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Abstract

This paper deals with the exterior Calderén operator for not necessarily spher-
ical domains. We present a new approach of finding the norm of the exterior
Calderon operator for a wide class of surfaces. The basic tool in the treatment
is the set of eigenfunctions and eigenvalues to the Laplace-Beltrami opera-
tor for the surface. The norm is obtained in view of an eigenvalue problem
of a quadratic form containing the exterior Calderén operator. The connec-
tion of the exterior Calderén operator to the transition matrix for a perfectly
conducting surface is analyzed.

1 Introduction

The exterior Calderén operator maps the tangential scattered electric surface field to
the corresponding magnetic surface field. This operator is also called the Poincaré-
Steklov operator, and its discretization is often called the Schur complement. It has
been studied intensively during many years, see e.g., |9,18,20].

It is related to the Dirichlet-to-Neumann map for the scalar Helmholtz equation.
The exterior Calderén map is instrumental in the analysis of the solution to the
exterior solution of the scattering problem. In fact, it is strongly related to the
solution of the scattering problem by a perfectly conducting (PEC) obstacle, which
is a subject we analyze in Section 5.

The norm of the exterior Calderén operator determines the largest amplification
factor of the surface fields. This norm specifies the largest impedance (the quotient
between scattered tangential magnetic and electric fields) that can exist for a given
scattering geometry. In several numerical implementations of the scattering problem,
such as the Methods of Moments (MoM), the impedance matrix represents the
exterior Calderén operator and this matrix is instrumental for the numerical solution
of the problem. This observation gives a physical interpretation of the value of the
norm of the exterior Calderon operator.

A new way of finding this norm is presented in this paper. The key ingredient
in this analysis is the set of eigenfunctions to the Laplace-Beltrami operator of the
surface. These eigenfunctions and the corresponding eigenvalues are intrinsic to
the surface and constitute an excellent tool for further analysis; the literature on
this subject of finding these eigenfunctions and eigenvalues is extensive, see, e.g.,
[4,11,19,28]. Explicit values of the norm of the exterior Calderén operator have only
been obtained for the sphere case [18,20] and the planar case [3,9], and we refer
to these bibliographical items for the explicit techniques of computing the norm.
In this paper, we present a new way to explicitly find the norm for non-spherical
obstacles. The final expression of the norm for a non-spherical obstacle is related to
an eigenvalue problem of a quadratic form containing the exterior Calderéon matrix.

An outline of the organization of the contents in this paper is now presented.
In Section 2, the statement of the problem is introduced, the exterior Calderon
operator is defined, and the useful integral representation of the scattered field is
presented. The intrinsic generalized harmonics (both scalar and vector valued) are



introduced in Section 3, and these functions are used in Section 4. The general-
ized harmonics developed in Section 3 constitute a great asset, and they serve as a
natural orthonormal basis for the expansion of the surface fields in many scatter-
ing problems. A matrix representation of the exterior Calder6n problem in terms
of the generalized harmonics is presented in Section 4, and this matrix has many
valuable properties that are useful in the solution of the exterior scattering problem.
Section 4 also contains a constructive method to compute the norm of the exterior
Calderén operator for non-spherical obstacles. The connection between the exterior
Calderon operator and the transition matrix of the corresponding perfectly conduct-
ing obstacle is clarified in Section 5. The spherical geometry is explicitly treated in
Section 6. The paper is concluded with some final remarks in Section 7 and several
appendices where some relevant details of the analysis are presented.

2 Formulation of the scattering problem

In this section, we present the geometry of the problem and the solution of the
scattered field in the exterior region.

2.1 Statement of problem (E)

Let Q be an open, bounded, piecewise smooth! domain in R3 with simply connected?
boundary I'. The outward pointing unit normal is denoted by ©.> We denote the
exterior of the domain Q by Q. = R?\ Q, which is assumed to be simply connected.
See Figure 1 for a typical geometry.
The Maxwell equations in the exterior region are given by? (we adopt the time
convention e w?)
{v x B(z) =ikH(x) 0. 1)

V x H(x) = —ikE(x)

The wave number k = w/c is assumed to be a positive constant, where w is the
angular frequency of the fields, and c is the speed of light in the exterior medium.

In the region ., the (scattered) fields satisfy the time-harmonic Maxwell equa-
tions (2.1) and the Silver-Miiller radiation condition at infinity, and we are looking
for solutions E,. and Hy. in the space H(curl, Q).

Li.e., the image of a polyhedron under a C**' mapping.

2For non-simply connected boundary, see Remark 4.5.

3Throughout this paper vector-valued quantities are typed in italic boldface (e.g., E and ),
and dyadics (matrices) in roman boldface (e.g., I and G.). Scalar-valued quantities are typed in
italics (e.g., k). Vectors with unit length have a “hat” or caret () over the symbol.

4We use scaled electric and magnetic fields, i.e., the SI-unit fields Eg; and Hg; are related to
the fields F and H used in this paper by

Egi(x) = ]jj/i%), Hg(x) = 5%,

where the permittivity and permeability of vacuum are denoted ¢y and pg, respectively, and the
relative permittivity and permeability of the exterior material are denoted e and u, respectively.



Figure 1: Typical geometry of the scattering problem in this paper. The domain
(2, its boundary I' and the exterior €.

The trace operators 7w and «y on C(§),) are given by 7(u) = x (u|y, x ¥) and
v(u) = U X ulyg, respectively,® and in the case that w belongs to Hy.(curl, ),
the fields have traces on 99 belonging to H~'/2(div,T'); more precisely we have
(v(By),v(H)) € H'?(div,I") x H~Y?(div,T), see [21] for the definition and
the properties of the trace operators in Hio(curl, €,). For non-smooth domains,
see [7,8].

The exterior Calderén operator or admittance operator, C¢, is defined as the
mapping of the tangential component of the scattered electric field to the tangential
component of the scattered magnetic field on the boundary of Q [9]. We use the
solution of a specific exterior problem to make the definition precise.

Consider the following exterior problem where the trace of the scattered electric
field on the boundary is given by a fixed vector m € H~'/?(div,T),’

1) (Ey, Hy) € Hype(curl, Q) x Hioe(curl, Q)
2 {v X Ey(x) = ikH ()
V X Hy.(x) = —ikE.(x)
& X Ey(x) — Hy(x) = 0o(1/2)
3) qor as T — 00
& x Hy.(x) + Ey(x) = o(1/2)
uniformly w.r.t.
4) v(Es) = m € H Y*(div,I)

x €

(Problem (E)),  (2.2)

where = |z|. This problem has a unique solution [3,9,14|, and a brief sketch of
the proof is found in Appendix C.
The following theorem represents the solution to Problem (E):

®Some authors [14] use 7, for v and also use y7 = —& x 7.
6The source m can be interpreted as a magnetic current density.



Theorem 2.1. Let E.. and Hg. be the solution of Problem (E). Then the fields
satisfy the integral representations

1 / / !

5V {Tx [ otk o - o hy(H) @) a5}
r

E.(x), xcQ

0, x € (),

+Vx [ gz - @ hr(Bu)(@) dS' = {

T

and

2V x [ gtk o - o Py(B)(@) a7}

ik

T
H.,(x), €
0, x €,

+V x / gk, |z — ')y (Hy)(x) dS' = {

T

where the scalar Green function is

" , eik\m—m’\
JJr—2'|) = ———.

The proof of this theorem is found in e.g., [14]. The second (lower) term of the
integral representation, i.e., when @ € (), is usually called the extinction part of the

integral representation.

2.2 Definition of the exterior Calderén operator

We now define the exterior Calderén operator C¢. As usual, TL*(T') and TH*(T),
(s € R), denote the trace spaces of elements v in (L?(T"))? and (H*(T"))3, respectively,
such that -v = 0 on I (see also Appendix A). Further, let divpv denote the surface
divergence, defined e.g., in [4,9,21,25]. Then H-'/%(div,T") := {v € TH~Y2(T) :
divrv € H=Y/2(I")}. This is the natural trace space, which occurs in electromagnetic
theory.

Definition 2.1. The exterior Calderon operator C° is defined as
C:mw— ~(Hy),  H Y*div,I) = H?(div,T),
where m = ~y(Ey.) and the fields Ey. and H. satisfy Problem (E) in (2.2).

We notice that the exterior Calderon operator C¢ is uniquely defined for all
m € H~'/%(div,T'), since Problem (E) has a unique solution in Hi,(curl, Q) x
Hyoe(curl, Q) for any m € H~/?(div,T). Details on the space H~/?(div,T") and its
dual space H~/2(curl,T') are given in [9] and [20].

Theorem 2.2. The exterior Calderon operator defined in Definition 2.1 has the
following properties [9]:



1. Positivity:

Re/Ce(m) (P xm*)dS >0 forallm e HV*(div,T'), m #0, (2.3)

T

where dS denotes the surface measure of I', and the star denotes the complex
conjugation.

