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Abstract

We present an overview of how circuit models can be used for wave propaga-
tion in stratified structures. Homogeneous slabs are modeled as transmission
lines, and thin sheets between the slabs are modeled as lumped elements. It is
seen that electric material properties contribute as shunt elements, and mag-
netic material properties contribute as series elements. When the sheets have
periodic patterns, they can be represented with resonant circuits. The circuit
models should be used as a starting point, to derive a basic, stable design,
which can later be optimized using full wave simulations if necessary.

1 Introduction

An absorbing structure can have a quite complicated geometry, which is very time
consuming to analyze in full. In the design phase of product development, it is
necessary to have fast, yet reasonably accurate, means of evaluating the performance.
For absorbers based on a stratified structure, circuit analogs provide such a means.

The circuit analog absorber is more of a design paradigm than a class of absorbers
of their own. The idea is to build simple models, which can be used to find an overall
basic design that meets demands such as total height and weight of the absorber.
Once this basic design is reached, one can go to full wave simulations and more
accurate modeling.

The purpose of this paper is to present the underlying theory, i.e., to show why
circuit analogs are good models for stratified geometries and how they are connected
to the full Maxwell’s equations. For more on the design technique, we refer to the
books |[3,5,6] and the paper [7|, which deals with the oblique incidence. Also,
classical texts on microwave circuits, including matching theory, are of great value
when going through the circuit design phase. See for instance |2, 8], and also |1, 4]
for analytical expressions for circuit parameters for simple structures.

2 Bulk material as transmission lines

Maxwell’s equations for an isotropic material, modelled by a permittivity € and a
permebility p, can be written in terms of the transverse components E, and H; as
(time convention e*?)

OF . 1 _ R

= —lwn - VeIV - (-2 x HY) (2.1)
oH . 1 _ N

57 = ~lwe= VTV - (2 x B (2:2)

where V; = ﬁ:a% +ga%. When considering bulk materials, there is no variation in the
transverse plane and the field depends on z and y only through a factor e ikt (z@+v¥)



which transforms the equations into (using a dyadic notation)

OE, (. koK . . koK, .

2 = <qu1+ e ) (=2 x Hy) = —jwp <I w26u> (=2 x Hy) (23)
OH _ ki . . kK .

azt — (;Jwel + ﬁ) (2 x E,) = —jwe (I - w;g;) (2 x E,) (2.4)

There are two sets of solutions to these equations, depending on the direction of the
tangential electric and magnetic field relative the vector k;:

TE: Et 1 kt and HtHkt (25)
TM: Et“kt and Ht L kt (26)

In lossless media w?ep is the square of the total wave number. This motivates us to
define the angle 6 by
L2

cos’=1-—
w2ep

(2.7)

which is a complex angle if the material parameters are complex. In lossless media it
is real for propagating waves, and represents the angle of the propagation direction
with the z axis.

Identifying the transverse fields as the voltage and current as E; < V and
—z x H; « I, respectively, this means we have two sets of equations,

oV . 1

02 —JWM{ cos2 0 }] (2.8)
oI . cos? 0

5, = we { 1 } Vv (2.9)

where the upper alternative corresponds to TE polarization, and the lower alterna-
tive corresponds to TM polarization. This resembles the traditional transmission
line equations,

ov
ol
5, = ~(WC+ GV = =¥V (2.11)

where L, R, C, and G are the distributed circuit parameters of the transmission
line, v = /(jwL + R)(jwC + G) is the propagation constant of the transmission
line, and Zy = 1/Yy = /(jJwL + R)/(jwC + G) is the characteristic impedance of
the transmission line. This means we can identify distributed circuit parameters
from the permeability and permittivity according to

. . 1
jwL+ R = (juu' +wp”) { cos? 0 } (2.12)

2
jwC + G = (jwe' + we") { “ 0 } (2.13)



d
-
d
-
O O
€
= Zo
L
O O
T T’
T T

Figure 1: Transmission line model of a bulk slab.
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Figure 2: Definition of the voltage-current transmission matrix (ABCD matrix)
for a two-port network. Note that the ABCD matrix can be cascaded, i.e., if two
networks are connected together, the total ABCD matrix is the product of the
individual matrices.

