 Wkh qrupdol}hg lqirupdwlrq gdwd udwh/ ru qrupdol}hg
wkurxjksxw/ ehfrphv

U @

PS

q @4
uq Oq

�
4 � 4
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� +Q � 4,

3

E
C 4.

O q . k q �
PS

n @4
un � n

PS

n @4
un +k n . O n . � n ,

4

F
D

PS

n@4
un +kn . On . � n ,

= +;,

LLL1 Frqfoxvlrqv

Lq wklv sdshu zh kdyh suhvhqwhg d prgho ri d IK v|vwhp
dqg dq dqdo|wlfdo dssur{lpdwh h{suhvvlrq iru wkh fdsdflw|
ri vxfk d v|vwhp1 Lw kdv ehhq dvvxphg wkdw froolvlrqv uh0
vxow lq d wrwdo orvv ri doo sdfnhwv lqyroyhg lq wkh froolvlrq/
vlqfh wkh prgho grhv qrw frqvlghu wkh glvwdqfhv ehwzhhq
qhwzrunv1 Wkh wkurxjksxw zloo ghshqg rq wkh qxpehu ri
qhwzrunv lq wkh v|vwhp/ wkh ohqjwk ri wkh dydlodeoh sdfnhwv/
wkhlu uhvshfwlyh jxdug lqwhuydov/ dqg wkh suredelolwlhv ri d
qhwzrun wudqvplwwlqj d fhuwdlq w|sh ri sdfnhw1 E| ydu|lqj
wkh sdudphwhuv phqwlrqhg deryh wkh pd{lpxp wkurxjksxw
iru d qhwzrun fdq eh irxqg1

Hyhq wkrxjk wkh dqdo|}hg prgho lv vrphzkdw vlpsol�hg/
dv frpsduhg wr d uhdo v|vwhp/ wkh qhz dqdo|wlfdo hydoxdwlrq
ri wkurxjksxw/ iroorzlqj iurp wkh dvvxpswlrqv dqg dssur{0
lpdwlrqv/ uhdglo| frpshqvdwhv iru wkh vlpsol�fdwlrqv1 Pruh
uhdolvwlf prghov xvxdoo| ohdg wr h{whqvlyh vlpxodwlrqv/ iurp
zklfk jhqhudo frqfoxvlrqv duh pruh gl!fxow wr gudz1

Uhihuhqfhv
^4` M1 Kdduwvhq/ �Wkh eoxhwrrwk udglr v|vwhp/�LHHH Shuvrqdo Frp0

pxqlfdwlrqv Yroxph= : 4 / ss1 5; �69/ Ihe1 53331
^5` J1 Julpphw dqg G1 Vwlu}dnhu/Suredelolw| dqg Udqgrp Surfhvvhv1

R{irug Xqlyhuvlw| Suhvv Lqf1/ 4<<51
^6` J1 O1 Vwehu dqg N1 \dqj/ �Wkurxjksxw dqdo|vlv ri d vorw0

whg iuhtxhqf|0krsshg vsuhdg vshfwuxp pxowlsoh dffhvv qhwzrun/�
Frppxqlfdwlrqv/ 4<;<1 LFF *;</ ERVWRQLFF2;<1 Frqihuhqfh
uhfrug1 *Zruog Survshulw| Wkurxjk Frppxqlfdwlrqv*/ LHHH Lq0
whuqdwlrqdo Frqihuhqfh rq/ yro1 4/ ss1 7<7�7<;/ 4<<31

^7` H1 D1 Jhudqlrwlv dqg P1 E1 Sxuvoh|/ �Huuru suredelolwlhv iru vorz0
iuhtxhqf|0krsshg vsuhdg0vshfwuxp pxowlsoh dffhvv frppxqlfd0
wlrqv ryhu idglqj fkdqqhov/� Frppxqlfdwlrqv/ LHHH Wudqvdf0
wlrqv rq/ yro1FRP063/ ss1 <<9�433</ 4<;51