(C°)? = —I on H™Y?(div,T), (2.4)

3. The exterior Calderon operator is a boundedly invertible linear map in the
space H=Y2(div,T'), and consequently there exist constants 0 < 0c < O¢, such
that

90||’m||H—1/2(div,r) < HCe(m)||H—1/2(div,F) < @C||m||H—1/2(div,F)'

4. The exterior Calderon operator is independent of the material properties inside
the domain €.

From Item 2 we conclude that the norm of the exterior Calderon operator satisfies
|CNl sr-1/2(aiv,ry = 1, and also that the constants in Item 3 can be chosen as ¢ =
L/I1C8|| gr-1/2(diy,ry and ©Oc = [[CC|| g-1/2(giy,r)- Notice, that if we define the exterior
Calderdn operator with an extra imaginary unit (i), the exterior Calderén operator
becomes its own inverse, i.e., C°: m +— ~(iH.). This is a correction for the /2
phase shift between the fields.

2.3 Integral equation approach

The results in Theorem 2.1 can be used to put the exterior Calderén operator in a
surface integral equation setting.

The following theorem is important for the analysis in this paper and proved
in [14, Th. 5.52] (important results are also found in [10,12,27]):

Theorem 2.3. Let () be a bounded domain such that I' C Q.
1. Define the operators L, M : H=2(div,T) — H(curl, Q), by
(

(if) () =V x { V x /g(k, iz — 2| f(z') dS’

r T € Q.

(MF) () = ¥ / gk, | — 2/)) F(z') dS'

\ r

These operators are well defined and bounded from the space H='/?(div,T") into
the space H(curl, Q).



. For f € H-'2(div,T), the fields F = Mf and V x F = if satisfy

YN, —vF)N_=Ff  AVxF),-~v(VxF)_=0.

The notation | refers to the trace of the field taken from the outside (+) or the
inside (=) of T, respectively. In particular, F € C*(R*\ T), and F satisfies
V x(VxF)—FKkF =0 inR3\T. Furthermore, the functions F and V x F
satisfy one of the two Silver-Miiller radiation conditions

ik x F —V x F =o(l/x)
or as t — 00,
& X (VxF)+ikF =o(1/x)

uniformly w.r.t. .

. The traces L and M defined by
Lf =~(Lf)

Mf = % <7(ﬁf)‘+ + v(ﬁf)u Feman

are bounded from H~?(div,T) into itself.

. For f € H™Y2(div,T), the fields F = Mf and V x F = Lf have traces

Y(F)| = i%f +Mf
Y(V x F)|, =Lf.
. The operator L is the sum L = I+K of an isomorphismffmm H='/2(div,T)
onto itself and a compact operator K.
. The operator L can be written as
Lf =V (Sdivrf) + k*Sf, f e H V*(div,T),
where the scalar single layer potential operator S s defined as

(S) () = / gk, |z — &) f(2) 45", weT,

T

where the surface integral is interpreted as a generalized integral (punctured
surface by a circle). The corresponding vector-valued operator S is denoted by

(SF) (z) = / gk, J& — /) f(x') dS', z €T,

which is interpreted as the operator S applied to each Cartesian component of
the tangential vector field f.



Theorem 2.4. The exterior Calderon operator satisfies

1 . o 1
§C (m) — MC*(m) = ikLm’
for each m = v(E,.) € HY/?(div,T), where

Lm =~ (V (Sdivpm)) + k*~ (Sm) .

Proof. From the second representation in Theorem 2.1, we get by letting m =
v(Ese) and C*(m) = vy(H),

H.(x), x €,

V x /g(k:, lz — '[)C*(m)(x') dS" — {07 z e

r
1
= -V x {v X /g(k, = — 2|)m(z) ds'}.
1
r
We intend to take the trace « of this equation. In this limit process, the left-hand
side becomes —3C°(m) + MC®(m), by the the result of Theorem 2.3. This result
holds, irrespectively from which side the limit is taken. The right-hand side has the
limit
1 1
—olm=—— {7 (V (Sdivrm)) + k*y (Sm)}, m e H'/?(div,T),
i

and the result of the theorem follows. O]

3 Generalized harmonics

The vector spherical harmonics constitute a well-established and important tool
for the expansion of tangential vector fields on a spherical surface [17]. The main
motivation behind this section is to generalize this tool to include also non-spherical
surfaces.

We start this section by a review of two introduced differential operators that act
on scalars and vectors, respectively. For simplicity, we assume that the surface I' is
simply connected. The eigenfunctions of these operators provide bases for L?(T") and
TL3(T), respectively. They are well suited for expansion of the traces of solutions
to the Maxwell equations. The spherical surface case yields the well known vector
spherical harmonics, see Appendix B.

The scalar Laplace-Beltrami operator Ar on I acting on a scalar field f is defined
as |21]

Arf © divy gradf = —curlp curlyf, (3.1)

The four intrinsic surface differential operators, divr, curlp, gradp, curly are defined
in Appendix A.1, see also [4,9,21,25]. The vector Laplace-Beltrami operator Ar on
I' acting on a tangential vector field f is defined as

Arf o grad; divp f — curlpcurly f.



The scalar Laplace-Beltrami operator has a countable set of eigenfunctions in
L?(T"), which we denote {Y,,}°°,, and they satisfy, see Appendix D and [21]

~Ar Y, = k*\,Y,,. (3.2)

The eigenvalues are all real, positive, and the only possible accumulation point of
the eigenvalues is at infinity [16,21]. We order the eigenvalues as A\; < Ay < ..., and
normalizing the eigenfunctions {Y,,}°°, in L*(T), i.e.,

/ Y, dS = Gy, (3.3)

r

we obtain an orthonormal basis in L?(T"), where, as above, a star * denotes complex
conjugation. Notice that the eigenvalues are scaled with the wave number k2 in order
to have a dimensionless quantity, and moreover the functions Y, have dimension
inverse length, i.e., [m™'].

The following lemma is easily verified with the definitions of the scalar and vector
Laplace-Beltrami operators.

Lemma 3.1. If f satisfies
—Ar f=Af,

for some A € R, then
—Arcurlpf = A curlpf, —Argradpf = A gradyf.
Proof. Start with

— Arp curlp f = —gradp divy curlp f + curlpecurly curly f

= curlrcurly curlp f = —curlpArf = A curlpf.
since divpcurlrf = 0. We also have
— Ar grad f = —grad divr grad f + curlpcurly grad f
= —grad divp grad f = —gradArf = A grad, f.
since curlpgrady f = 0, and the lemma is proved. [

By the use of this lemma, we can construct a set of eigenfunctions to the vector

Laplace-Beltrami operator. In the sequel, unless otherwise stated, we will consider
that 7 =1,2 and n,n’ € N={1,2/3,...}.

Definition 3.1. The vector generalized harmonics are defined as

1 1
Yln = k\/}\_ncurern, an = k—\/)\_ngradFYn.

These functions have dimension inverse length, i.e., [m™].




Remark 3.1. Note that Y1, and Yo, are eigenfunctions to the curlpcurly and
—grady divy operators, respectively. We also observe that 'Y 1, belongs to the kernel
of the —grady divy operator, and that Y 5, belongs to the kernel of the curlpcurlp
operator. Note also that for a simply-connected surface T', there is no eigenvalue
A =0, see the end of proof of Lemma 3.2.

The following lemma proves that the set {Y,,, 7 = 1,2, n = 1,2,...} is an
orthonormal system on T'L?*(T"):

Lemma 3.2. The vector functions Y 1, and'Y o, defined in Definition 3.1 constitute
an orthonormal basis on TL*(T), i.e.,

/YTn . Y;k,/n/ dS — (5TT/(5’ILTL/'

The vector functions satisfy

= (=1)7"'Y 5, (3.4)
where the dual index 7 is 1 =2 and 2 = 1.
Moreover,
curlpY ,,, = k1 \/)\_nYn, divpY ;, = —ké, o \/)\_nYn,
and

~Ar Y., = E\Y ...
Proof. We start by noticing that Y1, and Y5,» both are tangential to [', by the def-
inition of the operators curlr and grady. Equations (3.1), (3.2), (3.3), the relations
(curlru, v)pr2ry = (u, curlpv) L2(ry, (divru, @) 2y = —(u, gradrg)rr2r), together
with curlpgradr¢ = 0, and curlpu = gradpu x ¥ imply

/Yln ‘Y7, dS = curlyY,, - curlpY), dS

1
K2/ A A /

/Ycurlpcurle dsS = — /YnApY;, ds

1
k2N A\

- /YY* dS = 6,

\/W

and

/Y2n Y5, dS = /gradFYn -gradpY,, dS

1
K2/ A A

= /Y divrgrad;Y,, dS = —

Y. ArY? dS
\/—A ) Fon

1
k2 A A /
r

An/
— [y vy dS =6,
\% >\n>\n’ / "
r
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and

* 1 *
/Yln . an/ dsS = m /curlen . gradFYn, ds
r r

1
= m /YncurlpgradFY:/ dS = 0.
r
Moreover,
v XY ! v x curlpy, ! U x (gradpY, x v)
1% n = ——U X curlpY, = 1% rad;Y,, x v
Y IV w
1
= ——grad;Y, =Y,,,
T/ T 2
and

U X an:ﬁ X (19 X Yln) = _Yln'

The final statements are easily proven by

1
Y, = ———0.1A1Y, = k6, v/ A Yo,
curip WE 14Ar 1
and )
divrY ., = ——0,5ArY,, = —k8, o/ A Yo,
1vp k?\//\_n 24T ,2
and

— ArY,, = —grad} divfY ., + curly (curlp Y ;)
= ké;ov/ A\pgradr Y, + kd, 1/ A\pcurlpy), = ALY

The completeness of the set of vector generalized harmonics {Y'1,,, Y 2,}22, can
be proved by investigating which f satisfies

<f?YTTL>:07 7—:1,2, VTLEN

If this statement implies f = 0, the set of vector generalized harmonics will be dense
in TL*(T'). We start with 7 = 1, and get
1 1

0=(f,Y,) = ——(f,curlty,) = ——
From the completeness of the generalized harmonics Y,, (see, e.g., [21]), i.e., from
the fact that (g,Y,) = 0, ¥n € N renders g = 0, we obtain that curlpf = 0. In the
above, as well in the following relation, the brackets ((-,-)) denote the suitable inner
product or the appropriate duality pairing between the involved function spaces.
We continue with 7 = 2.