where we used the decompositions u = ' — ju” and € = ¢ — j¢’. Note that if
the material parameters € and p depend on frequency, so will the identified circuit
parameters. The propagation constant is

vy =/ (jwL + R)(jwC + G) = v/(jwp' + wp”)(jwe' + we") cos2 = jkcosf (2.14)

where k& = w,/eu is the intrinsic wave number. The scaling of the wavenumber by
cos @ means the wavelength on the line is \; = A/cos6, where X is the intrinsic
wavelength. The characteristic impedance is

jwL+R jwu’+wu”{ 1/ cosf }_ { 1/ cosf } (2.15)
\/ wC+ G\ jwe +we cos 6 — T cosd '
where 1 = / € is the intrinsic wave impedance.
This means that a bulk slab with permittivity € and permeability p can be
modeled with a transmission line as in Figure 1. This is a two-port network, which

can be described by its voltage-current transmission matrix (defined in Figure 2)
see for instance [8, pp. 183-186| or [2, pp. 257-259]. This matrix is often termed
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Figure 3: ABCD-matrices for symmetric T, II, and trellis net.

the ABCD matrix, and for the transmission line it is

(6 5)= (Comi, o™ o

If one end of the transmission line is terminated in a load impedance Zi, the
impedance on the other end is

Z1, + Zp tanh(yd)

Z = 7 9217
Zo + Zy, tanh(~d) (2.17)

In particular, a ground plane (7, = 0) is transformed into
Zin = Zptanh(vyd) = jZy tan(kd cos ) (2.18)

which typically is an inductive impedance for small d.

3 Sheets as lumped elements

In this section we study the properties of electrically thin sheets. Denoting the sheet
thickness by t, this corresponds to studying kt — 0. Using v = jk cos 6 and keeping
terms to third order in ¢, we then have

cos? 0

1 1
cosh(vt) — 1+ 5(725)2 =1- §k2t2 cos’f =1— w2epd? (3.1)
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Figure 4: ABCD-matrices for a shunt and series impedance.

and

(=}

sinh(yt) Zo — (72? + 1<mf)3> Zo = (1 + Wéy) J’f“?{ 00;29 }

<1+ (W)Z)Wt{ Cosl 2 } (3.2)

sinh(yt)Yy — 1Yy = < >Jkt/n{ cos129 }
t)

({7}

Let the series impedance Z; and the shunt admittance Y be given by the formulas
(remember that these parameters will depend on frequency if the material parame-
ters are dispersive)

: 1 .

7y = qut{ cos2 0 } =jwlt+ Rt (3.4)
: cos? :

Yo = jwet 1 = jwCt + Gt (3.5)

where the distributed circuit parameters L, R, C, and G are defined in terms of
the material parameters ¢ and g in equations (2.12) and (2.13). It is seen that
Z1Ys = (7t)%. The ABCD matrix for the transmission line is then, to third order in

7t

cosh(yd)  —sinh(vd)Z)\ _ [ 1+3i2Ys  —Zi(1+1Z\Y%) (3.6)
—sinh(yd)Yy  cosh(yd) —Y3(1+ 3 Z1Y2) 1+ 22,Y, '

We compare this matrix with the ABCD matrices for a few simple nets given in
Figure 3. It is seen that the trellis net is the most accurate one, and also the most
symmetric. The error occurs in the off-diagonal terms, and is (y¢)*(;—3) = (1)?/12.
Ignoring terms of quadratic order and higher, any of the nets can be used.

The equivalent circuit for a thin sheet is particularly simple when either the
series impedance Z; or the shunt admittance Y5 can be neglected; we then only have
the remaining shunt or series lumped element, depicted in Figure 4.



3.1 The Salisbury screen

A common case is for a material with high electric losses, € = ¢ —je”, where €’ > €.
The equivalent circuit then consists of only a shunt conductance Gt = we”’t, which
is the fundamental building block of the Salisbury screen absorber. When the losses
are due to an electric conductivity, we have Gt = we”t = ot, which is independent
of frequency. Since the electric conductivity o is available in many varying orders of
magnitude, resistive sheets can be found with many different values. The sheets are
often characterized by the sheet resistance, Rs = 1/(ot), with the unit “Ohm per
square”. The name of the unit comes from the fact that the resistance of a square
contacted on opposite sides is R = {/(ctl) = 1/(ot) = R regardless of the physical
size £ of the square.