1
kA

(curlp f,Y,), VneN.

0={(f,Ys,) = (f,gradpY),)
_ _k\}A_n<diVFf’Y”>’ Vn € N.
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Again, the completeness of the generalized harmonics Y,, implies divp f = 0. How-
ever, a function f, which satisfies curlp f = divp f = 0 on a simply connected surface
T, is zero |21, p. 206, and the lemma is proved. O

4 Trace spaces and the exterior Calder6n matrix

4.1 Spectral characterization of trace spaces

We redefine (in the spirit of [21]) the pertinent function spaces used frequently in
this paper in terms of the orthogonal bases Y, and Y ,,. The generalized Fourier
series of a function f is

f = ZanYna ap = <fa Yn>L2(F)7

where convergence is in the L*(T') norm (defined below). The space L*(T) is char-

acterized as
L*(T) = {f eD(I): ) an|* < oo} :

equipped with the norm

2
11 Zay = D lanl®,

and the space H*(I") is characterized as

H*() = {f eD'(T): ) (14 X) |an)* < oo} ,

n

equipped with the norm |21, p. 206]

s 2
ey = > (L4 A)" |an|”

n

/1

Similarly, the generalized Fourier series of a tangential vector function f is

.f = ZaTnYTru Qrp = <,f7 YTTL>TL2(F)7
where convergence is in the TL?(T') norm. The space TL*(T') is characterized as
TL*T) = {f eD(D): Y am|* < oo} :

equipped with the norm
2
1F 1722y = D laral,
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and the space TH*(T") is characterized as

TH*T) = {f eED(D): D (14 M) lan|’ < oo} ,

™

equipped with the norm

1F ey = D (L4 A)" laral (4.1)

™

Remark 4.1. In [21] is this norm defined as
1F ey = D ()" laral*

which is equivalent with (4.1) as long as the smallest eigenvalue is strictly positive.

The operations of curlr and divp imply, using Lemma 3.2,

curlp f = Z arpcurlyY ., =k Z AnG1n Y,

and

diVFf = Z aT’VLdiVFYTn =—k Z \/)\_naQnYn

™
Note that only one of Y1, and Y, survives the respective differentiation. This mo-
tivates the following redefinition of the involved spaces in terms of the corresponding
suitable norms.

Definition 4.1. We define H=Y/?(div,T") and H~'/?(curl,T") as
H™'2(div,T) = {f e TH Y*(I),dive f € H*(I)},
equipped with the norm
Hf”?—]*l/Q(div,F) = Z (1 + )‘n)T73/2 |a“rn|2 >

™

and
H ' (cwrl,T') = {f € TH*(I),cwrlp f € H ()},

equipped with the norm
7—3/2 2
||vf||H 1/2 CurlF) Z(l—’_An) / |a7—n| :

™

We also employ the weighted space £71/?(div) defined by

12 (div) = {am €C:) (1+ M) a|” < oo} ,

T™n

We notice that the spaces £~/%(div) and H~/?(div,I") are equivalent in the sense
that f € H~'/?(div,I) if and only if its Fourier coefficients a,, € £'/*(div). We
have the following Parseval type of identity
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Lemma 4.1. Let u,v € L*(T") with ezpansions

U = E ernY 1
™

V= § henY on,
™

then

usz E ernh

Proof. The proof follows the proof of the orthogonality of the vector generalized
harmonics in Lemma 3.2. [

Remark 4.2. Let w € H Y/2(div,T") and v € H~?(curl,T"). The two norms are
explicitly given as

HUHH 1/2(div,l Z\/ﬁ|61n| +Z\/1+/\ |62n|

and

1
2 _ 2 2
ol = 2V il B el

respectively. A duality pairing between the spaces H='/?(div,T') and H~'/?(curl, T)
yields
(u, U)H*1/2(div,F),H*1/2(curl7F) = (u, U>L2(r)

Lemma 4.2. Let u € H~Y2(div,I") and v € H~Y2(curl, ') with expansions
u = Z e‘rnYTn
V=3 he¥ o,

then
~ T—3/2 2
HUH?{—IM(diV,F) = [l x u”i]—lﬂ(cuﬂ,r) = Z (14 An) / €| ™,

™

and
~ T—-3/2 2
||v||§1—1/2(cur17r) = || x v”?{—lﬂ(div,r) = Z (14 An) / e

™

Proof. The proof follows from the construction of the vector generalized harmonics
in Definition 3.1 and Lemma 3.2. O]
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4.2 The exterior Calder6n matrix

For simplicity, we assume that the surface I is simply connected.”

Any m € H~'/?(div,I") N TL*(T") has a convergent Fourier expansion in terms
of Y,,, i.e.,

m = Z eTTLYT’rL’ €rn = <m7 YTTL>TL2(F) = /m ’ Y;k-n dS7 (42)
™ T

Using Riesz representation, any m € H~'/?(div,T) has a generalized Fourier expan-
sion in terms of the same basis as (4.2), where e,,, € £7/%(div).

With the solution of Problem (E), the image of the exterior Calder6n map
C¢(m) € H~Y/2(div,T) has an expansion

Ce(m) = '7(Hbc) - IZ thY?na th - _1<’Y(H5C>a Y?n>TL2(F)a (43)

and h,, € Eil/Q(div). Note the bar over the index 7, which denotes the dual index
in 7 (I =2and 2=1), and an extra factor of i. The reason for this choice is that
the expansion coefficients of the magnetic surface field then has a simple relation to
the corresponding coefficients of the electric surface field.

Remark 4.3. We note that the expansion in (4.2) is a Helmholtz-Hodge decompo-
sition of the elements m in H='/?(div,T") (and similarly of H='/?(curl,I")) and that
the L?-projection can be interpreted as a duality pairing between H~/?(div,T') and
H='2(curl, '), see Remark 4.2.

The mapping Eil/z(div) S erp > by € Eil/z(div) is a realization of the exterior
Calderéon operator. To every set of coefficients e, there exists a unique set of
coefficients h,,, and this association defines a linear relation between e, — h.,
manifested by a matrix C' (the exterior Calder6n matrix) and

th = Z CTn,T/n’eT/n’- (44)

The explicit form of the matrix is
OTn,T’n’ = _i<Ce(YT’n’)7 Y?n>TL2(I")' (45)

By the use of Lemma E.1 in Appendix E, we conclude that the exterior Calderon
matrix C is invertible in £7'/%(div).

Lemma 4.3. The exterior Calderon matriz Crp = —1(C(Y 1), Yzn)rr2(ry de-
fined by (4.4) and (4.5) satisfies

E CF’IL,F’H” CT//”//’T/n/ = (57_7_/5nn/7
T'n!

and its inverse s

cl, =C.

n,7'n’ Tn,7'n’"

"For the generalization of the analysis to not simply connected surfaces, see Remark 4.5.
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Proof. The lemma is a consequence of (C¢)? = —I on H~'/2(div,T), the expansions
n (4.2), (4.3), and the map (4.4). We have
m = —C°(C°(m)), Ym e H '?(div,T),

or due to continuity of the exterior Calderén operator

Z e‘rnYTn = -1 Z h?nce (YTn) = -1 Z Z C(?n,‘r’n’e‘r/n’ce (Y7n>

™ T'n!
— E E E CTn 7'n! €7 n’CT”n” 'rn Tt E E E C‘r”n” '/ Ern! C?n,T”n”YTnv
™ T1/n’ 7''n" ™ T7'n’ 7'n"
since by (4.3) and (4.4)
Ce (Y'rn) — 1 E CT"n”,TTLYﬁn//' (46)
T//nl/

Orthogonality then implies
Z Z C— 7! r'n/ TTLT /" €rin/,
'n! 7'n!"

or, since e, is arbitrary

§ : Fn, 7" L”CT”H" T'n! = E ! TTL Thn! = 67' T’5nn
// //

which ends the proof. O
Moreover, we have

Lemma 4.4. The matriz

1

A e = (17}

18 positive definite.
Proof. The exterior Calderon operator satisfies (2.3)
Re/ C(m)- (¥ xm*)dS >0  forallm € H'*(div,I")m # 0.
T
Insert the expansions of m and C¢(m), see (4.2) and (4.3). We obtain

Relthmem/Ym (U x Y%, dS = RGIZ( 1) hoel, >0,

™ T'n/
>

g

=518, /(—1)7'+1

TT 7 nn
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where we used o X Yy = (—=1)7 'Y =, see (3.4) in Lemma 3.2. This implies

'n's

I > Y e, (1) Conrmerm >0, Veq, € £77(div) not all e, = 0.

™ T1'n’
Rewrite the imaginary part explicitly and change summation indices. We get

%Z > et { (-1 Crprn = (<1)7 i} e > 0

™ T'n’/

Ve, € £712(div) not all e, = 0,
which proves the lemma. O

Theorem 4.1. The norm of the exterior Calderdén operator in H_I/Q(diV,F) 18
determined by the square root of the largest eigenvalue of the Hermitian matriz
P =D '2CtD'\CD~?, j.e., the matriz

Prorr = Y (LX) 72008, (L M) T 2 Cloir g (14 A) 7725

where the diagonal matriz D is
DTn,T’n’ = 57m’5’r7" (]— + )\n)f—3/2 .

Proof. The norms of the trace of the scattered electric and magnetic field are
T—3/2 2
||7(ESC>||§171/2(C11V7F) = Z (1+An) / lernl”

and
T—3/2 2 —7+3/2 2
H'Y(HSC>H12L[—1/2((11V,F) = Z (1+An) / |hrn|™ = Z (14 An) o [

or in short-hand matrix notation

VB 2gaiery = € Des IV EH ) 12gaiery = hTD ™0

where e and h are the column vectors of the coefficients e,,, and h,,, respectively,
and the matrix D is defined above. The Hermitian conjugate of these column vectors
are denoted ef and hf. The norm of the exterior Calderén operator in H~/2(div,T)
can then be formed, viz.,

o2 (Ce) DY (Ce) e!D'V? (D712CID'CD™?) DY2e
IC ||H—1/2(div,r) = Sgp et De T et D1/2D1/2¢ .

This is a quadratic form and the largest eigenvalue of D~'/2CtD='C'D~1/? deter-
mines the norm. O
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Figure 2: The spherical surface S, and the domain €.

4.3 Calculation of the exterior Calder6n matrix

The goal now is to find an explicit representation of the exterior Calderén matrix
Crnre in terms of the geometry of the surface I A number of lemmata and
propositions guide us.

Denote by S, the sphere of radius r centered at the origin, see Figure 2. The
restriction of 4(Mf) to S, defines an operator A, : H~'/2(div,T') — H~Y2(div, S,).
The explicit expression of the operator is, for f € H~/?(div,I")

Frs (AF) (@) =@ x |V x /g(k, @—2)f@)ds |, xeS, (A7)
T
where the radius 0 < r < R, R = ming¢r |2'|.
Define the radius a € (0, R) such that the functions ¢;(ka) # 0 and ¢;(ka) # 0
for all [ = 1,2,..., where v¢;(z) are the Riccati-Bessel functions [17,22]. This is
always possible for small enough ka > 0.

Lemma 4.5. The operator A, : H-Y/?(div,T') — H~Y2(div, S,), defined by (4.7),
15 compact and injective with dense range.

Proof. The kernel of the operator A, is continuous (analytic in the variable x) and
hence A, is compact. The operator is injective if we can prove that

(Af)(x)=0, YzeS, = f=0.

To accomplish this, define

F(a) =V x /g(k, @ —2|)f(z) S, =ecR*\T.
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By assumption, v(F') = 0 on S, (the same limit from both sides). We proceed by
proving that the only f that satisfies this condition is f = 0.

Let B(a) denote the ball, centered at the origin, of radius a, see Figure 2. The
function F'(x) satisfies, see Theorem 2.3

V x (VxF(x))—kKF(x)=0 xcR\T,

therefore also in the ball B(a). Inside the ball B(a), the field F'(x) has an expansion
in regular spherical vector waves v, (kx), defined by

v, (kx) = x5 (k)Y 1,(x)

1 | (4.8)
von (k) = EV X (xji(kx)Y 1,()),
where j;(kx) is the spherical Bessel function of the first kind [23], and Y ,,(x) are
vector harmonics for the sphere (vector spherical harmonics), see Appendix B. Due
to orthogonality of the vector spherical harmonics, and the choice of a such that
Yi(ka) # 0 and 9)(ka) # 0 for all [ = 1,2,..., the expansion coefficients of this
expansion are all zero. Therefore, the interior boundary value problem has a unique
solution F'(x) = 0, € B(a). By analyticity, F(x) = 0 for all x € Q [24]. As a
consequence, the traces v(F)|_ = 0 and v(V x F)|_ = 0. By Theorem 2.3, we
also conclude that v(V x F)|, = 0.

As a function of € Q,, V x F(x) satisfies the correct radiation conditions at
infinity and v(V x F)|, = 0on I'. Due to unique solvability of the exterior problem
(Problem (E)), V x F(x) = 0 in Q,. Since F = k™ 2V x (V x F), F(z) = 0 in
Q., and, consequently, v(F')|, = 0. Finally, the jump condition on the trace of F'
shows, see Theorem 2.3

l+

0=(F)|, —~(F)|_=f.

This proves the injectivity of the operator A,.

To prove that the range is dense, and for this purpose, we define the adjoint
operator Al : H™Y%(curl, S,) — H '?(curl,T) of A, w.r.t. to the dual spaces
(H=Y%(div,T), H~'/2(div, S,)). The explicit form of the adjoint operator is

(Alg) (@) = —(@) x | o) x / Vig(k, o — @']) x [& x g(@)] 45"

=v(z) x (B(x xg))(x), =€l
where (use Vg(k, |x —&'|) = —V'g(k, |z — x'|)

(Bg) (z) = —(x) x / Vg(k | — 2']) x g(a) dS'

=v(x) x | VX /g(k, |l —x'|)g(z') dS" |, =z eT.

Sa
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We now prove that Al is injective, i.e., B is injective, namely
(Bg)(x) =0, zI' = g=0.

To this end assume that (Bg) (x) = 0, € I', and similarly as above, define the
function
F@p:vX/gh@—mwgwywﬂ xR\ S,
Sa
so that by assumption, ~(F)|+ = (Bg) (&) = 0 on I (same limit from both sides).
The function F'(x) satisfies

V x (VxF(z) - KF@x)=0, xz¢cR\S,.

Moreover, the function satisfies the appropriate radiation condition at infinity and
~(F)|+ =0 on I'. The uniqueness of the exterior scattering problem (Problem (E)),

F(x) =0, x € Q,, and by analyticity, F = 0 also outside S,.
As above, by Theorem 2.3, the curl of F' has a continuous tangential component

at S,. The interior problem is uniquely solvable, since 1;(ka) # 0 and ¥ (ka) # 0 for
all l =1,2,..., which implies that F(x) = 0, x € B(a). The tangential components
of F(x) have a jump discontinuity on S,, Theorem 2.3.

0=z x F(x)] —xzxF(x)|] =g(x), xS,
This proves the injectivity of the operator B, and, consequently, that the operator
A, has a dense range, since N(Al) = R(A,)* |6, p. 241]. O
Lemma 4.6. The expansion coefficients e,, and h,,, see (4.2), (4.3), and (4.4),

are related by
Z A?n,ﬁn’ hT’n’ - Z ATn,T’n’ Eriny (49)
T/TL/ T/n/

where the dimensionless matriz Ay ;1 s defined as

ATn,T’n’ = k/um : YT’n’ ds. (410)

T
The bar over the index T denotes the dual index in 7 (1=2 and 2 =1).

Here u,,(kx) are the radiating spherical vector waves, defined by

win (k) = ohi’) (ke)Y 10(x) )
Wﬁmﬁ:%VmePw@Ym@», '

where hl(l)(lm) is the spherical Hankel function of the first kind [23], see also Ap-
pendix B. The matrix A,, . plays a central role in the procedure of calculating
the norm of the exterior Calderén operator and it deserves a thorough study. This
is done in Proposition 4.1 and Theorem 4.2 below.
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Proof. The extinction part of Theorem 2.1 reads

V x /g(l{:7 lx — 2'|)y(H) (') dS’

1"

_ _EV < (v x /g(k, 2~ oy (Buo)(&) 45}, @ e

T

Introduce the Green dyadic for the electric field in free space [17]

G.(k,x —x') = (13 + kQVV) g(k,jx—2'|) = (13 + ka V) g(k, |z —2'|),
where I3 is the unit dyadic in R3. Consequently, the extinction part is

V x / Go(h @ — @) - ~(Ho) (@) dS'

(4.12)
= —_V X V X /G Y(Es) () dS'}, x € .