The Salisbury screen consists of a resistive sheet placed at d = A/4 in front of a
ground plane, where A is the free space wavelength at a suitable center frequency.
The input impedance at distance d is

Zin = jZo tan(kd cos 6) (3.7)

which is to be shunted with a conductance Gt. The result is the new input impedance
1 1

1/(jZptan(kdcos)) + Gt~ —jYy cot(kd cos ) + Gt
which corresponds to the reflection coefficient
Iy~ 2y Yo=Yy Yo(l+jcot(kdcost)) — Gt (3.9)

2L+ 7y Yo+Y! Yyl —jcot(kdcos®)) + Gt

From this expression it can be seen that when kdcos = 7/2 and Gt = Y}, we have
zero reflection. If Gt is independent of frequency, the bandwidth is about 25% at
—20 dB reflectivity level [3, p. 316], corresponding to the bandwidth of the condition
cot(kd cos ) = 0.

3.2 The magnetic Salisbury screen

A more rare case is a material with high magnetic losses, . = ' —ju”, where p” > p'.
A sheet of this material can then be modeled with a series resistance Rt = wu't.
Placing this directly on top of a ground plane, implies the input impedance of Rt
and a reflection factor of

_ Zin — Lo _ Rt — Z, (3.10)
Zw+ 2y Rt+ 2,
This expression is zero for all frequencies where Rt = Z;. Thus, a magnetic screen
can achieve infinite bandwidth if the proper frequency behavior and large enough
losses can be achieved. However, magnetic losses are not available in as large con-
trasts as electric losses. A common case is that the real part of the permeability
cannot be ignored, and we have

_ 3.11
jwLt + Rt + Z, (3.11)
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Figure 5: The Salisbury screen (top) and the magnetic Salisbury screen (bottom).

which is more realistic. Even more realistic would be to include the electric proper-
ties via a shunt admittance in the equivalent circuit for the magnetic layer.

3.3 Determining the sheet impedance from reflection data

The impedance of a single nonmagnetic sheet can be determined in a very straight-
forward way from reflection data, obtained either by measurements or simulations.
If the sheet (with or without patterns) is situated in free space, the equivalent circuit
model is given by a shunt admittance as in Figure 6.

When computing the reflection coefficient, the sheet admittance Y is shunted
with the characteristic admittance Y of the free space backing, which makes the
reflection coefficient (at any angle of incidence) to be

Y% -Y+Y) Y
Yo+ (Y +Yy) 2Y5+Y

(3.12)

From this equation, we can extract the sheet admittance in terms of the reflection
coefficient:

Y =-Y

3.13
14+ I ( )

In the following section, we turn to the problem of deducing equivalent circuits which
can be used to represent this admittance.

It is important to remember that the circuit parameters are not necessarily valid
close to the sheet, but represent effective scattering properties of the sheet subjected
to plane waves in a uniform surrounding. Typically, the sheet should be about a
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Figure 6: Equivalent circuit model for a nonmagnetic sheet. The shunt admittance
is usually a function of frequency and angle of incidence, as well as polarization.

quarter wavelength from the nearest disturbance in order to be accurately modeled
with fixed circuit parameters. However, even if this condition is violated, the circuit
model may give an approximate behavior of the structure.

4 Patterns as reactive elements

The conventional Salisbury screen suffers from bandwidth limitations, due to the
requirement of \/4 spacing. The magnetic Salisbury screen suffers from material
limitations. One way of augmenting the behavior of sheets, particularly resistive
sheets, is by introducing patterns in the sheet. This pattern introduces reactive
elements in the equivalent circuit for the sheet, which can be used to either a)
enhance the bandwidth, or b) shrink the overall dimensions of the absorber.

4.1 Optimization approach

A numerical means of finding equivalent circuits for given pattern geometries is to
compute reflection and transmission data for the pattern using full wave simulations.
The data is then compared with synthetic data from a theoretical circuit model, and
the parameters in the model are determined by curve fitting.