In fact, the curl on Ge(k,x — ') gives V X Go(k,x — a') =V x (Isg(k, |z — 2'|)),
which verifies (4.12).
The Green dyadic for the electric field is [17, (7.24) on p. 370]

G.(k,x — ') =ik Z vl (kx)u,(kes)

™ (4.13)
=ik Z U (kxs )V (kxl), ©# 12,

™

where x_ (x-) is the position vector with the smallest (largest) distance to the
origin, i.e., if x < 2/ then . = x and - = x’. The definition of the spherical
vector waves is given in Appendix B, and a star * denotes complex conjugate.
This expansion is uniformly convergent in compact (bounded and closed) domains,
provided = # 2’ in the domain [15,20].

Apply (4.13) to (4.12) for an @ inside the inscribed sphere of I" and use the dual
property of the spherical vector waves, 7.e.,

V X v, (kx) = kv, (kx), V X U, (kx) = kuz, (kx).

We get
ik? qum (kx) /um(kw') Y (Hg)(x') dS’

= —k? va k) /um(km’) -y(Es)(x') dS';, x € Q.

™
r
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Orthogonality of the vector spherical harmonics on the inscribed sphere implies
/um -y(Hg) dS = i/um -v(Ey) dS, Vn, 7=1,2. (4.14)
r r

Insert the expansion of the field in their Fourier series, (4.2) and (4.3), and we obtain
Z hr’n’ /urn ’ Y?n’ ds = Z Erin! /urn : YT’n’ dS, Vn, T = 17 27
T/n/ F T/n/ F

which is identical to the statement in the lemma. O

Remark 4.4. Equation (4.14) in Lemma 4.6 allows a simple proof of Item 2 of
Theorem 2.2.

Integration by parts gives an alternative form of the matrix A, ./, see (4.10)
and use Definition 3.1.

1
Arpin = ) /(Curlpﬂ'(um))Yn/ ds, Vn, 7=1,2,
n' 2
and .
Arnon = — 5 / (divrm(ury)) Y dS,  Vn, 7=1,2.
n’ 2

Proposition 4.1. The mapping

Qrp 7 § ATn,T/n/a‘r’n/y

is injective, where the matric A, s is defined in (4.10).

Proof. We prove the proposition by showing

§ A'rn,T’n/aT’n’ - 07 V’I’L, T = 1727

implies that a,, = 0 for 7 = 1,2 and all n.
Multiply this relation with v, (kx), where @ lies inside the inscribed sphere of
the scatterer, and sum over 7 and n. We obtain, see (4.13)

1
T / Ge(k,x — ') -a(x’) dS" =0, Vz inside the inscribed sphere,

where

a = E arnY
™
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Now counsider the vector-valued function

= /Ge(k,a: —z')-a(z')dS’, = eR*\T,

which is defined everywhere in R3 \ . This function is, by definition, zero inside
the inscribed sphere of the scatterer. By analyticity, the function A(x) = 0 for all
x € (2 [24]. As a consequence, the traces y(A)|_ =0 and v(V x A)|_=0.

The vector field A(x) satisfies

V x (VxAx)) — kKAx) =0, xcR*\T.

Moreover, A(x) satisfies the correct radiation conditions at infinity. Due to unique
solvability of the exterior problem, A(x) = 0 in the entire exterior region .. As a
consequence, the traces y(A)|, =0 and v(V x A)[, =0.

The curl of A(x) is

4

F(a) =V x A(z) —/V’g(k, @ — o)) x a(@) 45, e R*\T,

T

The trace of F(x) has a jump discontinuity on I', see Theorem 2.3.
=V XA =2V <A =~F), -vF)_=a =zecl

and consequently, by orthogonality of the vector generalized harmonics, a,, = 0,
which implies the injectivity of the mapping above. O]

To simplify the analysis in the theorem below, we introduce a special notation
for the matrix with dual 7 indices. To this end, define the matrix

AT’n7T/7’L/ =A

n,7'n’’

Theorem 4.2. The exterior Calderon matriz C' can be approrimated by

TTLT n' E § aI + A A TTLT m! A T 7.// //AT”/n/H T/’I'L y

7_ TL 7—/”77//”

for adequately small o > 0, where t denotes the Hermitian conjugated matriz. In
shorthand matriz notation C* = (ol + ZTZ)_lzTA.

Proof. The expansion coefficients e, and h., are related by, see (4.9)
Z ZTn,T’n’ hT’n’ - Z ATn,T’n’ €rin’,y (415)

This equation consists of a countable set of linear equations, the solution of which
may be used to express h., in terms of e,,, thus providing a matrix form represen-
tation of the exterior Calderén operator in terms of the chosen basis of generalized
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harmonics. Assuming the invertibility of the matrix Zmﬁlnx, we write the equation

as, see Appendix F
E E ATn T”n”AT"TL” '/ e‘r’n’a

T'n T'n!"

so that C° admits the matrix representation

Tn 7'n! = E E A»rn T//n//AT”TLN T'n’y

T'n T'n!"

In shorthand matrix notation C' = ZilA, where C' is the exterior Calderén matrix.

However, by the definition of the matrix operator A and the connection of the
spherical vector waves w., with the Green dyadic for the electric field, see left-hand
side of (4.12) and (4.7), we see that A, and therefore also A, is related to a compact
operator; hence A is not expected, in general, to be invertible and, even if it were, it
would lead to an ill-posed problem which could not provide a well defined numerical
scheme.

We may, however, resort to a Tikhonov regularization approach of the solution
of (4.15), which leads to a, well-suited for numerical approaches, approximation of
the exterior Calder6n operator. According to the theory of the Tikhonov regular-
ization, see [16, Ch. 16], the regularized approximate solution of (4.15) is

T —x
g g Oé[ + A A TTLT ! AT///n/// T //AT///n/// Int€rinl, o > O,

,7_ n Tll/n/ll

or in shorthand matrix notation h* = (af —i—ZTZ)_lZTAe, which leads to an approx-
imation of C' by C'“, where

E E Oé] + A A an I/ A,r///n///ﬂ_//n//AT///n/// sty >0,

T n T”/n”/

or in shorthand matrix notation C* = (ol + ZTZ)_lzTA. The invertibility of the

matrix ol + A is easily obtained by the Lax-Milgram Lemma, since the regular-
ization term ol introduces coercivity into the problem and the numerical inversion
can be performed in terms of a variational approach related to the minimization
problem

) 2 at 1
i A5

The behavior as v — 0 follows the general case setting of [16, Chap. 16|.

4.4 The finite dimensional problem

This section contains a generalization of the result presented in [13| for a spherical
surface to a general surface I'. Denote

N

Sy = {fN : fN = ZaTnYTnaa"rn = <f7Y’TTl>TL2(F)} .

™



24

We define the orthogonal projection Py : H-V%(div,I") — H~'/?(div,T') where
f = fy =Pxf in the H~Y/2(div,T") inner product.
The following proposition holds:

Proposition 4.2.
Pyf — f in HY/?(div,T) as N — oo,

and
—(s+1/2)/2
I = Pu)Flliagary < A28
holds for any s > —1/2, where

s+7—1 2
?—Is(div,F) = Z (14 A) i |arnl”

™

Hs(div,I')»

1£]

Proof. The convergence
Pyf — fin HV2(div,T") as N — oo,

is a consequence of the generalized Fourier transform properties.
We estimate for every s > —1/2

(1 — PN)fHJQL[fl/?(diV,F) - Z (1+ An)T_S/Z ‘a7n|2

n>N
7=1,2

- Z (T4 X) 21+ 07 ar)?

n>N
7=1,2

<) )T el AT -
n>N
7=1,2

]

Remark 4.5. The analysis can be extended for the case of non-simply-connected
surfaces I', by extending the proposed orthonormal basis with the finite-dimensional
basis of the kernel of the Laplace-Beltrami operator on T, see [21, p. 206].

5 Connection to the transition matrix for a PEC
obstacle

Scattering by a perfectly conducting obstacle (PEC) with bounding surface I is
related to the exterior Calderén operator C°. This section develops and clarifies
this connection.

The transition matrix (T-matrix), 75, v, connects the expansion coefficients of
the incident field Ei,., with sources in €2, and the scattering E,. in terms of the
regular spherical vector waves, v,,(kx), and the radiating spherical vector waves,
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U, (kx), respectively. The definition of the spherical vector waves is given in Ap-
pendix B. Specifically,

Einc(m) = Z aT’I’L’UT’I’L(km)7 Esc<m) = Z anuTN(km)’

™

where the regular and radiating spherical vector waves, v,, and w,,, are defined
in (4.8) and (4.11), respectively, see also Appendix B, and where the expansion
coefficients f., and a,, are related as

an = E TTn,T’n’ Arip!.

T/n/

The expansion of the incident field is absolutely convergent, at least, inside the
inscribed sphere of the PEC obstacle,® and the expansion of the scattered field
converges, at least, outside the circumscribed sphere of the PEC obstacle. The
transition matrix completely characterizes the scattering process.

The following theorem shows that when the exterior Calderén operator is known,
the transition matrix for a PEC obstacle is obtained by some simple operations:

Theorem 5.1. The transition matriz for a PEC obstacle, T, ;,/, with bounding
surface I' and the corresponding exterior Calderon matriz, Cry rrns, 18:

TTn,T’n’ =1 E { W Tn,T!'n' ‘/;T/n/,ﬁn// + V:r’n’,‘r”n” E Cﬂn”/,ﬁn” W Tn,7"'n" } 5

i

T//nl/ ,T///n

where the dimensionless matrices Wy, and Vep 1 are

WTn,T’n’ = k;/’uin . YT’n’ dS, ‘/;'n,T’n’ = /{7/’7(’07—”> . Y* dS

T'n’
T T
Notice that Wy, 1 and Vi, 1, are related, i.e., Vi = (=1)7T 1V

™, 7'n’"

Proof. For a given incident field FE;,., the boundary condition on the surface I' is
Y(Eine + Ey) = 0, which implies

7(Esc) = _V(Einc)-
The trace of the scattered magnetic field on I is
7(H) - 7(Hinc + Hsc) - 7(Hinc> - Ce('Y(Einc))'

The expansion coefficients of the scattered electric field for a PEC surface, f,,,
are [17, (9.3) on p. 481]

an = —]CQ/’U;k_n . ’7<H) ds = —]{Z2/Uin ’ {V(Hinc> - Ce(V(Einc))} ds.

r r

8More precisely, the convergence is guaranteed inside the largest inscribable ball not including
the sources of the incident field.
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Inserting the expansions of the incident fields, we obtain an explicit form of the
transition matrix, viz.,

Tt =k [ 02 {19(07,) + Cx(wr)} 5.

r
where we also used the explicit form of the trace of the incident magnetic and electric

fields
1nc = —1i Z aTann kw Einc(w) = Z aTn'an(kw>‘

™

The regular spherical vector wave 7(v,,) has a Fourier series expansion in Y'z,.

an Z ‘/7'717 TL/YT 'n/> VT‘n,T’n’ = k/PY(’UT"J ) Y%n’ dS’
I

and (4.6) yields

T’rL =1 E CT”n 7-n R

Combine these expansions
kC° ( UTTL = E ‘/;-n 'n/ CT”TL” Tn/ 7.// g ‘/7'n T'n' C‘r”n” min! YT”TL”'
T'n! ! T'n! T!'n’

These expressions lead to

TTn,‘r/n’

=ik E / { ! ;7! Y g + VT/n/,T//n// E C‘r’”n’”,‘r“n”Y‘r”’n/”} ds.

T/an//

If we denote
WTn,‘r’n/ = k’/’U:n : YT/n’ dS7
I

we get in matrix notation

TTn,T/n/ =1 E {WTn T”n”‘/; ! Tl + Vo ! E CT/// " T, //WTn T///n///} ,

Tlln// ’T/Nn///

which proves the theorem. O

6 The spherical geometry — an explicit example

The spherical geometry is well-known and, so far, the only known geometry, where
we can test the theory analytically. In this section, we apply the results above to a
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sphere of radius r. The eigenvalues for the sphere are’ \, = (I +1)/(kr)?, and the
vector spherical harmonics Y ., (), see [17] and Appendix B.
For the sphere, the matrix A is diagonal. Specifically,

AT?’L T'n! — 67m’57'7" 5l(kr)7 T=1
’ §(kr), T=2,
and
fl(k”f’) —1
OTn 'n! — 5nn’57'7" l,( T>7
’ )
(kr)7 )

where §(2) = zhl(l)(z) is the Riccati-Hankel function [17,22]. Notice the result of
Lemma 4.3, i.e.,

CT_n 'n’ T C?n,?n"
Moreover,
(1+ ) &(kr) 27 1
PTn T'n! = 5nn’57"r’ gZ(kiT) 2
| (1 +)\n>_1 £l<kr> ) = 4
&u(kr)

which is, apart from a different normalization, in agreement with |18], see Figure 3.
The static limit of the exterior Calderén operator for a spherical geometry is of
interest. We have

[+1
——; , 7=1
lim PTnT 'n! — 5nn’57"r’
kr—0 [ N
l+ 1a - 9

and consequently limg, ol|C®|| -1/2(aiv.05,) = V2.
We can also check the validity of Lemma 4.4.

_flUCT)

v s o b gkr)
( 1) CT’H,,T n 5717’1, 67’7’ £l/<k,r_)
fl(kr)’

We here adopt the standard indexing of the eigenvalues ), of the spherical harmonics, where
n={l,m},1=1,2,...m=-l,-l+1,...,0—-1,L
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H Ce‘|H*1/2(div,BBz)

A

Figure 3: The norm of the exterior Calderon operator ||C®(| -1/2(giv,05,) for a sphere
of radius x is depicted. The dashed blue lines depict the function Py; 1; for i = 1,2, 3.

Therefore,
o m&(k”r)
1 T . B & (kr)
i {1 Conow = (217} = b gtk
fl(k”f‘)
1
&kr)yy(kr) — §(kr)ii(kr) aEE 1
= i €i(kn)P S
& (kr)hu(kr) — &(kr)y (k) e T2
\ &) & (k)|

by the use of & (kr) = 2¢y(kr) — &(kr) and the Wronskian for the Riccati-Bessel
functions ¢;(2)&(2) — ¥)(2)&(z) =1 [17]. Obviously, this matrix is positive definite.

We also illustrate the result in Theorem 5.1 with a sphere of radius r. From
above, we have

&U{}T)
& (kr)’

CTn T'n! — 5nn’57"r’ !

7 dir)
flUﬂ”) ’
Moreover, we have
‘/;'n T'n! — 5nn’6'r7" ¢l(kr)7 r=1
7 —@Df(kr)» T = 27
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and

Ui(kr), 7=1

WTn T'n! — 5nn’57"r’
’ i(kr), T=2.

where v¢;(z) = zj;(z) is the Riccati-Bessel function [17,22]. The transition matrix
becomes

k) kr) o) (k) S
T‘rn,T’n’ = iénn/dTT’ E gllf(?”)r)
Ui(kr )y (kr) — Q/JZ(kT)@DZ(kT)m, T=2,

which by the use of the Wronskian for the Riccati-Bessel functions

hi(2)€(2) — vi(2)&(2) =1,

simplifies to

?/}l(lﬁ")

7= 6,3 Gl
™, 7'n 5nn 57‘7’ ¢l<k.r)

A

in agreement with the result of Mie scattering [17].

7 Conclusions

This paper deals with a novel approach to compute the exterior Calderén oper-
ator, and, in particular, the computation of its norm in the space H~/?(div,T).
This operator is instrumental in the understanding of the scattering problem. The
approach is constructive, and employs the eigenfunctions of the Beltrami-Laplace
operator of the surface. These functions are intrinsic to the surface, and constitute
the natural orthonormal set for a matrix representation of the operator. The norm
of the operator is explicitly given as the largest eigenvalue of a quadratic form that
contains this representation of the exterior Calderon operator. The paper is closed
by an investigation of the connection between the exterior Calderén operator and
the transition matrix of the same perfectly conducting surface. In a future paper,
the numerical behavior of the suggested algorithm is intended to be conducted. The
results of the present work can be used for treating different challenging problems,
including a new natural coupling formulation between integral equations and finite
elements, in the spirit of the results introduced by Ammari and Nédélec in [1]; see
also [2].
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Appendix A Function spaces

In this appendix, we list the various function spaces used in this paper. Let {2 be
an open, bounded domain in R?® with a piecewise smooth boundary 952, see [4].

The space C(Q) is the space of continuous functions in Q. We also use Cy(Q)
which consists of all uniformly continuous functions, which are zero at the boundary.
The space C*°(Q2) is the space of infinitely continuously differentiable functions in
2, and C§°(Q2) are the functions in this space with compact support in €2, which we
also denote D(9Q).

Several function spaces with square integrable functions are used in this paper.

The basic space is given by functions u (x +— u(x)) defined on Q C R* — C
L*() o {u Lebesgue integrable in €, / lul> dv < oo},
Q

with scalar product and norm

1/2
(U, v) r2(0) = /u@ dv, || 20y = {/|u|2 dv} ,

Q Q

where bar denotes the complex conjugate. Similarly for vector-valued spaces we
have the scalar product

(U, v)12(0) = /u-? dv,
Q

1/2
- { / fuf? dv} ,

Q

and the norm

where - and | - | denotes the Euclidean scalar product and norm in C3, respectively.
We also define the function spaces

H(div,) © {u e L*(Q) : V-u e L*(Q)}
H(curl, Q) & {u e L3(Q) : V x u € L}(Q)},
which are Hilbert spaces with norms
) ) 1/2
lull e = (el + IV - ula)
) ) 1/2
lull e = (Ialz + 1V % ullfq)
The curl and the divergence are defined in the weak sense as

(VX u,@)rzo) = (u,V X @)12(0), V¢ € D(Q2)
(V-u, 92 = —(u, Vo) 12, Vo € D(Q).
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In the exterior region, we define spaces of locally integrable functions as

{Hloc(div,ﬁe) © {ue D'(Q): €u e H(div, ),V € € D(R?)}
Hioe(curl, Q) © {u € D'(Q) : €u € H(curl, Q,),V ¢ € D(R?)},

where Q, = R3\ Q and D'(,) is the space of distributions with finite support in
Q.