This can be done by using the program PB-FDTD (or any other suitable pro-
gram) for generating the reflection data, and the matlab routine invfreqs to do the
curve fitting. When doing this, one should not use the relation (3.13), but instead
do the curve fitting to the function®

1-T' Y+Y,
1+ Y,

(4.1)

!Thanks to Mats Gustafsson for pointing this out. This complication is due to the routine
invfregs being tailored to a specific class of complex functions.
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Figure 7: Geometry and equivalent circuit for inductive strips (TE polarization).
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Figure 8: Geometry and equivalent circuit for capacitive strips (TM polarization).

This function is fitted to a model p(s)/q(s), where p and ¢ are polynomials in s =
jw with real-valued coefficients. The corresponding parameters for the admittance
Y (w,0) are then extracted from these coefficients using known expressions for Yj.

4.2 Strip lines

Many classical results were found during the Second World War by a massive effort
in the development of radar technology, and are collected in [4, pp. 280-285]. For
the case depicted in Figure 7, the strips are inductive with reactance given by [4, p.
284|

X acosf w1 (- (°)? [(1 — %2)(14+ + A ) +4B2AL AL
Z T R T T L BB ;
0 a 2(1-F)+p2(1+5 - F) A+ A ) +200A, A

(4.2)

X a cos 2 1 a2 w a
ELPY In =% 4 2(3 - 2c0s? 0 (—) S - 4.3
70~ o | T3 2o ) (5 } A (43)
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where
1
Ay = -
\/1 + 2as;n0 _ (ac;s@)
w

B = sin Sa (4.5)

—1 (4.4)

For the case depicted in Figure 8, the strips are capacitive with susceptance given
by [4, p. 280|

2
B 4acosf | 7rd+1 (1—-p%)7 [(1_%)(A++A_)+462A+A_
> = nesc — + =
oA 2a - 2(1 =)+ 0201+ 5 = T)(Ay + A) + 2054, A
(4.6)
B 4acosf 2a 1 a\? d a
o~ In=— + =(3—2cos’0) (~ -1, —x1 4.7
Y, [nmﬁ (8 = 2cos )<)\>}’ A (4.7)
where
1
A = ~1 (4.8)
\/1:t2as>\in9 (ac;sG)Q
d
ﬁ:sin;r—a (4.9)

The equivalent circuits are valid for wavelengths and angles of incidence in the range
a(l+sinf)/X < 1 [4].

These expressions form the basis for devoloping an analytical approach to mod-
elling patterns in a sheet. The characteristic admittance Yy and impedance Z, in
the two cases are given by

Mo 1/no
— d Y,= 4.1
07 cosf an 07 cosf (4.10)

where 19 = /po/€o is the free space wave impedance. Defining the capacitance C'
and inductance L as B = wC and X = wL, and observing w = 2nf = 2m¢y/\ =

27 /(A \/€olto), we find

X Zy X Ay X Ao X apg Tw
L=—f——"=—— - = —:—{1 — } 4.11
w w Zy 2mcgcost Zy  2mcosO 2 2T Hese 2a * ( )
B Y, B Ay B Xeg B 4dae wd
C=—=——= — = — = 1 — 4+ 4.12
w wYy 2megcosfYy, 2mcosfY 27 Hese 2a i ( )

It is seen that both the circuit parameters depend on the geometry parameters

through the function
d a wd
- = =<1 — 4.1
f(a,/\,ﬁ) {ncsc2a+ } (4.13)
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a/h

Figure 9: The function f(g, $,0) for = 30°. The function does not change
appreciably with 6.

as
apo , (W a

=—f|—, = 4.14

L 2 (a’)\’9> (4.14)
daeg d a

= — — 4.15

c=r(550) (1.15)

It is interesting to characterize f as a function of its three arguments. In Figure 9,
we have plotted it as a function of a/\ and d/a for = 30°. The function is relatively
insensitive to changes in #, and depends most strongly on the parameter d/a.

This can be given an immediate interpretation in terms of how the circuit pa-
rameters change with the dimensions of the strips:

e To make the inductance L large, the ratio w/a should be small, i.e., the width
of the strips should be small.

e To make the capacitance C' large, the ratio d/a should be small, i.e., the gap
between the strips should be small.

Both L and C' are directly proportional to the period a, which must be smaller than
half a wavelength.
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Figure 10: Finite dipole. Observe that the incidence plane changes depending on
whether we study TE or TM polarization, since the dipoles would be practically
invisible for other cases.

4.3 Dipoles

The simplest possible pattern is the finite length dipole as depicted in Figure 10.
The equivalent circuit must be a series circuit, since the pattern is a band stop filter.