A.1 Surface spaces, trace and lifting operators

On the boundary, we have the L? spaces

A1) = {u ; /W ds < oo},

where dS denotes the surface measure of I'. For the vector-valued functions, we

have
L) = {u ; /|u|2 ds < oo}
r

TL*T) = {u:u~f/:0and /|’u,\2 dS<oo}7

\ r

where ¥ is the outward pointing unit normal to I'. The scalar products and norms

are
1/2
(u, ) 2(ry = /UU* ds, [ull 2y = {/ Jul” dS} ;
r r
and
1/2
(u,v)2r) = /u 0" dS, uller) = {/ ul” dS} ;
r r

With our assumptions on €2 and I', there exists a unique linear continuous map
Y0 : HY(Q) — L*(T), such that for any u € H'(2) N C(Q) one has v(u) = u|r. The
function v (u) is called the trace of v on I'. Note that 7, is not onto L*(T).
Now, define
HY2(I) 1= 7o (H(92)).

This is a Banach space for the norm defined by
2
u(xr) —u
fullry = [ fute)? as.+ [ [ [u@) ~u)l g g5,
J S eyl

The second term (double integral) is the so-called Gagliardo semi-norm in the par-
ticular case we are considering (i.e., n = 3,5 =1/2,p = 2).
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In view of the above, one has the following definitions
Hy(Q) = {u:ue H'(Q) and yo(u) = 0},
H™(Q) = (Hy (),
and
H™V2(T) = (HYA(1)),

where by prime is denoted the dual space.
For important properties related to the above spaces, we refer to [4,9]. We just
note here that

(i) HY*(T") ¢ L*(T') ¢ H~Y2(T), where the injections are compact.

(ii) For w € H(div, ) it holds that & -u € H~Y?(T') and the map u ~ & - u is
linear and continuous.

Using (ii) (which is an important result, due to Jacques-Louis Lions and Enrico
Magenes, of the late 1960’s), we note that even though, as mentioned above, elements
u of L?(Q) do not necessarily have a trace on the boundary, nevertheless & - u makes
sense, if, additionally, V - u is also in L?(2).

The appropriate trace spaces which we use in this paper are H_1/2(diV, ') and
H='2(curl, ') defined by

H™2(div, 1) = {u € HV2(T), 0-u =0, diveu € H (1)}
H™(cur, 1) = {uw e HV2(I), - u =0, curlru € H/4(I)},

where the surface divergence, divr, and the surface curl, curly, are defined by duality
and restriction, see [9,21,25]

{(dinu, O) 2wy © —(u, gradpd)rrar), Vo € D(T)

(A1)
def ~
curlru = v - (V x u)|r,

and the surface gradient, grady, is defined by the orthogonal projection of V on the
surface I', i.e., gradp¢ = w(V¢), where 7 is defined in Theorem A.1 below. Notice
that the surface curl operator, curly, provides a scalar quantity. We can define a
vector valued curl operator acting on scalars,

def N
curlpru = gradpu x v,
alternatively by duality (A.2)

(curlpw, )2y € (u, curlp) 2y, Vo € DA(T).

The space H~/2(div,T") is defined as the completion of the tangential fields in H*(I")
w.r.t. the norm

[ml? = ml2, gy + 195 U
With the assumptions made on the boundary I, the space H~'/?(curl, I') is the dual
of H=/?(div,T), i.e., (H_l/z(div,F))/ = H~Y?(curl,I"). In |9, Lemma 4, p. 34|, we
have the following result
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Lemma A.1. For any u € H(curl, Q) holds
curlpr (u) = —divy (& X u|r) = —divr (y(u)) .
It follows that, see [9, Corollary 2, p. 38|, for v € H~/?(curl, ') we have
curlpy = —divr (0 X v),

which implies that if curlpm(u) € H=Y2(T') then divy (v(u)) € H=Y/2(T') as well, or
in other words,
||7T(U’)||H*1/2(curl,f‘) = ||’Y(U’)|IH*1/2(div,F)7

and if divpr(u) € H=Y/2(T) then curly (v(u)) € H-Y3(T') and
||7T(U)HH—1/2(div,1") = ||'Y(U)HH—1/2(cur1,r)-
The following theorem is proved in [21]:

Theorem A.1. 1. The trace mapping ™ : H(curl, Q) — H~Y?(curl,T), that as-
signs to any uw € H(curl, Q) its tangential component U X (uXv), is continuous
and surjective from H(curl, Q) onto H='/?(curl,T"). That is

I ()l g-12(cunry < Crllell ), Yu € H(curl, Q).

2. The trace mapping ~ : H(curl, Q) — H~'/2(div,I"), that takes u € H(curl, Q)
to its (rotated) tangential component U X w, is continuous and surjective from
H(curl, Q) onto H~Y/2(div,T"). That is

||'Y(U)||H—1/2(div,r) < C”/”uHH(curl,Q)7 Vu € H(curl, Q).

3. In both cases, a continuous lifting with zero divergence for these trace op-
erators in H(curl, Q) exists. More precisely, there exists an operator R :
H=2(div,T') — H(curl, Q) such that for every m € H~/?(div,T") there evists
au € H(curl, Q) satisfying v(u) = m, and

IR(m) | eune) < Clmllg-vzivry,  ¥m € HV(div,T),

and similarly from H=Y2(curl,T') to H(curl, (), corresponding to the m-trace.

4. For any u,v € H(curl,Q), the following Stokes’ formula holds:

(V X u,v)20) — (0, V X 0)12(0) = (v(w), ®(V)) £21).
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Appendix B Spherical vector waves

The spherical harmonics Y,,(x) are defined as

1A+ 1l-m) -
Yn(w)_ \/ 47 (l+m)|Pl (COS@)Q )

in terms of the spherical angles 6 (polar angle) and ¢ (azimuthal angle) of the unit
vector &. The associated Legendre function is denoted P/™(cos#). The index n is a
multi-index for the integer indices [ = 0,1,2,3,....m = —l,—l+1,...,—-1,0,1,... L.
Note, the extra factor 1/x in the definition of the spherical harmonics, which makes
the spherical harmonics orthonormal on the sphere of radius x.

The vector spherical harmonics are defined by, ¢f. [5,17]

\Y 2Yn x) X T
Vin(#) = = l(l(+>1
o V52Yn($)

Yo (x) = W,

where Vg2 is the nabla-operator on the unit sphere.
The radiating solutions to the Maxwell equations in vacuum are defined as (out-
going spherical vector waves)

uy, (kx) = #Ym(:i')

won (k) = %v " (#Yln@)) |

Here, we use the Riccati-Bessel functions & (kz) = kxhl(l)(k:x), where h;l)(k:x) is the
spherical Hankel function of the first kind [23]. These vector waves satisfy

V % (V X tpp(kx)) — E*urn(kx) = 0, T=1,2,

and they also satisfy the Silver-Miiller radiation condition [10,17]. Another repre-
sentation of the definition of the vector waves is

w (k) = &(Z‘”)Yln(m)
Uy, (k) = gl/(:x)an(:c) + VIl + l)gl]iff)Yn(:c).

A simple consequence of these definitions is

1
uy, (kx) = EV X Uy, (k)

1
Uy, (kx) = EV X Wy, (k).
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In a similar way, the regular spherical vector waves v, (kx) are defined [5,17].
vin(kx) = x5 (kx)Y 1,(x)
1 :
Vo (k) = EV X (21 (kx)Y 1n(x)) ,

where j;(kz) is the spherical Bessel function of the first kind [23].

Appendix C Variational solvability of Problem (E)

In order to solve Problem (E), we first obtain a variational formulation. By mul-
tiplying V x Hy.(x) = —ikE(x) with a test function @ € Hp(curl;Q,), which
consists of the functions w in Hi,.(curl, Q,) such that v(u) = 0, with compact sup-
port, integrating over ()., using Green identities and then substituting H. using
V X Es.(x) = ikH.(x), we obtain the variational formulation of problem (E): Find
E,. € Hy(curl, Q) satisfying v(Ey) = m € H'/?(div,I') and the Silver-Miiller
boundary conditions at infinity such that

/ [V x E(z) -V x (x) — K2 Ey () - (x)|dx =0, VY € Hy(curl; Q). (C.1)
Since v : Hy(curl, Q) — H~/2(div,T) is onto, there exists a U € H(curl, Q)
such that v(U) = m. We now express the solution of (C.1) as E.. = Ey + U,
where Ey € Hy(curl;€).). Substituting this Ansatz in (C.1), we obtain the following
variational problem for Eq: Find Ey € Hy(curl; €),) such that

/Q [V x Ey(x) -V x (x) — K> Eq(x) - ¥(x)]dz
= —/Q [V xU- -V x(x)—kU(x) P(x)de, Y € Hy(curl; Q). (C.2)

Furthermore (see Corollary p. 37 in [9]), U can be chosen so that V- U = 0,
so that V - E; also vanishes, by which we conclude that (C.2) is equivalent to
the vector Helmholtz equation, with homogeneous tangential boundary condition.
The unique solvability of this problem is obtained in terms of the sequilinear form
(Vxu, Vxv)—k?(u,v) for u,v € Hy(curl; Q,), for k such that k2 is not an eigenvalue
of —A, with the considered boundary conditions (for details see Theorem 5.60 in [14]
or Theorem 6, p. 107 in [9]).

Appendix D The Laplace-Beltrami operator and its
eigenvalue problem

Let (M, g) be a compact smooth manifold without boundary, g being the Rieman-
nian metric. On M we may define the Lebesgue space L*(M), as

L*M)={u:M —R : /\u!Qdug<oo},
M
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where 14 is the Riemann canonical measure pg = (/g djiza where pipa is the Lebesgue
measure on R%. The function space L*(M) is a Hilbert space for the scalar produce

(u,U)LQ(M):/ wv* dg.
M

We may further define Sobolev spaces on M. In particular, we may define the

Sobolev space HY(M) by H'(M) := C*>(M), with respect to the norm || - ||
defined by |lull?: = |ull3. + ||[Vul|2,, where Vu denotes the gradient on (M, g).
This is a Hilbert space as well, for the scalar product

(u,v) g = (u,v) 2 + (Vu, Vo) 2.
This Sobolev space satisfies a version of the Rellich-Kondrachev embedding theorem,

Theorem D.1. If (M,g) is compact then the embeddings H' (M) — L*(M) are
compact.

We now consider the Laplace-Beltrami operator on the manifold (M, g), defined
as A, f := div(Vf) or in terms of a local chart ¢ : U C M — R? of M as

_ 19 9 (ro s
=5 (Varstroo™).

where g = det gj; and ¢/* = gj’kl.

We now consider the so called closed spectral problem (a compact manifold
without boundary is called closed), which consists of finding A € R such that there
exist u € C*°(M), u # 0 for which

Agu = Au.
Theorem D.2. The following assertions hold true [19]

1. The spectrum and the point spectrum of L := —A, coincide and consist of a
real infinite sequence

OS)\IS)\an

such that N\, — oo as k — oo, and the eigenfunctions v, € H' (M) and are
also analytic.

2. Fach eigenvalue has finite multiplicity and the eigenspaces corresponding to
each eigenvalue are L*-orthogonal. If we denote by E(\:) the eigenspace cor-
responding to the eigenvalue X\, then

P E(n) = LA(M),

k>1

where the closure is taken for the L*(M) norm.
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The second assertion of the above theorem implies that the eigenfunctions of the
operator L := —A, form a complete orthonormal basis for the space L?(M).
We sketch a variational proof of the above theorem following [19].

Proof. Given f € H'(M)', consider the problem of finding v € L*(M) such that
—Aju+u=f
Using Green identity and the density of C°°(M) in H'(M), this can be expressed
in weak form as the problem of finding v € H'(M) such that
a(u,v) = (f,v)manrymon, Y v e H (M),
where a : H' (M) x H'(M) — R is the bilinear form

a(u,v) = (U, V) g1 (ar)-

By its definition in terms of an inner product this bilinear form is continuous and
coercive, so by a standard application of the Lax-Milgram lemma there exists a
unique solution of the above equation u; € H'(M). Defining the mapping T :
L*(M) — HY(M) by f+ up =: T(f) we see that T = (—=A,+1)"', and furthermore
by the Rellich-Kontrachev embedding we note that 7' is a compact operator. By the
Fredholm theorem there exists a sequence of real numbers p;, > 0, such that

(—Ag + I)fluk - Tuk = UrpUg, (Dl)
with ug, € L*(M), s, — 0 as k — oo, and furthermore {uy }xen forms an orthonormal
basis of L?(M). However, (D.1) implies that

—Agu = Ay,
with A\, =1 — L. ]
i
Let us mention that in the case of the n-sphere

n+1

S™ = {(x1, 29, - Tpi1) : Zx? =1}
=1

in R there is a metric, induced by the standard metric on R*™!, and a Laplace
operator Ag, arising from A on R"*! as

Asf=Aflsn, flx):=f (é—‘) .

Regarding the eigenvalues of —Ag it is known that these are [26, Theorem 22.1 and
Corollary 22.1(a)]
M=k(k+n—-1), k=0,1,2,---,

with the multiplicity of A\; being

m(hy) = <n—£k> B (n—I—z:—Q),

(n+k)!
nlk! *

where, as usual, (”:k) =
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Appendix E Proof of the invertibility of the matrix
representation

Lemma E.1. Let T : H — H be a bounded linear and invertible operator and
define the infinite dimensional matric A = (Anm), defined by Apym = (Tep, em),
where {e, }nen s an orthonormal basis of the Hilbert space H. Then the matriz A*
is invertible, where At denotes the transpose of the matriz A.

Proof. Since T is invertible for every v € H there exists a unique v € H such that
Tu=wv. Let v => wpey,, for {v,} € (2. Since the solution of Tu = v exists in H,
it also has an expansion of the form u = > wuye,, for some {u,} € (2. Using this
expansion, we rewrite Tu = v as

T (Z unen> = Zun(Ten) = Zvnen. (E.1)
Let us call Te,, = a,, € H, so that a, admits an expansion as

ay = Z(Ten, em)em = ZAnmem. (E.2)

m

Introducing (E.2) into (E.1) we conclude that

Z Unp, (Z Anmem> = Z Un€n,

n

which upon rearranging can be expressed as
Z Z Anmunem = Z Un€n,
m n n

and by interchanging n with m leads to

E E Amnumenzg Uy, Co,-
n m n

Projecting on the basis, we then conclude that

ZAanm =v, Vn e N. (E.3)

Since {v,} € ¢* is arbitrary, the above considerations lead us to the conclusion that
the infinite system of linear equations (E.3) admits a unique solution {u,,} € ¢* for
every {v,} € (2, hence the matrix A is invertible. O

An example of the application of the lemma in this appendix is the invertibility
of the exterior Calderén matrix C;, r, in (4.5). To be explicit, due to the linearity
and invertibility of T’

U= Z Upen =T " (Z vnen> = Z v (T ey). (E.4)

n
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Let us define b, = T~ 'e, € H, so that b, admits an expansion as

b, = Z(T‘len, Em)em = Z Biym€m. (E.5)

m

Introducing (E.5) into (E.4) we conclude that

En: Unn = 3 Up (; Bnmem> :

n

which upon rearranging can be expressed as
Z Z Bnmvnem = Z UnCn,
m n n

and by interchanging n with m leads to

E E anvmen - E Up €.
n m n

Projecting on the basis, we then conclude that

Z BV = u, VYn € N. (E.6)

Comparing (E.3) with (E.6) we conclude

(ANt =B = (T e, e,). (E.7)

Appendix F  The infinite matrices A and A

The compactness of the integral operator defined with the Green function as kernel
shows the matrix A is not expected to be invertible. This appendix develops the
details on this subject.

Initially, we consider the operator equations

ZATn,T’n’aT/n’ = b‘rna T = 17 27 n e N = 17 27 I (Fl)

or in shorthand notation Aa = b, where the matrix A is defined in Lemma 4.6, viz.,

A‘rn,T/n’ = k/u‘rn Y oy dS.
r

The vectors a,, and b, are assumed to belong to the space ﬂfl/z(div).
We want to identify these operator equations as discretizations, in a proper
orthogonal base, of appropriate integral equations.
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Consider any point @ inside the inscribed sphere S of the scatterer. Multiply
the equation (F.1) by iv:, (kx) and sum over 7 = 1,2 and over all n. Recalling the
definition of the components A;,, ;/,,/, we obtain

SN ik / ()t (k') - (A Y () AS" =1 byl (k).

™ T1'n’ ™

Recall the representation of Green dyadic for the electric field, see (4.13), and we
obtain

/Ge(lc, z—a)- f(@) dS’ = g(x), Va €S, (F.2)

where S is the inscribed sphere and

= Z aT/n/YT/TL’ (CC )
x) = iz bl (k).

So in order to solve Aa = b, construct the function g(x) =1i)__ b.,v%, (kx), solve
the integral operator equation (F.2) to obtain f and then expand the solution in
generalized harmonics to obtain a,,. The compactness of the integral operator
defined with the Green dyadic for the electric field as kernel shows the matrix A is
not expected to be invertible.

We now consider Aa = b, which in coordinate form is

sz,rwarw =by,, T=1,2,neN=12....
oy
where
Zrn,fr’n’ = A?n,?n’ = k/um : an/ ds.
r
Consider any point @ inside the inscribed sphere S of the scatterer. Multiply

the equation (F.1) by ivf,(kz) and sum over 7 = 1,2 and over all n. Recalling the
definition of the components A, ;,,/, we obtain

Zzlk / (k) uzy (k') - (a0 Y 7, (2)) AS" =1 bryvl, (k).

Recall the representation of Green dyadic for the electric field, see (4.13), and we
obtain

/ Go(k,@ — ') F(a') dS' = g(z), Va €5, (F.3)

where S is the inscribed sphere and

/
= § :aT/n/Y?n’ (m

,Tln/

x) = iz brnvs, (k).



41

So to solve Aa = b, one can construct the function g(z) =13, (b,nv%, (kx), solve
the integral operator equation (F.3) to obtain f and then expand the solution in
generalized harmonics to obtain a,,,.
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