The dipole pattern is characterized by five design parameters: the periodicity
lengths a and p, the dipole width w and length ¢, and the sheet resistance Ry =
1/(ot). To simplify matters, we choose a = p and choose ¢ ~ a > w, i.e., we study
elongated dipoles in a quadratic unit cell. The dipoles are then practically invisible
except when the electric field has a component parallel to the dipole.

4.4 Crossed dipoles

To make the dipole pattern independent of polarization, it is common to choose a
pattern consisting of crossed dipoles. Essentially, this configuration can be analyzed
as a superposition of linear dipoles.

4.5 Patches

Another simple pattern is to use patches, which might be regarded as fat dipoles,
see Figure 11. Once again, the equivalent circuit should be a series circuit, since the
pattern is a band stop circuit.

5 Design of absorbers

5.1 Physical limitations

Konstantin Rozanov has written a very interesting paper on the ultimate thickness
to bandwidth ratio of radar absorbers [9]. Based simply on the assumption of linear



13

a 14 o . o
-t <
777 7777 Zo Zo
V.

v/ / /4 v/ / L
v /S '/ / 14
v/ /] /77

Z 2 2 2 L 2 L2 C

(/274 Y127 R
A/ cost A/ cost
O O

T T

Front view Equivalent circuit

Figure 11: A pattern of square patches.

materials and the principle of causality, he derives the result

/OOO In <ﬁ> d) < 272 ;Ms’idi (5.1)

where fi5; is the static relative permeability of layer ¢, and d; is the thickness of the
corresponding layer. For nonmagnetic media, the right hand side is simply 272d,
where d is the total thickness of the absorber.

This relation states that the reflection coefficient can be small only in a limited
band. This can be estimated by choosing a reflection profile which is constant [ in
the band A\; < A < )y, indicating (for nonmagnetic absorbers)

In (!FLOI) (o — A1) < 272d (5.2)

This can be expressed as a bandwidth in frequency through Ao —X; = ¢/ fo—co/f1 =
ff(}2 (fl - f2)

5.2 Single layer

In this section, we say a few short words on the design of a classical circuit analog
absorber. The situation is typically that at a certain height A above a ground plane,
we should place a circuit analog sheet. The situation can be modeled as in Figure 12,
where the admittance of the ground plane in combination with the transmission line
of length A is

Vi, (w) = —jYy cot(kh cos 6) (5.3)

At the frequency where the distance to the ground plane is a quarter wavelength,
i.e., wp, = kpco where kyph cos = /2, we can make a Taylor series expansion of this
to find

Vi(w) = =j¥o (0 — (k — kp)hcos 6 + O((k — ky)?)) ~ jYo(w — wy)cy theos b (5.4)
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Figure 12: Typical situation for a CAA sheet.

To obtain good absorption over a broad interval, the CAA admittance Y (w) should
be chosen so that Y (w) + Y, (w) = Yy in as broad an interval as possible.
The CAA sheet is modeled with a a series circuit, which has the admittance

1 1/R 1/R
Y(w) = - = = oo
W= Riert L 1rjo(2-=) 1HiQERE-w
Q2 RS
=% JRwo(w wo) + O((w —wp)?) (5.5)

where the quality factor is @ = /L/C/R and the resonance frequency is wg =
1/V/LC. To obtain broad band matching, we should not make an exact match at
any frequency, but instead try to achieve a slight mismatch in a broad band. We
now outline a simple strategy for this.

We choose the resonance frequency wg equal to wy,, which makes the reflection
factor at this frequency real:

Yb — (Yh(wo) + Y(WO)) . YE) — 1/R

I'(wy) = = 5.6
(o) Yo+ Ya(wo) +Y(wo) Yo+ 1/R (5.6)
Let this reflection factor be negative, I'(wy) = —Iy where I is a positive real number
giving the typical reflection level. This implies the resistance should be chosen as
11-1%
= — 0 (5.7)
Yol+ 1
Next, we set the imaginary part of Y,(w) + Y (w) to zero at first order in w — wy,
implying
2 2\/L/C/R 2L
Yocy thcosf = © _ /¢ == (5.8)
Ruw R/vVLC R
which means the inductance should be chosen as
I R?Yycy ' hcos _ cgtheosl (1—Th\> (5.9)
2 2Y, 1+ 1
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Finally, the condition wy = wy, or 1/v/LC = Z(c; ' hcos )™, means

1 /c'heosO\> ctheost [1+Ty\?
C=—(2——) =22 5.10
L( /2 > O r2/4 <1—F0> (5.10)
Summarizing our results, we have
11-—1 1— I
_t1=h 1=K [ 1/cosd (5.11)
Yol+1, 1+1 cos 6
—1 2 2
cytheost (141 1+715\° 8 cos® 0
C = 2Y,~ = —e¢h 5.12
02/ <1—F0> <1—F0> 7r26{ 1 (5.12)
citheost (1 —T, 2 1—-1y 21 1
L =2 = —uh 5.13
2Y, (1+F0) (1+F0) ol {60329} (5.13)

where again the top alternative is for TE polarization and the lower for TM. These
formulas may serve as a reasonable starting point to design the CAA sheet, for
instance by using the optimization approach in Section 4.1.

In Figure 13 we compare the reflection for a Salisbury screen with a circuit
analog sheet where the circuit parameters have been chosen for normal incidence
and —20dB reflection level according to the formulas just derived. It is seen that
the circuit model is very accurate for low frequencies, as could be expected, but
the deviation is greater for frequencies above the resonance frequency. In order to
improve the design, one could try to lower the resonance frequency of the pattern
by increasing the capacitance, e.g., by decreasing the gap between the outer bars.
The result of this procedure is depicted in Figure 14, where it is seen that now the
—20dB bandwidth of the absorber is now closer to the physical limit.

It should be mentioned that the choice of circuit parameters made here, may not
correspond to a design with reasonable tolerances. The changes in geometry between
Figure 13 and Figure 14 are only a few pixels in the FDTD-grid, and still give a
noticeable change. The study of the sensitivity of the design is a further (nontrivial)
chapter in the development of circuit analog absorbers, and is not considered here.

5.3 Multiple layers

For even broader absorption band, a multilayer approach can be useful. The circuit
analog approach can be useful to find a suitable basic design based on simple circuit
models for each sheet, connected by transmission lines. At this stage good knowledge
of broad band matching techniques from microwave circuit theory is beneficial. For
instance, plotting the reflection coefficient in the Smith chart provides an intuitive
means of analyzing the problem. This simple (and very fast) circuit model can then
be used to find a good starting point for a full wave optimizer for the final design.

6 Discussion and conclusions

We have demonstrated how circuit models can be used to describe wave propagation
in stratified structures, and how this can be utilized to give simple design guidelines
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Figure 13: Comparison between a Salisbury screen and a circuit analog absorber
(total height is 7.5 mm, normal incidence). The ideal circuit parameters are R =
3082, C = 80.4fF, and L = 3.15nH. These parameters are approximately achieved
by the geometry depicted on the right, where the procedure described in Section 4.1
predicts R = 311€), C = 80.4fF, and L = 3.16nH. These parameters are used
in a circuit model, and the full wave results (simulated with PB-FDTD) are also
displayed. The physical limit (5.2) is represented by the square box, demonstrating
that there is room for improvement on this design.
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Figure 14: A version of the previous CAA pattern with more slender center part,
and lower resistance per square. This provides higher inductance and therefore
lower resonance frequency than the structure in Figure 13. The circuit parameters,
calculated by the optimization approach in Section 4.1, are R = 3192, C' = 79.1 {F,
and L = 4.35nH.
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for absorbing structures. The circuit models have a long history, typically being
derived or estimated analytically in a time when no computers where available. In
present time, the design of patterns in a resistive sheet to obtain desired circuit
parameters is much more feasible, although the analytical approaches still serve to
give good estimates of what is possible to achieve.

We have not discussed the problem of oblique incidence explicitly, though it can
be seen that the circuit parameters typically may scale as cos?  for one polarization,
but not for the other. Another complication is that the effective wavelength and
characteristic impedance of the equivalent transmission lines scale with cos@ or
1/ cos@. How to deal with these problems are treated in [7].

As can be seen in Figure 13, the performance of the classical Salisbury screen
is far from optimal. Even though the situation is significantly improved by adding
patterns in the resistive sheet, there is still room for more improvement.
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